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Preface

The goal of this text is to provide an introduction to the theory of rings and modules
that goes beyond what one normally obtains in a beginning graduate course in abstract
algebra. The author believes that a text directed to a study of rings and modules
would be deficient without at least an introduction to homological algebra. Such an
introduction has been included and topics are intermingled throughout the text that
support this introduction. An effort has been made to write a text that can, for the
most part, be read without consulting references. No attempt has been made to present
a survey of rings and/or modules, so many worthy topics have been omitted in order
to hold the text to a reasonable length.

The theme of the text is the interplay between rings and modules. At times we will
investigate a ring by considering a given set of conditions on the modules it admits
and at other times we will consider a ring of a certain type to see what structure is
forced on its modules.

About the Text

It is assumed that the reader is familiar with concepts such as Zorn’s lemma, commu-
tative diagrams and ordinal and cardinal numbers. A brief review of these and other
basic ideas that will hold throughout the text is given in the chapter on preliminaries
to the text and in Appendix A. We also assume that the reader has a basic knowledge
of rings and their homomorphisms. No such assumption has been made with regard
to modules.

In the first three sections of Chapter 1, the basics of ring theory have been provided
for the sake of completeness and in order to give readers quick access to topics in
ring theory that they might require to refresh their memory. An introduction to the
fundamental properties of (unitary) modules, submodules and module homomorph-
isms is also provided in this chapter. Chapters 1 through 6 present what the author
considers to be a “standard” development of topics in ring and module theory, culmi-
nating with the Wedderburn–Artin structure theorems in Chapter 6. These theorems,
some of the most beautiful in all of abstract algebra, present the theory of semisimple
rings. Over such a ring, modules exhibit properties similar to those of vector spaces:
submodules are direct summands and every module decomposes as a direct sum of
simple submodules. Topics are interspersed throughout the first six chapters that sup-
port the development of semisimple rings and the accompanying Wedderburn-Artin
theory. For example, concepts such as direct products, direct sums, free modules and
tensor products appear in Chapter 2.
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Another goal of the text is to give a brief introduction to category theory. For the
most part, only those topics necessary to discuss module categories are developed.
However, enough attention is devoted to categories so that the reader will have at least
a passing knowledge of this subject. Topics in category theory form the substance of
Chapter 3.

Central to any study of semisimple rings are ascending and descending chain con-
ditions on rings and modules, and injective and projective modules. These topics as
well as the concept of a flat module are covered in Chapters 4 and 5.

Our investigation of semisimple rings begins in Chapter 6 with the development of
the Jacobson radical of a ring and the analogous concept for a module. Simple artinian
rings and primitive rings are also studied here and it is shown that a ring is semisimple
if and only if it is a finite ring direct product of n � n matrix rings each with entries
from a division ring.

The remainder of the text is a presentation of various topics in ring and module the-
ory, including an introduction to homological algebra. These topics are often related
to concepts developed in Chapters 1 through 6.

Chapter 7 introduces injective envelopes and projective covers. Here it is shown
that every module has a “best approximation” by an injective module and that, for
a particular type of ring, every module has a “best approximation” by a projective
module. Quasi-injective and quasi-projective covers are also developed and it is es-
tablished that every module has a projective cover if and only if every module has
a quasi-projective cover.

In Chapter 8 a localization procedure is developed that will produce a ring of frac-
tions (or quotients) of a suitable ring. This construction, which is a generalization of
the method used to construct the field of fractions of an integral domain, plays a role
in the study of commutative algebra and, in particular, in algebraic geometry.

Chapter 9 is devoted to an introduction to graded rings and modules. Graded rings
and modules are important in the study of commutative algebra and in algebraic ge-
ometry where they are used to gain information about projective varieties. Many of
the topics introduced in Chapters 1 through 8 are reformulated and studied in this
“new” setting.

Chapter 10 deals with reflexive modules. The fact that a vector space is reflexive
if and only it is finite dimensional, leads naturally to the question, “What are the
rings over which every finitely generated module is reflexive?” To this end, quasi-
Frobenius rings are defined and it is proved that if a ring is quasi-Frobenius, then every
finitely generated module is reflexive. However, the converse fails. Consideration of
a converse is taken up in Chapter 12 after our introduction to homological algebra has
been completed and techniques from homological algebra are available.

The substance of Chapter 11 is homological algebra. Projective and injective reso-
lutions of modules are established and these concepts are used to investigate the left
and right derived functors of an additive (covariant/contravariant) functor F . These
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results are then applied to obtain ExtnR, the nth right derived functors of Hom, and
TorRn , the nth left derived functors of˝R.

The text concludes with Chapter 12 where an injective, a projective and a flat di-
mension of a module are defined. A right global homological dimension of a ring is
also developed as well as a global flat (or weak) dimension of a ring. It is shown that
these dimensions can be used to gain information about some of the rings and modules
studied in earlier chapters. In particular, using homological methods it is shown that
if a ring is left and right noetherian and if every finitely generated module is reflexive,
then the ring is quasi-Frobenius.

There are several excellent texts given in the bibliography that can be consulted by
the reader who wishes additional information on rings and modules and homological
algebra.

Problem Sets

Problem sets follow each section of the text and new topics are sometimes introduced
in the problem sets. These new topics are related to the material given in the section
and they are often an extension of that material. For some of the exercises, a hint
as to how one might begin to write a solution for the exercise is given in brackets
at the end of the exercise. Often such a hint will point to a result in the text that
can be used to solve the exercise, or the hint will point to a result in the text whose
proof will suggest a technique for writing a solution. It is left to the reader to de-
cide which is the case. Finally, the exercises presented in the problem sets for Sec-
tions 1.1, 1.2 and 1.3 are intended as a review. The reader may select exercises from
these problem sets according to their interests or according to what they feel might be
necessary to refresh their memories on the arithmetic of rings and their homomorph-
isms.

Cross Referencing

The chapters and sections of the text have been numbered consecutively while propo-
sitions and corollaries have been numbered consecutively within each section. Ex-
amples have also been numbered consecutively within each section and referenced
by example number and section number of each chapter unless it is an example in
the current section. For instance, Example 3 means the third example in the current
section while Example 3 in Section 4.1 has the obvious meaning. Similar remarks
hold for the exercises in the problem sets. Also, some equations have been numbered
on their right. In each case, the equations are numbered consecutively within each
chapter without regard for the chapter sections.
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Backmatter

The backmatter for the text is composed of a bibliography, a section on ordinal and
cardinal numbers, a list of symbols used in the text, and a subject matter index. The
page number attached to each item in the index refers to the page in the text where the
subject was first introduced.

Acknowledgements

This text was prepared using Scientific WorkPlace and the diagrams were rendered us-
ing Paul Taylor’s software package for diagrams in a category. The software package
along with a user’s manual can be found at ctan.org.

Danville, KY, November 2010 Paul E. Bland
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Chapter 0

Preliminaries

Before beginning Chapter 1, we state the definitions and assumptions that will hold
throughout the text.

0.1 Classes, Sets and Functions

Throughout the text we will on occasion need to distinguish between classes and
proper classes. Assuming that all collections are sets quickly leads, of course, to
the well-known Russell–Whitehead Paradox: If S is the collection of all sets X such
that X … X; then assuming that S is a set gives S 2 S and S … S : Consequently,
S cannot be a set. However, the term “collection” will subsequently mean that the
collection of objects in question is a set. When a collection in question may or may
not be a set, we will call it a class. A collection that is not a set will be referred to as a
proper class. Throughout the text, we will also deal with indexed family of sets, rings
and modules, etc. It will always be assumed that the indexing set is nonempty unless
stated otherwise.

The notations� and will have their usual meanings while[ and
S
; and\ and

T

will be used to designate union and intersection, respectively. A similar observation
holds for � and ¡ : The collection of all subsets of a set X; the power set of X;
will be denoted by }.X/ and if X and Y are sets, then X � Y is the complement
of Y relative to X: If ¹X˛º˛2� is an indexed family of sets, then ¹X˛º˛2�;

S
˛2�X˛

and
T
˛2�X˛ will often be shortened to ¹X˛º�;

S
�X˛ and

T
�X˛, respectively.

Likewise,
Q
�X˛ will denote the Cartesian product of a family of sets ¹X˛º�: For

such a family, an element .x˛/ of
Q
� X˛ is referred to as a �-tuple and if � D

¹1; 2; : : : ; nº; then .x˛/ 2
Qn
˛D1X˛ D X1 � X2 � � � � � Xn is an n-tuple. For a set

X; X� will denote the product
Q
�X˛; with X˛ D X for each ˛ 2 �:

If f W X ! Y is a function, then f .x/ D y will be indicated from time to time by
x 7! y and the image of f will often be denoted by Imf or by f .X/: The notation
f jS will indicate that f has been restricted to S � X: We will also write gf for the
composition of two functions f W X ! Y and g W Y ! Z. The identity function
X ! X defined by x 7! x will be denoted by idX : A function that is one-to-one
will be called injective and a function that is onto is a surjective function. A function
that is injective and surjective is said to be a bijective function. At times, a bijective
function will be referred to as a one-to-one correspondence.
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Finally, we will always assume that an indexing set is nonempty and we will con-
sider the empty set ¿ to be unique and a subset of every set.

Partial Orders and Equivalence Relations

There are two relations among elements of a class that are ubiquitous in mathematics,
namely partial orders and equivalence relations. Both are used extensively in abstract
algebra.

If X is a class, then a partial order on X is an order relation � defined on X such
that

1. � is reflexive: x � x for all x 2 X;

2. � is anti-symmetric: x � y and y � x imply x D y for x; y 2 X; and

3. � is transitive: x � y and y � z imply x � z for x; y; z 2 X .

If we say that X is a partially ordered class, then it is to be understood that there is an
order relation � defined on X that is a partial order on X .

A relation � defined on a class X is said to be an equivalence relation on X if

1. � is reflexive: x � x for all x 2 X;

2. � is symmetric: x � y implies that y � x for x; y 2 X; and

3. � is transitive: x � y and y � z imply that x � z for x; y; z 2 X:

An equivalence relation � partitions X into disjoint equivalence classes Œx� D
¹y 2 X j y � xº. The element x displayed in Œx� is said to be the representative
of the equivalence class. Since Œx� D Œy� if and only if x � y; any element of an
equivalence class can be used as its representative.

Throughout the text we let

N D ¹1; 2; 3; : : :º;

N0 D ¹0; 1; 2; : : :º;

Z D ¹: : : ;�2;�1; 0; 1; 2; : : :º; and

Q; R and C

will be used exclusively for the sets of rational, real and complex numbers, respec-
tively. An integer p 2 N; p ¤ 1; will be referred to as a prime number if the only
divisors in N of p are 1 and p:

A nonempty subclass C of a partially ordered class X is said to be a chain in X if
whenever x; y 2 C; either x � y or y � x: If X itself is a chain, then X is said to be
linearly ordered or totally ordered by � : If S is a nonempty subclass of a partially
ordered class X; then an element b 2 X is an upper (a lower) bound for S if x � b
.b � x/ for all x 2 S: If there is a necessarily unique upper (lower) bound b� of S
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such that b� � b .b � b�/ for every upper (lower) bound b of S; then b� is said to be
the least upper (greatest lower) bound for S . The notation

supS and infS

will be used for the least upper bound and the greatest lower bound, respectively,
whenever they can be shown to exist. If X is a partially ordered class, then an element
m 2 X is said to be a maximal (minimal) element ofX; if whenever x 2 X andm � x
.x � m/; then m D x: If X is a partially ordered class, then a nonempty subclass S
of X is said to have a first (last) element, if there is an element f 2 S .l 2 S/ such
that f � x .x � l/ for all x 2 S: A first element f or a last element l of S may also
be referred to from time to time as a smallest or largest element of S; respectively.
Both f and l are clearly unique when they exist.

Zorn’s Lemma and the Well-Ordering Principle

We can now state Zorn’s lemma, a concept that is almost indispensable in mathemat-
ics as it is currently practiced. Zorn published his “maximum principle” in a short
paper entitled A remark on method in transfinite algebra in the Bulletin of the Amer-
ican Mathematical Society in 1935. Today we know that the Axiom of Choice (See
Exercise 3), the Well-Ordering Principle, and Zorn’s Lemma are equivalent.

Zorn’s Lemma. If X is a nonempty partially ordered set and if every chain in X has
an upper bound in X; then X has at least one maximal element.

If a nonempty partially ordered set X has the property that every chain in X has an
upper bound in X; then X is said to be inductive. With this in mind, Zorn’s lemma
is often stated as “Every inductive partially ordered set has at least one maximal ele-
ment.”

If a partially ordered class X is such that every nonempty subclass of X has a first
element, then X is said to be well ordered. It is easy to show that if X is well ordered
by �; then � is a linear ordering of X: We assume the following as an axiom.

Well-Ordering Principle. If X is a set, then there is at least one partial order �
on X that is a well ordering of X or, more briefly, any set can be well ordered.

Note that the empty set ¿ can be well ordered. Actually, any relation � on ¿
is a partial ordering of ¿: For example, x � x for all x 2 ¿; since if not, there
would be an x 2 ¿ such that x — x, a clear absurdity. Similar arguments show � is
anti-symmetric and transitive and it follows that � is a well ordering of ¿.
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0.2 Ordinal and Cardinal Numbers

It is assumed that the reader is familiar with the proper class Ord of ordinal numbers
and the proper class Card of cardinal numbers. A brief discussion of these classes of
numbers can be found in Appendix A.

0.3 Commutative Diagrams

Commutative diagrams will be used throughout the text wherever they are appropriate.
For example, if f1 W A ! B; f2 W C ! D; g1 W A ! C and g2 W B ! D are
functions, then to say that the diagram

A
f1 � B

C

g1

�
f2� D

g2

�

is commutative means that g2f1 D f2g1: Showing that g2f1 D f2g1 is often referred
to as chasing the diagram. Similarly, for a diagram of the form

A
f � B

C
g2�g1

�

In a diagram such as

A
f � B

C
g2�...

....
....

..

g1
�

the dotted arrow indicates that we can find a mapping g2 W B ! C such that g2f D
g1: If g2 W B ! C is such that g2f D g1; then we say that g2 completes the diagram
commutatively. Commutative diagrams of differing complexities will be formed us-
ing various algebraic structures developed in the text. A diagram will be considered
to be commutative if all triangles and/or rectangles that appear in the diagram are
commutative.

0.4 Notation and Terminology

At this point a word about notation and terminology is in order. When we say that
a condition holds for almost all ˛ 2 �; then we mean that the condition holds for
all ˛ 2 � with at most a finite number of exceptions. Throughout the text we will
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encounter sums of elements of an abelian group such as
P
˛2� x˛, where x˛ D 0

for almost all ˛ 2 �. This simply means that there are at most a finite number of
nonzero x˛ in the sum

P
˛2� x˛. If there is at least one x˛ ¤ 0; then

P
˛2� x˛ is to

be viewed as the finite sum of the nonzero terms and if x˛ D 0 for all ˛ 2 �; then
we set

P
˛2� x˛ D 0: To simplify notation,

P
˛2� x˛ will be written as

P
� x˛ and

sometimes it will be convenient to express
P
� x˛ as

Pn
iD1 xi .

From this point forward, all such sums
P
� x˛ are to be viewed as finite

sums and the expression “x˛ D 0 for almost all ˛ 2 �” will be omitted
unless required for clarity.

Problem Set

1. Let f W X ! Y be a function and suppose that X1 is a nonempty subset
of X and Y1 is a nonempty subset of Y: If f .X1º D ¹f .x/ j x 2 X1º and
f �1.Y1/ D ¹x 2 X j f .x/ 2 Y1º; show that each of the following hold.

(a) X1 � f �1.f .X1//

(b) Y1 � f .f �1.Y1//

(c) f .X1/ D f .f �1.f .X1///

(d) f �1.Y1/ D f �1.f .f �1.Y1///

2. (a) Let f W X ! Y and g W Y ! Z be functions. If gf is injective, show that
f is injective and if gf is surjective, show that g is surjective.

(b) Prove that a function f W X ! Y is injective if and only if f �1.f .X1// D
X1 for each nonempty subset X1 of X and that f is surjective if and only if
f .f �1.Y1// D Y1 for each nonempty subset Y1 of Y:

(c) A function f �1 W Y ! X is said to be an inverse function for a function f W
X ! Y if ff �1 D idY and f �1f D idX : Show that a function f W X ! Y

has an inverse function if and only if f is a bijection. Show also that an inverse
function for a function is unique whenever it exists.

3. Let S be a nonempty set and suppose that }.X/� is the set of nonempty subsets
of S: A choice function for S is a function c W }.X/� ! S such that c.A/ 2 A
for each A 2 }.X/�: The Axiom of Choice states that every nonempty set S
has at least one choice function. Prove that assuming the Axiom of Choice is
equivalent to assuming that if ¹X˛º� is an indexed family of nonempty sets,
then

Q
�X˛ ¤ ¿:

4. Let X be a nonempty partially ordered set. Zorn’s lemma states that if every
chain in X has an upper bound in X; then X has at least one maximal element.
This is sometimes referred to as Zorn’s lemma going up. Zorn’s lemma going
down states that if every chain in X has a lower bound in X , then X has at least
one minimal element. Prove that Zorn’s lemma going up implies Zorn’s lemma
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going down and conversely. Conclude that the two forms of Zorn’s lemma are
equivalent.

5. Suppose that X is a nonempty set. Let

f W }.X/ � }.X/! }.X/

be defined by f .A;B/ D A [ B; for all A;B 2 }.X/: Also let

g W }.X/ � }.X/! }.X/

be given by g.A;B/ D .X � A/ \ .X � B/; A;B 2 }.X/; and suppose that

h W }.X/! }.X/

is such that h.A/ D X � A for all A 2 }.X/: Is the diagram

}.X/ � }.X/
f � }.X/

}.X/

h�g
�

commutative?

6. (a) Consider the cube

V1 � V2

V3 �
�

V4

�

V5

�
� V6

�

V7

�
�

�

V8

�
�

where the arrows indicate functions fij W Vi ! Vj : Assume that the top square
and all squares that form the sides of the cube are commutative diagrams. If the
function f15 W V1 ! V5 is a surjective mapping, prove that the bottom square
is a commutative diagram. [Hint: Chase the commutative faces of the cube to
show that f78f57f15 D f68f56f15 and then use the fact that f15 is surjective.]

(b) If all the faces of the cube are commutative except possibly the top and f48
is an injection, then is the top face commutative?



Chapter 1

Basic Properties of Rings and Modules

The first three sections of this chapter along with their problem sets contain a brief
review of the basic properties of rings and their homomorphisms as well as the defini-
tions and terminology that will hold throughout the text. These sections are presented
in order to provide for a smooth transition to the concept of a module. As such these
sections can be read quickly. However, the reader should, at the very least, familiarize
him or herself with the notation and terminology contained in these sections. In addi-
tion, these sections may contain concepts and examples that the reader may not have
previously encountered. It is assumed that the reader is familiar with the arithmetic of
groups and their homomorphisms.

Commutative ring theory began with algebraic geometry and algebraic number the-
ory. Central to the development of these subjects were the rings of integers in alge-
braic number fields and the rings of polynomials in two or more variables. Non-
commutative ring theory began with attempts to extend the field of complex num-
bers to various hypercomplex number systems. These hypercomplex number systems
were identified with matrix rings by Joseph Wedderburn [71] and later generalized by
Michael Artin [47], [48]. The theory of commutative and noncommutative rings dates
from the early nineteenth century to the present. The various areas of ring theory
continue to be an active area of research.

1.1 Rings

Definition 1.1.1. A ring R is a nonempty set together with two binary operations C
and � , called addition and multiplication, respectively, such that the following condi-
tions hold:

R1. R together with addition forms an additive abelian group.

R2. Multiplication is associative: a.bc/ D .ab/c for all a; b; c 2 R.

R3. Multiplication is distributive over addition from the left and the right: a.bCc/ D
ab C ac and .b C c/a D baC ca for all a; b; c 2 R.

If ab D ba for all a; b 2 R, then R is said to be a commutative ring and if there is a
necessarily unique element 1 2 R such that a1 D 1a D a for all a 2 R, then R is a
ring with identity. The element 1 is the multiplicative identity of R, denoted by 1R if
there is a need to emphasize the ring. If R is a ring with identity and a is a nonzero
element ofR, then an element b 2 R (should it exist) is said to be a right (left) inverse
for a if ab D 1 .ba D 1/. An element of R that is a left and a right inverse for a is
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said to be a multiplicative inverse of a. If a has a multiplicative inverse, then it will
be denoted by a�1. If a 2 R has a multiplicative inverse in R, then a is said to be an
invertible element of R or a unit in R.

One trivial example of a ring with identity is the zero ring R D ¹0º, where 0 is
both the additive identity and the multiplicative identity of R. In order to eliminate
this ring from our considerations, we assume from this point forward that all rings
have an identity 1 ¤ 0. Because of this assumption, every ring considered will have
at least two elements and the expression “for all rings” will mean “for all rings with
an identity.”

Definition 1.1.2. A nonzero element a 2 R is said to be a left (right) zero divisor if
there is a nonzero element b 2 R such that ab D 0 .ba D 0/. A nonzero element of
a 2 R will be referred to as a zero divisor if there is a nonzero element b 2 R such
that ab D ba D 0. A ring R in which every nonzero element has a multiplicative
inverse is a division ring. A commutative division ring is a field. A commutative ring
that has no zero divisors is an integral domain. If S is a nonempty subset of a ring R,
then S is said to be a subring of R if S is a ring under the operations of addition and
multiplication on R. Due to our assumption that all rings have an identity, if S is to
be a subring of R, then S must have an identity and we also require that 1S D 1R
before we will say that S is a subring of R.

It is easy to see that every division ring is free of left and right zero divisors, so
every field is an integral domain. The integral domain Z of integers shows that the
converse is false. However, every finite ring without zero divisors is a division ring.

Examples

1. (a) If ¹R˛º� is an indexed family of rings, then
Q
�R˛ is a ring under compo-

nentwise addition,

.a˛/C .b˛/ D .a˛ C b˛/;

and componentwise multiplication,

.a˛/.b˛/ D .a˛b˛/:

The ring
Q
�R˛ is called the ring direct product of ¹R˛º�. Since each R˛ has

an identity,
Q
�R˛ has an identity .1˛/, where each 1˛ is the identity of R˛.Q

�R˛ is commutative if and only if each R˛ is commutative, but
Q
�R˛ is

never an integral domain even if each R˛ is. For example, Z is an integral
domain, but .a; 0/.0; b/ D .0; 0/ in Z � Z.
(b) Z � 0 is a ring with identity .1; 0/ under coordinatewise addition and coor-
dinatewise multiplication and Z � 0 � Z � Z. However, we do not consider
Z � 0 to be a subring of Z � Z since idZ�0 D .1; 0/ ¤ .1; 1/ D idZ�Z.
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2. Matrix Rings. The set Mn.R/ of all n � n matrices whose entries are from R

is a noncommutative ring under addition and multiplication of matrices. More-
over, Mn.R/ has zero divisors, so it is not an integral domain even if R is such
a domain. Mn.R/ is referred to as the n � n matrix ring over R. Elements of
Mn.R/ will be denoted by .aij /, where aij represents the entry in the i th row
and the j th column. When considering matrix rings, it will always be the case,
unless stated otherwise, that n 	 2.

3. Triangular Matrix Rings. Consider the matrix ring Mn.R/ of Example 2.
A matrix .aij / 2 Mn.R/ is said to be an upper triangular matrix if aij D 0

when i > j . If Tn.R/ denotes the set of upper triangular matrices, then Tn.R/
is a subring of Mn.R/. If an upper triangular matrix has zeros for diagonal
entries then the matrix is said to be a strictly upper triangular matrix.

4. Rings of Integers Modulo n. Let Zn denote the set of equivalence classes Œa�,
a 2 Z, determined by the equivalence relation defined on Z by a 
 b mod n.
Then Zn D ¹Œ0�; Œ1�; : : : ; Œn � 1�º is a ring with identity under the operations

Œa�C Œb� D ŒaC b�

Œa�Œb� D Œab�:

Zn, called the ring of integers modulo n, will have zero divisors if n is a com-
posite integer and Zn is a field if and only if n is a prime number. It will always
be assumed that n 	 2 when considering the ring Zn.

5. Left Zero Divisors Need Not Be Right Zero Divisors. Consider the matrix
ring

�
Z Z2
0 Z

�

D

²�
a Œb�

0 c

� ˇ
ˇ
ˇ a; c 2 Z and Œb� 2 Z2

³

:

Then
�
2 Œ0�

0 1

��
0 Œ1�

0 0

�

D

�
0 Œ0�

0 0

�

and yet

�
0 Œ1�

0 0

��
2 Œ0�

0 1

�

¤

�
0 Œ0�

0 0

�

:

Hence,
�
2 Œ0�
0 1

�
is a left zero divisor, but not a right zero divisor.

6. The Opposite Ring. If R is a ring, then we can construct a new ring called
the opposite ring of R, denoted by Rop. As sets, R D Rop and the additive
structures on both rings are the same. Multiplication ı is defined on Rop by
a ı b D ba, where ba is multiplication in R. Clearly, if R is commutative, then
R and Rop are the same ring.
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7. Endomorphism Rings. IfG is an additive abelian group and EndZ.G/ denotes
the set of all group homomorphisms f W G ! G, then EndZ.G/ is a ring with
identity under function addition and function composition. The additive identity
of EndZ.G/ is the zero homomorphism and the multiplicative identity is the
identity homomorphism idG W G ! G. EndZ.G/ is called the endomorphism
ring of G.

8. Polynomial Rings. If R is a ring and RŒX� is the set of polynomials a0 C
Xa1 C � � � C X

nan with their coefficients in R, then RŒX� is a ring under the
usual operations of addition and multiplication of polynomials. More formally,
if a0 C Xa1 C � � � C Xmam and b0 C Xb1 C � � � C Xnbn are polynomials in
RŒX�, then addition is accomplished by adding coefficients of like terms of the
polynomials and

.a0 CXa1 C � � � CX
mam/.b0 CXb1 C � � � CX

nbn/

D c0 CXc1 C � � � CX
mCncmCn;

where ck D akb0Cak�1b1C� � �Ca0bk for k D 0; 1; : : : ; mCn. If R is com-
mutative, then RŒX� is commutative as well. RŒX� is the ring of polynomials
over R. We assume that aX D Xa for all a 2 R. In this case, X is said to be a
commuting indeterminate. The coefficient an is said to be the leading coefficient
of a0CXa1C � � � CXnan and any polynomial with 1 as its leading coefficient
is said to be a monic polynomial. More generally, we have a polynomial ring
RŒX1; X2; : : : ; Xn�, where X1; X2; : : : ; Xn are commuting indeterminates. The
set RŒŒX�� of all formal power series a0CXa1C� � �CXnanC� � � can be made
into a ring in a similar fashion. RŒŒX�� is called the ring of formal power series
over R. A similar observation holds for RŒŒX1; X2; : : : ; Xn��.

Remark. The usual practice is to write a polynomial as a0 C a1X C � � � C anXn

with the coefficients from R written on the left of the powers of X . Since we will
work primarily with right R-modules, to be introduced later in this chapter, we will
write the coefficients on the right. When X is a commutating indeterminate, this is
immaterial since a0CXa1C� � �CXnan D a0Ca1XC� � �CanXn. Throughout the
remainder of the text, when an indeterminate is considered it will always be assumed
to be a commutating indeterminate unless indicated otherwise.

9. Differential Polynomial Rings. If R is a ring, let RŒX� denote the set of all
right polynomials p.X/ D

Pn
kD0X

kak , where we do not assume that aX D
Xa for each a 2 R, that is,X is a noncommuting indeterminate. IfRŒX� is to be
made into a ring, then it is necessary to commute a past X in expressions such
as XaXb that arise in polynomial multiplication. Assuming that the associative
and distributive properties hold, let ı W R ! R be a function and set aX D
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Xa C ı.a/ for all a 2 R. Then .a C b/X D X.a C b/ C ı.a C b/ and
aX C bX D X.aC b/C ı.a/C ı.b/, so

ı.aC b/ D ı.a/C ı.b/ (1.1)

for all a; b 2 R. Likewise,

.ab/X D X.ab/C ı.ab/ and

.ab/X D a.bX/ D a.Xb C ı.b//

D .aX/b C aı.b/

D .XaC ı.a//b C aı.b/

D X.ab/C ı.a/b C aı.b/:

Thus,

ı.ab/ D ı.a/b C aı.b/ (1.2)

for all a; b 2 R. A function ı W R ! R satisfying conditions (1.1) and (1.2)
is said to be a derivation on R. Given a derivation ı W R ! R, the set of all
right polynomials can be made into a ring RŒX; ı� by setting aX D XaC ı.a/
for all a 2 R. RŒX; ı� is referred to as a differential polynomial ring over R.
Differential polynomial rings can be defined symmetrically for left polynomials
over a ring R in a noncommuting indeterminate.

10. Quadratic Fields. Let n be a square free integer (n has no factors other than 1
that are perfect squares), set

Q.n/ D ¹aC b
p
n j a; b 2 Qº

and define addition and multiplication on Q.n/ by

.aC b
p
n/C .a0 C b0

p
n/ D .aC a0/C .b C b0/

p
n and

.aC b
p
n/.a0 C b0

p
n/ D .aa0 C bb0n/C .ab0 C a0b/

p
n

for all a C b
p
n; a0 C b0

p
n 2 Q.n/. Then Q.n/ is a commutative ring with

identity and, in fact, Q.n/ is a field called a quadratic field. Each nonzero
element aC b

p
n in Q.n/ has

.aC b
p
n/�1 D

a

a2 � b2n
�

b

a2 � b2n

p
n

as a multiplicative inverse. Note thatQ.n/ is a subfield of C and if n is positive,
then Q.n/ is a subfield of R.
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Problem Set 1.1

In each of the following exercises R denotes a ring.

1. (a) If a has a left inverse b0 and a right inverse b, show that b D b0. Conclude
that an element of R with a left and a right inverse is a unit in R.

(b) Suppose that U.R/ denotes the set of units of R. Prove that U.R/ is a group
under the multiplication defined on R. U.R/ is called the group of units of R.

(c) If R is such that every nonzero element of R has a right (left) inverse, prove
that R is a division ring.

(d) Prove that ifR is a finite ring without zero divisors, then R is a division ring.
Conclude that a finite integral domain is a field.

2. The characteristic of R, denoted by char.R/, is the smallest positive integer
n such that na D 0 for all a 2 R. If no such positive integer n exists, then
char.R/ D 0.

(a) Prove that char.R/ D n if and only if n is the smallest positive integer n
such that n1 D 0.

(b) If R is an integral domain, prove that the characteristic of R is either 0 or
a prime number.

3. (a) If a 2 R and ıa W R ! R is defined by ıa.b/ D ab � ba for all b 2 R,
show that ıa is a derivation on R. Such a derivation on R is said to be an inner
derivation. A derivation that is not an inner derivation is an outer derivation
on R.

(b) Let ı W R! R be a derivation on R. If

Rı D ¹c 2 R j ı.c/ D 0º;

prove that Rı is a subring of R. Show also that if c 2 Rı has a multiplicative
inverse in R, then c�1 2 Rı . Elements of Rı are called ı-constants of R.
Conclude that if R is a field, then Rı is a subfield of R.

(c) Let ı W R ! R be a derivation on a commutative ring R and let RŒX� be
the polynomial ring over R in a commuting indeterminate X . For each Xna in
RŒX�, set Oı.Xna/ D Xnı.a/C nXn�1aı.X/, where ı.X/ is a fixed, but arbi-
trarily chosen polynomial in RŒX�. Extend Oı to RŒX� by setting Oı.p.X// D
Oı.a0/ C Oı.Xa1/ C � � � C Oı.X

nan/ for each p.X/ 2 RŒX�. Show that Oı W
RŒX� ! RŒX� is a derivation on RŒX�. Show also that if p.X/ 2 RŒX�, then
Oı.p.X// D pı.X/Cp0.X/ı.X/, where pı.X/ represents p.X/ with ı applies
to its coefficients and p0.X/ is the usual formal derivative of p.X/. Conclude
that if p.X/ 2 Rı ŒX� and ı.X/ is chosen to be the constant polynomial 1, then
Oı.p.X// D p0.X/. Conclude that Oı generalizes the usual formal derivative of
a polynomial in RŒX�.
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4. (a) An element e of R is said to be idempotent if e2 D e. Note that R always
has at least two idempotents, namely 0 and 1. Let e be an idempotent element
of R. Show that the set eRe of all finite sums

Pn
iD1 eaie, where ai 2 R for

i D 1; 2; : : : ; n, is a ring with identity e. The integer n is not fixed, that is, any
two finite sums such as

Pm
iD1 eaie and

Pn
iD1 ebie, with m ¤ n, are in eRe.

Show also that eRe D ¹a 2 R j ea D a D aeº.

(b) If e and f are idempotents of R, then e and f are said to be orthogonal
idempotents if ef D fe D 0. If ¹e1; e2; : : : ; enº is a set of pairwise orthogonal
idempotents of R, prove that e D e1 C e2 C � � � C en is an idempotent of R.

(c) If every element of R is idempotent, then R is said to be a boolean ring.
Prove that a Boolean ring R is commutative. [Hint: Consider .a C a/2 and
.aC b/2, where a; b 2 R.]

5. An element a 2 R is said to be nilpotent if there is a positive integer n such that
an D 0. The smallest positive integer n such that an D 0 is called the index of
nilpotency of a.

(a) If a is a nilpotent element of R, prove that 1� a has a multiplicative inverse
in R. [Hint: Factor 1 � an, where n is the index of nilpotency of a.]

(b) If Mn.R/ is the matrix ring of Example 2, let .aij / 2 Mn.R/ be such that
aij D 0 if i 	 j . Then .aij / is a strictly upper triangular matrix. Show that
.aij / is nilpotent. In fact, show that .aij /n D 0. Conclude that, in general,
Mn.R/ has an abundance of nonzero nilpotent elements.

6. Prove that if C is the set of 2� 2 matrices of the form
�
a b
�b a

�
, a; b 2 R, then C

is a subring of the matrix ring M2.R/.

7. (a) Suppose that q.R/ is the set of all 2 � 2 matrices of the form

�
aC bi c C di

�c C di a � bi

�

;

where a; b; c; d 2 R and i D
p
�1. Prove that q.R/ is a noncommutative

division ring that is a subring of M2.C/. q.R/ is the ring of real quaternions.
If a; b; c and d are rational numbers, then q.Q/ is also a division ring called the
ring of rational quaternions and if a; b; c and d are integers, then q.Z/ is the
ring of integral quaternions. The ring q.Z/ has no zero divisors, but q.Z/ is not
a division ring.

(b) Let 1 D
�
1 0
0 1

�
, i D

�
i 0
0 �i

�
, j D

�
0 1
�1 0

�
and k D

�
0 i
i 0

�
. Prove that every

element of q.R/ has a unique expression of the form 1a1 C ia2 C ja3 C ka4,
where a1; a2; a3; a4 2 R.
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(c) Show i2 D j2 D k2 D �1 and that

ij D �ji D k;

jk D �kj D i; and

ki D �ik D j:

Observe that the ring C of Exercise 6 is a subring of q.R/.

8. (a) Let n be an integer such that n D m2n0 for some integers m and n0, where
n0 is square free. The integer n0 is said to be the square free part of n. If the
requirement that n is a square free integer is dropped from Example 10, show
thatQ.n/ andQ.n0/ are the same quadratic fields. Conclude that one need only
use the square free part of n to compute Q.n/.

(b) If QŒn� D ¹a C b
p
n j a; b 2 Zº, show that QŒn� is a subring of Q.n/.

Conclude that QŒn� is an integral domain.

9. (a) If ¹R˛º� is a family of subrings of R, prove that
T
�R˛ is a subring of R.

(b) Suppose that the subrings of a ring R are ordered by �. If S is a subset of
R and ¹R˛º� is the family of subrings of R that contain S , show that

T
�R˛

is the smallest subring of R containing S . The subring
T
�R˛ is called the

subring of R generated by S .

10. Let R be a ring and let cent.R/ D ¹b 2 R j ba D ab for all a 2 Rº.

(a) If a 2 R, show that C.a/ D ¹b 2 R j ba D abº is a subring of R.

(b) Verify that cent.R/ D
T
R C.a/. The subring cent.R/ is called the center

of R.

(c) If a 2 R is a unit in R, prove that if a 2 cent.R/, then a�1 2 cent.R/.
Conclude that if R is a division ring, then cent.R/ is a field.

1.2 Left and Right Ideals

We now turn our attention to subgroups of a ring that are closed under multiplication
by ring elements.

Definition 1.2.1. An additive subgroup A of the additive group of R is said to be a
right (left) ideal ofR if ab 2 A .ba 2 A/ for all a 2 A and all b 2 R. If I is a left and
a right ideal of R, then I is an ideal of R. A right ideal (A left ideal, An ideal) A of R
is said to be proper if A   R. A proper right ideal (proper left ideal, proper ideal) m

ofR is a maximal right ideal (maximal left ideal, maximal ideal) ofR if wheneverA is
a right ideal (left ideal, an ideal) of R such that m � A � R, then m D A or A D R.
A right (left) ideal A of R is said to be minimal right (left) ideal if ¹0º and A are
the only right (left) ideals of R contained in A. The symbol 0 will be used to denote
both the zero ideal ¹0º and the additive identity of R. The context of the discussion
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will indicate which is being considered. The right ideal aR D ¹ab j b 2 Rº of R is
the principal right ideal of R generated by a. Similarly, Ra D ¹ba j b 2 Rº is the
principal left ideal generated by a. A principal ideal aR in a commutative ring R will
often be denoted simply by .a/. A proper ideal p of commutative ring R is said to be
a prime ideal if whenever a; b 2 R are such that ab 2 p, then either a 2 p or b 2 p.
Finally, a commutative ring R is said to be a local ring if it has a unique maximal
ideal m.

Examples

1. Simple Rings. Every ring R has at least two ideals, namely the zero ideal and
the ring R. If these are the only ideals of R, then R is said to be a simple ring.
Every division ring is a simple ring.

2. Left and Right Ideals in a Matrix Ring. If Mn.R/ is the ring of n�nmatrices
over R, then for each integer k, 1 � k � n, let ck.R/ be the set of kth column
matrices .aij / defined by aij D 0 if j ¤ k. Then ck.R/ is just the set of all
matrices with arbitrary entries from R in the kth column and zeroes elsewhere.
The set ck.R/ is a left ideal but not a right ideal of Mn.R/. Likewise, for each
k, 1 � k � n, the set rk.R/ of kth row matrices .aij / with aij D 0 if i ¤ k is
a right ideal but not a left ideal of Mn.R/. If D is a division ring, then for each
k, ck.D/ is a minimal left ideal of Mn.D/ and rk.D/ is a minimal right ideal of
Mn.D/. Furthermore, one can show that if NI is an ideal of Mn.R/, then there
is a uniquely determined ideal I of R such that NI DMn.I /. It follows that if R
a simple ring, then Mn.R/ is a simple ring. Hence, if D is a division ring, then
Mn.D/ is a simple ring. However, Mn.D/ is not a division ring since Mn.D/

has zero divisors.

3. Principal Ideal Rings. Every ideal of the ring Z is a principal ideal and an
ideal .p/ of Z is prime if and only if it is a maximal ideal if and only if p is a
prime number. A commutative ring in which every ideal is principal is said to
be a principal ideal ring and an integral domain with this property is a principal
ideal domain.

4. The ring Zpn , where p is a prime number and n is a positive integer is a local
ring. The ideals of Zpn are linearly ordered and .Œp�/ is the unique maximal
ideal of Zpn . A field is also a local ring with maximal ideal 0.

5. Sums of Right Ideals. If ¹A˛º� is a family of right ideals of R, then

X

�

A˛ D
°X

�

a˛
ˇ
ˇ a˛ 2 A˛ for all ˛ 2 �

±

is a right ideal of R. A similar observation holds for left ideals and ideals of R.
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6. If S is a nonempty subset of R, then annr.S/ D ¹a 2 R j Sa D 0º is a right
ideal of R called the right annihilator of S . The left annihilator ann`.S/ D
¹a 2 R j aS D 0º of S is a left ideal of R. It also follows that annr.A/
(ann`.A// is an ideal of R whenever A is a right (left) ideal of R.

The proof of the following proposition is left as an exercise.

Proposition 1.2.2. The following hold in any ring R.

(1) Let A and B be nonempty subsets of R. If B is a right ideal (If A is a left ideal)
of R, then

AB D
° nX

iD1

aibi
ˇ
ˇ ai 2 A; bi 2 B for i D 1; 2; : : : ; n; n 	 1

±

is a right ideal (a left ideal) of R.

(2) For any r 2 R,

RrR D
° nX

iD1

airbi
ˇ
ˇ ai ; bi 2 R for i D 1; 2; : : : ; n; n 	 1

±

is an ideal of R.

Notation. At this point it is important to point out notational differences that will
be used throughout the text. If A is a right ideal of R and n 	 2 is an integer,
then An D AA � � �A will denote the set of all finite sums of products a1a2 � � � an
of n elements from A. The notation A.n/ will be used for A � A � � � � � A, with
n factors of A. As pointed out in the exercises, An is a right ideal of R while A.n/ is
an R-module, a concept defined in Section 1.4.

The following proposition is often referred to as Krull’s lemma [66]. The proof
involves our first application of Zorn’s lemma.

Proposition 1.2.3 (Krull). Every proper right ideal (left ideal, ideal) A of a ring R is
contained in a maximal right ideal (maximal left ideal, maximal ideal) of R.

Proof. Let A be a proper right ideal of R and suppose that S is the collection of
proper right ideals B of R that contain A. Then S ¤ ¿ since A 2 S . If C is a chain
in S , then NA D

S
C B is a right ideal of R that contains A. Since R has an identity,

NA ¤ R and so NA is an upper bound in S for C . Thus, S is inductive and Zorn’s
lemma indicates that S has a maximal element, say m, which, by the definition of S ,
contains A. If m is not a maximal right ideal of R, then there is a right ideal B of R
such that m   B   R. But B is then a proper right ideal of R that contains A and
this contradicts the maximality of m in S . Therefore, m is a maximal right ideal of R.
A similar proof holds if A is a left ideal or an ideal of R.
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Corollary 1.2.4. Every ring R has at least one maximal right ideal (maximal left
ideal, maximal ideal).

Factor Rings

Definition 1.2.5. If I is an ideal of R, then R=I , the set of cosets of I in R, is a ring
under coset addition and coset multiplication defined by

.aC I /C .b C I / D .aC b/C I and .aC I /.b C I / D ab C I:

R=I is said to be the factor ring (or quotient ring) of R formed by factoring out I .
The additive identity of R=I will usually be denoted by 0 rather than 0C I and the
multiplicative identity of R=I is 1C I .

Remark. Since the zero ring has been eliminated from our discussion by assuming
that all rings have an identity 1 ¤ 0, we do not permit I D R when forming the factor
ring R=I , unless this should arise naturally in our discussion.

The following well-known proposition demonstrates the connection between prime
(maximal) ideals in a commutative ring and integral domains (fields). The proofs of
the proposition and its corollaries are left to the reader.

Proposition 1.2.6. If R is a commutative ring, then:

(1) R=p is an integral domain if and only if p is a prime ideal of R.

(2) R=m is a field if and only if m is a maximal ideal of R.

Corollary 1.2.7. A commutative ringR is a field if and only if the zero ideal is a max-
imal ideal of R.

Corollary 1.2.8. If R is a commutative ring, then every maximal ideal of R is prime.

Problem Set 1.2

1. Prove that the following are equivalent for a nonempty subset A of a ring R.

(a) A is a right (left) ideal of R.

(b) A is closed under subtraction and under multiplication on the right (left) by
ring elements.

(c) A is closed under addition and under multiplication on the right (left) by ring
elements.

2. Prove Proposition 1.2.2.

3. Prove Proposition 1.2.6 and its corollaries.
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4. Prove that the following are equivalent.

(a) The ideal .p/ of Z is maximal.

(b) The ideal .p/ of Z is prime.

(c) p is a prime number.

5. Prove that R is a division ring if and only if 0 is a maximal right (left) ideal
of R.

6. Let R be a commutative ring.

(a) If ¹p˛º� is a chain of prime ideals of R, prove that
S
� p˛ and

T
� p˛ are

prime ideals of R.

(b) If ¹p˛º� is a family of prime ideals of R that is not necessarily a chain, then
must

T
� p˛ be prime?

(c) Use Zorn’s lemma going down to prove that R has at least one minimal
prime ideal.

(d) Prove that every prime ideal of R contains a minimal prime ideal.

(e) If ¹AiºniD1 is a family of ideals of R and p is a prime ideal of R such that
A1A2 � � �An � p, prove that p contains at least one of the Ai .

(f) Use Zorn’s lemma to show that every prime ideal of R is contained in a max-
imal prime ideal of R. Can the same result be achieved by using Proposi-
tion 1.2.3 and Corollary 1.2.8? Conclude that if p is a prime ideal of R and
Np is a maximal prime ideal of R containing p; then Np is a maximal ideal of R.

7. Suppose that R is a commutative ring. Show that the principal ideal generated
by X in the polynomial ring RŒX� is a prime (maximal) ideal of RŒX� if and
only if R is an integral domain (a field).

8. If A is a right ideal of R, prove that An, n 	 1, is a right ideal of R.

9. If R is a commutative ring and I is an ideal of R, then
p
I D ¹a 2 R j an 2 I

for some integer n 	 1º is called the radical of I .

(a) Prove that
p
I is an ideal of R such that

p
I � I .

(b) An ideal I is said to be a radical ideal if
p
I D I . Prove that every prime

ideal of R is a radical ideal.

10. If R is a commutative ring, does the set of all nilpotent elements of R form an
ideal of R‹

11. Let R be a commutative ring.

(a) Prove that an ideal p of R is prime if and only if whenever I1 and I2 are
ideals of R such that I1 \ I2 � p; then either I1 � p or I2 � p.

(b) If R is a local ring with unique maximal ideal m; show that m is the set of
nonunits of R.
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12. Let R be a ring and consider the set ¹Eij º, 1 � i; j � n, where Eij is the n� n
matrix with 1 as its .i; j /th entry and zeroes elsewhere. The Eij are known as
the matrix units of Mn.R/.

(a) Show that EijEkl D Eil if j D k and EijEkl D 0 when j ¤ k. Conclude
that Eij is nilpotent when i ¤ j . Note also that aEij D Eija for all a 2 R.

(b) Deduce that Ei i is an idempotent for i D 1; 2; : : : ; n, that
Pn
iD1Ei i is the

identity matrix of Mn.R/ and that .aij / D
Pn
i;jD1 aijEij D

Pn
i;jD1Eijaij

for each .aij / 2Mn.R/.

(d) Show that if NI is an ideal of Mn.R/, then there is a uniquely determined ideal
I of R such that NI DMn.I /. [Hint: If NI is an ideal of Mn.R/, let I be the set
of all elements a 2 R that appear as an entry in the first row and first column
of a matrix in NI . I is clearly an ideal of R and if .aij / is a matrix in NI , then,
astE11 D E1s.aij /Et1 2 NI , so ast 2 I for all s and t such that 1 � s; t � n.
Thus, .aij / is a matrix formed from elements of I , so NI � Mn.I /. Now show
that Mn.I / � NI and that I is unique.]

(e) Prove that I 7! NI is a one-to-one correspondence between the ideals of R
and the ideals of Mn.R/ such that if I1 � I2, then NI1 � NI2.

(f) Prove that if R is a simple ring, then so is Mn.R/. Conclude that if D is a
division ring, then Mn.D/ is a simple ring.

13. Let Mn.R/ be the ring of n � n matrices over R.

(a) Show that for each k, 1 � k � n, the set ck.R/ of kth column matrices is a
left ideal but not a right ideal of Mn.R/. Show also that if D is a division ring,
then ck.D/ is a minimal left ideal of Mn.D/.

(b) Prove that for each k, 1 � k � n, the set rk.R/ of kth row matrices is a
right ideal but not a left ideal of Mn.R/. If D is a division ring, show for each
k that rk.D/ is a minimal right ideal of Mn.D/.

14. (a) Show that a commutative simple ring is a field.

(b) Prove that the center of a simple ring is a field.

(c) If R is a simple ring, must RŒX� be a simple ring?

(d) Show by example that a subring of a simple ring need not be simple.

15. If p is a prime number and n is a positive integer, show that the ideals of Zpn
are linearly ordered by � and that Zpn is a local ring with unique maximal
ideal .Œp�/.

16. Let K be a field. Prove that KŒX� is a principal ideal domain. [Hint: If I is an
ideal of KŒX�, consider a monic polynomial p.X/ in I of minimal degree.]

17. Let ¹A˛º� be a family of right ideals of a ring R.

(a) Prove that
T
�A˛ is a right ideal of R.
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(b) Let S be a subset of R. If ¹A˛º� is the family of right ideals of R each
of which contains S , prove that

T
�A˛ is the smallest right ideal of R that

contains S .
(c) Prove that

X

�

A˛ D
°X

�

x˛
ˇ
ˇ x˛ 2 A˛ for all ˛ 2 �

±

is a right ideal of R.
(d) Suppose that Aˇ \

P
˛¤ˇ A˛ D 0 for all ˇ 2 �. If

P
� x˛ 2

P
�A˛ is

such that
P
� x˛ D 0, prove that x˛ D 0 for all ˛ 2 �.

(e) Suppose that Aˇ \
P
˛¤ˇ A˛ D 0 for all ˇ 2 � and that x 2

P
�A˛.

If x can be written in
P
�A˛ as x D

P
� x˛ and as x D

P
� y˛, prove that

x˛ D y˛ for all ˛ 2 �.

18. (a) If S is a nonempty subset of R, show that

annr.S/ D ¹a 2 R j Sa D 0º

is a right ideal of R and that

ann`.S/ D ¹a 2 R j aS D 0º

of S is a left ideal of R.
(b) If A is a right ideal of R, show that annr.A/ is an ideal of R. Conclude also
that if A is a left ideal of R, then ann`.A/ is an ideal of R.
(c) If S and T are nonempty subsets ofR such that S � T , show that annr.T / �
annr.S/ and that ann`.T / � ann`.S/. Show also that S � ann`.annr.S// and
S � annr.ann`.S//.
(d) If S is a nonempty subset of R, prove that annr.ann`.annr.S/// D annr.S/
and that ann`.annr.ann`.S/// D ann`.S/.
(e) If ¹AiºniD1 is a set of right ideals of R, show that annr .

Pn
iD1Ai / DTn

iD1 annr.Ai / and ann`.
Pn
iD1Ai / D

Tn
iD1 ann`.Ai /.

(f) If ¹AiºniD1 is a set of right ideals of R, show that
Pn
iD1 annr.Ai / �

annr.
Tn
iD1Ai / and

Pn
iD1 ann`.Ai / � ann`.

Tn
iD1Ai /.

19. If A;B and C are right ideals of ring R, prove each of the following.
(a) .A W a/ D ¹b 2 R j ab 2 Aº is a right ideal of R for each a 2 R.
(b) ..A W a/ W b/ D .A W ab/ for all a; b 2 R.
(c) .B W A/ D ¹a 2 R j Aa � Bº is an ideal of R.
(d) .C W AB/ D ..C W A/ W B/.
(e) If ¹A˛º� is a family of right ideals of R, then

�
A W

X

�

A˛

�
D
\

�

.A W A˛/:
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20. Let R be a commutative ring. A nonempty subset S of a ring R is said to be
multiplicatively closed if ab 2 S whenever a; b 2 S . If S is a multiplicatively
closed subset of R and if 1 2 S and 0 … S , then S is a multiplicative system
in R.

(a) If p is a proper ideal of R, prove that p is prime if and only if S D R � p is
a multiplicative system.

(b) Let S be a multiplicative system in R. If I is an ideal of R such that I \
S D ¿, use Zorn’s lemma to prove that there is a prime ideal p of R such that
p � I and p \ S D ¿.

1.3 Ring Homomorphisms

A fundamental concept in the study of rings is that of a ring homomorphism. Its
importance lies in the fact that a ring homomorphism f W R ! S provides for the
transfer of algebraic information between the rings R and S .

Definition 1.3.1. If R and S are rings, not necessarily with identities, then a function
f W R ! S is a ring homomorphism if f .a C b/ D f .a/ C f .b/ and f .ab/ D
f .a/f .b/ for all a; b 2 R. The identity map idR W R ! R is a ring homomorph-
ism called the identity homomorphism. A ring homomorphism that is injective and
surjective is a ring isomorphism. If f W R ! S is a surjective ring homomorphism,
then S is said to be a homomorphic image of R. If f is an isomorphism, then we say
that R and S are isomorphic rings and write R Š S . If R and S have identities and
f .1R/ D 1S , then f is said to be an identity preserving ring homomorphism.

We now assume that all ring homomorphisms are identity preserving. Un-
less stated otherwise, this assumption will hold throughout the remainder
of the text.

The proof of the following proposition is standard.

Proposition 1.3.2. Let f W R! S be a ring homomorphism. Then:

(1) f .0R/ D 0S and f .�a/ D �f .a/ for each a 2 R.

(2) If a 2 R has a multiplicative inverse inR, then f .a/ has a multiplicative inverse
in S and f .a�1/ D f .a/�1.

The proof of the following proposition is an exercise.

Proposition 1.3.3. If f W R! S is a ring homomorphism, then:

(1) If R0 is a subring of R, then f .R0/ is a subring of S .

(2) If S 0 is a subring of S , then f �1.S 0/ is a subring of R.
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(3) If f is a surjection and A is a right ideal (a left ideal, an ideal) of R, then f .A/
is a right ideal (a left ideal, an ideal) of S .

(4) If B is a right ideal (a left ideal, an ideal) of S , then f �1.B/ is a right ideal
(a left ideal, an ideal) of R.

Definition 1.3.4. If I is an ideal of R, then the mapping � W R ! R=I defined by
�.a/ D a C I is a surjective ring homomorphism called the canonical surjection or
the natural mapping. If f W R ! S is a ring homomorphism, then the set Kerf D
¹a 2 R j f .a/ D 0º is the kernel of f .

The next proposition is one of the cornerstones of ring theory. Part .3/ of the
proposition shows that every homomorphic image of a ring R is, up to isomorphism,
a factor ring of R.

Proposition 1.3.5 (First Isomorphism Theorem for Rings). If f W R ! S is a ring
homomorphism, then

(1) Ker f is an ideal of R,

(2) f is an injection if and only if Ker f D 0, and

(3) R=Kerf Š f .R/.

Proof. The proofs of .1/ and .2/ are straightforward.
.3/ If ' W R=Ker f ! S is defined by '.aC Ker f / D f .a/, then it is easy to

show that ' is a ring isomorphism.

Corollary 1.3.6. If f WR!S is a surjective ring homomorphism, thenR=Ker f ŠS .

If f W R ! S is an injective ring homomorphism, then f .R/ is a subring of S
that is isomorphic to R. When this is the case we say that R embeds in S and that S
contains a copy of R. Note also that if f is an isomorphism, then it follows that the
inverse function f �1 W S ! R is also a ring isomorphism.

Proposition 1.3.7 (Second Isomorphism Theorem for Rings). If I andK are ideals of
a ring R such that I � K, then K=I is an ideal of R=I and .R=I /=.K=I / Š R=K.

Proof. It is easy to verify that K=I is an ideal of R=I and that the mapping f W
R=I ! R=K given by aCI 7! aCK is a well-defined surjective ring homomorph-
ism with kernel K=I . The result follows from Corollary 1.3.6.

Proposition 1.3.8 (Third Isomorphism Theorem for Rings). If I and K are ideals of
a ring R, then I=.I \K/ Š .I CK/=K.

Proof. The mapping f W I ! .I C K/=K defined by f .a/ D a C K is a well-
defined surjective ring homomorphism with kernel I \K. Corollary 1.3.6 shows that
I=.I \K/ Š .I CK/=K.
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Examples

1. Embedding Maps. (a) The mapping f W R ! RŒX� given by f .a/ D a,
where a is viewed as a constant polynomial in RŒX�, is an injective ring homo-
morphism.

(b) The mapping f W R ! Mn.R/ defined by f .a/ D .aij /; where aij D 0

if i ¤ j and ai i D a for i D 1; 2; : : : ; n, is an injective ring homomorphism.
Thus, the n � n matrix ring Mn.R/ contains a copy of the ring R.

(c) If C D
®�

a b
�b a

�
j a; b 2 R

¯
, then C is a subring of M2.R/. The mapping

a C bi 7!
�
a b
�b a

�
from C to C is a ring isomorphism. Thus, the matrix ring

M2.R/ contains a copy of the field of complex numbers.

2. Ring Homomorphisms and Skew Polynomial Rings. If R is a ring, let RŒX�
denote the set of all right polynomials p.X/ D

Pn
kD0X

kak , whereX is a non-
commuting indeterminate. IfRŒX� is to be made into a ring, then when forming
the product of two right polynomials inRŒX�, products such asXjajXkbk will
be encountered. In order to write XjajXkbk as XjCkc for some c 2 R, it is
necessary to commute a past X in aX . Let � W R ! R be a ring homomorph-
ism and set aX D X�.a/ for all a 2 R. Then aXk D Xk�k.a/, for each
integer k 	 1, and we see that XjajXkbk D XjCk�k.aj /bk , where �k de-
notes the composition of � with itself k times. If addition of right polynomials
is defined in the usual fashion by adding coefficients of “like terms” and if the
product of two right polynomials is given by

p.X/q.X/ D
� mX

jD0

Xjaj

�� nX

kD0

Xkbk

�
D

mX

jD0

nX

kD0

XjCk�k.aj /bk ;

then the set of right polynomials RŒX� is a ring under these binary operations.
This ring, denoted by RŒX; ��, is called the ring of skew polynomials or the ring
of twisted polynomials. Given a ring homomorphism � W R! R, a similar ring
can be constructed from the set of left polynomials over R in a noncommuting
indeterminate X . The skew power series ring RŒŒX; ��� of all right power series
with coefficients in R has a similar definition.

We conclude our brief review of rings with the following proposition whose proof
is left as an exercise.

Proposition 1.3.9 (Correspondence Property of Rings). If f W R! S is a surjective
ring homomorphism, then there is a one-to-one correspondence between the following
sets.

(1) The set of right (left) ideals in R that contain Ker f and the set of right (left)
ideals in S .
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(2) The set of maximal right (left) ideals of R that contain Ker f and the set of
maximal right (left) ideals of S .

(3) The set of ideals in R that contain Ker f and the set of ideals in S .

(4) The set of maximal ideals of R that contain Ker f and the set of maximal ideals
of S .

(5) The set of subrings of R that contain Ker f and the set of subrings of S .

Problem Set 1.3

1. Verify (a) through (c) of Example 1.

2. Consider the ring T2.Z/ of 2 � 2 upper triangular matrices and the ring Z � Z
under componentwise addition and multiplication. Show that the map

�
a b
0 d

�
7!

.a; d/ from T2.Z/ to Z � Z is a surjective ring homomorphism and compute
its kernel.

3. Let R, R1 and R2 be rings and suppose that R Š R1 � R2 is the ring direct
product of R1 and R2. Prove that there are ideals I1 and I2 of R such that
R=I1 Š R2 and R=I2 Š R1.

4. Show that an integral domain R either contains a copy of the ring of integers
or a copy of a field Zp , for some prime number p. [Hint: Consider the map
n 7! n1R from Z to R.]

5. If ¹Eij º, 1 � i; j � n, is the set of matrix units of Mn.R/, verify that
Ei iMn.R/Ei i and R are isomorphic rings, for i D 1; 2; : : : ; n.

6. Prove Propositions 1.3.2 and 1.3.3.

7. Complete the proof of Proposition 1.3.5.

8. Prove Proposition 1.3.9.

9. Let f W R ! S be a surjective ring homomorphism. If R is commutative,
show that S is commutative as well and then prove that there is a one-to-one
correspondence between the set of prime ideals of R that contain Ker f and the
set of prime ideals of S .

10. Let R and S be rings, not necessarily having identities, and suppose that f W
R! S is a surjective ring homomorphism.

(a) If R has an identity, prove that S also has an identity.

(b) If R is a division ring, deduce that S must be a division ring.

11. Let R and S be rings and suppose that f W R ! S is a nonzero ring homo-
morphism. If f .1R/ ¤ 1S , show that S has zero divisors. Conclude that if S is
an integral domain, then f must be identity preserving.
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12. (a) Suppose that R is a ring that does not have an identity. Show that there
is a ring S with identity that contains a subring isomorphic to R. [Hint: Let
S D R � Z and define addition and multiplication on S by .a;m/C .b; n/ D
.aC b;mCn/ and .a;m/.b; n/ D .abC anC bm;mn/ for all .a;m/; .b; n/ 2
R � Z. Show that S is a ring with identity under these operations and then
consider R0 D ¹.a; 0/ j a 2 Rº.] Conclude that a ring not having an identity
can be embedded in one that does.
(b) If the ring R has an identity to begin with, then does the ring S constructed
in (a) have zero divisors?

13. Let f W R ! S and g W S ! T be ring homomorphisms. Prove each of the
following.
(a) If gf is an injective ring homomorphism, then so is f .
(b) If f and g are injective ring homomorphisms, then gf is an injective ring
homomorphism.
(c) If gf is a surjective ring homomorphism, then so is g.
(d) If f and g are surjective ring homomorphisms, then gf is also a surjective
ring homomorphism.
(e) If f is a ring isomorphism, then the inverse function f �1 W S ! R is a ring
isomorphism.

14. Let f W R ! S be a nonzero ring homomorphism and suppose that I is an
ideal of R such that I � Ker f . Show that there is a ring homomorphism
Nf W R=I ! S . The map Nf is said to be the ring homomorphism induced by f .

15. Prove that S is a simple ring if and only if every nonzero ring homomorphism
f W S ! R is injective for every ring R.

16. Prove that the matrix ring Mn.R=I / is isomorphic to Mn.R/=Mn.I /. [Hint:
Consider the mapping f W Mn.R/ ! Mn.R=I / given by .aij / 7! .aij C I /

for all .aij / 2Mn.R/.]

1.4 Modules

In a vector space, the scalars taken from a field act on the vectors by scalar multiplica-
tion, subject to certain rules. In a module, the scalars need only belong to a ring, so the
concept of a module is a significant generalization. Much of the theory of modules
is concerned with extending the properties of vector spaces to modules. However,
module theory can be much more complicated than that of vector spaces. For exam-
ple, every vector space has a basis and the cardinalities of any two bases of the vector
space are equal. However, a module need not have a basis and even if it does, then it
may be the case that the module has two or more bases with differing cardinalities.

Modules are central to the study of commutative algebra and homological algebra.
Moreover, they are used widely in algebraic geometry and algebraic topology.
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Definition 1.4.1. If M is an additive abelian group, then M is said to be a (unitary)
right R-module if there is a binary operation M �R!M such that if .x; a/ 7! xa,
then the following conditions hold for all x; y 2M and a; b 2 R.

(1) x.aC b/ D xaC xb

(2) .x C y/a D xaC ya

(3) x.ab/ D .xa/b

(4) x1 D x

Left R-modules are defined analogously but with the ring elements operating on the
left of elements of M . If M is a right R-module, then a nonempty subset N of M
is said to be a submodule of M if N is a subgroup of the additive group of M and
xa 2 N whenever x 2 N and a 2 R. If N is a submodule of M and N ¤ M , then
N is a proper submodule of M . Finally, if R and S are rings and M is at once a left
R-module and a right S -module such that a.xb/ D .ax/b for all a 2 R; b 2 S and
x 2M , then M is said to be an .R; S/-bimodule.

If R is a noncommutative ring, then a right R-moduleM cannot be made into a left
R-module by setting a � x D xa. The left-hand versions of properties (1), (2) and (4)
of Definition 1.4.1 carry over, but the offending condition is property (3). If setting
a � x D xa, for all x 2M and a 2 R, were to make M into a left R-module, then we
would have

.ab/ � x D x.ab/ D .xa/b D b � .xa/ D b � .a � x/ D .ba/ � x

for all x 2M and a; b 2 R. Examples of leftR-modules over a noncommutative ring
abound, where .ab/ � x ¤ .ba/ � x, so we have a contradiction. Of course, if the ring
is commutative, this difficulty disappears and M can be made into a left R-module
in exactly this fashion. Even though a right R-module cannot be made into a left R-
module using the method just described, a right R-module M can be made into a left
Rop-module by setting a � x D xa for all x 2 M and a 2 R. If multiplication in Rop

is denoted by ı, x 2M and a; b 2 Rop, then

.a ı b/ � x D .ba/ � x D x.ba/ D .xb/a D a � .xb/ D a � .b � x/;

so the left-hand version of property (3) holds and it is easy to check that the left-hand
versions of properties (1), (2) and (4) hold as well.

If the ring R is replaced by a division ring D, then Definition 1.4.1 yields the
definition of a right vector space V over D and when R is a field K, V is a vector
space over K. If V is a right vector space over a division ring D, then a submodule
of V will often be referred to as a subspace of V .

Terminology. To simplify terminology, the expression “R-module” or “module” will
mean right R-module and “vector space over D”, D a division ring, will mean right
vector space over D. When M is an R-module we will also, on occasion, refer to the
multiplication M �R!M given by .x; a/ 7! xa as the R-action on M .
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Examples

1. Finite Sums of Submodules. If M1;M2; : : : ;Mn are submodules of an R-
module M , then M1 CM2 C � � � CMn D ¹x1 C x2 C � � � C xn j xi 2 Mi for
i D 1; 2; : : : ; nº is a submodule of M for each integer n 	 1.

2. The R-module Mn.R/. If Mn.R/ is the set of n � n matrices over R, then
Mn.R/ is an additive abelian group under matrix addition. If .aij / 2 Mn.R/

and a 2 R, then the operation .aij /a D .aija/ makes Mn.R/ into an R-mod-
ule. Mn.R/ is also a left R-module under the operation a.aij / D .aaij /.

3. Left and Right Ideals as Submodules. The ringR is a left and a rightR-mod-
ule under the operation of multiplication defined on R. Note that A is a right
(left) ideal ofR if and only ifA is a submodule ofR whenR is viewed as a right
(left) R-module.

4. The Annihilator of a Module. If M is an R-module and

A D annr.M/ D ¹a 2 R j xa D 0 for all x 2M º;

then A is an ideal of R, referred to as the annihilator in R of M . If there is
a need to emphasize the ring, then we will write annRr .M/ for annr.M/. For
example, if S is a subring of R and if M is an R-module, then annSr .M/ will
indicate that the annihilator is taken in S . If A is a left ideal of R, then

annM` .A/ D ¹x 2M j xa D 0 for all a 2 Aº

is a submodule of M , called the annihilator in M of A.

If I is an ideal of R such that I � annr.M/, then M is also an R=I -module
under the addition already present on M and the R=I -action on M defined by
x.aC I / D xa for all x 2M and aC I 2 R=I .

5. Modules over Endomorphism Rings. If G is any additive abelian group, then
EndZ.G/, the set of all group homomorphisms f W G ! G, is a ring under
addition and composition of group homomorphisms. The group G is a left
EndZ.G/-module if we set f x D f .x/ for all x 2 G and all f 2 EndZ.G/.
G is also a right EndZ.G/-module under the operation xf D .x/f , where we
agree to write each group homomorphism on the right of its argument and in
expressions such as .x/fg we first apply f and then g. Since G is a Z-module,
it follows that G is an (EndZ.G/, Z/-bimodule and a .Z, EndZ.G//-bimodule.

6. Submodules formed from Column and Row Matrices. Let ck.R/ and rk.R/,
1 � k � n, be the sets of kth column matrices and kth row matrices, respec-
tively, as defined in Example 2 in Section 1.2. Then for each k, ck.R/ and rk.R/
are submodules of the R-module Mn.R/.



28 Chapter 1 Basic Properties of Rings and Modules

7. Cyclic Modules. If M is an R-module and x 2 M , then xR D ¹xa j a 2 Rº
is a submodule of M called the cyclic submodule of M generated by x. If
M D xR for some x 2 R, then M is said to be a cyclic module.

8. The Module RŒX�. If RŒX� is the set of all polynomials in X with their coef-
ficients in R, then RŒX� is an additive abelian group under polynomial addition.
RŒX� is an R-module via the R-action on RŒX� defined by .a0 C Xa1 C � � � C
Xnan/a D .a0a/CX.a1a/C � � � CX

n.ana/.

9. Change of Rings. If f W R! S is a ring homomorphism andM is an S -mod-
ule and we let xa D xf .a/ for all x 2 M and a 2 R, then M is an R-module.
We say thatM has been made into anR-module by pullback along f . Clearly if
M is an R-module and S is a subring of R, thenM is an S -module by pullback
along the canonical injection i W S ! R.

10. Modular Law. There is one property of modules that is often useful. It is
known as the modular law or as the modularity property of modules. If M , N
and X are submodules of an R-module and X � M , then X \ .M C N/ D
M C .X \N/. (See Exercise 9.)

There are several elementary properties of modules that hold regardless of whether
they are left or right modules. Stated for an R-module M ,

x0R D 0M ;

x.�1/ D �x;

x.a � b/ D xa � xb;

x.�a/b D .xa/.�b/ D �x.ab/ and

.x � y/a D xa � ya

for all x; y 2M and a; b 2 R.

Proposition 1.4.2. A nonempty subset N of an R-module M is a submodule of M if
and only if x C y 2 N and xa 2 N for all x; y 2 N and a 2 R.

Proof. IfN is a submodule ofM , there is nothing to prove, so suppose that xCy 2 N
and xa 2 N for all x; y 2 N and a 2 R. Then x � y D x C y.�1/ 2 N , so N is
a subgroup of the additive group ofM . Conditions (1) through (4) of Definition 1.4.1
must hold for all x; y 2 N and a; b 2 R, since these conditions hold for all x; y 2M
and a; b 2 R.

Definition 1.4.3. Let N be a submodule of an R-module M and suppose that S is
a subset of N . If every element of x 2 N can be expressed as x D

Pn
iD1 xiai , where

xi 2 S and ai 2 R for each i D 1; 2; : : : ; n, then we say that S is a set of generators
ofN or thatN is generated by S . IfN is generated by S , then we writeN D

P
S xR

and when S is a finite set, we say that N is finitely generated.
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Every R-module M has a least one set of generators, namely the set M .

Proposition 1.4.4. The following hold for any R-module M .

(1) If ¹M˛º� is a family of submodules of M , then
T
�M˛ is a submodule of M .

(2) If ¹M˛º� is a family of submodules of M , then
X

�

M˛ D
°X

�

x˛
ˇ
ˇ x˛ 2M˛ for all ˛ 2 �

±

is a submodule of M .

(3) Let S be a subset of M and suppose that ¹M˛º� is the family of submodules of
M each of which contains S . Then S is a set of generators for the submoduleT
�M˛.

Proof. We prove .3/ and leave the proofs of .1/ and .2/ as exercises.
.3/ Let ¹M˛º� be the family of submodules of M each of which contains S . If

x 2 S , then x 2
T
�M˛, so xR �

T
�M˛. Hence,

P
S xR �

T
�M˛. For the

reverse containment, note that
P
S xR is a submodule of M that contains S . Thus,T

�M˛ �
P
S xR, so we have

T
�M˛ D

P
S xR.

Corollary 1.4.5. The empty set is a set of generators for the zero module.

Proof. Part (3) of the proposition shows that if S D ¿ and if ¹M˛º� is the family
of all submodules of M , then ¿ � M˛ for each ˛ 2 �. Hence,

T
�M˛ D 0, soP

¿ xR D 0.

Factor Modules

If N is a submodule of an R-module M , then N is a subgroup of the additive group
of M . So if N is viewed as a subgroup of the abelian group M , then we know from
group theory that we can form the set of cosets ¹x C N ºx2M of N in M , where
x C N D ¹x C n j n 2 N º. If M=N denotes this set of cosets, then we also know
that M=N can be made into an additive abelian group if coset addition is defined by

.x CN/C .y CN/ D .x C y/CN:

With this in mind M=N can now be made into an R-module by defining an R-action
on M=N by .x C N/a D xa C N for x C N 2 M=N and a 2 R. This leads to the
following definition.

Definition 1.4.6. If N is a submodule of an R-module M , then M=N together with
the operations

.x CN/C .y CN/ D .x C y/CN and .x CN/a D xaCN

for x C N; y C N and a 2 R is called the factor module (or the quotient module) of
M formed by factoring out N .
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Examples

11. Consider the R-module RŒX�. If P is the set of polynomials in RŒX� with zero
constant term, then P is a submodule of RŒX�. Every element of the factor
module RŒX�=P can be expressed as a0 CXa1 C � � � CXnan C P . But since
Xa1 C � � � CX

nan 2 P , we see that

a0 CXa1 C � � � CX
nan C P D a0 C P:

Consequently, the operations on RŒX�=P are given by

.aC P /C .b C P / D .aC b/C P and

.aC P /c D ac C P;

where a; b; c 2 R.

12. Consider the R-module M3.R/. The set of all matrices of the form
�
a11 0 a13
a21 0 a23
a31 0 a33

�

is a submodule N of M3.R/. It follows that elements of the factor module
M3.R/=N can be expressed in the form

0

@
0 a12 0

0 a22 0

0 a32 0

1

ACN:

Definition 1.4.7. Every nonzero rightR-module has at least two submodules, namely
M and the zero submodule ¹0º, denoted simply by 0. A nonzero right R-module S
that has only 0 and S for its submodules is said to be a simple module. The set of all
submodules of a right R-module M is partially ordered by �, that is, by inclusion.
Under this ordering a minimal submodule of M is just a simple submodule of M .
A proper submodule N of M is said to be a maximal submodule of M if whenever
N 0 is a submodule of M such that N � N 0 � M , either N D N 0 or N 0 D M .
Clearly A is a minimal right ideal of R if and only if AR is a simple R-module.

Example

13. If N is a maximal submodule of M , then it follows that M=N is a simple
R-module. In particular, a nonempty subset A of a ring R is a right ideal of R
if and only if A is a submodule of R when R is viewed as an R-module. Hence,
we can form the factor moduleR=A. So if m is a maximal right ideal of R, then
R=m is a simple R-module.

Problem Set 1.4

1. If M is an R-module, prove that each of the following hold for all x; y 2 M
and a; b 2 R.
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(a) x0R D 0M
(b) x.�1/ D �x

(c) x.a � b/ D xa � xb

(d) x.�a/b D .xa/.�b/ D �x.ab/

(e) .x � y/a D xa � ya

2. (a) Let A be a right ideal of R. If addition and an R-action are defined on A.n/

by

.a1; a2; : : : ; an/C .b1; b2; : : : ; bn/ D .a1 C b1; a2 C b2; : : : ; an C bn/ and

.a1; a2; : : : ; an/r D .a1r; a2r; : : : ; anr/;

prove that A.n/ is an R-module.

(b) If M is an R-module and A is a right ideal of R, prove that

MA D
° nX

iD1

xiai
ˇ
ˇ xi 2M; ai 2 A; n 	 1

±

is a submodule of M .

(c) If N is a submodule of an R-module M and A is a right ideal of R, show
that .M=N/A D .N CMA/=N .

3. (a) Prove (1) and (2) of Proposition 1.4.4.

(b) If ¹M˛º� is a family of submodules of M , prove that
P
�M˛ is the inter-

section of all the submodules of M that contain the set
S
�M˛. Conclude thatP

�M˛ is the “smallest” submodule of M generated by
S
�M˛.

4. Let M be an R-module.

(a) Prove that annr .M/ is an ideal of R.

(b) If I is an ideal of R such that I � annr .M/, prove that M is also an
R=I -module via the operation given by x.a C I / D xa, for all x 2 M and
aC I 2 R=I , and the addition already present on M .

5. Let M be an R-module.

(a) If A is a left ideal of R, show that annM
`
.A/ is a submodule of M .

(b) If N is a submodule of M , deduce that N � annM
`
.annRr .N //. Does

annRr .N / D annRr .annM
`
.annRr .N //?

(c) If A is a left ideal of R, show that A � annRr .annM
`
.A//. Does annM

`
.A/ D

annM
`
.annRr .annM

`
.A//?

6. Let Mm�n.R/ be the set of all m � n matrices with entries from R.

(a) Show that R.m/Mm�n.R/ is a left R-submodule of R.n/.
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(b) If R.k/T denotes the k-tuples of R.k/ written in column form, show that
Mm�n.R/R

.n/T is a submodule of the R-module R.m/T .

(c) If .aij / 2 Mm�n.R/, show that annR
.m/

`
.aij / is an R-submodule of R.m/

that is the solution set for a system of homogeneous linear equations with their
coefficients in R. Make a similar observation for annR

.n/T

r .aij /.

7. Suppose thatM is an .R;R/-bimodule and consider the set S D R�M . Show
that if addition and multiplication are defined on S by

.a; x/C .b; y/ D .aC b; x C y/ and

.a; x/.b; y/ D .ab; ay C xb/

for all .a; x/; .b; y/ 2 S , then S is a ring with identity.

8. (a) A family ¹M˛º� of submodules of M is a chain of submodules of M if
M˛ � Mˇ or Mˇ � M˛ for all ˛; ˇ 2 �. Prove that if ¹M˛º� is a chain of
submodules of M , then

S
�M˛ is a submodule of M .

(b) Prove or find a counterexample to: If ¹M˛º� is a family of submodules ofM
such that

S
�M˛ is a submodule of M , then ¹M˛º� is a chain of submodules

of M .

9. Prove the modular law for modules of Example 10.

10. (a) IfN is a submodule of anR-moduleM , prove thatM=N is a simpleR-mod-
ule if and only if N is a maximal submodule of M .
(b) Prove that R is a division ring if and only if RR is a simple R-module.

11. Let N be a proper submodule of a nonzero R-module M . If x 2 M � N , use
Zorn’s lemma to show that there is a submodule N 0 of M containing N that is
maximal with respect to x … N 0.

12. (a) Find an example of a finitely generated R-module that has a submodule that
is not finitely generated.
(b) If M is a finitely generated R-module and N is a submodule of M , show
that M=N is finitely generated.

1.5 Module Homomorphisms

One important facet of ring homomorphisms is that they provide for the transfer of al-
gebraic information between rings. In order to transfer algebraic information between
modules, we need the concept of a module homomorphism.

Definition 1.5.1. IfM and N are R-modules, then a mapping f WM ! N is said to
be an R-module homomorphism or an R-linear mapping if

(1) f .x C y/ D f .x/C f .y/ and

(2) f .xa/ D f .x/a
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for all x; y 2 M and a 2 R. A mapping f W M ! N that satisfies .1/ is said to
be an additive function. The identity mapping M ! M defined by x 7! x is an
R-module homomorphism that will be denoted by idM . An R-module homomorph-
ism that is an injective function will be referred to simply as a monomorphism and an
R-module homomorphism that is a surjective function will be called an epimorphism.
If f WM ! N is an epimorphism, then N is said to be a homomorphic image of M .
If f W M ! M is an R-linear mapping, then f is an endomorphism of M . An iso-
morphism is an R-linear mapping that is injective and surjective and an isomorphism
f WM !M is said to be an automorphism ofM . If f WM ! N is an isomorphism,
then M and N are said to be isomorphic R-modules, denoted by M Š N . The set
of all R-linear mappings from M to N will be denoted by HomR.M;N / and when
M D N , HomR.M;M/ will be written as EndR.M/. If U and V are vector spaces
over a division ring D, then aD-linear mapping f W U ! V is referred to as a linear
transformation.

Examples

1. HomR.M;N/ as a Left R-module. If M and N are R-modules, then
HomR.M;N / is an additive abelian group under function addition, that is,
HomR.M;N / is a Z-module. In general, HomR.M;N / is not an R-module
if fa is defined as .fa/.x/ D f .xa/ since

.f .ab//.x/ D f .x.ab// D f ..xa/b/ D .f b/.xa/ D ..f b/a/.x/;

so f .ab/ D .f b/a. However, what is required is that f .ab/ D .fa/b, so
condition .3/ of Definition 1.4.1 fails to hold. If R is commutative, then we
immediately see that HomR.M;N / can be made into an R-module in precisely
this manner. Even though HomR.M;N / cannot be made into an R-module by
setting .fa/.x/ D f .xa/, HomR.M;N / can be made into a left R-module
using this technique. If a 2 R and x 2 M , let .af /.x/ D f .xa/. Then for
a; b 2 R and x 2M we see that

..ab/f /.x/ D f .x.ab// D f ..xa/b/ D .bf /.xa/ D a.bf /.x/:

Hence, .ab/f D a.bf /, so the left-hand version of condition .3/ of Defi-
nition 1.4.1 does indeed hold. It is easy to check that the left-hand version
of conditions .1/; .2/ and .4/ also hold, so when M and N are R-modules,
HomR.M;N / is a leftR-module. Similarly, whenM andN are leftR-modules,
then HomR.M;N / can be made into anR-module by setting .fa/.x/ D f .ax/
for all a 2 R and x 2M .

2. The Endomorphism Ring of a Module. IfM is anR-module, then EndZ.M/

and EndR.M/ are rings under function addition and function composition called
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the Z-endomorphism ring of M and the R-endomorphism ring of M , respec-
tively. If we defined f x D f .x/ for each f 2 EndZ.M/ and all x 2 M , then
this makes M into a left EndZ.M/-module. Since EndR.M/ is a subring of
EndZ.M/, M is also a left EndR.M/-module under the same operation.

Remark. Bimodule structures yield various module structures on Hom.

(1) IfM is an .R; S/-bimodule andN is a left R-module, then HomR.RMS ;RN/ is
a left S -module. If sf is defined by .sf /.x/D f .xs/ for f 2HomR.RMS ;RN/,
s 2 S and x 2M , then sf 2 HomR.RMS ;RN/: In fact, if a 2 R, then

.sf /.ax/ D f ..ax/s/ D f .a.xs// D af .xs/ D a.sf /.x/:

(2) If M is an .R; S/-bimodule and N is a right S -module, then HomS.RMS ; NS /

is a right R-module. If .fa/.x/ D f .ax/ for f 2 HomS .RMS ; NS /, a 2 R and
x 2M , then it follows that fa 2 HomS .RMS ; NS / because for s 2 S we have

.fa/.xs/ D f .a.xs// D f ..ax/s/ D f .ax/s D .fa/.x/s:

(3) If N is an .R; S/-bimodule andM is a left R-module, then HomR.RM;RNS/ is
a right S -module. To see this, let .f s/.x/ D f .x/s for f 2 HomR.RM;RNS /,
s 2 S and x 2 M . Then the map f s is in HomR.RM;RNS / due to the fact that
if a 2 R, then

.f s/.ax/ D f .ax/s D af .x/s D a.f s/.x/:

(4) IfN is an .R; S/-bimodule andM is a right S -module, then HomS .MS , RNS/ is
a leftR-module. If af is defined by .af /.x/D af .x/ for f 2HomS.MS ;RNS /,
a 2 R and x 2M , then af is in HomS .MS ;RNS/ since if s 2 S , then

.af /.xs/ D af .xs/ D af .x/s D .af /.x/s:

The proofs of the following two propositions are straightforward. The proof of each
is an exercise.

Proposition 1.5.2. If f W M ! N is an R-linear mapping, then f .0M / D 0N and
f .�x/ D �f .x/ for each x 2M .

The next proposition shows that submodules and the inverse image of submodules
are preserved under module homomorphisms.

Proposition 1.5.3. Let f WM ! N be an R-module homomorphism.

(1) If M 0 is a submodule of M , then f .M 0/ is a submodule of N .

(2) If N 0 is a submodule of N , then f �1.N 0/ is a submodule of M .
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Part 2 in the preceding Remark shows that ifM is anR-module, then HomR.R;M/

is an R-module. This fact is responsible for the “as R-modules” in the following
proposition.

Proposition 1.5.4. If M is an R-module, then HomR.R;M/ ŠM as R-modules.

Proof. Let ' W HomR.R;M/ ! M be such that '.f / D f .1/. Then '.f C g/ D
.f C g/.1/ D f .1/ C g.1/ D '.f / C '.g/ and '.fa/ D .fa/.1/ D f .a/ D

f .1/a D '.f /a, so ' is R-linear. If f 2 Ker', then 0 D '.f / D f .1/ clearly
implies that f D 0, so ' is injective. If x 2 M , then fx W R ! M defined by
fx.a/ D xa is R-linear and '.fx/ D x. Thus, ' is also surjective.

Definition 1.5.5. IfM is anR-module andN is a submodule ofM , then the mapping
� W M ! M=N defined by �.x/ D x C N is an epimorphism called the canonical
surjection or the natural mapping. If f W M ! N is an R-module homomorphism,
then

Ker f D ¹x 2M j f .x/ D 0º

is the kernel of f and theR-moduleN= Imf is called the cokernel of f . The cokernel
of f will be denoted by Coker f .

The following three propositions are of fundamental importance. The first of these
propositions is one of the most useful results in the theory of modules.

Proposition 1.5.6 (First Isomorphism Theorem for Modules). If f W M ! N is an
R-linear mapping, then

(1) Ker f is a submodule of M ,

(2) f is a monomorphism if and only if Ker f D 0, and

(3) M=Ker f Š f .M/.

Proof. .1/ If x; y 2 Ker f and a 2 R, then f .x C y/ D f .x/ C f .y/ D 0 and
f .xa/ D f .x/a D 0a D 0, so x C y and xa are in Ker f . Proposition 1.4.2 gives
the result.
.2/ If f is a monomorphism and x 2 Ker f , then f .x/ D 0 D f .0/, so x D 0

since f is an injection. Thus, Ker f D 0. Conversely, suppose that Ker f D 0 and
x; y 2M are such that f .x/ D f .y/. Then f .x�y/ D 0, so x� y is in Ker f D 0.
Hence, x D y, so f is an injection.
.3/ Define ' W M=Kerf ! f .M/ by '.x C Ker f / D f .x/. If x C Ker f D

yCKer f , then x�y 2 Ker f , so f .x/ D f .y/, so ' is well defined. It follows easily
that ' is an epimorphism and if '.xC Ker f / D 0, then f .x/ D 0, so x 2 Ker f .
Thus, x C Ker f D 0, so ' is an injection and we have that ' is an isomorphism.
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Corollary 1.5.7. If f WM ! N is an epimorphism, then M=Ker f Š N .

Part .2/ of Proposition 1.5.6 shows that an R-linear mapping f W M ! N is
a monomorphism if and only if Kerf D 0. It also follows that f is an epimorphism
if and only if Cokerf D 0.

If f W M ! N is a monomorphism, then f .M/ is a submodule of N that is
isomorphic to M . When this is the case we say that M embeds in N and that N
contains a copy of M .

Proposition 1.5.8 (Second Isomorphism Theorem for Modules). If M1 and M2 are
submodules of an R-module M such that M1 �M2, then M2=M1 is a submodule of
M=M1 and .M=M1/=.M2=M1/ ŠM=M2.

Proof. It is straightforward to show that M2=M1 is a submodule of M=M1. More-
over, the mapping f W M=M1 ! M=M2 given by f .x CM1/ D x CM2 is well
defined. Indeed, if x CM1 D y CM1, then x � y 2 M1 � M2, so f .x CM1/ D

x C M2 D y C M2 D f .y C M2/. Moreover, it is easy to show that f is an
epimorphism with kernel M2=M1, so the result follows from Corollary 1.5.7.

Proposition 1.5.9 (Third Isomorphism Theorem for Modules). If M1 and M2 are
submodules of an R-module M; then M1=.M1 \M2/ Š .M1 CM2/=M2.

Proof. The epimorphism f W M1 ! .M1 CM2/=M2 defined by f .x/ D x CM2

has kernel M1 \M2. Corollary 1.5.7 gives the desired result.

Proposition 1.5.10 (Correspondence Property of Modules). If f WM ! N is an epi-
morphism, then there is a one-to-one correspondence between the submodules of M
that contain Ker f and the submodules of N .

Proof. If NN is a submodule of M=Kerf and � W M ! M=Ker f is the natural
mapping, then there is a unique submodule N D ��1. NN/ ofM such that N � Ker f
andN=Ker f D NN . The result now follows from the observation thatM=Ker f ŠN .

Problem Set 1.5

1. Prove Propositions 1.5.2 and 1.5.3.

2. If M1 and M2 are submodules of an R-module M such that M1 � M2, show
that there is an R-linear mapping M=M1 !M=M2.

3. If f W M ! N is a bijective function and M is an R-module, show that N can
be made into an R-module in a way that turns f into an isomorphism.
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4. (a) If f W M ! N and g W N ! M are R-linear mappings such that gf D
idM , prove that f is injective and that g is surjective.

(b) If f W M ! N and g W N ! M are monomorphisms, show that gf is
a monomorphism.

(c) If f W M ! N and g W N ! M are epimorphisms, show that gf is an
epimorphism.

5. (a) If f W M ! N is a monomorphism, then f is an injective function and as
such has a left inverse g W N ! M . Show by example that g need not be an
R-linear mapping.

(b) If f WM ! N is an epimorphism, then f is a surjective function and so has
a right inverse g W N ! M . Show by example that g may not be an R-linear
mapping.

(c) If f W M ! N is an isomorphism, prove that the inverse function f �1 W
N !M for f is an isomorphism.

Note that even though the observations of (a) and (b) hold, the inverse function
for an R-linear bijection is an R-linear bijection.

6. (a) Let M be a Z-module and suppose that x 2 M . Deduce that the mapping
Zn ! M defined by Œa� 7! xa is a well-defined Z-linear mapping if and only
if nx D 0.

(b) Show that N D ¹x 2 M j nx D 0º is a submodule of M and that
HomZ.Zn;M/ Š N .

(c) If .m; n/ denotes the greatest common divisor of two positive integersm and
n, prove that HomZ.Zm;Zn/ Š Z.m;n/.

7. (a) If S and S 0 are simple R-modules and f W S ! S 0 is an R-linear mapping,
show that if f ¤ 0, then f is an isomorphism.

(b) Prove that an R-module S is simple if and only if there is a maximal right
ideal m of R such that R=m Š S .

8. If MR is the class of all R-modules, define the relation � on MR byM � N if
and only there is an isomorphism f W M ! N . Show that � is an equivalence
relation on MR.

9. Verify each of the module structures induced on Hom in the Remark of this
section.

10. Let M be an R-module and suppose that I is an ideal of R such that MI D 0.
Then M is an R=I -module via the operation of x.aC I / D xa.

(a) Show there is a one-to-one correspondence between the submodules of M
as an R-module and the submodules of M as an R=I -module.

(b) Prove that if N is also an R-module such that NI D 0, then f WM ! N is
an R-linear mapping if and only if it is R=I -linear.
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11. If R and S are rings, then an additive mapping f W R ! S is said to be
an anti-ring homomorphism if f .ab/ D f .b/f .a/ for all a; b 2 R. If f is
a bijection, then R and S are said to be anti-isomorphic. Clearly, if f W R! S

and g W S ! T are anti-ring homomorphisms, then gf W R ! T is a ring
homomorphism.

(a) Consider the ring R to be a right R-module and let EndR.RR/ denote the
ring of R-linear mappings f W RR ! RR. If ' W R! EndR.RR/ is defined by
'.x/ D fx for each x 2 R, where fx W RR ! RR is such that fx.a/ D xa for
all a 2 R, show that ' is a ring isomorphism. Conclude that R and EndR.RR/
are isomorphic rings.

(b) Consider R to be a left R-module and let EndR.RR/ denote the ring of all
R-linear mappings f W RR ! RR. Prove that ' W R ! EndR.RR/ given by
'.x/ D fx for each x 2 R, where fx W R ! R is such that fx.a/ D ax for
all a 2 R, is an anti-ring isomorphism. Conclude that R and EndR.RR/ are
anti-isomorphic rings.

(c) Prove that in (b) if we agree to write fx as .a/fx D ax for each a 2 R, then
' is a ring isomorphism.

12. (a) If M is an R-module, show that M is an (EndR.M/;R/-bimodule.

(b) If M is an R-module and H D EndR.M/, then from (a) we see that M
is a left H -module. If B D EndH .M/, show that M can be viewed as an
.H;B/-bimodule. B is the biendomorphism ring of M .
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Fundamental Constructions

We now introduce four concepts that are ubiquitous in abstract algebra: direct prod-
ucts, direct sums, free modules and tensor products. Each concept can be used to
produce an object that possesses a property known as the universal mapping prop-
erty. At this point, we are not in a position to give a definition of this property, so we
will have to be satisfied with pointing out when it holds. The concept will be made
more definitive in the following chapter where categories are introduced. Additional
constructions will be shown to have this property at subsequent points in the text.

2.1 Direct Products and Direct Sums

Direct Products

If ¹M˛º� is a family of R-modules, then the Cartesian product
Q
�M˛ can be made

into an R-module by defining

.x˛/C .y˛/ D .x˛ C y˛/ and .x˛/a D .x˛a/

for all .x˛/; .y˛/ 2
Q
�M˛ and a 2 R, where we set

Q
�M˛ D 0 if � D ¿. The

addition and the R-action on
Q
�M˛ are said to be componentwise operations. The

mapping �ˇ W
Q
�M˛ ! Mˇ such that �ˇ ..x˛// D xˇ for all .x˛/ 2

Q
�M˛

is an epimorphism called the ˇth canonical projection and the mapping iˇ W Mˇ !Q
�M˛ defined by iˇ .x/ D .x˛/, where x˛ D 0 if ˛ ¤ ˇ and xˇ D x, is anR-linear

injection called the ˇth canonical injection. The R-module
Q
�M˛ together with the

family of canonical projections ¹�˛ W
Q
�M˛ !M˛º� is said to be a direct product

of the family ¹M˛º�. Such a product will be denoted by .
Q
�M˛; �˛/ or more

simply by
Q
�M˛ with the family of mappings ¹�˛º� understood. We will often

refer to
Q
�M˛ as a direct product. The mappings ¹�˛º� are called the structure

maps of
Q
�M˛. Notice that the canonical injections iˇ W Mˇ !

Q
�M˛ have not

been mentioned. This is not an oversight, we will soon see that these mappings are
actually determined by the �ˇ .

Example

1. A direct product of a family ¹M˛º� of R-modules is particularly simple when
� is finite. For example, let � D ¹1; 2; 3º and suppose that M1;M2 and M3
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are R-modules. Then
Y

�

Mi DM1 �M2 �M3

and the operations on
Q
�Mi are given by

.x1; x2; x3/C .y1; y2; y3/ D .x1 C y1; x2 C y2; x3 C y3/ and

.x1; x2; x3/a D .x1a; x2a; x3a/

for all .x1; x2; x3/; .y1; y2; y3/ 2
Q
�Mi and a 2 R. In this case,

�1..x1; x2; x3// D x1; i1.x/ D .x; 0; 0/;

�2..x1; x2; x3// D x2; i2.x/ D .0; x; 0/;

�3..x1; x2; x3// D x3; and i3.x/ D .0; 0; x/:

We now need the following concept: Let ¹M˛º� be a family of R-modules and
suppose that for each ˛ 2 � there is an R-linear mapping f˛ W N ! M˛, N a fixed
R-module. Then

f W N !
Y

�

M˛ defined byf .x/ D .f˛.x//

is a well-defined R-linear mapping, called the product of the family of mappings
¹f˛º�.

The following proposition gives a fundamental property of a direct product.

Proposition 2.1.1. If ¹M˛º� is a family of R-modules, then a direct product
.
Q
�M˛; �˛/ has the property that for every R-module N and every family ¹f˛ W

N ! M˛º� of R-linear mappings there is a unique R-linear mapping f W N !Q
�M˛ such that for each ˛ 2 � the diagram

N

M˛

f˛
�

…�M˛

f

� �˛

�

is commutative.

Proof. Let N be an R-module and suppose that, for each ˛ 2 �, f˛ W N ! M˛ is
an R-linear mapping. If f W N !

Q
�M˛ is the product of the family of mappings

¹f˛º�, then it is easy to check that f is such that �˛f D f˛ for each ˛ 2 �. Now
suppose that g W N !

Q
�M˛ is also an R-linear mapping such that �˛g D f˛

for each ˛ 2 �. If g.x/ D .x˛/, then f˛.x/ D �˛g.x/ D �˛..x˛// D x˛, so
.x˛/ D .f˛.x// D f .x/. Hence, f D g.
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Proposition 2.1.1 and the preceding discussion provide the motivation for the for-
mal definition of a direct product of a family of R-modules.

Definition 2.1.2. An R-module P together with a family of R-linear mappings ¹p˛ W
P ! M˛º� is said to be a direct product of the family ¹M˛º� of R-modules if for
every R-module N and every family of R-linear mappings ¹f˛ W N ! M˛º�, there
is a unique R-linear mapping f W N ! P such that, for each ˛ 2 �, the diagram

N

M˛

f˛
�

P

f

� p˛

�

is commutative. The mappings of the family ¹p˛º� are the structure maps for the
direct product. A direct product .P; p˛/� is universal in the sense that given any
family ¹f˛ W N ! M˛º� of R-linear mappings there is always a unique R-linear
mapping f W N ! P such that p˛f D f˛ for each ˛ 2 �. It is in this sense that we
say that .P; p˛/� has the universal mapping property.

Proposition 2.1.1 shows that every family ¹M˛º� of R-modules has a direct prod-
uct. An important result of the universal mapping property is that for a direct product
.P; p˛/� the R-module P is unique up to isomorphism .

Proposition 2.1.3. If .P; p˛/� and .P 0; p0˛/� are direct products of the family
¹M˛º� of R-modules, then there is unique isomorphism ' W P 0 ! P such that
p˛' D p

0
˛ for each ˛ 2 �.

Proof. Consider the diagram

P 0

P

'

�
p˛� M˛

p0˛
�

P 0

 
� p0˛

�

where ' and  are the unique maps given by the definition of a direct product. Since
p˛' D p0˛ and p0˛ D p˛, we see that p0˛ ' D p0˛ for each ˛ 2 �. Hence, we
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have a commutative diagram

P 0

M˛

p0˛�

P 0

 '

� p0˛

�

But idP 0 is such that p0˛idP 0 D p0˛ , so it follows from the uniqueness of the map
 ' that  ' D idP 0 . Similarly, it follows that ' D idP . Thus, ' is the required
isomorphism.

In view of Proposition 2.1.3, we see that .
Q
�M˛; �˛/ is actually a model for

every direct product of a family ¹M˛º� of R-modules. If .P; p˛/� is also a direct
product of ¹M˛º�, then there is a unique isomorphism ' W P !

Q
�M˛ such that

�˛' D p˛ for each ˛ 2 �. Since �˛ is an epimorphism, it follows that p˛ is also an
epimorphism. Thus, if .P; p˛/� is a direct product of a family ¹M˛º� of R-modules,
then each of its structure maps is an epimorphism. A direct product .P; p˛/� also
determines a family ¹u˛ WM˛ ! P º� of R-linear injections into P .

Proposition 2.1.4. If .P; p˛/� is a direct product of a family ¹M˛º� of R-modules,
then there is a unique family ¹u˛ W M˛ ! P º� of injective R-linear mappings such
that p˛u˛ D idM˛ for each ˛ 2 � and pˇu˛ D 0 when ˛ ¤ ˇ.

Proof. Suppose that .P; p˛/� is a direct product of the family ¹M˛º� of R-modules
and let ˛ be a fixed element of�. LetN DM˛ and for each ˇ 2 � define fˇ W N !
Mˇ by fˇ D 0 if ˇ ¤ ˛ and f˛ D idM˛ : Then we have a family of R-linear mapping
¹fˇ W N ! Mˇ º�, so it follows from the definition of a direct product that there is
a unique R-linear mapping u˛ W N ! P such that pˇu˛ D fˇ for each ˇ 2 �.
Hence, pˇu˛ D 0, if ˛ ¤ ˇ and p˛u˛ D idM˛ . Since p˛u˛ D idM˛ , we have that
u˛ is an injective mapping and that p˛ is surjective, a fact observed earlier.

The family ¹u˛º� of injective R-linear mappings given in Proposition 2.1.4 is said
to be the family of canonical injections (uniquely) determined by .P; p˛/�. It follows
that the family ¹iˇ WMˇ !

Q
�M˛º� of canonical injections is uniquely determined

by .
Q
�M˛; �˛/.

If ¹R˛º� is an indexed family of rings, then as indicated in Chapter 1 the Cartesian
product

Q
�R˛ is a ring with identity .1˛/ under componentwise addition

.a˛/C .b˛/ D .a˛ C b˛/

and componentwise multiplication

.a˛/.b˛/ D .a˛b˛/:
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The ring direct product
Q
�R˛ is such that the canonical injection iˇ W Rˇ !Q

�R˛ is a non-identity preserving ring homomorphism. However, each canonical
projection �ˇ W

Q
�R˛ ! Rˇ does preserve identities.

External Direct Sums

If ¹M˛º� is a family ofR-modules, then
Q
�M˛ has a submodule called the external

direct sum of the family ¹M˛º�. It is not difficult to show that

M

�

M˛ D
°
.x˛/ 2

Y

�

M˛

ˇ
ˇ x˛ D 0 for almost all ˛ 2 �

±

is a submodule of
Q
�M˛. Furthermore, for each ˇ 2 �, there is an R-linear in-

jection iˇ W Mˇ !
L
�M˛ given by iˇ .x/ D .x˛/, where x˛ D 0 if ˛ ¤ ˇ and

xˇ D x. The map iˇ is the ˇth canonical injection into
L
�M˛.

The R-module
L
�M˛ together with the family ¹i˛º� of canonical injections is

an example of an external direct sum of ¹M˛º�. Such a sum will be denoted by
.
L
�M˛; i˛/ and the mappings ¹i˛º� are the structure maps for

L
�M˛.

Earlier we defined the product of a family of mappings. We now need the concept
of a sum of a family of mappings: If f˛ W M˛ ! N is an R-linear mapping for
each ˛ 2 �, where N is a fixed R-module, then f W

L
�M˛ ! N defined by

f ..x˛// D
P
� f˛.x/ is a well-definedR-linear mapping called the sum of the family

¹f˛º�.

Proposition 2.1.5. If ¹M˛º� is a family of R-modules, then .
L
�M˛; i˛/ has the

property that for every R-module N and every family ¹f˛ W M˛ ! N º� of R-linear
mappings there is a unique R-linear mapping f W

L
�M˛ ! N such that for each

˛ 2 � the diagram

˚�M˛

M˛

i˛ �

N

f

�f˛
�

is commutative.

Proof. Let N be an R-module and suppose that, for each ˛ 2 �, f˛ WM˛ ! N is an
R-linear mapping. If f W

L
�M˛ ! N is the sum of the family of mappings ¹f˛º�,

then it is easy to check such that f i˛ D f˛ for each ˛ 2 �. Now suppose that g WL
�M˛ ! N is also such that gi˛ D f˛ for each ˛ 2 �. If .x˛/ 2

L
�M˛, then

f ..x˛// D
P
� f˛.x˛/ D

P
� gi˛.x˛/ D g

P
� i˛.x˛/ D g..x˛//, so f D g.
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Now for the formal definition of an external direct sum.

Definition 2.1.6. An R-module S together with a family of R-linear mappings ¹u˛ W
M˛ ! Sº� is said to be an external direct sum of the family ¹M˛º� of R-modules if
for every R-module N and for every family of R-linear mappings ¹f˛ WM˛ ! N º�,
there is a unique R-linear mapping f W S ! N such that for each ˛ 2 � the diagram

S

M˛

u˛ �

N

f

�f˛
�

is commutative. An external direct sum will be denoted by .S; u˛/�. The mappings
of the family ¹u˛º� are called the structure maps for the external direct sum. Because
the unique map f W S ! N always exists, an external direct sum .S; u˛/� is said to
have the universal mapping property.

Note that the proof of Proposition 2.1.5 is just the proof of Proposition 2.1.1 with
the arrows reversed and the necessary adjustments made. In a similar manner the
proofs of the following propositions can be modeled after the proofs of “correspond-
ing” propositions given for direct products.

Proposition 2.1.7. If .S; u˛/� and .S 0; u0˛/� are direct sums of the family ¹M˛º� of
R-modules, then there is unique isomorphism ' W S ! S 0 such that 'u˛ D u0˛ for
each ˛ 2 �.

Because of Proposition 2.1.7 we see that .
L
�M˛; i˛/ is a model for an external

direct sum of a family ¹M˛º� ofR-modules. If .S; u˛/� is also an external direct sum
of ¹M˛º�, then there is a unique isomorphism ' W S !

L
�M˛ such that 'u˛ D i˛

for each ˛ 2 �. Since i˛ is an injection, it follows that u˛ is also an injection. Thus,
if .S; u˛/� is an external direct sum of a family ¹M˛º� of R-modules, then each of
its structure maps is an injection. An external direct sum .S; u˛/� also determines a
family of projections ¹p˛ W S !M˛º�.

Proposition 2.1.8. If .S; u˛/� is an external direct sum of a family ¹M˛º� of R-
modules, then there is a family ¹p˛ W S ! M˛º� of surjective R-linear mappings
such that p˛u˛ D idM˛ for each ˛ 2 � and pˇu˛ D 0 when ˛ ¤ ˇ.

The mappings of the family ¹p˛º� of surjectiveR-linear mappings given by Propo-
sition 2.1.8 are called the canonical projections (uniquely) determined by .S; u˛/�.
From this we see that the canonical projections �ˇ W

L
�M˛ ! Mˇ are uniquely

determined by .
L
�M˛; i˛/.
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Remark. Earlier we defined a product and a sum of a family ¹f˛º� of R-linear map-
pings. We also have the concepts of the direct product and direct sum of a family
of mappings: Let ¹M˛º� and ¹N˛º� be families of R-modules and suppose that for
each ˛ 2 � there is an R-linear mapping f˛ WM˛ ! N˛. Then

Y

�

f˛ W
Y

�

M˛ !
Y

�

N˛ given by
�Y

�

f˛

�
..x˛// D .f˛.x˛//

is a well-defined R-linear mapping called the direct product of the family of mappings
¹f˛º�. Likewise,

M

�

f˛ W
M

�

M˛ !
M

�

N˛ given by
�M

�

f˛

�
..x˛// D .f˛.x˛//

is a well-defined R-linear mapping called the direct sum of the family.

Internal Direct Sums

Part (2) of Proposition 1.4.4 shows that the sum
P
�M˛ of a family ¹M˛º� of sub-

modules ofM is a submodule ofM . We now define the internal direct sum of a family
¹M˛º� of submodules ofM . These sums will prove to be important in the study of the
internal structure of modules. A direct product and a direct sum of a family ¹M˛º� of
R-modules will now be denoted more simply by

Q
�M˛ and

L
�M˛, respectively,

with the canonical maps associated with each structure understood.
Before defining the internal direct sum of a family ¹M˛º� of submodules ofM , we

consider an example that motivates the definition. Let N1; N2 and N3 be R-modules
and consider the R-module M D N1 �N2 �N3. Then

M1 D N1 � 0 � 0 D ¹.x1; 0; 0/ j x1 2 N1º;

M2 D 0 �N2 � 0 D ¹.0; x2; 0/ j x2 2 N2º and

M3 D 0 � 0 �M3 D ¹.0; 0; x3/ j x3 2 N3º

are submodules of M such that

M1 \ .M2 CM3/ D 0;

M2 \ .M1 CM3/ D 0 and

M3 \ .M1 CM2/ D 0:

It follows that .x1; x2; x3/ D .x1; 0; 0/ C .0; x2; 0/ C .0; 0; x3/ and each summand
in this expression for .x1; x2; x3/ is unique. To indicate that each element of M can
be written uniquely as a sum of elements from M1, M2 and M3 we write M D

M1 ˚M2 ˚M2 and we say that M is the internal direct sum of M1, M2 and M3.
Since Mi \Mj D 0, whenever i ¤ j , we also write Mi ˚Mj and say that this sum
is direct.
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Definition 2.1.9. Suppose that ¹M˛º� is a family of submodules of an R-module M
such that

Mˇ \
X

˛¤ˇ

M˛ D 0 for each ˇ 2 �:

Then the sum
P
�M˛ is said to be the internal direct sum of the family ¹M˛º�. The

notation
L
�M˛ will indicate that the sum

P
�M˛ is direct. If M D

L
�M˛, then

M is said to be the internal direct sum of the family ¹M˛º� and
L
�M˛ is a direct

sum decomposition of M . If N is a submodule of M and if there is a submodule N 0

ofM such that N \N 0 D 0 andM D N CN 0, thenM D N ˚N 0 and N is referred
to as a direct summand of M .

Remark. The external direct sum
L
�M˛ of a family ¹M˛º� of R-modules was

given in Definition 2.1.6 while the internal direct sum
L
�M˛ of a family of sub-

modules of M was given in the preceding definition. We use the same notation for
both and refer to each simply as a direct sum, leaving it to the reader to determine if
the direct sum is internal or external from the context of the discussion.

Examples

2. Matrices. Consider the R-module Mn.R/ of n � n matrices over R. Then
Mn.R/ D

Ln
iD1 ri .R/, and Mn.R/ D

Ln
iD1 ci .R/. For example, if .aij / 2

M2.R/, then

�
a11 a12
a21 a22

�

D

�
a11 a12
0 0

�

C

�
0 0

a21 a22

�

and

�
a11 a12
a21 a22

�

D

�
a11 0

a21 0

�

C

�
0 a12
0 a22

�

:

Clearly M2.R/ D r1.R/˚ r2.R/ D c1.R/˚ c2.R/.

3. Z-modules. The Z-module Z6 is such that Z6 Š Z2˚Z3. In general, if s and t
are relatively prime integral divisors of n such that st D n, then Zn Š Zs˚Zt .
Moreover, if n D p

k1
1 p

k2
2 � � �p

kt
t is a factorization of n as a product of distinct

prime numbers, then Zn and Z
p
k1
1

˚ Z
p
k2
2

˚ � � � ˚ Z
p
kt
t

are isomorphic as

Z-modules as well as rings. These observations are the result of the Chinese
Remainder Theorem given in Exercise 4.

4. Polynomials. If RŒX� is the R-module of polynomials in X with their coeffi-
cients in R and Rk D ¹Xkak j ak 2 Rº, then Rk is a submodule of RŒX� for
k D 0; 1; 2; : : : , where X0 D 1. It follows easily that RŒX� D

L1
kD0Rk . The

submodules Rk are called the homogeneous submodules of RŒX�.
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5. Finite Direct Products. If ¹Miº
n
iD1 is a finite set of R-modules, then for each

k; 1 � k � n,

Nk D
°
.xi / 2

nY

iD1

Mi

ˇ
ˇ xi D 0 if i ¤ k

±

is a submodule of
Qn
iD1Mi and

nY

iD1

Mi D

nM

iD1

Ni :

6. Direct Sums and Factor Modules. Let M1 and M2 be submodules of an R-
module M such that M D M1 ˚M2. Then M=M1 Š M2 and M=M2 Š M1.
In general, if ¹M˛º� is a family of submodules of M such that M D

L
�M˛,

then M=Mˇ Š
L
˛¤ˇ M˛ and M=

L
˛¤ˇ M˛ ŠMˇ .

Proposition 2.1.10. Let ¹M˛º� be a family of submodules of an R-module M such
that M D

P
�M˛. Then the sum

P
�M˛ is direct if and only if each x 2 M can

be written in one and only one way as a sum x D
P
� x˛, where x˛ 2 M˛ for all

˛ 2 �.

Proof. Let the sum
P
�M˛ be direct and suppose that x 2 M can be written as

x D
P
� x˛ and as x D

P
� y˛. Then

P
� x˛ D

P
� y˛, so for each ˇ 2 � we

have

xˇ � yˇ D
X

˛¤ˇ

.y˛ � x˛/ 2Mˇ \
X

˛¤ˇ

M˛ D 0:

Thus, xˇ D yˇ for each ˇ 2 �, so the expression x D
P
� x˛ is unique.

Conversely, suppose that each element x of M can be written in one and only one
way as a finite sum of elements from the M˛ . If x 2 Mˇ \

P
˛¤ˇ M˛, then x D xˇ

for some xˇ 2 Mˇ and x D
P
˛¤ˇ x˛, where x˛ 2 M˛ for each ˛ 2 �, ˛ ¤ ˇ.

Thus, if
P
� y˛ is such that yˇ D �xˇ and y˛ D x˛ when ˛ ¤ ˇ, then

P
� y˛ D 0.

But 0 can be written as 0 D
P
� 0˛, where 0 D 0˛ 2 M˛ for each ˛ 2 �. Hence,P

� y˛ D
P
� 0˛ gives x˛ D 0 for each ˛ 2 �, so x D 0. Consequently, the sumP

�M˛ is direct.

Remark. It is also the case that if ¹M˛º� is a family of submodules of an R-mod-
ule M , then the sum

P
�M˛ is direct if and only if for each finite sum

P
� x˛ such

that
P
� x˛ D 0 we have x˛ D 0 for each ˛ 2 �. Note that if the sum

P
�M˛

is direct and
P
� x˛ D 0, then

P
� x˛ D

P
� 0˛ and the proposition above gives

x˛ D 0 for each ˛ 2 �. Conversely, suppose that
P
� x˛ D 0 implies that x˛ D 0

for each ˛ 2 �. If x 2 M˛ \
P
ˇ¤˛Mˇ , then x D x˛ and x D

P
ˇ¤˛ xˇ , so

x˛ C
P
ˇ¤˛.�xˇ / D 0 gives x D x˛ D 0, so the sum

P
�M˛ is direct.
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There is a fundamental connection between external direct sums and internal direct
sums. Since internal direct sums and external direct sums are both involved in the
following proposition, for the purposes of this proposition and its proof,

Liand
Le

will denote an internal and an external direct sum, respectively.

Proposition 2.1.11. The following hold for any R-module M .

(1) If ¹M˛º� is a family of submodules of M such that M D
Li
�M˛; then M ŠLe

�M˛.

(2) If there is a family ¹N˛º� of R-modules such that M Š
Le
�N˛, then there is

a family ¹M˛º� of submodules of M such that M D
Li
�M˛ and N˛ Š M˛

for each ˛ 2 �.

Proof. (1) If M D
Li
�M˛, then each element of M can be written as a finite sum

P
� x˛, where the x˛ 2 M˛ are unique. It follows that ' W

Li
�M˛ !

Le
�M˛

defined by '.
P
� x˛/ D .x˛/ is an isomorphism.

(2) If ' W
Le
�N˛ ! M is an isomorphism, let M˛ D 'i˛.N˛/ for each ˛ 2 �,

where i˛ W N˛ !
Le
�N˛ is the canonical injection. It is easy to check that M D

Li
�M˛. The fact that N˛ ŠM˛ for each ˛ 2 � is clear.

The following isomorphisms of abelian groups will be useful.

Proposition 2.1.12. Let ¹M˛º� be a family of R-modules. Then

(1) HomR
�M

�

M˛; N
�
Š
Y

�

HomR.M˛; N / and

(2) HomR
�
N;
Y

�

M˛

�
Š
Y

�

HomR.N;M˛/

for any R-module N .

Proof. We prove .1/ and omit the proof of .2/ since it is similar. Let

' W HomR
�M

�

M˛; N
�
!
Y

�

HomR.M˛; N /

be such that '.f / D .f i˛/, where i˛ W M˛ !
L
�M˛ is the canonical injec-

tion for each ˛ 2 �. Then ' is a group homomorphism and if f 2 Ker', then
f i˛ D 0 for each ˛ 2 �. So if .x˛/ 2

L
�M˛, then .x˛/ D

P
� i˛.x˛/ gives

f ..x˛// D f .
P
� i˛.x˛// D

P
� f i˛.x˛/ D 0. Thus, f D 0, so ' is an in-

jection. If .g˛/ 2
Q
� HomR.M˛; N /, let

P
� g˛ 2 HomR.

L
�M˛; N / be such

that .
P
� g˛/..x˛// D

P
� g˛.x˛/ for each .x˛/ 2

L
�M˛. Then, '.

P
� g˛/ D

..
P
� g˛/i˛/ 2

Q
� HomR.M˛; N /. But .

P
� g˛/i˛ D g˛ for each ˛ 2 �, so

'.
P
� g˛/ D .g˛/. Hence, ' is also a surjection.
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Problem Set 2.1

1. Let ¹M˛º� be a family of R-modules.

(a) Verify that
L
�M˛ is a submodule of

Q
�M˛.

(b) Show that
Q
�M˛ D

L
�M˛ if and only if � is a finite set.

2. Let ¹R˛º� be a family of rings. Consider the ring direct product
Q
�R˛ and

let A˛ be a right ideal of R˛ for each ˛ 2 �.

(a) Show that
Q
�A˛ is a right ideal of

Q
�R˛.

(b) Is
L
�A˛ a right ideal of

Q
�R˛?

(c) Is
L
�R˛ an ideal of

Q
�R˛?

3. (a) If R1 � R2 � � � � � Rn is a ring direct product, show that every right ideal
of the ring R1 � R2 � � � � � Rn is of the form A1 � A2 � � � � � An, where each
Ai is a right ideal of Ri . [Hint: Let n D 2 and suppose that A is a right ideal
of R1 � R2. If A1 D �1.A/, A2 D �2.A/ and a 2 A, then �1.a/ D a1 and
�2.a/ D a2 for some a1 2 A1 and a2 2 A2. Hence, a D .i1�1 C i2�2/.a/ D
.a1; 0/ C .0; a2/ D .a1; a2/ and so A � A1 � A2. Conversely, if a1 2 A1
and a2 2 A2, then there are a; b 2 A such that �1.a/ D a1 and �1.b/ D a2.
Hence, a.1; 0/ C b.0; 1/ D .i1�1 C i2�2/.a.1; 0/ C b.0; 1// D .a1; a2/, so
A1 � A2 � A. Show this procedure holds for an arbitrary n.]

(b) Show that (a) is false for modules. That is, show that if ¹Miº
n
iD1 is a family

of R-modules and N is a submodule of the R-module M1 �M2 � � � � �Mn,
then there may not be submodules Ni of Mi for i D 1; 2; : : : ; n such that N D
N1�N2�� � ��Nn. [Hint: Consider the diagonal ¹.x; x/ j x 2M º ofM �M .]

4. Chinese Remainder Theorem. Two ideals I1 and I2 of a ring R are said to be
comaximal if R D I1 C I2.

(a) If I1 and I2 are comaximal ideals of R, show that I1I2 D I1 \ I2 and that

R=I1I2 D R=.I1 \ I2/ Š R=I1 ˚R=I2:

[Hint: Consider the map f W R! R=I1˚R=I2 given by a 7! .aCI1; aCI2/.]

(b) Let ¹IiºniD1 be a family of pairwise comaximal ideals of R: Prove that

I1I2 � � � In D I1 \ I2 \ � � � \ In and that

R=I1I2 � � � In D R=

n\

iD1

Ii Š

nM

iD1

R=Ii :

(c) Verify Example 3.
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5. Consider the additive abelian groupG D
Q

N Zi , where Zi D Z for each i 2 N
and addition is defined componentwise. Suppose also that R D EndZ.G/.

(a) Define f W G ! G by f ..a1; a2; a3; : : :// D .a2; a3; a4; : : :/ and g W
G ! G by g..a1; a2; a3; : : :// D .0; a1; a2; : : :/. Show that f and g are in R.

(b) Show that fg D idG , but that gf ¤ idG . Conclude that g has a left
inverse f , but that f is not a right inverse for g.

(c) Find an element h 2 R, h ¤ 0, such that f h D 0. Conclude that f is a left
zero divisor in R.

(d) Prove that it is not possible to find a nonzero h 2 R such that hf D 0: In
view of (c), conclude that f is a left zero divisor but not a right zero divisor.

6. Let ¹M˛º� be a family of R-modules and suppose that N is a submodule ofQ
�M˛. Prove that annr.N / D

T
�annr.�˛.N //, where �˛ is the canonical

projection from
Q
�M˛ to M˛ for each ˛ 2 �.

7. If ¹M˛º� and ¹N˛º� are families of R-modules and f˛ W M˛ ! N˛ is an
R-linear mapping for each ˛ 2 �, prove that the mapping

Q
� f˛ W

Q
�M˛ !Q

�N˛ defined by .
Q
� f˛/..x˛// D .f˛.x˛// for each .x˛/ 2

Q
�M˛ is an

R-linear mapping. Show also that
Q
� f˛ is a monomorphism (an epimorphism,

an isomorphism) if and only if each f˛ is a monomorphism (an epimorphism,
an isomorphism).

8. Verify Examples 4 and 5.

9. Prove Proposition 2.1.7.

10. Prove Proposition 2.1.8.

11. Let .P; p˛/� be a direct product of a family ¹M˛º� of R-modules and suppose
that ¹u˛ WM˛ ! P º� is the family of associated injections. Prove that there is
a submodule S of P such that .S; u˛/� is a direct sum of ¹M˛º�.

12. Verify Example 6.

13. (a) If ¹M˛º� of a family of R-modules and � � �, prove that there is a mono-
morphism f W

Q
�M˛ !

Q
�M˛.

(b) Let ¹M˛º� be a family of R-modules and suppose that � D � [ ƒ. If
� \ƒ D ¿, verify that

Q
�M˛ Š

Q
�M˛ ˚

Q
ƒM˛.

14. Let ¹M˛º� be a family of R-modules and suppose that for each ˛ 2 �, N˛ is
a submodule of M˛. Prove that .

L
�M˛/=.

L
�N˛/ Š

L
�M˛=N˛.

15. (a) Let M be a nonzero R-module and suppose that ¹MiºN is the family of R-
modules such that Mi D M for each i 	 1. Show that

L
i�1Mi Š

L
i�nMi

for each n 	 1.

(b) Find a nonzero R-moduleM such thatM ŠM ˚M . [Hint: Consider (a).]

16. Prove the second isomorphism of Proposition 2.1.12.
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17. Let ¹M˛º� be a family of R-modules and suppose that .B; u˛; p˛/� is such
that .B; u˛/� is a direct sum and .B; p˛/� is a direct product of ¹M˛º�. Then
.B; u˛; p˛/� is said to be a biproduct of ¹M˛º�. Prove that if ¹M˛º� is a fam-
ily of nonzero R-modules, then .B; u˛ ; p˛/� is a biproduct of ¹M˛º� if and
only if � is a finite set.

2.2 Free Modules

Recall that if N is a submodule of an R-module M , then a subset X of N such that
N D

P
X xR is said to be a set of generators for N and we say that N is generated

by X . If X is a finite set, then N is said to be finitely generated. Recall also that if
N is generated by X and if ¹N˛º� is the family of submodules of M that contain X ,
then N D

T
�N˛ D

P
X xR.

Every submodule N of an R-module M has at least one set of generators, namely
the set N . Moreover, a submodule can have more than one set of generators. For
example, the submodule N D ¹Œ0�; Œ2�; Œ4�; Œ6�º of the Z-module Z8 is generated
by ¹Œ2�º, by ¹Œ6�º and by ¹Œ2�; Œ4�º. Hence, a set of generators of a submodule need not
be unique and it is not necessary for generating sets for a submodule to have the same
cardinality. If M is an R-module and X is a set of generators of M , then we say that
X is a minimal set of generators forM ifM is not generated by a proper subset of X .
The sets ¹Œ2�º and ¹Œ6�º are both minimal sets of generators of ¹Œ0�; Œ2�; Œ4�; Œ6�º.

Notation. If ¹M˛º� is a family of R-modules such that M˛ D M for each ˛ 2 �,
then

Q
�M˛ and

L
�M˛ will be denoted by M� and M .�/, respectively. Recall

that M .n/ represents the direct product M �M � � � � �M of n factors of M .

Definition 2.2.1. If M is an R-module, then a set ¹x˛º� of elements of M is said
to be linearly independent if the only way that a finite sum

P
� x˛a˛ of elements of

¹x˛º� can be such that
P
� x˛a˛ D 0 is for a˛ D 0 for all ˛ 2 �. If there is a

finite sum
P
� x˛a˛ of elements of ¹x˛º� such that

P
� x˛a˛ D 0 with at least one

a˛ ¤ 0, then the set ¹x˛º� is linearly dependent. If an R-module F has a linearly
independent set ¹x˛º� of generators, then ¹x˛º� is said to be a basis for F and F is
said to be a freeR-module with basis ¹x˛º�. A setX of linearly independent elements
of an R-moduleM is said to be a maximal linearly independent set of elements ofM
if no set of linearly independent elements of M properly contains X .

Examples

1. Note that the empty set ¿ is a linearly independent set in every R-module M .
To assume otherwise would mean that there are elements x1; x2; : : : ; xn 2 ¿
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and a1; a2; : : : ; an 2 R such that

x1a1 C x2a2 C � � � C xnan D 0

with at least one ai ¤ 0, a clear absurdity. We have seen earlier that the zero
module is generated by ¿, so we will consider the zero module to be a free
R-module with basis ¿.

2. If the ring R is viewed as an R-module, then R is a free R-module with basis
¹1º.

3. The R-module R.n/ is a free R-module with basis ¹eiºniD1, where

e1 D .1; 0; 0; : : : ; 0/;

e2 D .0; 1; 0; : : : ; 0/;

e3 D .0; 0; 1; : : : ; 0/; and

:::

en D .0; 0; 0; : : : ; 1/:

In general, if � is a nonempty set, then R.�/ is a free R-module with basis
¹e˛º�, where e˛ D .aˇ / with aˇ D 1 if ˇ D ˛ and aˇ D 0 when ˇ ¤ ˛. The
basis ¹e˛º� will be referred to as the canonical basis for R.�/. Note that R.�/

is also a free left R-module with the same basis ¹e˛º�.

4. The matrix ring Mn.R/ is a free R-module. One basis of Mn.R/ is the set of
matrix units ¹Eij ºni;jD1 with n2 elements. For example, if .aij / 2M2.R/, then
.aij / D E11a11 CE12a12 CE21a21 CE22a22.

To avoid discussing trivialities, we assume that if F is a free R-module, then
F ¤ 0.

Proposition 2.2.2. The following are equivalent for a subset ¹x˛º� of an R-mod-
ule M .

(1) ¹x˛º� is a basis for M .

(2) ¹x˛º� is (a) a maximal linearly independent subset of M and (b) a minimal set
of generators of M .

Proof. .1/) .2/. Suppose that ¹x˛º� is a basis for M and that ¹x˛º� is not a max-
imal set of linearly independent elements of M . Let ¹yˇ º� be a set of linearly in-
dependent elements of M such that ¹x˛º�   ¹yˇ º� . If y 2 ¹yˇ º� � ¹x˛º�, then
since ¹x˛º� generates M we see that y D

P
� x˛a˛, where a˛ D 0 for almost

all ˛ 2 �. But then y C
P
� x˛.�a˛/ D 0 is a linear combination of elements

in ¹yˇ º� and not all of the a˛ can be zero, since y ¤ 0. Thus, ¹yˇ º� is linearly
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dependent, a contradiction, so we have (a). Suppose next that ¹x˛º� is not a min-
imal set of generators of M . Then there is a set ¹yˇ º�   ¹x˛º� such that ¹yˇ º�
generates M . If x 2 ¹x˛º� � ¹yˇ º� , then we can write x D

P
� y˛a˛. But then

x C
P
� y˛.�a˛/ D 0 is a linear combination of elements in ¹x˛º� and not all of

the a˛ can be zero, contradicting the fact that ¹x˛º� is linearly independent. Hence,
we have (b).
.2/) .1/. Let ¹x˛º� be a maximal linearly independent subset of M which is at

the same time a minimal set of generators of M . Then it is immediate that ¹x˛º� is
a basis for M:

Proposition 2.2.3. The following are equivalent for a subset ¹x˛º� of an R-mod-
ule M .

(1) ¹x˛º� is a basis for M .

(2) Each element x 2M can be written as x D
P
� x˛a˛, where each a˛ is unique

and a˛ D 0 for almost all ˛ 2 �.

(3) M D
L
� x˛R.

Proof. .1/) .2/. Since ¹x˛º� is a set of generators ofM , it is certainly the case that
each x 2M can be expressed as x D

P
� x˛a˛, where a˛ D 0 for almost all ˛ 2 �.

If x D
P
� x˛b˛ is another such expression for x, then

P
� x˛a˛ D

P
� x˛b˛

implies that
P
� x˛.a˛ � b˛/ D 0. Consequently, a˛ � b˛ D 0 for each ˛ 2 �, since

the set ¹x˛º� is linearly independent. Hence, a˛ D b˛ for each ˛ 2 �.
.2/) .1/. Since each element x 2 M can be written as x D

P
� x˛a˛, ¹x˛º� is

a set of generators for M . Now suppose that
P
� x˛a˛ D 0. Since 0 can be written

as
P
� x˛0˛, where 0˛ D 0 for each ˛ 2 �, the uniqueness of coefficients shows that

a˛ D 0 for each ˛ 2 �. Hence, ¹x˛º� is a basis for M .
The proof of the equivalence of .1/ and .3/ is equally straightforward and so is

omitted.

Corollary 2.2.4. An R-module F is free if and only if there is a set � such that
F Š R.�/.

Proof. Suppose that F is a free R-module with basis ¹x˛º�. Then F D
L
� x˛R,

so let f W F ! R.�/ be such that f .
P
� x˛a˛/ D .a˛/. We claim that f is an

isomorphism. If
P
� x˛a˛;

P
� x˛b˛ 2

L
� x˛R and a 2 R, then

f
�X

�

x˛a˛ C
X

�

x˛b˛

�
D f

�X

�

x˛.a˛ C b˛/
�

D .a˛ C b˛/ D .a˛/C .b˛/

D f
�X

�

x˛a˛

�
C f

�X

�

x˛b˛

�
and
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f
��X

�

x˛a˛

�
a
�
D f

�X

�

x˛.a˛a/
�

D .a˛a/ D .a˛/a

D
�
f
�X

�

x˛a˛

��
a;

so f is R-linear. If
P
� x˛a˛ 2 Ker f , then .a˛/ D 0 indicates that a˛ D 0 for

each ˛ 2 �. Thus,
P
� x˛a˛ D 0, so (2) of Proposition 1.5.6 shows that f is an

injection. If .a˛/ 2 R.�/, then
P
� x˛a˛ 2 F and f .

P
� x˛a˛/ D .a˛/, so f is

also a surjection.
Conversely, suppose that there is a set � such that F Š R.�/. First, note that R.�/

is a free R-module with basis ¹e˛º�, where e˛ D .aˇ / with aˇ D 1 if ˇ D ˛ and
aˇ D 0 when ˇ ¤ ˛. If f W R.�/ ! F is an isomorphism and f .e˛/ D x˛, then it
follows that ¹x˛º� is a basis for F .

The basis elements of a free R-module F uniquely determine the R-linear map-
pings with domain F .

Proposition 2.2.5. Let F be a free R-module with basis ¹x˛º�.

(1) If f; g W F ! M are R-linear mappings such that f .x˛/ D g.x˛/ for all
˛ 2 �, then f D g.

(2) If f W ¹x˛º� ! M is a function, then there exists a unique R-linear mapping
g W F !M such that g.x˛/ D f .x˛/ for all ˛ 2 �.

Proof. (1) If x 2 F and x D
P
� x˛a˛, suppose that f; g W F ! M are R-linear

mappings such that f .x˛/ D g.x˛/ for all ˛ 2 �. Then f .x/ D f .
P
� x˛a˛/ DP

� f .x˛/a˛ D
P
� g.x˛/a˛ D g.

P
� x˛a˛/ D g.x/.

(2) If g W F ! M is defined by g.x/ D
P
� f .x˛/a˛ for each x D

P
� x˛a˛ 2

F , then g is the desired R-linear mapping. The uniqueness of g follows from (1).

The mapping g W F ! M constructed in the proof of (2) of Proposition 2.2.5 is
said to be obtained by extending f linearly to F .

The following proposition will be used frequently throughout the text.

Proposition 2.2.6. Every R-module M is the homomorphic image of a free R-mod-
ule. Furthermore, if M is finitely generated, then the free module can be chosen to be
finitely generated.
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Proof. LetM be an R-module and suppose that ¹x˛º� is a set of generators of M . If
f W R.�/ !M is defined by f ..a˛// D

P
� x˛a˛, then

f ..a˛/C .b˛// D f ..a˛ C b˛//

D
X

�

x˛.a˛ C b˛/ D
X

�

x˛a˛ C
X

�

x˛b˛

D f ..a˛//C f ..b˛// and

f ..a˛/a/ D f ..a˛a//

D
X

�

x˛.a˛a/ D
�X

�

x˛a˛

�
a

D f ..a˛//a

for all .a˛/; .b˛/ 2 R.�/ and a 2 R. Hence, f is R-linear. If x 2 M , then x can
be written as x D

P
� x˛a˛, where a˛ D 0 for almost all ˛ 2 �. It follows that

.a˛/ 2 R
.�/, so f ..a˛// D

P
� x˛a˛ and f is thus an epimorphism.

If M is finitely generated, then � is a finite set. If � D ¹1; 2; : : : ; nº, then M is
a homomorphic image of the finitely generated free R-module R.n/.

Remark. Because of Corollary 2.2.4 we see that any set X determines a free R-
module R.X/. If X D ¿, then we have seen that R.X/ D 0 is a free R-module with
basis ¿. If X ¤ ¿, then X can also be considered to be a basis for R.X/. Indeed, let
ı W X�X ! R be such that ı.x; y/ D ıxy , where ıxx D 1 and ıxy D 0when x ¤ y.
The function ı is called the Kronecker delta function defined onX�X . If ex D .ıxy/
for each x 2 X , then ¹exºX is a basis forR.X/. The function f W X ! ¹exºx2X such
that f .x/ D ex is a bijection, so if we identify each x 2 X with ex , then every element
ofR.X/ can be expressed uniquely as

P
X xax . Under this identification, X is a basis

for R.X/ and R.X/ together with the function f is called the free module on X . In
this setting, the free module .R.X/; f / has the universal mapping property in the sense
that if M is any R-module and if g W X ! M is any function to the underlying set
of M , then there is a unique R-linear mapping ' W R.X/ ! M such that 'f D g.
Consequently, a free module R.X/ on a set X is unique up to isomorphism.

Since an R-module F is free if and only if there is a set � such that F Š R.�/,
every nonzero free R-module must have cardinality at least as large as that of R. For
this reason, the Z-module Zn is not a free Z-module for any integer n 	 2, so even
though every R-module has a set of generators, not every R-module is free.

In general, the cardinality of a basis of a free module is not unique. The following
example illustrates this fact.
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Example

5. If M D
L

N Z, then it follows that M ŠM ˚M . So if R D EndZ.M/, then

R D HomZ.M;M/ Š HomZ.M;M ˚M/

Š HomZ.M;M/˚ HomZ.M;M/ Š R˚R:

Thus, R has a basis with one element and a basis with two elements.

An R-module M is said to be directly finite if M is not isomorphic to a direct
summand of itself. If M is not directly finite, then it is called directly infinite.

Rings with Invariant Basis Number

Because of Example 5, it is possible for a free R-module to have bases with distinct
cardinalities. Actually, as we will see in the exercises, it is possible for a free module
to have a basis with n elements for each positive integer n. This brings up the question,
is it possible for a ring R to have the property that every basis of a free R-module has
the same cardinality?

Definition 2.2.7. Let R be a ring such that for every free R-module F , any two bases
of F have the same cardinality. Then R is said to have the invariant basis number
property and R will be referred to as an IBN-ring. For such a ring the cardinality
of the basis of a free R-module F is called the rank of F and denoted by rank.F /.
If rank.F / D n for some nonnegative integer n; then F is said to have finite rank.
Otherwise, F is said to have infinite rank.

Remark. It follows that if R is an IBN-ring, then a free R-module with finite rank is
directly finite and a freeR-module with infinite rank is directly infinite. Directly finite
and directly infinite modules have been investigated by many authors. The reader who
wishes additional information on these module can consult [16].

The following proposition shows, somewhat unexpectedly, that if F is a free R-
module that has a basis B with an infinite cardinal number, then every basis of F will
have the same cardinality.

Proposition 2.2.8. Let F be a free R-module with an infinite basis B. Then every
basis of F will have the same cardinality as that of B.

Proof. Let B be a basis of F and suppose that card.B/ is an infinite cardinal. Let
B 0 be another basis of F and suppose that card.B0/ is a finite cardinal. Since B

generates F , every element of B0 can be written as a linear combination of a finite
number of the elements of B. But B0 is finite, so there is a finite set ¹x1; x2; : : : ; xnº
in B that generates B 0. But this implies that ¹x1; x2; : : : ; xnº will also generate F
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which contradicts the fact that B is a minimal set of generators of F . Hence, card.B0/
cannot be a finite cardinal.

Next, we claim that card.B/ D card.B 0/. We begin by considering the set ±.B0/
of all finite subsets of B 0 and by defining ' W B ! ±.B0/ by x 7! ¹y1; y2; : : : ; ynº,
where x D y1a1 C y2a2 C � � � C ynan with each yi in B 0 and ai 2 R is nonzero
for i D 1; 2; : : : ; n. The map ' is clearly well defined since B0 is a basis for F .
Since Im' generates B and B generates F , we see that Im' generates F . It follows
that Im' cannot be a finite set for if so, then F would have a finite set of generators
contained in B0 which would contradict the fact that the basis B0 is a minimal set of
generators for F . Thus, card.Im'/ is an infinite cardinal number, so it must be the
case that card.Im'/ 	 @0:

Now let S 2 Im'. We claim that '�1.S/ is a finite subset of B. Note first that
'�1.S/ is contained in the submodule

P
S yR of F generated by S , since in view of

the way ' is defined, each element of '�1.S/ is a finite linear combination of elements
of S . Now each y 2 S is a finite linear combination of elements of B, so since S is
finite, there is a finite subset T of B such that '�1.S/ �

P
S yR �

P
T xR. Thus, if

x0 2 '�1.S/, then x0 2
P
T xR, so x0 is a finite linear combination of elements of B.

But this contradicts the fact that B is linearly independent unless x0 2 T: Therefore,
'�1.S/ � T and we have that '�1.S/ is a finite set.

Finally, for each S 2 Im' order the elements of '�1.S/ by ¹x1; x2; : : : ; xnº
and define fS W '�1.S/ ! N� Im' by fS.xk/ D .k; S/. Now the sets '�1.S/,
S 2 Im', form a partition of B, so define  W B ! N� Im' by  .x/ D fS .x/,
where x 2 '�1.S/. It follows that  is an injective function, so we have card.B/ �
card.N � Im'/. Using property (2) of the proposition given in the discussion of
cardinal numbers in Appendix A, we see that

card.B/ � card.N � Im'/ D @0 card.Im'/ D card.Im'/

� card.±.B0// � card.B0/:

Interchanging B and B 0 in the argument shows that card.B0/ � card.B/, so
card.B/ D card.B 0/.

Proposition 2.2.8 and Example 5 illustrate the fact that a free R-module F can
have bases with different cardinalities only if F has a finite basis. We will now show
that division rings and commutative rings are IBN-rings. Additional information on
IBN-rings can be found in [2], [13] and [40].

We first show that every division ring is an IBN-ring. This result will be used to
show that every commutative ring is an IBN-ring.

Proposition 2.2.9. The following hold for every division ring D.

(1) If V is a vector space over D and if X is a linearly independent set of vectors
of V and y 2 V is such that y …

P
X xR, then X [¹yº is linearly independent.
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(2) If V is a vector space over D and if X is a set of linearly independent vectors
of V , then there is a basis B of V such that X � B.

(3) Every vector space over D has a basis.

Proof. (1) Suppose to the contrary that X [ ¹yº is linearly dependent. Then there
must exist vectors x1; x2; : : : ; xn 2 X and scalars a1; a2; : : : ; anC1 2 D such that

x1a1 C x2a2 C � � � C xnan C yanC1 D 0

and at least one of the ai is nonzero. If anC1 D 0, then

x1a1 C x2a2 C � � � C xnan D 0

which implies that a1 D a2 D � � � D an D 0 since X is linearly independent,
a contradiction. Hence, it must be the case that anC1 ¤ 0. This gives

y D �x1a1a
�1
nC1 � x2a2a

�1
nC1 � � � � � xnana

�1
nC1

which implies that y 2
P
X xR, again a contradiction. Thus,X[¹yºmust be linearly

independent.
(2) Let X be a set of linearly independent elements of V and suppose that S is the

collection of all linearly independent subsets of V that contain X . Partially order S

by inclusion and note that S ¤ ¿ since X 2 S . If C is a chain in S , then we claim
that X� D

S
C X

0 is also in S . Clearly X � X�, so let x1; x2; : : : ; xn 2 X� and
a1; a2; : : : ; an 2 D be such that

x1a1 C x2a2 C � � � C xnan D 0:

Since C is a chain, there is an X 0 2 S such that x1; x2; : : : ; xn 2 X 0. But X 0 is
linearly independent, so

x1a1 C x2a2 C � � � C xnan D 0

implies that a1 D a2 D � � � D an D 0. Hence, X� is linearly independent and X�

is an upper bound for C . Thus, S is inductive, so Zorn’s lemma indicates that S has
a maximal element, say B. We claim that B is a basis for V . If B is not a basis
for V , then

P
B xR ¤ V , so if y 2 V is such that y …

P
B xR, then y … B. By (1),

B [ ¹yº is linearly independent and this contradicts the maximality of B. Thus, it
must be the case that

P
B xR D V and we have that B is a basis for V .

(3) If x 2 V , x ¤ 0, then ¹xº is a linearly independent subset of V . Hence, by .2/,
there is a basis B of V that contains ¹xº.
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Proposition 2.2.10. Every division ring is an IBN-ring.

Proof. Let V be a vector space over a division ringD. Proposition 2.2.8 treats the case
when V has an infinite basis and shows, in addition, that if V has a finite basis, then ev-
ery basis of V must be finite. So let B D ¹x1; x2; : : : ; xmº and B0 D ¹y1; y2; : : : ; ynº

be bases of V and suppose that n < m. Since B is a basis of V , there are ai 2 R such
that

yn D x1a1 C x2a2 C � � � C xmam:

If ak is the first ai that is nonzero, then

xk D yna
�1
k � x1a1a

�1
k � � � � � xk�1ak�1a

�1
k � xkC1akC1a

�1
k � � � � � xmama

�1
k :

It follows that the set

¹x1; x2; : : : ; xk�1; xkC1; : : : ; xm; ynº

is a basis of V . Thus, we have replaced xk in B by yn and obtained a new basis of V .
If this procedure is repeated for yn�1 with

¹x1; x2; : : : ; xk�1; xkC1; : : : ; xm; ynº

as the basis, then an xj can be replaced by yn�1 and the result is again a basis

¹x1; x2; : : : ; xj�1; xjC1; : : : ; xk�1; xkC1; : : : xm; yn; yn�1º

of V . Repeating this procedure n times gives a set

¹the xi not eliminatedº [ ¹yn; yn�1; : : : ; y1º

that is a basis of V . But B 0 is a maximal set of linearly independent vectors of V ,
so it cannot be the case that n < m. Hence, n 	 m. Interchanging B and B0 in the
argument gives m 	 n and this completes the proof.

Remark. If V is a vector space over a division ring D, it is standard practice to refer
to the rank of V as the dimension of V and to denote the rank of V by dim.V / or by
dimD.V / if there is a need to emphasize D. If dim.V / D n for some nonnegative
integer n, then V is said to be a finite dimensional vector space; otherwise V is an
infinite dimensional vector space. (If dim.V / D 0, then V is the zero vector space
over D with basis ¿.)

We conclude this section by showing that every commutative ring is an IBN-ring.
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Proposition 2.2.11. Every commutative ring is an IBN-ring.

Proof. LetR be a commutative ring and suppose that F is a freeR-module with basis
¹x˛º�. If m is a maximal ideal of R, then R=m is a field and F=Fm is an R=m-
vector space. We claim that ¹x˛ C Fmº� is a basis for the vector space F=Fm. If
x C Fm 2 F=Fm, then x D

P
� x˛a˛, where a˛ D 0 for almost all ˛ 2 �, so

x C Fm D
�X

�

x˛a˛

�
C Fm D

X

�

..x˛ C Fm/.a˛ Cm//:

Thus, ¹x˛ C Fmº� generates F=Fm. If
P
�.x˛ C Fm/.a˛ C m/ D 0, then

.
P
� x˛a˛/ C Fm D0, so

P
� x˛a˛ 2 Fm. But Fm D

L
� x˛m, so there are

b˛ 2 m such that
P
� x˛a˛ D

P
� x˛b˛. Thus, a˛ D b˛ for all ˛ 2 � and we have

a˛ Cm D 0 for all ˛ 2 �. Therefore, ¹x˛ C Fmº� is a basis for the R=m-vector
space F=Fm and dimR=m.F=Fm/ D card.�/. If ¹ Nxˇ º� is another basis for the free
R-module F , then exactly the same argument shows that ¹ Nxˇ C Fmº� is a basis for
F=Fm and that dimR=m.F=Fm/ D card.�/. Since Proposition 2.2.10 shows that
vector space dimension is unique, we see that card.�/ D card.�/ which proves the
proposition.

It is now easy to prove that if R is an IBN-ring, then two free R-modules are
isomorphic if and only if they have the same rank. We leave this as an exercise.

Problem Set 2.2

1. (a) If M and N are finitely generated R-modules, prove that M ˚N is finitely
generated. Extend this to a finite number of R-modules.

(b) Find a family ¹M˛º� of R-modules each of which is finitely generated butL
�M˛ is not finitely generated.

(c) Prove that
L
�M˛ is finitely generated if and only if each M˛ is finitely

generated and M˛ D 0 for almost all ˛ 2 �.

2. (a) Let M1 � M2 � M3 � � � � be a strictly increasing chain of finitely gen-
erated submodules of an R-module M . Show by example that the submodule
M D

S
NMi need not be finitely generated.

(b) Prove that if M is an R-module which is not finitely generated, then M has
a submodule N that has a set of generators X such that card.X/ D @0.

3. (a) If F is a free R-module and f W F ! M is an isomorphism, prove that M
is a free R-module.

(b) If B is a basis for F , show that M has a basis with the same cardinality as
that of B.

4. If R is an IBN-ring, prove that if F1 and F2 are free R-modules, then F1 Š F2
if and only if rank.F1/ D rank.F2/:
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5. Let V be a vector space over a division ring D.

(a) If f W V ! V is a linear transformation that is a monomorphism, show that
f is an isomorphism.

(b) If f W V ! V is a linear transformation that is an epimorphism, prove that
f is an isomorphism.

6. (a) Prove that if U1 is a subspace of a vector space V over a division ring D,
then there is a subspace U2 of V such that V D U1 ˚ U2. Conclude that every
subspace of a vector space is a direct summand.

(b) Show by example that submodules of free R-modules need not be free.

(c) Show by example that (a) does not hold for free R-modules.

7. Let F be a free R-module and suppose we have a diagram

F

M1
g�

h

�...
....

....
....

....
...

M2

f

�

of R-modules and R-linear mappings, where g is an epimorphism. Prove that
there is an R-linear mapping h W F !M1 which makes the diagram commuta-
tive.

8. (a) If F1 and F2 are free R-modules, prove that F1 � F2 is free.

(b) If ¹F˛º� is a family of free R-modules, prove that the R-module
L
� F˛ is

free.

9. The procedure followed in the proof Proposition 2.2.10 is often referred to as
a replacement procedure. Show that each of the sets

¹x1; x2; : : : ; xk�1; xkC1; : : : ; xm; ynº

¹x1; x2; : : : ; xj�1; xjC1; : : : ; xk�1; xkC1; : : : xm; yn; yn�1º

:::

¹the xi not eliminatedº [ ¹yn; yn�1; : : : ; y1º

constructed in the proof of Proposition 2.2.10 is a basis of V .

10. Prove that every finitely generated free R-module has a finite basis.

11. (a) Verify Example 5.

(b) IfR is the ring of Example 5, show thatR Š R.n/ for each positive integer n.
Conclude that R, as an R-module, has a basis with n elements for each positive
integer n.
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12. (a) Consider the first Remark of this section. Show that a free R-module on
a set X has the universal mapping property and that such a module is unique up
to isomorphism.

(b) Suppose that the definition of a free R-module on a set X is restated as
follows: Let X be an arbitrary set. Call an R-module F , together with an
injective mapping f W X ! F , a free R-module on X if for every R-mod-
ule M and every function g W X ! M into the underlying set of M , there is
a unique R-linear mapping ' W F ! M such that 'f D g. If .F; f / is a free
R-module on X , prove that F Š R.X/.

13. Prove the equivalence of .1/ and .3/ of Proposition 2.2.3.

14. Show that Mn.R/ is a free R-module that has a basis with n2 elements.

15. Let R be an integral domain. An element x of an R-module M is said to be
a torsion element of M if there is an nonzero element a 2 R such that xa D 0.

(a) If t .M/ is the set of all torsion elements ofM , prove that t .M/ is a submod-
ule of M . t .M/ is called the torsion submodule of M .

(b) An R-module M is said to be a torsion module if t .M/ D M and a torsion
free module if t .M/ D 0. Show that M=t.M/ is a torsion free R-module.

(c) Prove that every free R-module is torsion free.

16. Let F be a free R-module. Prove that there is a set � such that for any R-mod-
ule M ,

HomR.F;M/ ŠM�:

17. (a) Prove that R is an IBN-ring if and only if R.m/ Š R.n/ implies that m D n
for every pair of positive integers m and n. (Note, that if � and ƒ are infinite
sets, then the case for R.�/ Š R.ƒ/ implies that card.�/ D card.ƒ/ follows
from Proposition 2.2.8.)

(b) Let R be a ring, A a proper ideal of R, F a free R-module with basis B and
� W F ! F=FA the canonical epimorphism. Show that F=FA is a free R=A-
module with basis �.B/ and card.�.B// D card.B/. [Hint: If B D ¹x˛º�,
then the proof that �.B/ is a basis for F=FA follows along the same lines as
that of Proposition 2.2.11. Now show that card.�.B// D card.B/.]

(c) If f W R! S is a nonzero surjective ring homomorphism and S is an IBN-
ring, show that R is also an IBN-ring. [Hint: Let B1 and B2 be bases of a free
R-module F and use (c).]

18. (a) LetW be a finite dimensional vector space over a division ringD. If U1 and
U2 are subspaces of W , prove that

dim.U1 C U2/ D dim.U1/C dim.U2/ � dim.U1 \ U2/:
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(Note that all dimensions involved are finite.) [Hint: If U1 \ U2 D 0; the result
is clear, so suppose that U1\U2 ¤ 0. Since U1\U2 is a subspace of U1, if V is
a subspace ofU1 such that .U1\U2/˚V D U1, then dim.U1\U2/Cdim.V / D
dim.U1/. Show that U1 C U2 D V C U2 and that V \ U2 D 0, so that
dim.U1 C U2/ D dim.V /C dim.U2/.]

(b) Let R; S and T be division rings and suppose that R is a subring of S and S
is a subring of T . Prove that dimR.T / D dimR.S/ dimS .T /.

(c) Use (b) to show that a field K cannot exist such that R   K   C.

2.3 Tensor Products of Modules

Next, we develop the concept of a tensor product of two modules and, as we will see,
this construction yields an additive abelian group that is unique up to isomorphism.
The assumption that the expression “R-module” means rightR-module continues and
the notations MR and RN will have the obvious meaning.

Let M be an R-module, N a left R-module and G an additive abelian group. Then
a mapping � WM �N ! G is said to be R-balanced if

�.x1 C x2; y/ D �.x1; y/C �.x2; y/;

�.x; y1 C y2/ D �.x; y1/C �.x; y2/ and

�.xa; y/ D �.x; ay/

for all x; x1; x2 2 M , y; y1; y2 2 N and a 2 R. (R-balanced mappings are also
called bilinear mappings.)
R-balanced mappings play a central role in the development of the tensor product

of modules.

Definition 2.3.1. If M is an R-module and N is a left R-module, then an additive
abelian group T together with an R-balanced mapping � W M � N ! T is said to
be a tensor product of M and N , if whenever G is an additive abelian group and
�0 WM �N ! G is an R-balanced mapping, there is a unique group homomorphism
f W T ! G that completes the diagram

T

M�N

� �

G

f

��0
�

commutatively. The map � is called the canonicalR-balanced map fromM �N to T .
A tensor product of MR and RN will be denoted by .T; �/.
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Proposition 2.3.2. If a tensor product .T; �/ of MR and RN exists, then T is unique
up to group isomorphism.

Proof. Let .T; �/ and .T 0; �0/ be tensor products of M and N . Then there are group
homomorphisms f W T ! T 0 and f 0 W T 0 ! T such that the diagram

T

M�N
�0�

� �

T 0

f�

T

f
�
0

� �

is commutative. But idT W T ! T makes the outer triangle commute, so the unique-
ness of idT gives f 0f D idT . Similarly, ff 0 D idT 0 and so f is a group isomorph-
ism.

Our next task is to show that tensor products always exist.

Proposition 2.3.3. Every pair of modules MR and RN has a tensor product.

Proof. Consider the free Z-module F D Z.M�N/ on M � N . In view of the obser-
vations in the Remark immediately following the proof of Proposition 2.2.6, we can
write

F D
°X

n.x;y/.x; y/
ˇ
ˇ n.x;y/ 2 Z; .x; y/ 2M �N

and almost all n.x;y/ D 0
±
:

Now let H be the subgroup of F generated by elements of the form

(1) .x1 C x2; y/ � .x1; y/ � .x2; y/;

(2) .x; y1 C y2/ � .x; y1/ � .x; y2/ and

(3) .xa; y/ � .x; ay/;

where x; x1; x2 2 M;y; y1; y2 2 N and a 2 R. If � W M � N ! F=H is such that
�..x; y// D .x; y/CH , then � is R-balanced and we claim that .F=H; �/ is a tensor
product ofM andN . Suppose that �0 WM�N ! G is anR-balanced mapping. Since
M � N is a basis for F , Proposition 2.2.5 shows that �0 can be extended uniquely to
a group homomorphism g W F ! G. But �0 is R-balanced, so g.H/ D 0. Hence,
there is an induced group homomorphism f W F=H ! G such that the diagram

F=H

M�N

� �

G

f

��0
�
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is commutative. Since g is unique, f is unique, so .F=H; �/ is a tensor product ofM
and N , as asserted.

The additive abelian group F=H , constructed in the preceding proof, will now be
denoted by M ˝R N and we will call M ˝R N the tensor product of M and N .

If the cosets .x; y/CH in M ˝R N are denoted by x ˝ y, then

.x1 C x2/˝ y D x1 ˝ y C x2 ˝ y;

x ˝ .y1 C y2/ D x ˝ y1 C x ˝ y2 and

xa˝ y D x ˝ ay

for all x; x1; x2 2 M;y; y1; y2 2 N and a 2 R. Under this notation the canonical
R-balanced mapping � WM �N !M ˝R N is now given by �..x; y// D x ˝ y.

In general, the additive abelian group M ˝R N is neither a left nor a right R-mod-
ule. It is simply a Z-module. Recall that if R and S are rings, then an additive abelian
group M that is a left R-module and an S -module is said to be an .R; S/-bimodule,
denoted by RMS if .ax/b D a.xb/ for all a 2 R, x 2M and b 2 S . If we are given
an .R; S/-bimodule RMS and a left S -module SN , thenM ˝RN is a left R-module
under the operation a.x ˝ y/ D ax ˝ y for all a 2 R and x ˝ y 2 M ˝R N .
Likewise, given an .R; S/-bimodule RNS and an R-module M , then M ˝R N is
an S -module via .x ˝ y/b D x ˝ yb. We also point out that not every element of
M ˝R N can be written as x ˝ y. The set ¹x ˝ yº.x;y/2M�N is a set of generators
ofM ˝RN , so a general element ofM ˝RN is written as

Pm
iD1 ni .xi ˝yi /, where

ni 2 Z for i D 1; 2; : : : ; m. If 0M ; 0N and 0R denote the additive identities of M;N
and R respectively, then for x 2M and y 2 N

.x ˝ y/C .0M ˝ 0N / D .x ˝ y/C .0M ˝ 0Ry/ D .x ˝ y/C .0M0R ˝ y/

D .x ˝ y/C .0M ˝ y/ D .x C 0M /˝ y D x ˝ y:

Simplifying notation, it follows that

.0˝ 0/C .x ˝ y/ D .x ˝ y/C .0˝ 0/ D x ˝ y;

so 0˝ 0 is the additive identity of M ˝R N . Similarly,

x ˝ 0 D 0˝ y D 0˝ 0

for any x 2M and y 2 N .

Remark. Care must be taken when attempting to define a Z-linear mapping with
domainM ˝RN by specifying the image of each element ofM ˝RN . For example,
if f W M ! M 0 is an R-linear mapping, then one may be tempted to define a group
homomorphism g W M ˝R N ! M 0 ˝R N by setting g.

Pm
iD1 ni.xi ˝ yi // D



66 Chapter 2 Fundamental Constructions

Pm
iD1 ni .f .xi /˝yi/. As we will see, this map actually works, but when g is specified

in this manner it is difficult to show that it is well defined. This difficulty can be
avoided by working with an R-balanced mapping and going through an intermediate
step. To see this, consider the commutative diagram

M�N
�� M˝RN

M 0�N

f �idN
�

�0� M 0˝RN

g

�

h

�

where � and �0 are the canonical R-balanced mappings. Since the map h D �0.f �

idN / is an R-balanced map, the existence of the group homomorphism g displayed in
the diagram is guaranteed by the definition of the tensor product M ˝R N . Thus,

g.x ˝ y/ D �0.f � idN /..x; y// D �
0.f .x/; y/ D f .x/˝ y; so

g
� mX

iD1

ni .xi ˝ yi /
�
D

mX

iD1

ni .f .xi /˝ yi / as expected:

Proposition 2.3.4. If M is an R-module, then M ˝R R ŠM as R-modules.

Proof. If �0 W M � R ! M is defined by �0.x; a/ D xa, then �0 is an R-balanced
mapping. Thus, there is a unique group homomorphism f WM ˝RR!M such that
f � D �0, where � WM �R!M ˝RR is the canonical R-balanced map. Hence, we
see that f .x ˝ a/ D xa for every generator x ˝ a of M ˝R R. Note that if b 2 R,
then

f ..x ˝ a/b/ D f .x ˝ ab/ D x.ab/ D .xa/b D f .x ˝ a/b;

so f is R-linear. Now define f 0 W M ! M ˝R R by f 0.x/ D x ˝ 1. Then f 0 is
clearly well defined and additive. Furthermore,

f 0.xa/ D xa˝ 1 D x ˝ a D .x ˝ 1/a D f 0.x/a;

so f 0 is R-linear. Since f 0f .x˝a/ D f 0.xa/ D xa˝1 D x˝a for each generator
x ˝ a of M ˝R R, we see that f 0f D idM˝RR. Similarly, ff 0.x/ D f .x ˝ 1/ D

x1 D x, so ff 0 D idM . Hence, f is an isomorphism and we haveM˝RR ŠM .

The proof of Proposition 2.3.4 is clearly symmetrical, so we have R ˝R N Š N

for every left R-module N .

Proposition 2.3.5. If f W MR ! M 0R and g WR N !R N
0 are R-linear mappings,

then there is a unique group homomorphism

f ˝ g WM ˝R N !M 0 ˝R N
0

such that .f ˝ g/.x ˝ y/ D f .x/˝ g.y/ for all x ˝ y 2M ˝R N .
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Proof. Consider the commutative diagram,

M�N
�� M˝RN

M 0�N 0

f �g
�

�0� M 0˝RN
0

f˝g
�

h

�

where � and �0 are the canonical R-balanced maps. Moreover, h D �0.f � g/ is R-
balanced and the unique group homomorphism f ˝ g is given by the tensor product
M ˝R N . From this we see that .f ˝ g/� D �0.f � g/, so if .x; y/ 2M �N , then

.f ˝ g/.x ˝ y/ D .f ˝ g/�..x; y//

D �0.f � g/..x; y// D �0..f .x/; g.x//

D f .x/˝ g.x/:

The following proposition shows that tensor products and direct sums enjoy a spe-
cial relationship, that is, they commute.

Proposition 2.3.6. If M is an R-module and ¹N˛º� is a family of left R-modules,
then

M ˝R

�M

�

N˛

�
Š
M

�

.M ˝R N˛/:

Furthermore, the group isomorphism is unique and given by x ˝ .y˛/ 7! .x ˝ y˛/.

Proof. The mapping �0 WM�.
L
�N˛/!

L
�.M˝RN˛/ defined by �0.x; .y˛// D

.x˝y˛/ is R-balanced, so the definition of a tensor product produces a unique group
homomorphism

f WM ˝R

�M

�

N˛

�
!
M

�

.M ˝R N˛/

such that f � D �0, where � WM � .
L
�N˛/!M ˝R .

L
�N˛/ is the canonical R-

balanced map given by �.x; .y˛// D x˝.y˛/. It follows that f .x˝.y˛// D .x˝y˛/
for each generator x ˝ .y˛/ 2M ˝R .

L
�N˛/.

The proof will be complete if we can find a Z-linear mapping

f 0 W
M

�

.M ˝R N˛/!M ˝R

�M

�

N˛

�

that serves as an inverse for f . For this, let N{ˇ W Mˇ !
L
�M˛ be the canonical

injection for each ˇ 2 �. Then for each ˇ 2 � we have a Z-linear mapping fˇ D
idM ˝ N{ˇ W M ˝RMˇ ! M ˝R .

L
˛M˛/ defined by x ˝ xˇ 7! x ˝ .y˛/, where
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y˛ D xˇ when ˛ D ˇ and y˛ D 0 if ˛ ¤ ˇ. If iˇ W M ˝R Nˇ !
L
�.M ˝R N˛/

is the canonical injection for each ˇ 2 �, then the definition of a direct sum produces
a unique Z-linear map f 0 W

L
�.M˝RN˛/!M˝R.

L
�N˛/ such that f 0iˇ D fˇ

for each ˇ 2 �. It is not difficult to verify that

ff 0..x ˝ y˛// D f .x ˝ .y˛// D .x ˝ y˛/ and

f 0f .x ˝ .y˛// D f
0..x ˝ y˛// D x ˝ .y˛/;

so ff 0 D id˚�.M˝RN˛/ and f 0f D idM˝R.˚�N˛/. Hence, f is an isomorphism.

By symmetry, we see that if ¹M˛º� is a family of R-modules, then .
L
�M˛/˝R

N Š
L
�.M˛ ˝R N/ for any left R-module N .

Corollary 2.3.7. If F is a free R-module and M is a left R-module, then there is
a set � such that F ˝RM ŠM .�/.

Proof. Since F is a free R-module, there is a set � such that F Š R.�/. Hence, we
have F ˝RM Š R.�/ ˝RM Š .R˝RM/.�/ ŠM .�/.

Corollary 2.3.8. If ¹M˛º� is a family of R-modules and ¹Nˇ º� is a family of left
R-modules, then .

L
�M˛/˝R .

L
� Nˇ / Š .M˛ ˝R Nˇ /

.���/.

Proof.
�M

�

M˛

�
˝R N Š

M

�

.M˛ ˝R N/ Š
M

�

�
M˛ ˝R

�M

�

Nˇ

��

Š
M

�

M

�

.M˛ ˝R Nˇ / Š .M˛ ˝R Nˇ /
.���/:

Examples

1. Monomorphisms under Tensor Products. If i W Z! Q is the canonical
injection and idZ6 W Z6 ! Z6 is the identity map, then i ˝ idZ6 W Z˝ZZ6 !
Q˝ZZ6 is not an injection. Thus, injective maps are not, in general, preserved
under tensor products.

2. Epimorphisms under Tensor Products. If f W MR ! M 0R and g W RN !

RN
0 are epimorphisms, then

f ˝ g WM ˝R N !M 0 ˝R N
0

is a group epimorphism.

3. Composition of Maps under Tensor Products. If

f WMR !M 0R; f
0 WM 0R !M 00R; g W RN ! RN

0 and g0 W RN
0 ! RN

00

are R-linear mappings, then .f 0 ˝ g0/.f ˝ g/ D .f 0f /˝ .g0g/.
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4. Tensor Products Preserve Isomorphisms. If MR Š M 0R and RN ŠR N 0,
then M ˝R N Š M 0 ˝R N

0. This follows easily from Example 3, since if
f W MR ! M 0R and g W RN ! RN

0 are R-isomorphisms, then f ˝ g W

M ˝R N ! M 0 ˝R N
0 is a group homomorphism with inverse f �1 ˝ g�1 W

M 0 ˝R N
0 !M ˝R N .

5. Change of Rings. If R is a subring of S and if M is an R-module, then
M ˝R S is an S -module. This procedure is referred to as a change of rings
or as an extension of scalars from R to S . For example, if V is a vector space
over R, then V ˝R C is a vector space over C.

Problem Set 2.3

1. Show that each of the following hold.

(a) If d is the greatest common divisor of two positive integers m and n, then
Zm ˝Z Zn D Zd . [Hint: Show that the mapping �0 W Zm � Zn ! Zd defined
by �0..Œa�; Œb�// D Œab� is a well defined Z-balanced mapping and then consider
the mapping f W Zm ˝Z Zn ! Zd given by the tensor product Zm ˝Z Zn.]
Conclude that if m and n are relatively prime, then Zm ˝Z Zn D 0.

(b) Q=Z˝Z Q=Z D 0

(c) Q Š Q˝Z Q

(d) If G is a torsion Z-module, show that G ˝Z Q D 0.

2. If I is a left ideal of R and M is an R-module, prove that M ˝R .R=I / Š
M=MI . [Hint: Show that the mapping h W M ! M ˝R .R=I / defined by
h.x/ D x ˝ .1C I / is an epimorphism. Next, show that MI � Ker h so that
we have an induced epimorphism g W M=MI ! M ˝R .R=I /. Now the map
�0 WM �R=I !M=MI given by �0..x; aC I // D xaCMI is R-balanced,
so if f W M ˝R .R=I / ! M=MI is the map given by the tensor product
M ˝R .R=I /, show that fg D idM=MI and gf D idM˝R.R=I/.]

3. Let R and S be rings and consider the modules LR, RMS and SN . Prove that
.L˝RM/˝S N Š L˝R .M ˝S N/.

4. If R is a commutative ring andM andN are R-modules, then areM ˝RN and
N ˝RM isomorphic?

5. Verify the assertions of Examples 1 through 5.

6. If I1 and I2 are ideals of R, prove that R=I1 ˝R R=I2 Š R=.I1 C I2/. [Hint:
The balanced map �0 W R=I1 � R=I2 ! R=.I1 C I2/ defined by �0..a C I1;
bC I2// D abC I1C I2 gives a group homomorphism f W R=I1˝RR=I2 !

R=.I1 C I2/ such that f .a C I1 ˝ b C I2/ D ab C I1 C I2. So show that
g W R=.I1CI1/! R=I1˝RR=I2 given by f .aCI1CI2/ D 1CI1˝aCI2
is a well defined group homomorphism such that gf D idR=I1˝RR=I2 and
fg D idR=.I1CI2/.]
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7. Let R and S be rings and suppose that M is an .R; S/-bimodule. Let R � S be
the ring direct product and makeM into an .R�S;R�S/-bimodule by setting
.a; b/x D ax and x.a; b/ D xb for all x 2 M and .a; b/ 2 R � S . Prove that
M ˝R�S M D 0.

8. Let I be an ideal of R and suppose that M and N are right and left R=I -mod-
ules, respectively. Then M is an R-module by pullback along the canonical
surjection � W R ! R=I . Similarly, N is a left R-module. Prove that M ˝R
N ŠM ˝R=I N .

9. (a) If F1 and F2 are free R-modules with bases ¹x˛º� and ¹yˇ º�, respectively,
prove that F1 ˝R F2 is free R-module with basis ¹x˛ ˝ yˇ º.˛;ˇ/2���.

(b) If f W R! S is a ring homomorphism and F is a free R-module with basis
¹x˛º�, prove that F ˝R S is a free S -module with basis ¹x˛ ˝ 1º�.

(c) Determine a basis of the R-vector space C˝RC.

(d) Show that C˝RC and C˝CC are R-vector spaces, but that they cannot be
isomorphic as R-modules.
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Categories

One important use of category theory is to delineate areas of mathematics and to
make important connections among these areas. Categories could just as well have
been introduced in the first chapter but since our primary interest is in the study of
rings and modules, we have chosen to introduce categories following a discussion of
modules. We will not make extensive use of category theory, so only basic concepts
will be developed. A more extensive development of category theory can be found
in [3], [7], [32] and [41].

3.1 Categories

Definition 3.1.1. A category C consists of a class O of objects and a class M of
morphisms such that the following conditions hold.

C1 For all A;B 2 O there is a (possibly empty) set Mor.A;B/, called the set of
morphisms f W A! B from A to B , such that

Mor.A;B/ \Mor.A0; B 0/ D ¿ if .A;B/ ¤ .A0; B 0/:

C2 If A;B;C 2 O, then there is a rule of composition

Mor.A;B/ �Mor.B; C /! Mor.A; C /

such that if .f; g/ 7! gf , then:

(a) Associativity: If f W A! B , g W B ! C and h W C ! D are morphisms
in C , then .hg/f D h.gf /.

(b) Existence of Identities: For each A 2 O there is an identity morphism
idA W A ! A such that f idA D f and idAg D g for any morphisms
f W A! B and g W C ! A of C .

A morphism f W A! B in C is said to be an isomorphism if there is a morphism
g W B ! A in C such that fg D idB and gf D idA.

A category C is a subcategory of a category D if the following conditions are
satisfied.

(1) Every object of C is an object of D .

(2) If A and B are objects of C , then MorC .A;B/ � MorD.A;B/.
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(3) The composition of morphisms in C is the same as the composition of mor-
phisms in D .

(4) For every object A of C , the identity morphism idA W A ! A in C is the same
as the identity morphism idA W A! A in D .

If C is a subcategory of D and MorC.A;B/ D MorD.A;B/ for all objects A and B
of C , then C is said to be a full subcategory of D .

A category C is additive if Mor.A;B/ has the structure of an additive abelian group
for each pair A;B of objects of C and if g.f1Cf2/ D gf1Cgf2 and .g1Cg2/f D
g1f Cg2f for all f; f1; f2 2 Mor.A;B/ and all g; g1; g2 2 Mor.B; C /. An object 0
of a category C is said to be a zero object of C if Mor.0; A/ and Mor.A; 0/ each
contain a single morphism for each object A of C .

Remark.

(1) Note that if C is an additive category, then Mor.A;B/ ¤ ¿ for each pair A;B
of objects of C since the zero morphism 0AB W A! B is in Mor.A;B/.

(2) Morphisms in a category are usually denoted by f W A ! B or by A
f
�! B .

This suggests that morphisms are functions of some type. Although this is true
in many categories, the first example below shows that this need not be the case.

Examples

Categories are ubiquitous in mathematics. The reader should determine which of the
following categories are additive and which subcategories are full.

1. The Category P of a Partially Ordered Set. Suppose that X is a set, partially
ordered by � , and let O D X . If x; y 2 X , write f W x ! y to indicate that
x � y. The set Mor.x; y/ is the single morphism f W x ! y when x � y and
Mor.x; y/ D ¿ if x — y. The rule of composition is given by the transitive
property of the partial order: if f W x ! y and g W y ! z, then gf W x ! z

since x � y and y � z imply x � z.

2. The Category Set of Sets. For this category O is the class of all sets. If
A;B 2 O, then Mor.A;B/ is the set of all functions from A to B . The rule of
composition is function composition. A set X is said to be pointed if there is a
fixed point x� ofX called a distinguished element ofX . A function f W X ! Y

is said to be a pointed function if f .x�/ D y� whenever X and Y are pointed
sets with distinguished elements x� and y�, respectively. The category Set� of
pointed sets and pointed functions is a subcategory of Set.

3. The Category Grp of Groups. If O is the class of all groups and G;H 2 O,
then Mor.G;H/ is the set of all group homomorphisms from G to H . The rule
of composition is the composition of group homomorphisms. The category Ab
.DModZ/ of abelian groups is a subcategory of Grp.



Section 3.1 Categories 73

4. The Category DivAb of Divisible Abelian Groups. An abelian group G is
said to be divisible, if for every y 2 G and for every positive integer n, there
is an x 2 G such that nx D y. We can form a category DivAb whose objects
are divisible abelian groups and whose morphisms are group homomorphisms
f W G ! H . The rule of composition for DivAb is composition of group
homomorphisms.

5. The Category ModR of Right R-modules. For this category, O is the class
of all (unitary) right R-modules and if M;N 2 O, then Mor.M;N / D
HomR.M;N /. The rule of composition is the composition of R-linear map-
pings. Similarly, RMod denotes the category of (unitary) left R-modules.

6. The Category Rng of Rings. The class O of objects consists of rings not
necessarily having an identity and if R; S 2 O, then Mor.R; S/ is the set of
all ring homomorphisms from R to S . The rule of composition is the compo-
sition of ring homomorphisms. If this category is denoted by Rng and if Ring
denotes the category of all rings with an identity and identity preserving ring
homomorphisms, then Ring is a subcategory of Rng.

7. The Categories CM and CM . Let M be a fixed R-module and form the cate-
gory CM whose objects are R-linear mappings f W M ! N . If f W M ! N1
and g W M ! N2 are objects in CM , then a morphism in CM is an R-linear
mapping h W N1 ! N2 such that the diagram

N1

M

f �

N2

h

�g
�

is commutative. This category is sometimes referred to as the category fromM .
We can also form the category CM whose objects are R-linear mappings f W
N ! M and whose morphisms are R-linear mappings h W N2 ! N1 such that
the diagram

N2

M

g
�

N1

h

� f

�

is commutative. CM is the category to M . More generally, if C is a category,
then a category C.!/ can be formed from C as follows. An object of C.!/ is
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a morphism f W A ! B in C . If f W A ! B and g W C ! D are objects in
C.!/, then the morphism set

Mor .f W A! B; g W C ! D/

in C.!/ is the set of all pairs .˛ W A! C , ˇ W B ! D/ of morphisms from C

such that the diagram

A
f � B

C

˛

�

g
� D

ˇ

�

is commutative.

The following definition fulfills a promise made in the previous chapter to make the
concept of a universal mapping property more precise.

Definition 3.1.2. If C is a category, then an object A of C is said to be an initial
object (or a universal repelling object) of C if Mor.A;B/ has exactly one morphism
for each object B of C . Likewise, an object B of C is said to be a final object (or
a universal attracting object) of C if Mor.A;B/ has exactly one morphism for each
object A of C . (An object that is at the same time universal attracting and universal
repelling is often referred to as a universal object.) If an object in a category is an
initial or a final object in the category, then we say that the object has the universal
mapping property. Conversely, if we say that a mathematical object has the universal
mapping property, then we mean that a category can be formed in which the object is
an initial or a final object.

The proof of the following proposition is left as an exercise.

Proposition 3.1.3.

(1) If A is an initial or a final object in a category C , then A is unique up to iso-
morphism.

(2) An object 0 of a category C is a zero object of C if and only if 0 is an initial and
a final object of C .

Examples

8. Let ¹M˛º� be a family of R-modules. Suppose that C¹M˛º� is the category
whose objects are pairs .M; f˛/�, whereM is anR-module and ¹f˛º� is a fam-
ily ofR-linear mappings such that f˛ WM !M˛ for each ˛ 2 �. A morphism
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set Mor..M; f˛/�; .N; g˛/�/ is composed of R-linear mappings f W M ! N

such that g˛f D f˛ for each ˛ 2 �. Consequently, a direct product .P; p˛/�
of the family ¹M˛º� is a final object in this category, so .P; p˛/� has the uni-
versal mapping property. Thus, the R-module P is unique up to isomorphism
in ModR. Similarly, one can form a category C¹M˛º� with objects .M; f˛/�,
where M is an R-module and f˛ W M˛ ! M is an R-linear mapping for each
˛ 2 �. The morphism set Mor..N; g˛/�; .M; f˛/�/ is the set of all R-linear
mappings f W N ! M such that fg˛ D f˛ for each ˛ 2 �. Hence, we see
that a direct sum .S; u˛/� of the family ¹M˛º� is an initial object in C ¹M˛º� ,
so the R-module S is unique up to isomorphism in ModR.

9. Let M and N be an R-module and a left R-module, respectively. Let CM�N

be the category defined as follows: The objects are pairs .G; �/, where G is an
additive abelian group and � W M � N ! G is an R-balanced mapping. The
morphism sets are defined by

h 2 Mor..G1; �1/; .G2; �2//

if and only if h W G1 ! G2 is a group homomorphism such that h�1 D �2.
By Definition 2.3.1, .T; �/ is a tensor product of M and N if and only if .T; �/
is an initial object in CM�N . Consequently, .T; �/ has the universal mapping
property in CM�N and it follows that the abelian group T is unique up to iso-
morphism in Ab.

Functors

It was indicated earlier that an important use of category theory is to delineate areas
of mathematics and to make connections among these areas. In order to make these
connections, we need to have a method of passing information from one category to
another that is, in some sense, structure preserving. The concept of a functor meets
this requirement.

Definition 3.1.4. If C and D are categories, then a covariant functor F W C ! D is
a rule that assigns to each object A in C exactly one object F .A/ of D and to each
morphism f W A ! B of C exactly one morphism F .f / W F .A/ ! F .B/ in D

such that the following conditions are satisfied:

(1) F .idA/ D idF .A/ for each object A of C .

(2) If f W A! B and g W B ! C are morphisms in C , then F .gf / D F .g/F .f /

in D .

If C is a category, then the opposite category Cop of C is defined as follows. The
objects of Cop are the objects of C and for objects A and B in Cop, Morop.B;A/ is
the set of morphisms Mor.A;B/ in C . Thus, if f op W B ! A and gop W C ! B
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are morphisms in Cop, then f W A ! B and g W B ! C are morphisms in C .
The morphism f op is called the opposite of f . The morphisms in Cop are said to
be obtained from those of C by reversing the arrows. The rule of composition in C

gives gf W A ! C while the rule of composition in Cop gives f opgop W C ! A.
Hence, .gf /op D f opgop. Clearly, .Cop/op D C and a statement about a category C

involving arrows can often be dualized to a corresponding dual statement in Cop by
reversing the arrows and making the necessary changes in terminology.

A contravariant functor F W C ! D has exactly the same properties as a covariant
functor except that F assigns to each morphism f W A ! B in C the morphism
F .f / W F .B/ ! F .A/ in D . If F W C ! D is contravariant and f W A ! B and
g W B ! C are morphisms in C , then F .g/ W F .C / ! F .B/;F .f / W F .B/ !

F .A/ and F .gf / W F .C /! F .A/ in D . Hence, F .gf / D F .f /F .g/.
If C and D are additive categories, then a (covariant or contravariant) functor F W

C ! D is said to be additive if F .f Cg/ D F .f /CF .g/ for all f; g 2 Mor.A;B/
and all A;B 2 O.

Remark. Subsequently, the term “functor” will mean covariant functor.

Examples

It is left to the reader to determine which of the following categories are additive and
which of the following covariant/contravariant functors are additive.

10. Identity Functors. If C is a category, then the identity functor IdC W C ! C is
given by IdC .A/ D A for each object A of C and if f W A! B is a morphism
in C , then IdC .f / W IdC .A/! IdC .B/ is the morphism f W A! B .

11. Embedding Functors. If C is a subcategory of D and F W C ! D is such
that F .A/ D A and F .f / D f for each object A and each morphism f of C ,
then F is the canonical embedding functor.

12. Forgetful Functors. If F W ModR ! Ab is such that F .M/ is the ad-
ditive abelian group underlying the R-module structure on M and if F .f / W

F .M/ ! F .N / is the group homomorphism underlying the R-linear map
f W M ! N , then F is a forgetful functor. Thus, F strips the module struc-
ture from M and leaves M as an additive abelian group and F .f / as a group
homomorphism.

13. The Contravariant Functor HomR.�;X/. Let X be a fixed R-module and
suppose that HomR.�; X/ W ModR ! Ab is such that for each R-module M ,
HomR.�; X/ at M is HomR.M;X/. If f W M ! N is a morphism in ModR,
let HomR.f;X/ D f �, where

f � W HomR.N;X/! HomR.M;X/ is given by f �.h/ D hf:

Then HomR.�; X/ is a contravariant functor from ModR to Ab.
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14. The Functor HomR.X;�/. Let X be a fixed R-module and suppose that
HomR.X;�/ W ModR ! Ab is such that for each R-module M , HomR.X;�/
at M is HomR.X;M/. If f W M ! N is a morphism in ModR, let
HomR.X; f / D f�, where

f� W HomR.X;M/! HomR.X;N / is defined by f�.h/ D f h:

Then HomR.X;�/ is a functor from ModR to Ab.

15. Composition of Functors. If F W C ! D and G W D ! E are functors, then
GF W C ! E , the composition of F and G ; is a functor if GF is defined in the
obvious way.

Remark. For the contravariant functor HomR.�; X/ of Example 13, the notation
f �.h/ D hf means that f is applied first. For the functor HomR.X;�/ of Exam-
ple 14, the notation f�.h/ D f h indicates that f is applied second. Thus, the upper
star on f means we are working with the first variable of HomR.�; X/ with f ap-
plied first, while the lower star on f means that we are working in the second variable
of HomR.X;�/ with f applied second.

Properties of Morphisms

In the category Set; an injective function is often defined as a function f W B ! C

such that if f .x/ D f .y/, then x D y. A function f W B ! C is also injective
if and only if f is left cancellable, that is, if g; h W A ! B are functions such that
fg D f h, then g D h. Indeed, if f is injective, let g; h W A ! B be such that
fg D f h. Then for any a 2 A we see that fg.a/ D f h.a/, so f .g.a// D f .h.a//

gives g.a/ D h.a/. Hence, g D h. Conversely, suppose that f is left cancellable and
let x; y 2 B be such that f .x/ D f .y/. Next, let A D ¹aº and define g; h W ¹aº ! B

by g.a/ D x and h.a/ D y. Since fg D f h implies that g D h, we see that
fg.a/ D f .x/ D f .y/ D f h.a/ gives x D g.a/ D h.a/ D y and so f is injective.

One can also show that a morphism f W A ! B in Set is a surjective function if
and only if whenever g; h W B ! C are functions such that gf D hf , then g D h,
that is, if f is right cancellable. These observations lead to the following definition.

Definition 3.1.5. A morphism f in a category C is said to be monic if f is left
cancellable. Likewise, f is said to be epic if f is right cancellable. A bimorphism
in C is a morphism in C that is monic and epic.

We will refer to a category whose objects are sets as a concrete category. Often the
sets in a concrete category will have additional structure and its morphisms will, in
some sense, be structure preserving. For example, Set, Ab and ModR are examples
of concrete categories. A monic (an epic, a bimorphism) morphism may not be as
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“well behaved” in all concrete categories as they are in Set. The following two exam-
ples illustrate that fact that a monic (an epic, a bimorphism) morphism in a concrete
category may fail to be an injection (a surjection, a bijection).

Examples

16. Consider the natural group homomorphism � W Q ! Q=Z in the category
DivAb of Example 4. We claim that this morphism is monic in DivAb. For
this, suppose that G is a divisible abelian group and let g; h W G ! Q be
group homomorphisms such that g ¤ h. Then there is an x 2 G such that
g.x/ ¤ h.x/. This means that there is an m=n in Q, m=n ¤ 0, such that
g.x/ � h.x/ D m=n and m=n can be chosen so that n ¤ ˙1. Since G is
divisible, there is a y 2 G such that x D my. Thus,

mŒg.y/ � h.y/� D mg.y/ �mh.y/

D g.my/ � h.my/

D g.x/ � h.x/ D m=n:

Hence, it follows that g.y/ � h.y/ D 1=n, so g.y/C Z ¤ h.y/C Z in Q=Z.
Thus, g ¤ h gives �g ¤ �h and so �g D �h implies that g D h. Therefore,
� is monic. But � is clearly not injective, so in general, monic» injection.

17. In the category Ring of Example 6, consider the canonical injection j W Z! Q.
We claim that j is epic. Suppose that g; h W Q ! Q are such that gj D hj .
Then g.n/ D h.n/ for each n 2 Z and so for each m=n in Q we see that

g.m=n/ D g.m � n�1/ D g.m/g.n/�1

D h.m/h.n/�1 D h.m � n�1/ D h.m=n/:

Hence, g D h and so j is epic. However, j is clearly not a surjective ring
homomorphism, so in general, epic » surjection. It follows easily that j is
also monic, so j is a bimorphism in Ring. Hence, in general, bimorphism»
bijection.

Definition 3.1.6. A morphism f W A ! B in a category C is said to be a section
(retraction) if there is a morphism g W B ! A in C such that gf D idA .fg D idB/.
An isomorphism is a morphism that is a section and a retraction.

If f W A! B is a section (retraction), then it is easy to show that f is monic (epic).
However, the converse does not hold, as is shown by the following two examples.
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Examples

18. Consider the mapping f W Z! Z in ModZ given by f .n/ D 2n. It follows
easily that f is monic, however, f is not a section. To see that f cannot be
a section, suppose that there is a morphism g W Z! Z in ModZ such that
gf D idZ. Then for any integer n, gf .n/ D n, so g.2n/ D n. But g is Z-lin-
ear, so g.2n/ D 2g.n/. Hence, 2g.n/ D n and, in particular, 2g.1/ D 1. But
such an integer g.1/ cannot exist, so such a g cannot exist. Consequently, in
general, monic» section.

19. Let p be a prime number and consider the abelian group

Qp D ¹x 2 Q j x D mp�k for some m 2 Z and k 2 N0º

in ModZ. Now Z is a subgroup of Qp , so consider the Z-linear map f W
Qp=Z! Qp=Z defined by f .xCZ/ D pxCZ. Since f .mp�.kC1/CZ/ D
p.mp�.kC1/ C Z D mp�k C Z, it follows that f is epic. We claim that f is
not a retraction. Suppose that a morphism g W Qp=Z! Qp=Z exists in ModZ
such that fg D idQp=Z. Then

p�1 C Z D fg.p�1 C Z/ D pg.p�1 C Z/

D g.pp�1 C Z/ D g.1C Z/

D g.Z/ D 0

which implies that p�1 2 Z, a contradiction. Hence, such a g cannot exist, so
f is not a retraction. Thus, in general, epic» retraction.

Problem Set 3.1

1. Let R be a commutative ring. Verify that we can form a category C by letting
the objects of C be the positive integers 	 2 and by letting Mor.m; n/ be the set
of n �m matrices over R. The rule of composition is matrix multiplication.

2. Show that ¿ is an initial object and ¹xº is a terminal object in the category Set.

3. Prove Proposition 3.1.3.

4. Let F W C ! D and G W D ! E be functors.

(a) Give an appropriate definition of the composition GF W C ! E of two
functors F and G and show that GF is a functor.

(b) If one of the functors F and G is covariant and the other is contravariant,
then is GF covariant or contravariant?

(c) If F and G are contravariant, then is GF covariant or contravariant?
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5. Consider the category Set and for each object A of Set, let F .A/ D }.A/, the
power set of A. If f W A ! B is a morphism in Set, let F .f / D f #, where
f # W }.A/ ! }.B/ is given by f #.X/ D f .X/ for all X 2 }.A/. Show that
F W Set! Set is a functor.

6. Consider the category Set and for each object A of Set, let F .A/ D }.A/. If
f W A! B is a morphism in Set, let F .f / D f ##, where f ## W }.B/! }.A/

is given by f ##.Y / D f �1.Y / for all Y 2 }.B/. Show that F W Set! Set is
a contravariant functor.

7. Let C and D be additive categories and suppose that F W C ! D is an additive
functor.

(a) If A;B 2 OC , let 0AB denote the zero morphism from A to B . That is, 0AB
is the additive identity of the abelian group MorC .A;B/. Show that F .0AB/

is the additive identity of MorD.F .A/;F .B//. Conclude that F .0AB/ D

0F .A/F .B/ for all A;B 2 OC .

(b) If f 2 MorC .A;B/, show that F .�f / is the additive inverse of F .f / in
MorD.F .A/;F .B//. Conclude that F .�f / D �F .f / for every morphism f

of C .

8. If C and D are categories, let C �D be the product category defined as follows:
The objects of C �D are ordered pairs .A;B/, whereA is an object of C andB
is an object of D . A morphism in MorC�D..A1; B1/; .A2; B2// is a pair .f; g/,
where f W A1 ! A2 is a morphism in C and g W B1 ! B2 is a morphism in D .
Composition of morphisms is given by .f2; g2/.f1; g1/ D .f2f1; g2g1/ when
f2f1 is defined in C and g2g1 is defined in D .

(a) Verify that C �D is a category.

(b) If C and D are additive categories, then is C �D additive?

(c) If F W C1! C2 and G W D1! D2 are functors, show that a functor F �G W

C1�D1! C2 �D2 can be defined in an obvious way.

9. Let C ;D and E be categories and suppose that F W C �D ! E is a functor.
We refer to such a two variable functor F as a bifunctor. Consider the bifunctor
HomR.�;�/ W Modop

R
� ModR ! Ab defined as follows: If .M;N / is an

object of Modop
R
�ModR, then HomR.M;N / is the additive abelian group of

Ab defined by addition of R-linear mappings. Also if .f op; g/ W .M;N / !

.M 0; N 0/ is a morphism in Modop
R �ModR, then

HomR.f
op; g/ W HomR.M;N /! HomR.M

0; N 0/

is defined by HomR.f op; g/.h/ D ghf D g�f
�.h/. Note that since f op W

M !M 0 is a morphism in Modop
R , f WM 0 !M in ModR.

(a) If N D N 0 D X is a fixed R-module and g D idX and if we write
HomR.f op; X/DHomR.f op; idX / whenever .f op; idX / W .M;X/! .M 0; X/
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is a morphism in Modop
R �ModR, show that HomR.�; X/ gives the contravari-

ant functor of Example 13.

(b) If M D M 0 D X is a fixed R-module and f op D idX and if we write
HomR.X; g/ D HomR.idX ; g/ when .idX ; g/ W .X;N / ! .X;N 0/ is a mor-
phism in Modop

R
�ModR, show that HomR.X;�/ is the functor of Example 14.

The functors HomR.�; X/ and HomR.X;�/ are said to be functors induced by
the bifunctor HomR.�;�/.

10. Consider the bifunctor �˝R � W ModR � RMod! Ab defined as follows: If
.M;N / is an object in ModR � RMod; then M ˝R N is the additive abelian
group formed by taking the tensor product of M and N . If .f; g/ W .M;N / !
.M 0; N 0/ is a morphism in ModR�RMod, then f ˝g WM˝RN !M 0˝RN

0

is the corresponding morphism in Ab. If N D N 0 D X is fixed, show that
� ˝R � induces a functor � ˝R X from ModR to Ab. Likewise, if M D

M 0 D X is fixed, show that � ˝R � induces a functor X ˝R � from RMod
to Ab.

11. (a) Prove in the category Set that a morphism is surjective if and only if it right
cancellable.

(b) If an arrow indicates implication, verify that each implication given in the
table below holds in a concrete category.

monic epic

injection

�
�

bimorphism

�

surjection

�

section

�
�

bijection

� �

retraction

�

�

isomorphism

� �

12. Prove each of the following for morphisms f and g in a category C such that
fg is defined.

(a) If f and g are monic (epic), then fg is monic (epic).

(b) If fg is monic, then g is monic.

(c) If fg is epic, then f is epic.

13. If f is a morphism in a category C , prove that the following are equivalent.

(a) f is monic and a retraction.

(b) f is epic and a section.

(c) f is an isomorphism.
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14. Prove that each of the following hold in ModR.

(a) Every monic morphism is an injection.

(b) Every epic morphism is a surjection.

15. A category C is said to be balanced if every bimorphism is an isomorphism.
Prove that ModR is balanced.

16. A functor F W C ! D is said to be faithful (full) if for all objectsM andN of C

the mapping MorC .M;N / ! MorD.F .M/;F .N // given by f 7! F .f / is
injective (surjective).

(a) Show that the forgetful functor F W Ab! Set is faithful but not full.

(b) Show that the functor F W Ab!ModZ is full and faithful.

A functor F W C ! D is said to reflect monics (epics) if F .f / monic (epic) in
D implies that f is monic (epic) in C .

(c) Prove that a faithful functor reflects monics and epics.

Conclude from (c) that if F W ModR ! ModS is a faithful functor and 0 !
F .M1/! F .M/! F .M2/! 0 is exact in ModS , then 0! M1 ! M !

M2 ! 0 is exact in ModR.

A functor F W C ! D is said to reflect isomorphisms if F .f / an isomorphism
in D implies that f is an isomorphism in C .

(d) Prove that a full and faithful functor reflects isomorphisms.

3.2 Exact Sequences in ModR

Definition 3.2.1. A sequenceM1

f
�!M

g
�!M2 of R-modules and R-module homo-

morphisms is said to be exact at M if Im f D Kerg, while a sequence of the form

S W � � � !Mn�1
fn�1
���!Mn

fn
�!MnC1 ! � � � ;

n 2 Z, is said to be an exact sequence if it is exact at Mn for each n 2 Z. A sequence
such as

S W 0!M1

f
�!M

g
�!M2 ! 0

that is exact at M1, at M and at M2 is called a short exact sequence. A sequence will
often be referred to by its prefix S.

Remark. There is nothing special about considering sequences such as

S W � � � !Mn�1
fn�1
���!Mn

fn
�!MnC1 ! � � �
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with increasing subscripts. We could just as well have considered sequences such as

S W � � � !MnC1

fnC1
���!Mn

fn�1
���!Mn�1 ! � � �

with decreasing subscripts. Both types of sequences will be considered later in Chap-
ter 11 when chain and cochain complexes are discussed.

If 0
M
�!1

f
�! M

g
�! M2 ! 0 is a short exact sequence, then it follows that f is

a monomorphism and g is an epimorphism. If N is a submodule of M , then 0 !

N
i
�! M

�
�! M=N ! 0 is a short exact sequence, where i is the canonical injection

and � is the natural mapping. An R-linear map f W M ! N gives rise to two
canonical short exact sequences

0! Ker f !M ! f .M/! 0 and

0! f .M/! N ! Coker f ! 0;

where the maps are the obvious ones.

Definition 3.2.2. If f W M1 ! M is a monomorphism, then we say that f is a split
monomorphism if there is an R-linear mapping f 0 W M ! M1 such that f 0f D
idM1 . The map f 0 is said to be a splitting map for f . Likewise, if g W M ! M2 is
an epimorphism, then an R-linear mapping g0 W M2 ! M such that gg0 D idM2 is
a splitting map for g and g is called a split epimorphism. (See Definition 3.1.6.)

Note that if f is a split monomorphism with splitting map f 0, then f 0 is a split
epimorphism and if g is a split epimorphism with splitting map g0, then g0 is a split
monomorphism.

Proposition 3.2.3. If M1

f
�! M is a split monomorphism with splitting map f 0 W

M !M1, then M D Imf ˚ Ker f 0.

Proof. If x 2 M , then f 0.x/ 2 M1, so f .f 0.x// 2 M . If z D x � f .f 0.x//,
then f 0.z/ D f 0.x/ � f 0.f .f 0.x/// D 0 since f 0f D idM1 . Thus, z 2 Ker f 0

and x D f .f 0.x// C z 2 Imf C Ker f 0. Therefore, M D Imf C Ker f 0. If
y 2 Im f \Ker f 0, then y D f .x/ for some x 2M1; so 0 D f 0.y/ D f 0f .x/ D x.
Hence, y D 0 and we have M D Im f ˚ Ker f 0.

Proposition 3.2.3 also establishes the following proposition.

Proposition 3.2.4. If g W M ! M2 is a split epimorphism and g0 W M2 ! M is
a splitting map for g, then M D Img0 ˚ Kerg.
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Split Short Exact Sequences

If 0 ! M1

f
�! M

g
�! M2 ! 0 is a short exact sequence of R-modules and R-

homomorphisms and f is a split monomorphism, then is g a split epimorphism?
Conversely, if g is a split epimorphism, then is f a split monomorphism? These
questions lead to the following definition and proposition.

Definition 3.2.5. If S W 0 ! M1

f
�! M

g
�! M2 ! 0 is a short exact sequence of

R-modules andR-module homomorphisms and f is a split monomorphism, then S is
said to split on the left. If g is a split epimorphism, then S is said to split on the right.

The connection between a short exact sequence that splits on the left and one that
splits on the right is given by the following proposition.

Proposition 3.2.6. A short exact sequence ofR-modules and R-module homomorph-
isms splits on the left if and only if it splits on the right.

Proof. Suppose that S W 0 ! M1

f
�! M

g
�! M2 ! 0 is a short exact sequence of

R-modules and R-module homomorphisms that splits on the left and let f 0 W M !
M1 be a splitting map such that f 0f D idM1 . Then Proposition 3.2.3 shows that
M D Im f ˚ Ker f 0. Next, note that

f 0.x � f .f 0.x/// D f 0.x/ � f 0.f .f 0.x/// D f 0.x/ � f 0.x/ D 0;

so x � f .f 0.x// 2 Ker f 0 for each x 2 M . Now define g0 W M2 ! M by g0.y/ D
x � f .f 0.x//, where x 2 M is such that g.x/ D y. Such an x exists since g is
an epimorphism, but there may be more than one such x. Nevertheless, we claim
that g0 is well defined. Suppose that x0 2 M is also such that g.x0/ D y. Then
x � x0 2 Kerg D Im f , so

.x � f .f 0.x/// � .x0 � f .f 0.x0/// D .x � x0/ � .f .f 0.x// � f .f 0.x0///

D .x � x0/ � f .f 0.x � x0//

2 Ker f 0 \ Im f D 0:

Thus, it follows that g0 is well defined. If y 2 M2 and g0.y/ D x � f .f 0.x//,
where x 2 M is such that g.x/ D y, then g.g0.y// D g.x � f .f 0.x/// D g.x/ �

g.f .f 0.x/// D g.x/ D y since gf D 0. Hence, gg0 D idM2 , so S splits on the
right. The converse has a similar proof.

Because of Proposition 3.2.6, if a short exact sequence splits on either the left or
the right, then we simply say that the sequence splits or that it is split exact. The
following proposition gives additional information on split short exact sequences.
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Proposition 3.2.7. A short exact sequence 0! M1

f
�! M

g
�! M2 ! 0 splits if and

only if one of the following three equivalent conditions holds.

(1) Im f is a direct summand of M .

(2) Kerg is a direct summand of M .

(3) M ŠM1 ˚M2.

Proof. We first show that the three conditions are equivalent. Note that .1/ clearly
implies .2/ since Imf D Kerg. If Kerg is a direct summand of M , let N be a sub-
module of M such that M D Kerg ˚ N . Then M2 Š M=Kerg Š N and Kerg D
Imf ŠM1 and so we have M ŠM1 ˚M2. Thus, (2) implies (3).

Next, suppose that (3) holds. Since Im f Š M1, we have M Š Im f ˚ M2,
so Proposition 2.1.11 shows that there are submodules N1 and N2 of M such that
M D N1 ˚ N2 with Im f Š N1 and M2 Š N2. We claim that M D Imf ˚ N2.
If z 2 M , then there are x 2 N1 and y 2 N2 such that z D x C y. If w 2 M1

is such that f .w/ D x, then z D f .w/ C y, so M D Imf C N2. It follows that
Imf \N2 D 0 and so Imf is a direct summand of M . Thus, (3) implies (1).

Finally, suppose that M1 !M1

f
�!M

g
�!M2 ! 0 splits. Then Proposition 3.2.3

gives M D Imf ˚ Ker f 0, where f 0 is a splitting map for f . Hence, (1) holds.
Conversely, suppose that .1/ holds and let N be a submodule of M such that M D
Imf ˚ N . If f 0 W Imf ˚ N ! M1 is such that f 0.f .x/ C y/ D x, then f 0 is

a splitting map for f , so 0!M1

f
�!M

g
�!M2 ! 0 splits.

A category C can be formed by letting the class SE of short exact sequences in
ModR be the objects of C . If S1 W 0!M1 !M1 !M2 ! 0 and S2 W 0! N1 !

N ! N2 ! 0 are objects of C , then Mor.S1; S2/ is the set of all triples ı D .˛; ˇ; 	/
of R-module homomorphisms such that the diagram

0 � M1
� M � M2

� 0

0 � N1

˛

�
� N

ˇ

�
� N2

�

�
� 0

is commutative. If ı1 W S1 ! S2 and ı2 W S2 ! S3 are morphisms in C , then the rule
of composition is given by ı2ı1 D .˛2; ˇ2; 	2/.˛1; ˇ1; 	1/ D .˛2˛1; ˇ2ˇ1; 	2	1/.
We call a morphism ı D .˛; ˇ; 	/ in C a monomorphism (an epimorphism, an
isomorphism) if ˛; ˇ and 	 are monomorphisms (epimorphisms, isomorphisms) in
ModR. The Short Five Lemma (See Exercise 9.) shows that a morphism ı D

.˛; ˇ; 	/ in C is a monomorphism (an epimorphism, an isomorphism) when ˛ and
	 are monomorphisms (epimorphisms, isomorphisms) in ModR. If the relation � is
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defined on SE by S1 � S2 if and only if there is an isomorphism ı W S1 ! S2,
then � is an equivalence relation on SE . If ŒS� is an equivalence class of short exact
sequences in SE , then one can show that a sequence in ŒS� splits if and only if every
sequence in ŒS� splits.

Problem Set 3.2

1. Let f W M ! N be an R-linear mapping. Identify each R-module homo-
morphism in each of the following sequences and then show that each sequence
is exact.

(a) 0! Ker f !M ! f .M/! 0

(b) 0! f .M/! N ! Coker f ! 0

(c) 0! Ker f !M ! N ! Coker f ! 0

2. (a) Let

S1 W 0!M1 !M
f
�! N ! 0 and

S2 W 0! N
g
�!M2 !M3 ! 0

be short exact sequences. Prove that

S3 W 0!M1 !M
gf
��!M2 !M3 ! 0

is exact. The sequences S1 and S2 are said to be spliced together to form S3.

(b) Prove that any exact sequence can be obtained by splicing together appro-
priately chosen short exact sequences.

3. (a) Show that if f is a split monomorphism with splitting map f 0, then f 0 is a
split epimorphism.

(b) Prove that if g is a split epimorphism with splitting map g0; then g0 is a split
monomorphism.

(c) Prove Proposition 3.2.4.

4. Complete the proof of Proposition 3.2.6.

5. If f WM !M is an R-linear mapping such that f 2 D f , then f said to be an
idempotent endomorphism in the ring EndR.M/.

(a) Suppose also that M D N1 ˚ N2, where N1 and N2 are submodules of M
and suppose that f1; f2 W M ! M are such that f1 D i1�1 and f2 D i2�2,
where ik and �k are the canonical injections and projections for k D 1; 2,
respectively. Show that f1 and f2 are idempotent endomorphisms of M .
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(b) Prove that M D Imf ˚ Ker f D Imf ˚ Im.idM � f / for every idem-
potent endomorphism f of EndR.M/. Conclude from (a) and (b) that if M D
N1 ˚ N2, then there is an idempotent endomorphism f 2 EndR.M/ such that
Im f D N1 and Ker.idM � f / D N2.

(c) If M D
L
�M˛, prove that there is a set of orthogonal idempotents ¹f˛º˛

of the ring EndR.M/ such that f˛.M/ D M˛ for each ˛ 2 �. [Hint: If
N˛ D

P
ˇ¤˛Mˇ , then M DM˛ ˚N˛ for each ˛ 2 �.]

6. If 0 ! M1

f
�! M

g
�! M2 ! 0 is a split short exact sequence and f 0 and g0

are splitting maps for f and g, respectively, show that 0 ! M2
g 0

�! M
f 0

�!

M1 ! 0 is a split short exact sequence.

7. If N1 and N2 are submodules of an R-module M , prove that

0! N1 \N2
f
�! N1 ˚N2

g
�! N1 CN2 ! 0

is exact if f .x/ D .x; x/ and g.x; y/ D x � y.

8. If R be an integral domain, let t .M/ denote the torsion submodule of M .

(a) If f W M ! N is an R-linear mapping, show that there is an R-linear
mapping t .f / W t .M/! t .N /.

(b) Prove that t WModR !ModR is a functor.

(c) If 0 ! M1

f
�! M

g
�! M2 ! 0 is an exact sequence of R-modules and

R-module homomorphisms, prove that 0! t .M1/
t.f /
���! t .M/

t.g/
���! t .M2/ is

exact.

(d) Show by example that if g W M ! N is an epimorphism, then t .g/ W
t .M/ ! t .N / need not be an epimorphism. Conclude that the functor t does
not preserve short exact sequences.

9. The Short Five Lemma. Let

0 � M1
� M � M2

� 0

0 � N1

˛

�
� N

ˇ

�
� N2

�

�
� 0

be a row exact commutative diagram ofR-modules andR-module homomorph-
isms. Prove each of the following by chasing the diagram.

(a) If ˛ and 	 are monomorphisms, then ˇ is a monomorphism.

(b) If ˛ and 	 are epimorphisms, then ˇ is an epimorphism.

Conclude that if ˛ and 	 are isomorphisms, then ˇ is an isomorphism.
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10. Let C be the structure described in the paragraph immediately preceding this
problem set and let � be the relation defined on C .

(a) Show that C is a category.

(b) Verify that � is an equivalence relation on SE .

(c) Prove that a sequence in an equivalence class ŒS� splits if and only if every
sequence in ŒS� splits.

11. The Five Lemma. Let

M1
� M2

� M3
� M4

� M5

N1

˛

�
� N2

ˇ

�
� N3

�

�
� N4

ı

�
� N5

"

�

be a row exact commutative diagram ofR-modules andR-module homomorph-
isms. Prove each of the following by chasing the diagram.

(a) If ˛ is an epimorphism and ˇ and ı are monomorphisms, then 	 is a mono-
morphism.

(b) If " is a monomorphism and ˇ and ı are epimorphisms, then 	 is an epi-
morphism.

(c) If ˛; ˇ; ı and " are isomorphisms, then 	 is an isomorphism.

12. Consider the commutative row exact

M1
f � M

g� M2

N1

˛

�
f 0� N

ˇ

�
g0� N2

�

�

of R-modules and R-module homomorphisms. Prove each of the following by
chasing the diagram.

(a) If ˇ is a monomorphism and ˛ and g are epimorphisms, then 	 is a mono-
morphism.

(b) If ˇ is an epimorphism and f 0 and 	 are monomorphisms, then ˛ is an
epimorphism.
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13. Suppose that the diagram

0 0 0

0 � L1

�
f 0� M1

�
g0� N1

�
� 0

0 � L

˛1

�
f� M

ˇ1

�
g� N

�1

�
� 0

L2

˛2

�
M2

ˇ2

�
N2

�2

�

0
�

0
�

0
�

of R-modules and R-module homomorphisms is commutative and that the col-
umns and rows are exact. Prove that there is a monomorphism f 00 W L2 ! M2

and an epimorphism g00 WM2 ! N2 such that the bottom row is exact and such
that the completed diagram is commutative. [Hint: Observe that ˇ2f ˛1 D 0

gives Ker˛2 D Im˛1 � Kerˇ2f , so use this to induce a map f 00 W L2 !M2.]

14. A category C can be formed by letting sequences

S W � � � !Mn�2
fn�2
���!Mn�1

fn�1
���!Mn

fn
�!MnC1

fnC1
���!MnC2 ! � � �

of R-modules and R-module homomorphisms be the objects of C . If S and T
are objects of C , then each morphism in Mor.S;T/ is a family ı D ¹˛nºZ of
R-linear mappings such that the diagram

S W � � � � Mn�2
fn�2� Mn�1

fn�1� Mn
fn� MnC1

fnC1� MnC2
� � � �

T W � � � � Nn�2

˛n�2

�
gn�2� Nn�1

˛n�1

�
gn�1� Nn

˛n

�
gn� NnC1

˛nC1

�
gnC1� NnC2

˛nC2

�
� � � �

is commutative. Composition of morphisms is defined in the obvious way.
A morphism ı W S ! T is said to be a monomorphism (an epimorphism, an
isomorphism) if each ˛n in ı is a monomorphism (an epimorphism, an iso-
morphism). Prove that C is actually a category and let the relation � be defined
on the objects of C by S � T if there is an isomorphism ı W S ! T. Prove
that � is an equivalence relation on the objects of C and show that if ŒS� is an
equivalence class determined by an object S of C , then S is exact if and only if
every T 2 ŒS� is exact.
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3.3 Hom and˝ as Functors

We now investigate two important bifunctors both of which are additive in each vari-
able. These functors play an important role in homological algebra, a topic to be
introduced in a subsequent chapter. For the remainder of the text, we adopt the nota-
tion Hom and ˝ for the bifunctors

HomR.�;�/ WModop
R �ModR ! Ab and

�˝R � WModR �R Mod! Ab;

respectively.

Properties of Hom

We have seen in Examples 13 and 14 in Section 3.1 that for any fixed R-module
X , Hom can be used to define a contravariant functor HomR.�; X/ and a covariant
functor HomR.X;�/ from ModR to Ab. If X is a fixed R-module and f W M ! N

is an R-linear mapping, then the contravariant functor

HomR.�; X/ WModR ! Ab

is such that

HomR.f;X/ D f
� W HomR.N;X/! HomR.M;X/; where f �.h/ D hf:

For the covariant functor

HomR.X;�/ WModR ! Ab

we have

HomR.X; f / D f� W HomR.X;M/! HomR.X;N /; where f�.h/ D f h:

Thus, if

M1

f
�!M

g
�!M2

is a sequence of R-modules and R-module homomorphisms, then for any R-mod-
ule X

HomR.M2; X/
g�

��! HomR.M;X/
f �

��! HomR.M1; X/ and

HomR.X;M1/
f�
�! HomR.X;M/

g�
�! HomR.X;M2/

are sequences of additive abelian groups and group homomorphisms.
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One of the first questions that needs to be addressed concerning Hom is, if

0!M1

f
�!M

g
�!M2 ! 0

is a short exact sequence in ModR, then are

0! HomR.M2; X/
g�

��! HomR.M;X/
f �

��! HomR.M1; X/! 0 and

0! HomR.X;M1/
f�
�! HomR.X;M/

g�
�! HomR.X;M2/! 0

exact sequences in Ab? The following definition will help clarify our discussion.

Definition 3.3.1. Let R and S be rings. A functor F WModR ! ModS is said to be
left exact if

0! F .M1/
F .f /
����! F .M/

F .g/
���! F .M2/

is an exact sequence in ModS whenever

0!M1

f
�!M

g
�!M2

is exact in ModR. Likewise, if

F .M1/
F .f /
����! F .M/

F .g/
���! F .M2/! 0

is exact in ModS for each exact sequence

M1

f
�!M

g
�!M2 ! 0

ModR, then F is said to be right exact. If F is left and right exact, then F is said to
be an exact functor. If F WModR !ModS is contravariant and

0! F .M2/
F .g/
���! F .M/

F .f /
����! F .M1/

is exact in ModS whenever

M1

f
�!M

g
�!M2 ! 0

is exact in ModR, then F is said to be left exact. If

F .M2/
F .g/
���! F .M/

F .f /
����! F .M1/! 0

is exact in ModS for every exact sequence

0!M1

f
�!M

g
�!M2

in ModR, then F is right exact. If F is left and right exact, then F is an exact
contravariant functor.
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Thus, exact functors, either covariant or contravariant, are precisely those functors
that send short exact sequences to short exact sequences.

Proposition 3.3.2. For any R-module X , HomR.�; X/ W ModR ! Ab and
HomR.X;�/ WModR ! Ab are left exact.

Proof. If 0!M1

f
�!M

g
�!M2 is an exact sequence in ModR, we will show that

0! HomR.X;M1/
f�
�! HomR.X;M/

g�
�! HomR.X;M2/

is exact. It is clear that f� and g� are group homomorphisms, so we show first that
f� is injective. If h 2 HomR.X;M1/ is such that f�.h/ D 0, then f h D 0. Hence,
f h.x/ D 0 for all x 2 X implies that h.x/ D 0 for all x 2 X since f is an
injection. Thus, h D 0, so f� is injective. Next, note that if h 2 Im f�, then there
is an h0 2 HomR.X;M1/ such that h D f�.h

0/. This gives g�.h/ D g�f�.h
0/ D

gf h0 D 0 since gf D 0. Therefore, h 2 Kerg� and so Im f� � Kerg�. Finally,
if h 2 Kerg�, then gh D g�.h/ D 0: Hence, if x 2 X , then gh.x/ D 0, so
h.x/ 2 Kerg D Im f . Since f is an injection, there is a unique y 2 M1 such that
f .y/ D h.x/. Define h00 W X ! M1 by h00.x/ D y. Then h00 2 HomR.X;M1/

and f h00.x/ D f .y/ D h.x/. Thus, f�.h00/ D h, so h 2 Imf� and we have
Kerg� � Imf�. Hence, Imf� D Kerg� and we have that

0! HomR.X;M1/
f�
�! HomR.X;M/

g�
�! HomR.X;M2/

is exact. The proof that HomR.�; X/ WModR ! Ab is left exact is similar.

Because of Proposition 3.3.2 we see that Hom is left exact in each variable. The
following two examples show that, in general, Hom is not right exact in either variable.

Examples

In each of the following examples, we consider the short exact sequence 0 ! Z
f
�!

Z
�
�! Z6 ! 0, where f .x/ D 6x for all x 2 Z and � is the natural map.

1. HomZ.�;Z6/ Is Not Right Exact Consider the exact sequence

0! HomZ.Z6;Z6/
��

�! HomZ.Z;Z6/
f �

��! HomZ.Z;Z6/:

If g 2 HomZ.Z;Z6/ and x 2 Z, then .f �g/.x/ D gf .x/ D g.6x/ D

6g.x/ D 0. Hence, f �.g/ D 0 and so f � D 0. But HomZ.Z;Z6/ ¤ 0,
so f � cannot be an epimorphism. Consequently, HomZ.�;Z6/ is not right
exact.
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2. HomZ.Z6;�/ Is Not Right Exact First, note that if h 2 HomZ.Z6;Z/, h ¤ 0,
then there must be an Œx� 2 Z6 such that h.Œx�/ ¤ 0. Thus, h.Œx�/6 is not zero
in Z. But h.Œx�/6 D h.Œx�6/ D h.Œ0�/ D 0 and we have a contradiction. Hence,
HomZ.Z6;Z/ D 0. Therefore, the exact sequence

0! HomZ.Z6;Z/
f�
�! HomZ.Z6;Z/

�
�

�! HomZ.Z6;Z6/

reduces to

0! 0
f�
�! 0

�
�

�! HomZ.Z6;Z6/ ¤ 0;

so �� is not an epimorphism.

Even though Hom is not an exact functor in either variable, there are short exact
sequences that are preserved by Hom in both variables.

Proposition 3.3.3. If 0 ! M1

f
�! M

g
�! M2 ! 0 is a split short exact sequence in

ModR, then for any R-module X

(1) 0! HomR.M2; X/
g�

��! HomR.M;X/
f �

��! HomR.M1; X/! 0 and

(2) 0! HomR.X;M1/
f�
�! HomR.X;M/

g�
�! HomR.X;M2/! 0

are split short exact sequences in Ab.

Proof. We prove (1) and leave the proof of (2) as an exercise. Proposition 3.3.2 shows
that

0! HomR.M2; X/
g�

��! HomR.M;X/
f �

��! HomR.M1; X/

is exact, so we are only required to show that f � is an epimorphism and that one of

f � and g� has a splitting map. Since 0 ! M1

f
�! M

g
�! M2 ! 0 is a split short

exact sequence, there is an R-linear mapping f 0 W M ! M1 such that f 0f D idM1 .
If h 2 HomR.M1; X/, then hf 0 2 HomR.M;X/ and f �.hf 0/ D hf 0f D h, so
f � is an epimorphism. Finally, if f 0 W M ! M1 is a splitting map for f , then
f 0� W HomR.M1; X/! HomR.M;X/, so if h 2 HomR.M1; X/, then f �f 0�.h/ D
f �.hf 0/ D hf 0f D hidM1 D h. Hence, f �f 0� D idHomR.M1;X/ which shows that
f 0� is a splitting map for f �. Thus,

0! HomR.M2; X/
g�

��! HomR.M;X/
f �

��! HomR.M1; X/! 0

is a split short exact sequence in Ab.
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Properties of Tensor Products

Tensor product can be used to define a functor from ModR to Ab and a functor from

RMod to Ab. If X is a fixed left R-module, let

�˝R X WModR ! Ab

be such that .�˝RX/.M/ DM ˝RX and .�˝RX/.f / D f ˝ idX WM ˝RX !
N˝RX for eachR-linear mapping f WM ! N in ModR. Then�˝RX is a functor
from ModR to Ab. Similarly, if X is a fixed R-module, then

X ˝R � W RMod! Ab

is a functor from RMod to Ab:
We have seen that the bifunctor HomR.�;�/ is left exact in both variables but, in

general, is not right exact in either variable. This is in contrast to the bifunctor�˝R�
which is right exact in both variables but, in general, is not left exact in either variable.

Proposition 3.3.4. IfM1

f
�!M

g
�!M2 ! 0 is an exact sequence in ModR, then for

any left R-module X the sequence

(1) M1 ˝R X
f˝idX
�����!M ˝R X

g˝idX
����!M2 ˝R X ! 0

is exact in Ab. Similarly, if M1

f
�! M

g
�! M2 ! 0 is an exact sequence in RMod,

then for any R-module X , the sequence

(2) X ˝RM1

idX˝f
�����! X ˝RM

idX˝g
����! X ˝RM2 ! 0

is exact in Ab.

Proof. To show that (1) is exact, we need to show that Im.f ˝ idX / D Ker.g˝ idX /
and that g ˝ idX is an epimorphism. Since g and idX are epimorphisms, it follows
easily that g ˝ idX is an epimorphism. Note also that gf D 0 gives Im.f ˝ idX / �
Ker.g ˝ idX /, so there is an induced mapping

h W .M ˝R X/= Im.f ˝ idX /!M2 ˝R X

such that

h.y ˝ x C Im.f ˝ idX // D g.y/˝ x:

Hence, we have a row exact commutative diagram

M1˝RX
f˝idX� M˝RX � .M˝RX/=Im.f˝idX / � 0

M2˝RX

g˝idX

�
h

�
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The map � W M2 � X ! .M ˝R X/= Im.f ˝ idX / defined by �.z; x/ D y ˝ x C

Im.f ˝ idX /, where y 2 M is such that g.y/ D z, is R-balanced, but there may be
more than one such y, so we must show that � is independent of the choice of y. If
y0 2 M is also such that g.y0/ D z, then y � y0 2 Kerg D Im f . Let u 2 M1 be
such that f .u/ D y � y0. Then .f ˝ idX /.u˝ x/ D f .u/˝ x D .y � y0/˝ x, so
.y�y 0/˝x is in Im.f ˝ idX /. Hence, y˝xCIm.f ˝ idX / D y0˝xCIm.f ˝ idX /
which shows that � is well defined. Since � is R-balanced, there is a unique group
homomorphism

Nh WM2 ˝R X ! .M ˝R X/= Im.f ˝ idX /

such that

Nh.z ˝ x/ D y ˝ x C Im.f ˝ idX /;

where again we pick y 2 M to be such that g.y/ D z. One can easily verify that
Nh D h�1, so h is a group isomorphism. Hence, .M ˝RX/=Ker.g˝ idX / Š .M ˝R
X/= Im.f ˝ idX / and it follows that Im.f ˝ idX / D Ker.g˝ idX /. The proof of (2)
follows by symmetry.

The following example shows that, in general,˝ is not left exact in either variable.

Example

3. �˝Z Z6 Is Not Left Exact. The sequence 0! Z
i
�! Q

�
�! Q=Z!0 is exact,

where i is the canonical injection and � is the natural mapping. Furthermore,
the sequence

Z˝ZZ6
i˝idZ6
�����! Q˝ZZ6

�˝idZ6
�����! .Q=Z/˝ZZ6!0

is exact, but i ˝ idZ6 is not an injection. Surely Q˝ZZ6 D 0, since for any
p
q
˝ Œn� 2 Q˝ZZ6,

p

q
˝ Œn� D

p

6q
˝ 6Œn� D

p

6q
˝ 0 D 0:

But Z˝ZZ6 Š Z6 ¤ 0, so i ˝ idZ6 cannot be an injective mapping. Hence,
˝Z is not left exact in the first variable and, by symmetry, ˝Z fails to be left
exact in the second variable as well.

Problem Set 3.3

1. Complete the proof of Proposition 3.3.2.

2. Prove (2) of Proposition 3.3.3.
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3. Show that each of the bifunctors Hom and ˝ is additive in each variable.

4. (a) Let R and S be rings and suppose that F W ModR ! ModS is a functor. If
f 2 HomR.M;N / has a left (right) inverse in HomR.N;M/, then does F .f /

have a left (right) inverse in HomS.F .N /;F .M//‹

(b) Answer questions similar to those posed in (a) but for a contravariant functor
F .

5. Answer each of the following questions for an additive functor F W ModR !
ModR0 .
(a) If .P; p˛/� is a direct product of a family ¹M˛º� of R-modules, then is
.F .P /;F .p˛//� a direct product of the family ¹F .M˛/º� of R0-modules?

(b) If .S; u˛/� is a direct sum of a family ¹M˛º� ofR-modules, then is .F .S/;
F .u˛//� a direct sum of the family ¹F .M˛/º� of R0-modules?

(c) Does the functor HomR.M;�/ preserve direct products and direct sums?

6. (a) Let 0! M1

f
�! M

g
�! M2 ! 0 be a split short exact sequence of R-mod-

ules and R-module homomorphisms. If f 0 W M ! M1 and g0 W M2 ! M are
splitting maps for f and g, respectively, prove that

0! HomR.M1; X/
f 0�

��! HomR.M;X/
g0�

��! HomR.M2; X/! 0 and

0! HomR.X;M2/
g 0
�

�! HomR.X;M/
f 0
�

�! HomR.X;M1/! 0

are split short exact sequences in Ab.

7. (a) If 0! M1

f
�! M

g
�! M2 ! 0 is a short exact sequence of R-modules and

R-module homomorphisms, prove that

0! HomR.R
.n/;M1/

f�
�! HomR.R

.n/;M/
g�
�! HomR.R

.n/;M2/! 0

is exact for any integer n 	 1.

(b) Does the conclusion of (a) remain valid if “for any integer n 	 1” is replaced
by “for a set �” in the statement of Part (a) and R.n/ is replaced by R.�/?

8. If 0 ! N ! M is an exact sequence of left R-modules, prove that 0 !
R.�/ ˝R N ! R.�/ ˝RM is exact for any set �. Conclude that

R.�/ ˝R � WR Mod! Ab

is an exact functor for any nonempty set � with a similar observation holding
for

�˝R R
.�/ WModR ! Ab:
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9. Given modules LR, RMS and SN , form L˝R M ˝S N . Show that by fixing
any two of the modules and allowing the other to vary we obtain a right exact
functor. Give the category that serves as the “domain” of each functor.

10. (a) Recall that a sequence

S W � � � !Mn�1 !Mn !MnC1 ! � � �

of R-modules and R-module homomorphisms is exact if it is exact at Mn for
each n 2 Z. If R and S are rings, prove that F W ModR ! ModS is an exact
functor, (that is, F preserves short exact sequences) if and only if for every
exact sequence S in ModR, the sequence

F .S/ W � � � ! F .Mn�1/! F .Mn/! F .MnC1/! � � �

is exact in ModS . Make and prove a similar statement for a contravariant func-
tor F . [Hint: Exercise 2 in Problem Set 3.2. Consider the short exact sequences

0! Ker fn�1 !Mn�1 ! Ker fn ! 0 and

0! Ker fn !Mn ! Ker fnC1 ! 0;

where � � � !Mn�1
fn�1
���!Mn

fn
�!MnC1 ! � � � is an exact sequence in S:]

(b) If F WModR !ModS is an exact functor and 0!M1 !M !M2 ! 0

is a split short exact sequence in ModR, then does 0 ! F .M1/ ! F .M/ !

F .M2/! 0 split in ModS?

3.4 Equivalent Categories and Adjoint Functors

TwoR-modulesM andN are isomorphic if there areR-linear mappings f WM ! N

and g W N !M such that fg D idN and gf D idM . There is an analogous concept
for categories.

Definition 3.4.1. A functor F W C ! D is said to be a category isomorphism if there
is a functor G W D ! C such that F G D IdD and GF D IdC . When such a functor
F exists, C and D are said to be isomorphic categories. The notation C Š D will
indicate that C and D are isomorphic.

Examples

1. The identity functor IdC W C ! C is a category isomorphism.

2. Let C and D be categories and form the product category C �D . Suppose that
F W C � D ! D � C is such that F ..A;B// D .B;A/ and F ..f; g// D

.g; f /. Next, let G W D � C ! C � D be defined by G ..B;A// D .A;B/

and G ..g; f // D .f; g/. Then F G D IdD�C and GF D IdC�D , so
C �D Š D � C .
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Nontrivial isomorphic categories do not occur very often. A more commonly oc-
curring situation is described by the following definition and examples.

Definition 3.4.2. Let F ;G W C ! D be functors and suppose that for each object
A of C there is a morphism �A W F .A/ ! G .A/ in D such that for each morphism
f W A! B in C the diagram

F .A/
�A� G .A/

F .B/

F .f /

�
�B� G .B/

G .f /

�

is commutative. Then the class of morphisms � D ¹�A W F .A/ ! G .A/º, indexed
over the objects of C , is said to be a natural transformation from F to G . Such
a transformation, also called a functorial morphism, will be denoted by � W F ! G .
If �A is an isomorphism in D for each object A of C , then � is said to be a natural
isomorphism and F and G are said to be naturally equivalent functors, denoted by
F � G .

A composition of natural transformations can also be defined. Let F ;G ;H W

C ! D be functors and suppose that 
 W F ! G and � W G ! H are natu-
ral transformations. Then �
 W F ! H is the natural transformation defined by
.�
/A D �A
A W F .A/! H .A/ for each object A of C .

If F W C ! D and G W D ! C are functors such that GF � IdC and F G � IdD ,
then C and D are said to be equivalent categories, denoted by C � D , and we say
that the pair .F ;G / gives a category equivalence between C and D . If F and G are
contravariant functors such that GF � IdC and F G � IdD , then the pair .F ;G /
is said to be give a duality between C and D and we say that C and D are dual
categories. We write C � Dop to indicate that C and D are dual categories.

Examples

3. If F W C ! D is a functor, then � W F ! F such that �A W F .A/! F .A/ is
the identity morphism idF .A/ for each object A of C is a natural transformation
called the identity natural transformation.

4. For a given set X , let F .X/ be the free R-module on X . In view of the first Re-
mark of Section 2.2, each element of F .X/ can be written as

P
X xax , where

ax D 0 for almost all x 2 X , and X is a basis for F .X/. If f W X ! Y

is a function, then we have an R-linear map F .f / W F .X/ ! F .Y / defined
by F .f /.

P
X xax/ D

P
X f .x/ax . This gives a functor F W Set ! ModR

called the free module functor. Next, for each R-module M strip the mod-
ule structure from M and consider M simply as a set. With this done, if f W
M ! N is an R-linear map, then f is now just a mapping from the set M to
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the set N . Thus, F .M/ is a free module onM and F .f / W F .M/! F .N / is
an R-linear mapping. Consequently, we have a functor F W ModR ! ModR.
If �M W M ! F .M/ is defined by �M .x/ D x, for each R-module M , then
the diagram

IdModR.M/
�M� F .M/

IdModR.N /

IdModR .f /

�
�N� F .N /

F .f /

�

is commutative and � is a natural transformation from the functor IdModR W

ModR !ModR to the functor F WModR !ModR.

5. Let M be a fixed R-module and suppose that

F M ;FM WModR !ModR

are such that:

(a) F M .N / D N ˚M for each R-module N .

(b) If f W N1 ! N2 is anR-linear mapping, then F M .f / W N1˚M ! N2˚M

is such that F M .f /..x; y// D .f .x/; y/.

(c) FM .N / DM ˚N for each R-module N .

(d) If f W N1 ! N2 is anR-linear mapping, then FM .f / WM˚N1 !M˚N2
is such that FM .f /..y; x// D .y; f .x//.

Now let � W F M ! FM be the natural transformation such that for each R-
module N , �N W F

M .N /! FM .N / is given by �N ..x; y// D .y; x/. Then �
is a natural isomorphism and we have F M � FM .

The proof of the following proposition is left to the reader.

Proposition 3.4.3. If F ;G W C ! D are functors, then a natural transformation
� W F ! G is a natural isomorphism if and only if there is a natural transformation
��1 W G ! F such that ��1A �A D idF .A/ and �A�

�1
A D idG .A/ for each object A

of C .

Adjoints

There is also an adjoint connection that may occur between two functors. Such a re-
lation holds between the functors � ˝R X W ModR ! ModS and HomS .X;�/ W
ModS !ModR, where RXS is an .R; S/-bimodule.
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Definition 3.4.4. If F W C ! D and G W D ! C are functors, then F is said to be
a left adjoint of G and G is a right adjoint of F if for each object A of C and each
object B of D there is a bijection

�AB W MorD.F .A/; B/! MorC .A;G .B//

that is a natural transformation in A and in B . We will refer to the family of mappings
� D ¹�ABº.A;B/2C�D as an adjoint transformation. Such transformation is said to
be natural in A if when B is fixed and A is allowed to vary, the diagram

MorD.F .A
0/; B/

�A0B� MorC .A
0;G .B//

MorD.F .A/; B/

F .f /�

�
�AB� MorC .A;G .B//

f �

�

is commutative for each morphism f W A! A0 in C . Likewise, such a transformation
is said to be natural in B if whenever A is fixed and B is allowed to vary, the diagram

MorD.F .A/; B/
�AB� MorC .A;G .B//

MorD.F .A/; B
0/

g�

�
�AB0� MorC .A;G .B

0//

G .g/
�

�

is commutative for each morphism g W B ! B 0 in D . If there is an adjoint transfor-
mation � W F ! G , then .F ;G / is said to be an adjoint pair.

Example

6. Let F W Set ! ModR be the free module functor of Example 4 and let
G W ModR ! Set be the forgetful functor which takes each R-module to
its underlying set and each R-linear mapping to its underlying function. For
each set X and each R-module M , each function f W X ! G .M/ can be ex-
tended linearly to an R-linear mapping Nf W F .M/! M . The correspondence
�XM .f / D f jX has an inverse given by ��1XM .f / D

Nf and this establishes
a bijection

�XM W HomR.F .X/;M/! MorSet.X;G .M//:

If � D ¹�XM º.X;M/2Set�ModR , then � W F ! G is an adjoint transformation
and .F ;G / is an adjoint pair.

Now let R and S be rings, suppose that RXS is an .R; S/-bimodule and consider
the following:
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A. Define F W ModR ! ModS as follows: Set F .M/ D M ˝R X for each
R-moduleM and note thatM ˝X is an S -module if we set .x˝y/s D x˝ys
for x ˝ y 2 M ˝R X and s 2 S . Also if f W M ! M 0 is an R-linear
mapping, then .f ˝ idX /..x ˝ y/s/ D .f ˝ idX /.x ˝ ys/ D f .x/˝ ys D

.f .x/˝y/s D .f ˝ idX /.x˝y/s. Hence, if F .f / D f ˝ idX , then it follows
that F.f / W M ˝R X ! M ˝R X is S -linear. Consequently, F is a functor
from ModR to ModS .

B. Let G W ModS ! ModR be such that G .N / D HomS .X;N /. Then
HomS .X;N / is an R-module if we set .ga/.x/ D g.ax/ for each g 2

HomS .X;N /, a 2 R and x 2 X . Moreover, if f W N ! N 0 is an S -linear map,
then G .f / D f� W HomS .X;N / ! HomS .X;N 0/ is an R-linear mapping
since f�.ga/.x/ D f .ga/.x/ D .fg/.ax/ D ..fg/a/.x/ D .f�.g/a/.x/, so
f�.ga/ D f�.g/a. It follows that G is a functor from ModS to ModR.

The following proposition establishes an important connection between the functors
F .�/ D �˝R X and G .�/ D HomS .X;�/ described in A and B above.

Proposition 3.4.5 (Adjoint Associativity). If R and S are rings and RXS is an
.R; S/-bimodule, then .� ˝R X , HomS .X;�// is an adjoint pair and the adjoint
transformation �D ¹�MN º.M;N/2ModR�ModS gives a natural isomorphism of abelian
groups

�MN W HomS.M ˝R X;N/! HomR.M;HomS .X;N //

for each object .M;N / in ModR �ModS :

Proof. Suppose that M is an R-module and that N is an S -module. If f 2
HomS .M˝RX;N/, let �MN .f / WM ! HomS .X;N / be defined by �MN .f /.x/D
fx , where fx 2 HomS .X;N / is such that fx.y/ D f .x ˝ y/. Then fx is clearly an
S -linear mapping since f is. Note also that sinceX is a leftR-module, HomS .X;N /
is an R-module, so .fxa/.y/ D fx.ay/ D f .x˝ ay/ D f .xa˝y/ D fxa.y/. This
gives fxa D fxa and we see that �MN .f /.xa/ D fxa D fxa D �MN .f /.x/a.
Therefore, �MN .f / 2 HomR.M;HomS .X;N // as required. If f and g are in
HomS .M˝RX;N/, then a direct computation shows that �MN .f Cg/D �MN .f /C
�MN .g/, so we have established a group homomorphism

�MN W HomS.M ˝R X;N/! HomR.M;HomS.X;N //:

To show that �MN is an isomorphism, we will show that �MN has an inverse.
Let f 2 HomR.M;HomS .X;N //. Since f .x/ 2 HomS .X;N / for each x 2 M ,
this gives a mapping M ! HomS .X;N / defined by x 7! fx , where f .x/ D fx .
Moreover, fx.y/ 2 N for each y 2 X . If Nf is defined on the set M � X by
Nf W M � X ! N , where Nf ..x; y// D fx.y/, then Nf .xa; y/ D fxa.y/ D
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Œf .xa/�.y/ D Œf .x/�.ay/ D fx.ay/ D Nf .x; ay/ for each a 2 R and it follows
that Nf is R-balanced. Thus, by the definition of a tensor product, there is a unique
group homomorphism g W M ˝R X ! N such that g.x ˝ y/ D fx.y/ which is
easily seen to be S -linear. If we now define

��1MN W HomR.M;HomS .X;N //! HomS .M ˝R X;N/;

by ��1MN .f / D g, then ��1MN is an inverse function for �MN , so �MN is a group
isomorphism.

If we fix N and allow M to vary, then we get a commutative diagram,

HomS .M
0˝RX;N/

�M 0N� HomR.M
0;HomS.X;N /

HomS .M˝RX;N/

.f˝idX /�

�
�MN� HomR.M;HomS .X;N /

f �

�

where f W M ! M 0. Thus, �MN is natural in M . Similarly, �MN is natural in N ,
so �MN is a natural group isomorphism.

There is another form of Proposition 3.4.5. The proof is an exercise.

Proposition 3.4.6 (Adjoint Associativity). If R and S are rings and RM , SXR and

SN are modules, then there is a natural abelian group isomorphism

�MN W HomS .X ˝RM;N/! HomR.M;HomS .X;N //

and .X ˝R �;HomS .X;�// is an adjoint pair.

Problem Set 3.4

1. Verify that the transformation � of Example 5 is a natural isomorphism.

2. Prove Proposition 3.4.3.

3. If R is a commutative ring, then are the functors

�˝RM WModR !ModR and M ˝R � WModR !ModR

naturally equivalent?

4. Verify the details of Example 6.

5. Prove that the function ��1
MN given in the proof of Proposition 3.4.5 is an inverse

function for �MN .

6. Show that the diagram given in the proof of Proposition 3.4.5 is commutative.
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7. Prove that the transformation �MN established in the proof of Proposition 3.4.5
is natural in N .

8. Prove Proposition 3.4.6. [Hint: Make the necessary changes to the proof of
Proposition 3.4.5.]

9. Let M 0 ! M ! M 00 ! 0 be a sequence of R-modules and R-module homo-
morphisms. If 0 ! HomR.M 00; N / ! HomR.M;N / ! HomR.M 0; N / is
exact in Ab for every R-module N , prove that M 0 !M !M 00 ! 0 is exact.

10. Let F W ModR ! ModS and G W ModS ! ModR be functors. If .F ;G / is
an adjoint pair, prove that F is right exact and G is left exact. [Hint: If M 0 !
M ! M 00 ! 0 is exact, then we need to show that F .M 0/ ! F .M/ !

F .M 00/! 0 is exact. Consider the commutative diagram

0 � HomS.F .M
00/; N / � HomS.F .M/;N / � HomS.F .M

0/; N /

0 � HomR.M
00;G .N //

�
� HomR.M;G .N //

�
� HomRM

0;G .N //;

�

where the down arrows are natural isomorphisms andN is any S -module. Show
that the top row is exact and consider Exercise 9.] The fact that G is left exact
has a similar proof.

Observe that if .F ;G / is an adjoint pair, then F may not be left exact and
G need not be right exact as is pointed out by the adjoint pair .� ˝R X ,
HomS .X;�//.

11. Let F W C ! D be a functor that has a right adjoint G W D ! C . Prove that
G is unique up to natural isomorphism. Conclude that a similar proof will show
that if G W D ! C is a functor that has a left adjoint F W C ! D , then F is
unique up to natural isomorphism.
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Chain Conditions

We begin with a discussion of the generation and cogeneration of modules which is
followed by an introduction to chain conditions on modules. Chain conditions play
an important role in the classification of rings.

4.1 Generating and Cogenerating Classes

Recall that a (finite) subset X of an R-module M is a (finite) set of generators of M
if M D

P
X xR. If S is a set of submodules of M such that M D

P
S N , then S is

said to spanM . Recall also that every moduleM has at least one set X of generators,
namely the set X DM .

Proposition 4.1.1. The following are equivalent for an R-module M .

(1) For every family ¹M˛º� of submodules of M such that ¹M˛º� spans M there
is a finite subset ± � � such that ¹M˛º± spans M .

(2) If ¹M˛º� is any family of R-modules, then for every set of R-linear mappings
¹f˛ W M˛ ! M º� such that ¹Im f˛º� spans M there is a finite subset ± � �
such that ¹Im f˛º± spans M .

(3) For every family ¹M˛º� of R-modules for which there is an epimorphismL
�M˛!M there is a finite subset ± �� and an epimorphism

L
±M˛!M .

(4) M is finitely generated.

Proof. .1/) .2/ is obvious.
.2/ ) .3/. If ' W

L
�M˛ ! M is an epimorphism and i˛ W M˛ !

L
�M˛ is

the ˛th canonical injection, then f˛ D 'i˛ W M˛ ! M for each ˛ 2 � is such that
¹Im f˛º� spans M . Thus, by .2/ there is a finite subset ± � � such that ¹Imf˛º±
spans M and this gives an epimorphism

L
± M˛ !M .

.3/ ) .4/. Every R-module is the homomorphic image of a free R-module, so
there is a set � and an epimorphism R.�/ ! M . Thus, by .3/ there is a finite set
± � � and an epimorphism ' W R.±/ !M . If we let ± D ¹1; 2; : : : nº and if ¹eiºniD1
is the canonical basis for the free R-module R.n/, then the finite set X D ¹'.ei /ºniD1
will generate M .
.4/ ) .1/. Let ¹M˛º� be a family of submodules of M that spans M . If X D
¹x1; x2; : : : ; xnº is a finite set of generators of M , then M D

Pn
iD1 xiR D

P
�M˛.



Section 4.1 Generating and Cogenerating Classes 105

Thus, for each i , there is a finite set ±i � � such that xi 2
P
±i
M˛. If ± D

Sn
iD1 ±i ,

then ± � � and ¹M˛º± spans M . Hence, we have .1/.

Because of the equivalence of .3/ and .4/ in the previous proposition, we can now
make a more general observation regarding what it means for a module to be generated
by a set of R-modules.

Definition 4.1.2. AnR-moduleM is said to be generated by a set ¹M˛º� ofR-mod-
ules if there is an epimorphism

L
�M˛ ! M . A class C of R-modules is said to

generate ModR if every R-module M is generated by a set ¹M˛º� of modules in C .
In this case, we also say that C is a class of generators for ModR. An R-module M
is said to generate an R-module N if there is an epimorphism M .�/ ! N for some
set �. If C D ¹M º generates ModR, then we will simply say that M generates
ModR.

It is obvious that ModR has the class of all R-modules as a class of generators.
Moreover, if f W M ! N is an epimorphism, then any set of modules that generates
M will also generate N . Consequently, if M is finitely generated, then so is N . Note
also that every module is the homomorphic image of a free R-module, so R generates
ModR.

Due to Proposition 4.1.1 anR-moduleM is finitely generated if and only if for each
set of submodules ¹M˛º� such thatM D

P
�M˛, there is a finite subset ± � � such

that M D
P
±M˛. This leads to the following definition of a finitely cogenerated

module.

Definition 4.1.3. An R-module M is said to be finitely cogenerated if whenever
¹M˛º� is a set of submodules of M such that

T
�M˛ D 0 there is a finite subset

± � � such that
T
± M˛ D 0.

Proposition 4.1.4. The following are equivalent for an R-module M .

(1) M is finitely cogenerated.

(2) For every family ¹M˛º� of R-modules and each family ¹f˛ W M ! M˛º� of
R-linear mapping with

T
� Ker f˛ D 0 there is a finite subset ± of � such thatT

± Ker f˛ D 0.

(3) For every family ¹M˛º� of R-modules for which there is a monomorphism
M !

Q
�M˛ there is a finite subset ± � � and a monomorphism M !Q

± M˛.

Proof. .1/) .2/ is clear.
.2/ ) .3/. If � W M !

Q
�M˛ is a monomorphism, then

T
� Ker.�˛�/ D 0,

where �˛ W
Q
�M˛ ! M˛ is the ˛th canonical projection for each ˛ 2 �. By

assumption there is a finite subset ± � � such that
T
± Ker.�˛�/ D 0 and this gives

a monomorphism M !
Q
± M˛.
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.3/ ) .1/. Let ¹M˛º� be a family of submodules of M such that
T
�M˛ D 0.

If �˛ W M ! M=M˛ is the natural mapping for each ˛ 2 �, then � W M !Q
�M=M˛ defined by �.x/ D .�˛.x// is such that Ker� D

T
�M˛ D 0, so �

is a monomorphism. But .3/ gives a finite subset ± � � and a monomorphism
M !

Q
±M=M˛. Thus,

T
±M˛ D 0 and so we have (1).

Definition 4.1.5. An R-module M is said to be cogenerated by a set ¹M˛º� of R-
modules if there is a monomorphism M !

Q
�M˛. A class C of R-modules is said

to be a class of cogenerators for ModR if every R-module is cogenerated by a set
of modules in C . In this case, we will say that C cogenerates ModR. If C D ¹M º,
then an R-module N is cogenerated by M if there is a set � and a monomorphism
N ! M�. If C D ¹M º and C cogenerates ModR, then we say that M cogenerates
ModR.

It is clear that ModR has the class of all R-modules as a class of cogenerators. Fur-
thermore, if an R-module M is (finitely) cogenerated by ¹M˛º�and if f W N ! M

is a monomorphism, then ¹M˛º� also (finitely) cogenerates N .

Problem Set 4.1

1. If M and N are R-modules, prove that M (finitely) generates N if an only if
there is a (finite) subset H � HomR.M;N / such that N D

P
H Im f .

2. Let M and N be R-modules. Prove that M generates N if and only if for
each nonzero R-linear mapping f W N ! N 0 there is an R-linear mapping
h WM ! N such that f h ¤ 0.

3. Prove that the following are equivalent for R-modules M and N .

(a) N is cogenerated by M .

(b) For each x 2 N , x ¤ 0, there is an R-linear map f W N ! M such that
f .x/ ¤ 0.

Conclude that M is a cogenerator for ModR if and only if for each R-module
N and each x 2 N , x ¤ 0, there is an R-linear mapping f W N !M such that
f .x/ ¤ 0.

4. Let M and N be R-modules. Prove that M cogenerates N if and only if for
each nonzero R-linear mapping f W N 0 ! N there is an R-linear mapping
h W N !M such that hf ¤ 0.

5. (a) Let C1 and C2 be classes of R-modules. If every module in C2 is generated
by a set of modules in C1 and C2 generates ModR, prove that C1 also generates
ModR.

(b) Show that a class C generates ModR if and only if R is generated by a set
of modules in C .
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6. Let C be a class of R-modules and suppose that ¹M˛º� � C is a set such that
M˛ ©Mˇ when ˛ ¤ ˇ. If each module in C is isomorphic to anM˛ 2 ¹M˛º�,
then ¹M˛º� is said to be a complete set of representatives of the modules in C .

(a) If C is a class of generators for ModR and if ¹M˛º� is a complete set of
representatives of C , prove that

L
�M˛ generates ModR:

(b) If C is a class of cogenerators for ModR and if ¹M˛º� is a complete set of
representatives of C , prove that

Q
�M˛ cogenerates ModR.

7. (a) Prove that an R-module N is cogenerated by a set ¹M˛º� of R-modules
if and only if there is a set N of submodules of N such that N=N 0 embeds in
some Mˇ 2 ¹M˛º� for each N 0 2 N and

T
N N 0 D 0.

(b) Let C1 and C2 be classes of R-modules. If every module in C2 is cogener-
ated by a set of modules in C1 and C2 cogenerates ModR, prove that C1 also
cogenerates ModR.

8. If M and N are R-modules, prove that M (finitely) cogenerates N if and only
if there is a (finite) subset H � HomR.N;M/ such that

T
H Ker f D 0.

4.2 Noetherian and Artinian Modules

In this section we investigate the ascending and descending chain conditions on mod-
ules. As we will see, there is a connection between modules that satisfy the ascending
(descending) chain condition and modules that are finitely generated (finitely cogen-
erated).

Definition 4.2.1. An R-module M is said to satisfy the ascending chain condition if
whenever

M1 �M2 �M3 � � � �

is an ascending chain of submodules of M , there is a positive integer n such that
Mi DMn for all i 	 n. In this case, we say that the chain terminates atMn or simply
that the chain terminates. An R-module that satisfies the ascending chain condition is
called noetherian. If the ring R is noetherian when viewed as an R-module, then R
is said to be a right noetherian ring. Noetherian left R-modules and left noetherian
rings are defined in the obvious way. A ring R that is left and right noetherian is a
noetherian ring.

Examples

1. The Ring of Integers. The ring of integers Z is noetherian and, in fact, every
principal ideal ring is noetherian (Corollary 4.2.12).
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2. FiniteR-modules. Any finiteR-module is noetherian and ifM is anR-module
with the property that every submodule of M is finitely generated, then, as we
will see, M is noetherian.

3. Finite Dimensional Vector Spaces. Any finite dimensional vector space over a
division ring D is noetherian while an infinite dimensional vector space over D
is not. If V is infinite dimensional with basis ¹x˛º�, then card.�/ 	 @0. If
� D ¹˛1; ˛2; ˛3; : : :º � �; then Vn D

Ln
iD1 x˛iD is a subspace of V for each

n 	 1 and V1 � V2 � V3 � � � � is an ascending chain of subspaces of V that
fails to terminate.

4. Right noetherian but not left noetherian. There are rings that are right
noetherian but not left noetherian and conversely. For example, the matrix ring

R D

�
Z Q
0 Q

�

D

²�
a11 a12
0 a22

� ˇ
ˇ
ˇ
ˇ a11 2 Z; a12; a22 2 Q

³

is right noetherian but not left noetherian. Indeed, the only ascending chains of
right ideals of R are of the form

�
I1 Q
0 0

�

�

�
I2 Q
0 0

�

�

�
I3 Q
0 0

�

� � � � and

�
I1 Q
0 Q

�

�

�
I2 Q
0 Q

�

�

�
I3 Q
0 Q

�

� � � �

where I1 � I2 � I3 � � � � is an ascending chain of ideals of Z. But Z is
noetherian, so any such chain in R must terminate since I1 � I2 � I3 � � � �

terminates. On the other hand, Q is not noetherian when viewed as a Z-module.
Hence, if S1 � S2 � S3 � � � � is a nonterminating chain of Z-submodules
of Q, then

�
0 S1
0 0

�

�

�
0 S2
0 0

�

�

�
0 S3
0 0

�

� � � �

is a nonterminating chain of left ideals of R.

Definition 4.2.2. An R-module M is said to satisfy the descending chain condition
if whenever

M1 �M2 �M3 � � � �

is a descending chain of submodules of M , there is a positive integer n such that
Mi D Mn for all i 	 n. In this case, we say that the chain terminates at Mn. An
R-module that satisfies the descending chain condition is called artinian. If the ring
R is artinian when considered as an R-module, then R is said to be a right artinian
ring. Artinian left R-modules and left artinian rings are defined analogously. A ring
R that is left and right artinian is said to be an artinian ring.
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Examples

5. Noetherian but not artinian. We have seen in Example 1 that the ring of
integers Z is noetherian. However Z is not artinian since, for example,

.2/ � .4/ � .8/ � � � � � .2n/ � � � �

is a chain of ideals of Z that does not terminate. Consequently, there are rings
that are noetherian but not artinian. The converse is false. We will see in a later
chapter that every right (left) artinian ring is right (left) noetherian.

6. Right artinian but not left artinian. The matrix ring
�
Q R
0 R

�

D

²�
a11 a12
0 a22

� ˇ
ˇ
ˇ
ˇ a11 2 Q; a12; a22 2 R

³

is right artinian but not left artinian. Thus, there are right artinian rings that are
not left artinian. Similarly, there are left artinian rings that are not right artinian.

7. Division Rings. A division ring D is artinian and noetherian since the only
right or left ideals ofD are 0 andD. Furthermore, the n�nmatrix ring Mn.D/

is artinian and noetherian.

8. Direct Products. Let ¹MnºN be a family of nonzero R-modules. Then the
direct product

Q
NMn is neither noetherian nor artinian. If

Nn DM1 �M2 � � � � �Mn � 0 � 0 � � � �

for each n 	 1, then

N1 � N2 � N3 � � � �

is an ascending chain of submodules of
Q

NMn that fails to terminate. Like-
wise, if

Nn D 0 � 0 � � � � � 0 �Mn �MnC1 � � � � ;

then

N1 � N2 � N3 � � � �

is a decreasing chain of submodules of
Q

NMn that does not terminate.

Proposition 4.2.3. The following are equivalent for an R-module M .

(1) M is noetherian.

(2) Every nonempty collection of submodules ofM , when ordered by inclusion, has
a maximal element.

(3) Every submodule of M is finitely generated.
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Proof. .1/ ) .2/. Suppose that S is a nonempty collection of submodules of M .
If M1 2 S and M1 is maximal in S , then we are finished. If M1 is not maximal
in S , then there is an M2 2 S such that M1   M2. If M2 is maximal in S , then
the proof is complete. If M2 is not maximal in S , then there is an M3 2 S such that
M1   M2   M3. Continuing in this way, we see that if S fails to have a maximal
element, then we can obtain an ascending chain M1  M2  M3   � � � that does not
terminate and so M is not noetherian. Hence, if M is noetherian, then S must have
a maximal element.
.2/) .3/. Let N be a submodule of M and suppose that S is the set of all finitely

generated submodules of N . Note that S ¤ ¿ since the zero submodule is in S . Now
let N � be a maximal element of S . If N � D N , then N is finitely generated and the
proof is complete. IfN � ¤ N , let x 2 N �N �. ThenN �CxR is a finitely generated
submodule of N that properly contains N �, a contradiction. Therefore, it must be the
case that N D N �.
.3/ ) .1/. If M1 � M2 � M3 � � � � is an ascending chain of submod-

ules of M , then
S1
iD1Mi is a finitely generated submodule of M . Furthermore,

if ¹x1; x2; : : : ; xmº is a set of generators of
S1
iD1Mi , then there is an integer n 	 1

such that ¹x1; x2; : : : ; xmº � Mn. Hence, Mn D
S1
iD1Mi , so Mi D Mn for all

i 	 n. Thus, M is noetherian.

The following proposition is dual to the previous proposition.

Proposition 4.2.4. The following are equivalent for an R-module M .

(1) M is artinian.

(2) Every nonempty collection of submodules of M has a minimal element.

(3) Every factor module of M is finitely cogenerated.

(4) If ¹M˛º� is a family of submodules of M , there is a finite subset ± of � such
that

T
±M˛ D

T
�M˛.

Proof. .1/) .2/. Let S be a nonempty collection of submodules of M and suppose
that S does not have a minimal element. IfM1 is a submodule ofM that is in S , then
M1 must have proper submodules that are in S for otherwiseM1 would be a minimal
submodule of S . If M2 2 S is a proper submodule of M1, then the same reasoning
applied to M2 shows that there is an M3 2 S that is properly contained in M2. If this
is continued, then we have a decreasing chain M1 ¡M2 ¡M3 ¡ � � � of submodules
of M that does not terminate. Thus, M is not artinian. Hence, if M is artinian, then
.2/ must hold.
.2/) .3/. Let N be a submodule ofM and suppose that ¹M˛=N º� is a family of

submodules of M=N such that
T
�.M˛=N/ D 0. If

S D
°\

�

M˛

ˇ
ˇ � a finite subset of �

±
;
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choose ± � � to be such that
T
±M˛ is minimal in S . If

T
± M˛ ¤ N , thenT

± M˛ ¡
T
�M˛ D N , so we can find a ˇ 2 � such that

T
± M˛ ¡

T
±[¹ˇºM˛.

But this would mean that
T
± M˛ is not a minimal element of S . Thus,

T
±M˛ D N

and this gives
T
± .M˛=N/ D 0. Hence, M=N is finitely cogenerated.

.3/ ) .1/. Suppose that M1 � M2 � � � � is a decreasing chain of submodules
of M and let N D

T
NMi . Then M1=N � M2=N � � � � is a decreasing chain of

submodules ofM=N and
T

N.Mi=N/ D 0. Thus, there is a finite subset ± of N such
that

T
± .Mi=N/ D 0. Hence, Mn D

T
±Mi D N for some integer n 	 1. If k 	 n,

then Mk � N DMn, so Mk DMn for all k 	 n. Thus, M is artinian.
.1/, .4/ is Exercise 8.

Remark. If S is a nonempty collection of submodules of an R-module M , then
we say that the submodules in S satisfy the ascending (descending) chain condi-
tion if every ascending (descending) chain M1 � M2 � M3 � � � � .M1 � M2 �

M3 � � � � / of submodules in S terminates. If the submodules in S satisfy the ascend-
ing (descending) chain condition, even though M may not be noetherian (artinian),
it is not difficult to show that there is a submodule in S that is maximal (minimal)
among the submodules in S .

The following two propositions hold for artinian and for noetherian modules.
A proof of the noetherian case is given for each proposition with the artinian case left
as an exercise. Before beginning, we point out the obvious fact that if f W M ! N

is an isomorphism, then M is noetherian (artinian) if and only if N is noetherian
(artinian).

Proposition 4.2.5. Let N be a submodule of M . Then M is noetherian (artinian) if
and only if N and M=N are noetherian (artinian).

Proof. Suppose that M is noetherian. If N is a submodule of M , then any ascending
chain of submodules of N is an ascending chain of submodules of M and so must
terminate. Hence,N is noetherian. Next, note that any ascending chain of submodules
of M=N is of the form

M1=N �M2=N �M3=N � � � � ; (4.1)

where

M1 �M2 �M3 � � � � (4.2)

is an ascending chain of submodules of M with each module in the chain contain-
ing N . Since the chain (4.2) terminates, the chain (4.1) must also terminate, so M=N
is noetherian.

Conversely, suppose that N and M=N are noetherian. Let

M1 �M2 �M3 � � � �
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be an ascending chain of submodules of M . Then

M1 \N �M2 \N �M3 \N � � � �

is an ascending chain of submodules of N , so there is an integer n1 	 1 such that
Mi \N DMn1 \N for all i 	 n1. Furthermore,

.M1 CN/=N � .M2 CN/=N � .M3 CN/=N � � � �

is an ascending chain of submodules of M=N and there is an integer n2 	 1 such
that .Mi C N/=N D .Mn2 C N/=N for all i 	 n2. Let n D max.n1; n2/. Then
Mi \ N D Mn \ N and .Mi C N/=N D .Mn C N/=N for all i 	 n. If i 	 n

and x 2 Mi , then x C N 2 .Mi C N/=N D .Mn C N/=N , so there is a y 2 Mn

such that x C N D y C N . This gives x � y 2 N and since Mn � Mi we have
x � y 2 Mi \ N D Mn \ N when i 	 n. If x � y D z 2 Mn \ N , then
x D y C z 2 Mn, so Mi � Mn. Hence, Mi D Mn whenever i 	 n, so M is
noetherian.

Corollary 4.2.6. If 0 ! M1 ! M ! M2 ! 0 is a short exact sequence of
R-modules and R-module homomorphisms, then M is noetherian (artinian) if and
only if M1 and M2 are noetherian (artinian).

Example 8 shows that an infinite direct product of noetherian (artinian) R-modules
need not be noetherian (artinian). The situation changes when the indexing set is
finite.

Proposition 4.2.7. For any positive integer n, a direct sum
Ln
iD1Mi of R-modules

is noetherian (artinian) if and only if each Mi is noetherian (artinian).

Proof. Suppose that
Ln
iD1Mi is noetherian. Since submodules of noetherian mod-

ules are noetherian and since each Mi is isomorphic to a submodule of
Ln
iD1Mi , it

follows that each Mi is noetherian.
Conversely, suppose that each Mi is noetherian. Suppose also that

Lm
iD1Mi is

noetherian for each integer m such that 1 � m < n. Then the short exact sequence
0 !

Ln�1
iD1Mi !

Ln
iD1Mi ! Mn ! 0 and Corollary 4.2.6 show that

Ln
iD1Mi

is noetherian. The result follows by induction.

Corollary 4.2.8. A ring R is right noetherian (artinian) if and only if the free R-
module R.n/ is noetherian (artinian) for each integer n 	 1.

Definition 4.2.9. A nonzero R-module M is said to be decomposable if there are
nonzero submodules N1 and N2 of M such that M D N1˚N2I otherwise M is said
to be indecomposable.

We now prove a property of artinian and noetherian modules that will be useful in
a subsequent chapter.
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Proposition 4.2.10. If M is a nonzero noetherian or a nonzero artinian R-module,
then M is a finite direct sum

M DM1 ˚M2 ˚ � � � ˚Mn

of indecomposable R-modules.

Proof. Let M be a nonzero noetherian R-module. If M is indecomposable, then we
are done, so suppose that M is not indecomposable and that M fails to have such
a decomposition. Since M is not indecomposable, we may write M D X ˚ Y . At
least one of X and Y cannot be a finite direct sum of its indecomposable submodules.
Suppose this is the case for X . Then X is not indecomposable, and we can write
X D X 0 ˚ Y 0 and at least one of X 0 and Y 0 cannot be a finite direct sum of its
indecomposable submodules. If this is X 0, then X 0 cannot be indecomposable and
we can write X 0 D X 00 ˚ Y 00. Continuing in this way we obtain as ascending chain
Y � Y ˚ Y 0 � Y ˚ Y 0 ˚ Y 00 � � � � of submodules of M that fails to terminate.
This contradicts the fact that M is noetherian, so it must be the case that M can be
expressed as a finite direct sum of indecomposable submodules. In the artinian case,
X � X 0 � X 00 � � � � fails to terminate.

Proposition 4.2.11. The following are equivalent for a ring R.

(1) R is right noetherian.

(2) Every finitely generated R-module is noetherian.

(3) Every right ideal of R is finitely generated.

Proof. .1/ ) .2/. If R is right noetherian, then by considering Corollary 4.2.8 we
see that R.n/ is a noetherian R-module for each integer n 	 1. Also if M is a finitely
generated R-module, then M is the homomorphic image of R.n/ for some integer
n 	 1. Hence, M is noetherian, since Corollary 4.2.6 shows that homomorphic
images of noetherian modules are noetherian.
.2/ ) .3/. R is generated by 1, so RR is noetherian. Proposition 4.2.3 gives the

result.
.3/) .1/. This follows immediately, again from Proposition 4.2.3.

Corollary 4.2.12. Every principal ideal ring is noetherian.

Example

9. If K is a field and I is an ideal of KŒX�, then I D .p.X//, where p.X/ is
a monic polynomial in I of minimal degree. Thus, KŒX� is a principal ideal
domain and so Corollary 4.2.12 shows that KŒX� is noetherian.

We now investigate a concept possessed by modules that are artinian and noethe-
rian.
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Definition 4.2.13. A decreasing chain

M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D 0

of submodules of a nonzero R-module M is said to be a composition series of M if
Mi is a maximal submodule of Mi�1 for i D 1; 2; : : : ; n. The simple R-modules
Mi�1=Mi are said to be the composition factors of the composition series and the
integer n is the length of the composition series. If

(1) M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D 0 and

(2) M D N0 ¡ N1 ¡ N2 ¡ � � � ¡ Nm D 0
are composition series for M , then .1/ and .2/ are said to be equivalent composition
series if m D n and there is a permutation

� W ¹1; 2; : : : ; nº ! ¹1; 2; : : : ; nº

such that Mi�1=Mi Š N	.i/�1=N	.i/ for i D 1; 2; : : : ; n.

We see from the definition that equivalent composition series determine, up to iso-
morphism, the same set of composition factors.

Proposition 4.2.14. A nonzero R-module M has a composition series if and only if
it is artinian and noetherian.

Proof. If M has a composition series, then among all the composition series of M
there is one of minimal length, say n. If n D 1, then M is a simple R-module, so M
is clearly artinian and noetherian. Now suppose that any module with a composition
series of length less than n is artinian and noetherian and letM DM0 ¡M1 ¡ � � � ¡
Mn D 0 be a composition series of M of length n. Then M1 ¡ � � � ¡ Mn D 0 is
a composition series of M1 of length less than n, so M1 is artinian and noetherian.
SinceM=M1 is a simple R-module,M=M1 is also artinian and noetherian, so Propo-
sition 4.2.5 shows that M is artinian and noetherian. It follows by induction that any
module with a composition series must be artinian and noetherian.

Conversely, suppose that M is artinian and noetherian. Then in view of Propo-
sition 4.2.3, M has a maximal submodule M1. But Proposition 4.2.5 shows that
submodules of noetherian modules are noetherian, so let M2 be a maximal submod-
ule of M1. At this point, we have M D M0 ¡ M1 ¡ M2, where M1 is a maximal
submodule ofM andM2 is a maximal submodule of M1. Continuing in this way, we
obtain a decreasing chain M D M0 ¡ M1 ¡ M2 ¡ � � � of submodules of M such
that Mi is a maximal submodule of Mi�1 for i D 1; 2; 3; : : : . Since M is artinian,
this chain must terminate at some Mn and we have constructed a composition series
for M:
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Corollary 4.2.15. If 0 ! M1 ! M ! M2 ! 0 is an exact sequence of nonzero
R-modules and R-module homomorphisms, then M has a composition series if and
only if M1 and M2 have a composition series.

Proof. This follows immediately from the proposition and Corollary 4.2.6.

The zero module is artinian and noetherian, so in order to remain consistent with
Proposition 4.2.14, we will say that the zero module has a composition series by
definition.

The following proposition is well known. It establishes the fact that the length
of a composition series of an R-module M is an invariant and that, after a suitable
reordering, the composition factors of any two composition series of the module are
pairwise isomorphic.

Proposition 4.2.16 (Jordan–Hölder). If a nonzero R-module M has a composition
series, then any two composition series of M are equivalent.

Proof. Let M be a nonzero R-module. If M has composition series, then among all
the composition series of M there is one of minimal length . The proof proceeds by
induction on the length of this “minimal” composition series . If an R-module M has
a composition series M D M0 ¡ M1 D 0 of minimal length 1, then 0 is a maximal
submodule of M , so M is a simple R-module. It is immediate from this observa-
tion that if an R-module has a composition series with minimal length 1, then all of
its composition series are equivalent . Next, make the induction hypothesis that if
an R-module has a composition series of minimal length less than n, then all of its
composition series are equivalent. Let M be an R-module with composition series

M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D 0 (4.3)

of minimal length n and suppose that

M D N0 ¡ N1 ¡ N2 ¡ � � � ¡ Nm D 0 (4.4)

is also a composition series of M . We will show that (4.3) and (4.4) are equivalent.
Consider

M1 ¡M2 ¡ � � � ¡Mn D 0 and (4.5)

N1 ¡ N2 ¡ � � � ¡ Nm D 0 (4.6)

which are composition series of M1 and N1. Note that the length of (4.5) is less
than n. Moreover, the length of (4.5) must be minimal, for if not, then the length of
(4.3) is not minimal. If M1 D N1, then (4.5) and (4.6) are composition series of M1,
so the induction hypothesis shows that (4.5) and (4.6) are equivalent and this in turn



116 Chapter 4 Chain Conditions

renders (4.3) and (4.4) equivalent. If M1 ¤ N1, then M1 C N1 D M since N1 is
a maximal submodule of M . Therefore,

M=M1 D .M1 CN1/=M1 Š N1=.M1 \N1/ and (4.7)

M=N1 D .M1 CN1/=N1 ŠM1=.M1 \N1/; (4.8)

so M1 \ N1 is a maximal submodule of M1 and of N1, since M=M1 and M=N1 are
simpleR-modules. Using Proposition 4.2.14 we see thatM is artinian and noetherian
and Proposition 4.2.5 indicates thatM1\N1 is artinian and noetherian. Thus,M1\N1
has a composition series

M1 \N1 D X0 ¡ X1 ¡ X2 ¡ � � � ¡ Xs D 0; so

M1 ¡ X0 ¡ X1 ¡ X2 ¡ � � � ¡ Xs D 0 and (4.9)

N1 ¡ X0 ¡ X1 ¡ X2 ¡ � � � ¡ Xs D 0 (4.10)

are composition series of M1 and N1, respectively. But M1 has a composition series
(4.5) of minimal length less than n and so by the induction hypothesis, (4.5) and (4.9)
are equivalent. Hence, the composition series

M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D 0 and (4.3)

M DM0 ¡M1 ¡ X0 ¡ X1 ¡ X2 ¡ � � � ¡ Xs D 0 (4.11)

of M are equivalent. Since the equivalence of (4.3) and (4.11) gives s < n � 1, N1
has a composition series (4.10) of length less than n, so N1 has a composition series
of minimal length which is less than n. Therefore, the induction hypothesis shows
that any two composition series of N1 are equivalent. Hence, we see that

M D N0 ¡ N1 ¡ N2 ¡ � � � ¡ Nm D 0 and (4.4)

M D N0 ¡ N1 ¡ X0 ¡ X1 ¡ X2 ¡ � � � ¡ Xs D 0 (4.12)

are equivalent. Since (4.7) and (4.8) show that M=M1 Š N1=X0 and M=N1 Š
M1=X0, respectively, we see that (4.11) and (4.12) are equivalent. Therefore, we have
that (4.3) is equivalent to (4.11), that (4.11) is equivalent to .4:12) and that (4.12) is
equivalent to (4.4). Thus, (4.3) and (4.4) are equivalent.

We saw in Example 9 that if K is a field, then KŒX� is a noetherian ring. We close
this section with a more general result due to Hilbert.

Proposition 4.2.17 (Hilbert’s Basis Theorem). If R is a right (left) noetherian ring,
then so is the polynomial ring RŒX�.
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Proof. LetR be a right noetherian ring, suppose that A is a right ideal in RŒX� and let
An be the set of all a 2 R such that there is a polynomial inA of degree nwith leading
coefficient a. Then An together with the zero polynomial is easily seen to be a right
ideal of R. If a 2 An and p.X/ 2 A has degree n and a as its leading coefficient,
then p.X/X 2 A and p.X/X is of degree nC 1 with leading coefficient a. Hence,
a 2 AnC1, so An � AnC1 for all n 	 0. Therefore, A0 � A1 � A2 � � � � is an
ascending chain of right ideals of R. But R is noetherian, so there is a nonnegative
integer n0 such that Ai D An0 for all i 	 n0. Furthermore, each Ai is finitely

generated, so for each i with 0 � i � n0, let ¹aij º
k.i/
jD1 be a finite set of generators

of Ai , with k depending on i . Next for i D 0; 1; 2; : : : ; n, let pij .X/ D X iaij C � � �
be a polynomial in A of degree i with leading coefficient aij . We claim that the finite
set of polynomials ¹pij .X/º

n0
iD0 is a set of generators for A.

Among the polynomials inA that cannot be written as a finite linear combination of
the pij .X/, choose a polynomial q.X/ of minimal degree. If q.X/ D XmbC lower

terms, then b 2 Am and if m � n0, then Am is generated by the finite set ¹amj º
k.m/
jD1 :

If b D
Pk.m/
jD1 amjbj , then

q.X/ �

k.m/X

jD1

pmj .X/bj

D q.X/ � .pm1.X/b1 C pm2.X/b2 C � � � C pmk.m/.X/bk.m//

D .Xmb C lower terms/

� .Xmam1b1 C lower termsCXmam2b2 C lower terms

C � � � CXmamk.m/bk.m/ C lower terms/

D .Xmb C lower terms/

� .Xm.am1b1 C am2b2 C � � � C amk.m/bk.m//C lower terms/

D .Xmb C lower terms/

� .Xmb C lower terms/

D a polynomial with degree < m:

Thus, q.X/ �
Pk.m/
jD1 pmj .X/bj is a linear combination of the pij .X/. But this

implies that q.X/ is a linear combination of the pij .X/, a contradiction.

If m > n0, then Am D An0 , so Am is generated by ¹an0j º
k.n0/
jD1 and we can write

b D
Pk.n0/
jD1 an0jbj . In this case, we have a polynomial

q.X/ �

k.n0/X

jD1

pn0j .X/X
m�n0bj
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that, when expanded as above, is seen to have degree less than m. This again leads
to a contradiction, so the set of polynomials in A that cannot be written as a finite
linear combination of the pij .X/ is empty. Hence, A is finitely generated by the set
of polynomials ¹pij .X/º

n0
iD0, so RŒX� is a right noetherian ring.

Problem Set 4.2

1. Prove that a ring R is right noetherian if and only if every submodule of every
finitely generated R-module is finitely generated.

2. Prove that anR-moduleM is noetherian if and only ifM satisfies the ascending
chain condition on finitely generated submodules.

3. Suppose that ¹M˛º� is a family of submodules of an R-module M . If � is
well ordered, then ¹M˛º� is said to be a increasing chain (decreasing chain)
of submodules of M if M˛ � Mˇ .M˛ � Mˇ / whenever ˛ � ˇ. Show that
M is noetherian (artinian) if and only if every increasing (decreasing) chain of
submodules of M indexed over a well-ordered set terminates. [Hint: If M is
noetherian (artinian), then every nonempty collection of submodules of M has
a maximal (minimal) element.]

4. Prove Proposition 4.2.5 for the artinian case.

5. Prove Proposition 4.2.7 for the artinian case.

6. Verify Example 6.

7. Prove that every artinian R-module has at least one simple submodule.

8. Prove that M is an artinian R-module if and only if whenever ¹M˛º� is a fam-
ily of submodules of M , there is a finite subset ± of � such that

T
±M˛ DT

�M˛.

9. (a) If R is a right artinian ring, prove that if a; b 2 R are such that ab D 1, then
ba D 1. [Hint: Consider bR � b2R � b2R � � � � .]

(b) Prove that if R is a right artinian ring without zero divisors, then R is a divi-
sion ring. [Hint: Consider aR � a2R � a3R � � � � .]

10. Let f W R ! S be a ring homomorphism and suppose that M is an S -module.
Make M into an R-module by pullback along f . Prove that if M is noetherian
(artinian) as an R-module, then it is noetherian (artinian) as an S -module.

11. (a) If R is a right noetherian ring, show that the polynomial ring RŒX1; X2;
: : : ; Xn� in n commuting indeterminates X1; X2; : : : ; Xn is also right noethe-
rian.

(b) If R is right noetherian and A is an ideal of R, prove that R=A is a right
noetherian ring.
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12. (a) Show that if R is right artinian, then RŒX� need not be right artinian.

(b) If R is right artinian and A is an ideal of R, then is the ring R=A right
artinian?

13. Prove or give a counterexample to the following statement. A ring R is right
artinian if and only if every finitely generated R-module is artinian.

14. Prove that an endomorphism f WM !M of a noetherian (artinian) R-module
M is an isomorphism if and only if it is an epimorphism (a monomorphism).
[Hint: Consider the chain Ker f � Ker f 2 � Ker f 3 � � � � (M � Im f �

Im f 2 � Im f 3 � � � � ).]

15. Let M be an artinian and a noetherian R-module.

(a) Fitting’s lemma. Prove that if f W M ! M is R-linear, then M D

Im f n ˚ Ker f n for some positive integer n. [Hint: Im f n D Im f nC1 for
some positive integer n, so f n induces an epimorphism on the noetherian mod-
ule Im f n which, by Exercise 14, must be an isomorphism. Hence, Im f n \

Ker f n D 0. So if a 2M , then f n.a/ D f nC1.b/ for some b 2M .]

(b) If M is indecomposable, prove that an R-linear mapping f W M ! M is
either nilpotent or an isomorphism.

16. Let N be a submodule of an R-module M . A decreasing chain

M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D N

of submodules of an R-module M is said to be a composition series from M

to N if Mi is a maximal submodule of Mi�1 for i D 1; 2; : : : ; n. The simple
R-modules Mi�1=Mi are said to be the composition factors of the composition
series from M to N . If

(1) M DM0 ¡M1 ¡M2 ¡ � � � ¡Mn D N and

(2) M D N0 ¡ N1 ¡ N2 ¡ � � � ¡ Nm D N
are composition series from M to N , then .1/ and .2/ are said to be equivalent
composition series from M to N if m D n and there is a permutation

� W ¹1; 2; : : : ; nº ! ¹1; 2; : : : ; nº

such that Mi�1=Mi Š N	.i/�1=N	.i/ for i D 1; 2; : : : ; n.

(a) Show that there is a composition series from M to N if and only if M=N
has a composition series. Conclude that there is a composition series from M

to N if and only if M=N is artinian and noetherian.

(b) Show that any two composition series from M to N are equivalent.

(c) Let `.M/ denote the length of a composition series ofM . IfM has a compo-
sition series and N is a submodule ofM , then N andM=N have a composition
series. Prove that `.M/ D `.M=N/ C `.N /. Conclude that if 0 ! M1 !
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M ! M2 ! 0 is an exact sequence of R-modules and M has a composition
series, then M1 and M2 have composition series and `.M/ D `.M1/C `.M2/.

(d) If M has a composition series and M D
Ln
iD1Mi , prove that `.M/ DPn

iD1 `.Mi /.

4.3 Modules over Principal Ideal Domains

Principal ideal domains are noetherian and, as a consequence, every finitely generated
module over such a ring is noetherian. In this section we investigate the additional ef-
fects that a principal ideal domain has on its finitely generated modules. The two main
results, Proposition 4.3.21 (Invariant Factors) and Proposition 4.3.25 (Elementary Di-
visors), give the usual decompositions of finitely generated abelian groups when R is
the ring Z of integers. For example, see [10] or [20].

Before investigating these modules, we need to establish the “mathematical ma-
chinery” that will be required.

Throughout this section R will denote a commutative ring.

Definition 4.3.1. If a; b 2 R, then we say that b divides a if there is a c 2 R such
that a D bc. We write b j a when b divides a and b − a will indicate that b does not
divide a.

Definition 4.3.2. If a1; a2; : : : ; an are nonzero elements ofR; then a nonzero element
d 2 R is said to be a greatest common divisor of a1; a2; : : : ; an if the following
conditions are satisfied:

(1) d j ai for i D 1; 2; : : : ; n.

(2) If b 2 R and b j ai for each i , then b j d .

The notation gcd.a1; a2; : : : ; an/will be used for a greatest common divisor of a1; a2;
: : : ; an when it can be shown to exist. If a; b 2 R and gcd.a; b/ D 1, then a and b
are said to be relatively prime.

A greatest common divisor of a set of nonzero elements of R may fail to exist. The
case is different for a principal ideal ring.

Proposition 4.3.3. LetR be a principal ideal ring. If a1; a2; : : : ; an 2 R are nonzero,
then the elements a1; a2; : : : ; an have a greatest common divisor. Furthermore, if
gcd.a1; a2; : : : ; an/ D d , then there are elements s1; s2; : : : ; sn in R such that d D
a1s1 C a2s2 C � � � C ansn.

Proof. If .d/ D a1RC a2RC � � � C anR, then each ai is in .d/, so there is a bi 2 R
such that ai D dbi . Hence, d j ai for i D 1; 2; : : : ; n. Now d 2 a1R C a2R C

� � � C anR, so d has a representation as d D a1s1 C a2s2 C � � � C ansn for suitably
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chosen si in R. Finally, suppose that c j ai for i D 1; 2; : : : ; n and let di 2 R be such
that ai D cdi for i D 1; 2; : : : ; n. This gives d D .d1s1 C d2s2 C � � � C dnsn/c, so
c j d . Thus, d D gcd.a1; a2; : : : ; an/:

Definition 4.3.4. A nonzero nonunit element a 2 R is said to be irreducible if when-
ever a D bc, then either b or c is a unit. A nonzero nonunit element p 2 R is prime
if p j ab implies that p j a or p j b. Two elements a; b 2 R are associates if there is
a unit u 2 R such that a D bu.

In general, the greatest common divisor of a set of elements in R is not unique.
However, if R is an integral domain and if d and d 0 are greatest common divisors of
a set of nonzero elements of R, then d and d 0 are associates. Conversely, if d and d 0

are associates and if d is a greatest common divisor of a set of nonzero elements in an
integral domain R, then so is d 0.

Examples

1. It is easy to check that Œ2� is prime in Z6. However, Œ2� D Œ2�Œ4� and neither Œ2�
nor Œ4� is a unit in Z6. Hence, Œ2� is prime but not irreducible. Thus, in a com-
mutative ring, a prime element may not be irreducible.

2. Let R D ¹aC b
p
5i j a; b 2 Zº, where i D

p
�1. The mapping

N W R! Z such that N.aC b
p
5i/ D a2 C 5b2;

is such that N.xy/ D N.x/N.y/ for all x; y 2 R, u is a unit in R if and
only if N.u/ D 1, and N.x/ D 0 if and only if x D 0. It follows that 3 is
an irreducible element of R. Now 3 j 6 and 6 D .1 C

p
5i/.1 �

p
5i/, so

3 j .1C
p
5i/.1�

p
5i/. One can show that 3 − .1C

p
5i/ and 3 − .1�

p
5i/,

so in a commutative ring an irreducible element need not be prime.

3. If we remove the requirement that a ring has an identity and apply Definition
4.3.2 to the ring 2Z, then two or more elements may fail to have a greatest
common divisor. For example, 2 has no divisors in 2Z. Hence, if a 2 2Z, then
a and 2 do not have a common divisor much less a greatest common divisor.

Examples 1 and 2 show that in a commutative ring, prime and irreducible elements
may be distinct. However, if the ring is an integral domain, then prime and irreducible
elements take on characteristics enjoyed by a prime number in Z.

Proposition 4.3.5. The following hold in any integral domain.

(1) If a; b 2 R, then .a/ D .b/ if and only if a and b are associates.

(2) An element p 2 R is prime if and only if .p/ is a prime ideal of R.

(3) An element a 2 R is irreducible if and only if .a/ is a maximal ideal of R.
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(4) Every prime element of R is irreducible.

(5) The only divisors of an irreducible element of R are its associates and the units
of R.

(6) Every associate of a prime (irreducible) element of R is a prime (irreducible)
element of R.

Proof. We only prove part (4) of the proposition. The proofs the other parts can be
found in almost every undergraduate abstract algebra text. As a review, the reader can
elect to prove any of these that might be required to refresh his or her memory. So
let p be a prime element of R and suppose that p D ab. Then either p j a or p j b.
If p j a, then there is an element c 2 R such that a D pc. Thus, a D abc and so
bc D 1. Thus, b is a unit in R and so p is irreducible.

The converse of part (4) of Proposition 4.3.5 holds if the ring is a principal ideal
domain.

Proposition 4.3.6. If R is a principal ideal domain, then an irreducible element of R
is prime.

Proof. Suppose that p is irreducible and that p j ab. Then there is a c 2 R such
that pc D ab, so let .d/ D pR C aR. Since p 2 .d/, there is an r 2 R such that
p D dr . But p is irreducible, so either d or r is a unit in R. If d is a unit, then
pRC aR D R, so there are s; t 2 R such that 1 D psC at . Thus, b D bpsC bat D
bps C ptc D p.bs C tc/. Hence, p j b. If r is a unit in R, then d D pr�1 2 pR

and so pR C aR D .d/ � pR. Thus, a 2 pR, so p j a. Hence if p j ab, then p j a
or p j b, so p is prime.

Definition 4.3.7. Let R be an integral domain. Then R is said to be a factorization
domain if each nonzero nonunit a 2 R can be expressed as a D p1p2 � � �pn, where
the pi are not necessarily distinct irreducible elements of R. Each pi is a factor of
a and a D p1p2 � � �pn is said to be a factorization of a.as a product of irreducible
elements). If q1; q2; : : : ; qk are the distinct irreducible elements in the factorization
a D p1p2 � � �pn of a, then we can write a D q

n1
1 q

n2
2 � � � q

nk
k

, where each ni is
a positive integer and n D n1Cn2C� � �Cnk . If a itself is irreducible, then we consider
a to be a product of irreducible elements with one factor. If a D p1p2 � � �pn D

q1q2 � � � qm are two factorizations of a, then we say that the factorization is unique
up to the order of the factors and associates, if m D n and there is a permutation � W
¹1; 2; : : : ; nº ! ¹1; 2; : : : ; nº such that pi and q	.i/ are associates for i D 1; 2; : : : ; n.
When this holds, we simplify terminology and simply say that the factorization of a
is unique. If each nonzero nonunit of R has a unique factorization, then R is said to
be a unique factorization domain.

Proposition 4.3.8. Every principal ideal domain is a unique factorization domain.
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Proof. If a is a nonzero nonunit of R, then .a/ is contained in some maximal ideal
m. But .3/ of Proposition 4.3.5 indicates that m D .p1/ for some irreducible element
p1 2 R. Hence, a 2 .p1/, so there is a nonzero a1 2 R such that a D p1a1.
Thus .a/ � .a1/. If .a/ D .a1/, then a1 D ab for some b 2 R. But this gives
a D p1a1 D p1ab and so p1b D 1. Hence, p1 is a unit in R, a contradiction.
Therefore, .a/   .a1/. Repeating this procedure, starting with a1, gives an element
a2 2 R such that .a/   .a1/   .a2/ and an irreducible element p2 2 R such that
a1 D p2a2. Continuing we obtain an ascending chain of principal ideals .a/  
.a1/   .a2/   � � �   .an/   � � � , where an D pnan for some irreducible pn 2 R.
Now a principal ideal domain is noetherian, so this chain terminates. If the chain
terminates at .an/, then an is a unit in R and it follows that a D p1p2 � � �pn�1p

0
n,

where p0n D pnan and p0 is an irreducible element that is an associate of pn.
Finally, suppose that a D p1p2 � � �pn D q1q2 � � � qm are two factorizations of a

with n � m. Now p1 j .q1q2 � � � qm/, so since R is a principal ideal domain p1 is
prime, so p1 must divide some qi . Suppose that our notation is chosen so that this
is q1. Then q1 D p1u1 for some unit u1 2 R. Hence, we have p2p3 � � �pn D
uq2q3 � � � qm. Continuing in this way, after n steps we arrive at 1 D u1u2 � � �un �

qnC1 � � � qm. Since the qi are not units, this implies that m D n and so each pi is an
associate of some qj for 1 � i; j � n:

Recall that if M is an R-module over an integral domain, then an element x 2 M
is torsion if there is an a 2 R, a ¤ 0, such that xa D 0. Recall also that if zero is the
only torsion element of M , then M is said to be torsion free.

Definition 4.3.9. Let M be an R-module, suppose that x 2 M and let a 2 R. Then
we say that a divides x if there is a y 2 M such that x D ya. If the only divisors of
x are units of R, then x is a primitive element of M .

Note that if x 2 M and a is a unit in R, then x D ya, where y D xa�1. Thus, x
is divisible by every unit of R.

Lemma 4.3.10. Let F be a finitely generated free module over a principal ideal do-
main R. Then each x 2 F , x ¤ 0, may be written as x D x0a, where x0 is a primitive
element of F and a 2 R.

Proof. Let x be a nonzero element of F . If x is primitive, then there is nothing to
prove since x D x1. If x is not primitive, then x D x1a1, where x1 2 F and a1 is not
a unit in R. Thus, xR � x1R and we claim that this containment is proper. If xR D
x1R, then x1 D xb for some b 2 R, so x1 D x1a1b and therefore x1.1 � a1b/ D 0.
But a free module over an integral domain is torsion free. Indeed, let F be a free
module over an integral domain with basis ¹x˛º� and suppose that x is a torsion
element of F such that x D

P
� x˛a˛. If b 2 R, b ¤ 0, is such that xb D 0, then
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P
� x˛.a˛b/ D 0, so a˛b D 0 for each ˛ 2 �. Hence, each a˛ is zero and so x D 0

as asserted. Consequently, x1.1 � a1b/ D 0 gives a1b D 1 which indicates that a1
is a unit in R. Therefore, it must be the case that xR   x1R. If x1 is primitive,
then x D x1a1 and we are done. If x1 is not primitive, we can repeat the argument
with x1 to obtain x1 D x2a2, where a2 is not a unit in R. If x2 is primitive, then
x D x2a1a2 and we are done. If x2 is not primitive, then x1R   x2R. Continuing
in this way, we obtain an increasing chain xR   x1R   x2R   � � � of submodules
of F . Now R is noetherian and since F is finitely generated, Proposition 4.2.11
indicates that F is noetherian as well. Thus, the chain xR   x1R   x2R   � � � must
terminate. If the chain terminates at xnR, then xn is primitive and x D xna, where
a D a1a2 � � � an:

Free Modules over a Principal Ideal Domain

The necessary “ground work” has now been established and we can investigate the
structure of modules over principal ideal domains. The first step is to consider free
modules over these rings. One basic result is given by the following proposition. The
proof is delayed until Chapter 5, where it is part of Proposition 5.2.16.

Proposition 4.3.11. If R is a principal ideal domain and M is a submodule of a free
R-module F , then M is free and rank.M/ � rank.F /.

Lemma 4.3.12. Let R be a principal ideal domain and suppose that F is a free R-
module with basis ¹x˛º�. If x 2 F , x ¤ 0, and x D

P
� x˛a˛, where a˛ D 0 for

almost all ˛ 2 �, then x is primitive if and only if gcd¹a˛ j a˛ ¤ 0º D 1.

Proof. Suppose that x 2 F is primitive and let x D
P
� x˛a˛, where a˛ D 0 for

almost all ˛ 2 �. If d D gcd¹a˛ j a˛ ¤ 0º, then x D d.
P
� x˛b˛/, where a˛ D

db˛ for all ˛ 2 �. Since x is primitive, d is a unit, so d and 1 are associates. Thus,
1 is a greatest common divisor of ¹a˛ j a˛ ¤ 0º. Conversely, suppose that gcd¹a˛ j
a˛ ¤ 0º D 1 and let x D ya. If y D

P
� x˛c˛ with c˛ D 0 for almost all ˛ 2 �,

then
P
� x˛a˛ D x D ya D

P
� x˛.c˛a/. But ¹x˛º� is a basis for F , so a˛ D c˛a

for all ˛ 2 �. Hence, a j a˛ for each ˛ 2 �, so a j .gcd¹a˛ j a˛ ¤ 0º D 1/.
Thus, a is a unit, so x is primitive.

Given a primitive element x of a free module F over an principal ideal domain, we
now show that a basis of F can always be found that contains x. The proof of this
result is by induction, so we first prove this fact for a free module of rank 2.

Lemma 4.3.13. Let R be a principal ideal domain and suppose that F is a free
R-module of rank 2. If x is a primitive element of F , then there is a basis of F
containing x.
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Proof. Let ¹x1; x2º be a basis for F and suppose that x D x1a1 C x2a2. If x is
primitive, then gcd¹a1; a2º D 1, so there are s1; s2 2 R such that a1s1 C a2s2 D 1.
If x02 D �x1s2 C x2s1, then a routine calculation shows that

x1 D xs1 � x
0
2a2 and x2 D xs2 C x

0
2a1:

But ¹x1; x2º generates F , so it follows that ¹x; x02º generates F . Finally, suppose that
xb1 C x

0
2b2 D 0. Then

.x1a1 C x2a2/b1 C .�x1s2 C x2s1/b2 D 0 or

x1.a1b1 � s2b2/C x2.a2b1 C s1b2/ D 0:

Thus,

a1b1 � s2b2 D 0 and a2b1 C s1b2 D 0:

Multiplying the first of the last pair of equations by s1 and the second by s2 and
adding gives b1 D .a1s1 C a2s2/b1 D 0. Similarly, b2 D 0, so x and x02 are linearly
independent. Consequently, ¹x; x02º is a basis for F:

Proposition 4.3.14. Let R be a principal ideal domain and suppose that F is a free
R-module . If x is a primitive element of F , then there is a basis of F containing x.

Proof. Let x be a primitive element of F and suppose that the rank of F is finite. If
¹x1º is a basis for F , then there is an a 2 R such that x D x1a. But x is primitive,
so a is a unit in R. Hence, xR D x1R, so ¹xº is a basis of F . Now suppose
that rank.F / D n and make the induction hypothesis that the proposition is true for
any free module with rank less than n. If ¹x1; x2; : : : ; xnº is a basis for F , then
there are ai 2 R such that x D x1a1 C x2a2 C � � � C xnan. If an D 0, then
x 2M D x1R˚ x2R˚ � � � ˚ xn�1R and M is a free R-module of rank less that n.
The induction hypothesis gives a basis ¹x; x02; : : : ; x

0
n�1º of M and it follows that

¹x; x02; : : : ; x
0
n�1; xnº is a basis of F that contains x. If an ¤ 0, let y D x1a1 C

x2a2 C � � � C xn�1an�1, so that x D y C xnan. If y D 0, then x D xnan, so an
is a unit since x is primitive. Thus, ¹x1; x2; : : : ; xn�1; xº is a basis of F . If y ¤ 0,
then we can write y D y0b, where y0 is a primitive element of F and b is a nonzero
element of R. We claim that y0 and xn are linearly independent. If

y 0c1 C xnc2 D 0;

then y 0bc1 C xnbc2 D 0 gives yc1 C xnbc2 D 0. Thus,

x1a1c1 C x2a2c1 C � � � C xn�1an�1c2 C xnbc2 D 0

and so a1c1 D a2c1 D � � � D an�1c1 D bc2 D 0. Since b ¤ 0; c2 D 0, so
y 0c1 D 0. Now F is free, so F is torsion free and so since y0 is primitive and
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therefore nonzero, it must be the case that c1 D 0. Hence, y0R ˚ xnR is a rank 2
R-module and x 2 y0R˚xnR since x D y0bCxnan. Thus, Lemma 4.3.13 indicates
that y0R ˚ xnR has a basis ¹x; y00º. It follows that ¹x; x02; : : : x

0
n�1; y

00º is a basis
for F , so the proposition holds for all free R-modules of finite rank.

Finally, let F be a free R-module of infinite rank and suppose that ¹x˛º� is a basis
for F . If ¹x˛1 ; x˛2 ; : : : ; x˛nº � ¹x˛º� and a1; a2; : : : ; an 2 R are such that x D
x˛1a1Cx˛2a2C � � �Cx˛nan, then x 2 F 0 D x˛1R˚x˛2R˚ � � �˚x˛nR and F 0 is
a free module with finite rank. Hence, from what we have just proved in the previous
paragraph , there is a basis B0 ofF 0 that contains x. It follows that B D B0[.¹x˛º��

¹x˛1 ; x˛2 ; : : : ; x˛nº/ is a basis of F that contains x, so the proof is complete.

The next proposition will play a central role when we develop the structure of
finitely generated modules over a principal ideal domain. But first we need the fol-
lowing definition.

Definition 4.3.15. Let F be a free module over a principal ideal domain R: If x 2 F
and x D x0a, where x0 is a primitive element of F , then a is said to be the content
of x, denoted by c.x/.

Let F be a free module over a principal ideal domain R and assume that ¹x˛º�
is a basis for F . Let x 2 F , x ¤ 0, and suppose that x D x0c.x/, where x0 is
a primitive element of F . If x0 D

P
� x˛a˛, where a˛ D 0 for almost all ˛ 2 �,

then x D
P
� x˛.a˛c.x// D

P
� x˛c˛, where c˛ D a˛c.x/ for each ˛ 2 �. Since

x0 is primitive, Lemma 4.3.12 shows that gcd¹a˛ j a˛ ¤ 0º D 1, so c.x/ D gcd¹c˛ j
c˛ ¤ 0º.

Proposition 4.3.16. Suppose that F is a free module over a principal ideal do-
main R. If M is a submodule of F of finite rank k.M is free by Proposition 4.3.11),
then there is a basis B of F , a subset ¹x1; x2; : : : ; xkº of B, and nonzero elements
a1; a2; : : : ; ak 2 R such that ¹x1a1; x2a2; : : : ; xkakº is a basis for M and ai j aiC1
for i D 1; 2; : : : ; k � 1.

Proof. If M D 0, there is nothing to prove, so assume that M ¤ 0. We proceed by
induction on k, the rank of M . If k D 1, then M has a basis ¹xº for some x 2 M .
Thus, x D x0c.x/, where x0 2 F is primitive. Due to Proposition 4.3.14 there is
a basis B of F that contains x0, so if we let a1 D c.x/ and x0 D x1, then x D x1a1
and ¹x1a1º is a basis forM . Clearly, a1 ¤ 0 and, moreover, the divisibility condition
vacuously holds.

Now assume that the proposition holds for any submodule of F of rank less than k
and let S D ¹.c.x// j x 2M º. Since R is noetherian, Proposition 4.2.3 indicates that
S has a maximal element, say .c.x//. Then x 2 M and x D x0c.x/, where x0 2 F
is primitive. Let x1 D x0, let a1 D c.x/ and suppose that B is a basis of F that
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contains x1. If B0 D B � ¹x1º and F 0 is the submodule of F generated by B0, then
we claim that

M D x1a1R˚ .F
0 \M/:

Since x1a1R � x1R and .F 0 \M/ � F 0, we immediately see that

x1a1R \ .F
0 \M/ � x1R \ F

0 D 0:

Hence, we need to show that M � x1a1R C .F 0 \M/. If y 2 M , then we can use
the basis B to write

y D x1b C
X

B0

zaz;

where az D 0 for almost all z 2 B0. If d D gcd¹a1; bº, then there are s1; s2 2 R
such that d D a1s1 C bs2. If w D xs1 C ys2, then

w D x1a1s1 C
�
x1b C

X

B0

zaz

�
s2

D x1.a1s1 C bs2/C
X

B0

z.azs2/

D x1d C
X

B0

z.azs2/:

If w D w0c.w/, then, since w0 can be expressed as a linear combination of elements
of B, we see c.w/ divides each coefficient in the expression x1dC

P
B0 z.azs2/, and

therefore c.w/ j d . Hence, .a1/ � .d/ � .c.w// and the maximality of .a1/ gives
.a1/ D .d/ D .c.w//. Thus, d D a1b0 for some b0 2 R and we have y D .x1a1/b0CP

B0 zaz . Now y 2M and .x1a1/b0 D xb0 2M , so
P

B0 zaz D y�.x1a1/b
0 2M .

Therefore,

y D .x1a1/b
0 C

X

B0

zaz 2 x1a1RC .F
0 \M/

and so

M D x1a1R˚ .F
0 \M/:

Hence,

rank.F 0 \M/ D rank.M/ � 1 D k � 1;

so by the induction hypothesis there is a basis B 00 of F 0 and a subset ¹x2; x3; : : : ; xkº
of B 00 and nonzero elements a2; a3; : : : ; ak 2 R such that ¹x2a2; x3a3; : : : ; xkakº
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is a basis for F 0 \ M , where ai j aiC1 for i D 2; 3; : : : ; k � 1. It follows that
¹x1a1; x2a2; : : : ; xkakº is a basis forM , so the proof will be complete if we can show
that a1 j a2. Let y D x1a1Cx2a2. If y D y0c.y/, where y0 is primitive in F , then the
observation immediately following Definition 4.3.15 shows that gcd¹a1; a2º D c.y/.
Hence, .a1/ � .c.y// and so the maximality of .a1/ gives .a1/ D .c.y//. Thus,
a1 j a2 and we are done.

Finitely Generated Modules over a Principal Ideal Domain

We are now in a position to begin development of the structure of finitely generated
modules over a principal ideal domain.

Proposition 4.3.17. Let M be a finitely generated module over a principal ideal do-
main R. Then M is a direct sum of nonzero cyclic submodules

M D x1R˚ x2R˚ � � � ˚ xnR

and ann.x1/ � ann.x2/ � � � � � ann.xn/.

Proof. Let ¹z1; z2; : : : ; znº be a minimal set of nonzero generators of M . Then there
is an epimorphism ' W R.n/ ! M defined by '..ri // D

Pn
iD1 ziri . If K D Ker',

then R.n/=K Š M and since R.n/ is a free R-module of rank n, Proposition 4.3.11
indicates that K is a free R-module of rank k with k � n. Hence, Proposition 4.3.16
gives a basis ¹b1; b2; : : : ; bnº of R.n/ and nonzero elements a1; a2; : : : ; ak 2 R such
that ¹b1a1; b2a2; : : : ; bkakº is a basis of K and ai j aiC1 for i D 1; 2; : : : ; k � 1. If
'.bi / D xi for i D 1; 2; : : : ; n, then ¹x1; x2; : : : ; xnº is a set of generators of M , so
we have

M D x1RC x2RC � � � C xnR:

We claim that this sum is direct. To see this, it suffices to show that if x1r1 C x2r2 C
� � � C xnrn D 0 in M , then x1r1 D x2r2 D � � � D xnrn D 0. From

'.b1r1 C b2r2 C � � � C bnrn/ D '.b1/r1 C '.b2/r2 C � � � C '.bn/rn

D x1r1 C x2r2 C � � � C xnrn

we see that

b1r1 C b2r2 C � � � C bnrn 2 K D b1a1R˚ b2a2R˚ � � � ˚ bkakR

when x1r1 C x2r2 C � � � C xnrn D 0. Since ¹b1; b2; : : : ; bnº is a basis for R.n/, it
follows that ri D aisi for some si 2 R for i D 1; 2; : : : ; k and ri D 0 for i D
k C 1; : : : ; n. Now xiri D '.bi /aisi D '.biaisi / D 0 since biaisi 2 K for
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i D 1; 2; : : : ; k. Hence, x1r1 C x2r2 C � � � C xnrn D 0 gives x1r1 D x2r2 D � � � D

xnrn D 0, so

M D x1R˚ x2R˚ � � � ˚ xnR;

as asserted.
Finally, note that ann.xi / D .ai / for i D 1; 2; : : : ; k and ann.xi / D 0 for i D

k C 1; : : : ; n. Moreover, Proposition 4.3.16 gives ai j aiC1 for i D 1; 2; : : : ; k � 1,
so we have

ann.x1/ � ann.x2/ � � � � � ann.xn/:

Recall that if R is an integral domain, then the set t .M/ of torsion elements of an
R-module M is a submodule of M called the torsion submodule of M .

Proposition 4.3.18. Let M be a finitely generated module over a principal ideal do-
main R. Suppose also that M is a direct sum of nonzero cyclic submodules

M D x1R˚ x2R˚ � � � ˚ xnR

such that ann.x1/ � ann.x2/ � � � � � ann.xn/. Then there are nonnegative integers
s and k such that k C s D n and such that

M D t .M/˚R.s/; where t .M/ D x1R˚ x2R˚ � � � ˚ xkR

and R.s/ D 0 if k D n and t .M/ D 0 when s D n:

Proof. Suppose that

M D x1R˚ x2R˚ � � � ˚ xnR and ann.x1/ � ann.x2/ � � � � � ann.xn/:

If k 2 ¹1; 2; : : : ; nº is the largest integer such that ann.xk/ ¤ 0, then ann.xkC1/
D � � � D ann.xn/ D 0, so xiR Š R for i D k C 1; : : : ; n. Hence, if s D n � k, then

M D x1R˚ x2R˚ � � � ˚ xkR˚R
.s/:

If x D x1r1 C x2r2 C � � � C xkrk C rkC1 C � � � C rn is a torsion element of M ,
then there is a nonzero a 2 R, such that xa D 0, But then rkC1a D � � � D rna D 0,
so rkC1 D � � � D rn D 0. Thus, t .M/ � x1R ˚ x2R ˚ � � � ˚ xkR. Conversely, if
ann.xk/ D .ak/ ¤ 0, then .x1R˚ x2R˚ � � �˚ xkR/ak D 0, so x1R˚ x2R˚ � � �˚
xkR � t .M/. Hence,

t .M/ D x1R˚ x2R˚ � � � ˚ xkR:

There is more that can be said about a decomposition of M such as that given in
Proposition 4.3.18. Actually, the integers s and k are unique and the summands xiR
are unique up to isomorphism. To address uniqueness, we need the following lemma.
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Lemma 4.3.19. Let M be a finitely generated torsion module over a principal ideal
domain R and suppose that p is a prime in R. If x 2 M and p j a, where .a/ D
ann.x/, then ann.xp/ D .c/, where a D pc. Furthermore, if x0 2 M is such that
ann.xp/ D ann.x0p/, then ann.x/ D ann.x0/.

Proof. Suppose that ann.x/ D .a/ and let a D pc. If r 2 .c/, then r D cs for some
s 2 R. Hence, pr D pcs, so xpr D xas D 0. Thus, r 2 ann.xp/ and we have
.c/ � ann.xp/. Conversely, if r 2 ann.xp/, then xpr D 0, so pr 2 ann.x/ D .a/. If
pr D at , then pr D pct , so r D ct . Hence, r 2 .c/, so we have ann.xp/ � .c/ and
therefore ann.xp/ D .c/.

Finally, let ann.xp/ D .c/ and ann.x 0p/ D .c0/, where a D pc and a0 D pc0.
If ann.xp/ D ann.x0p/, then .c/ D .c0/. Hence, there is a unit u 2 R such that
c D c0u. But then pc D pc0u, so a D a0u. Thus, .a/ D .a0/, so we have ann.x/ D
ann.x0/:

Proposition 4.3.20. Let M be a finitely generated module over a principal ideal do-
main. If

M D x1R˚ x2R˚ � � � ˚ xkR˚R
.s/; (4.13)

where ann.x1/ � ann.x2/ � � � � � ann.xk/ ¤ 0

and

M D x01R˚ x
0
2R˚ � � � ˚ x

0
k0 ˚R

.s0/; (4.14)

where ann.x01/ � ann.x02/ � � � � � ann.x0k0/ ¤ 0;

then s D s0, k D k0, ann.xi / D ann.x0i/ and xiR Š x0iR for i D 1; 2; : : : ; k.

Proof. Suppose thatM is finitely generated and satisfies the conditions given in (4.13)
and (4.14). As in the proof of Proposition 4.3.18, we can show that

t .M/ D x1R˚ x2R˚ � � � ˚ xkR D x
0
1R˚ x

0
2R˚ � � � ˚ x

0
k0R:

Hence,

M D t .M/˚R.s/ and M D t .M/˚R.s
0/; so

R.s/ ŠM=t.M/ Š R.s
0/:

Since R is an IBN-ring, it follows that s D s0.
Next, let m be a maximal ideal that contains ann.x1/ Then m D .p/ and, by

Propositions 4.3.5 and 4.3.6, p is a prime. It follows that p j ai , where .ai / D ann.xi /
for i D 1; 2; : : : ; k. Let T D t .M/ and consider

T=Tp Š x1R=x1pR˚ x2R=x2pR˚ � � � ˚ xkR=xkpR and (4.15)

T=Tp Š x01R=x
0
1pR˚ x

0
2R=x

0
2pR˚ � � � ˚ x

0
k0R=x

0
k0pR: (4.16)
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Now each xiR=xipR ¤ 0, since if xiR D xipR, then xi D xips for some s 2 R.
But then .1 � ps/ 2 ann.xi / � .p/. If 1 � ps D pt , then 1 D p.s C t / indicates
that p is a unit in R which cannot be the case. Similarly, x0iR=x

0
ipR ¤ 0. Now

R=.p/ is a field and T=Tp is a vector space over R=.p/, so we see from (4.15) that
dim.T=Tp/ D k. Similarly, from (4.16) we have dim.T=Tp/ D k0. But a field is an
IBN-ring, so k D k0.

Note next that

ann.T / D ann.x1/ \ ann.x2/ \ � � � \ ann.xk/

D ann.xk/:

A similar observation gives ann.T / D ann.x0
k
/. Let ann.T / D .a/ and suppose that

a D p
n1
1 p

n2
2 � � �p

nt
t is a factorization of a. If n D n1 C n2 C � � � C nt , then we set

#.T / D n and proceed by induction on n. If n D 1, then a D p and ann.xk/ D
ann.x0

k
/ D ann.T / D .p/. But .p/ is a maximal ideal of R, so we see that

ann.x1/ D ann.x2/ D � � � D ann.xk/ D .p/ and

ann.x01/ D ann.x02/ D � � � D ann.x0k/ D .p/:

Hence, the proposition holds if n D 1.
Next, suppose that the proposition holds for any torsion module T 0 satisfying

#.T 0/ < n. Now

Tp Š x1pR˚ x2pR˚ � � � ˚ xkpR and Tp Š x01pR˚ x
0
2pR˚ � � � ˚ x

0
kpR;

are torsion R-modules such that

ann.x1p/ � ann.x2p/ � � � � � ann.xkp/ ¤ 0 and

ann.x01p/ � ann.x02p/ � � � � � ann.x0kp/ ¤ 0:

Since p j a, where .a/ D ann.Tp/, then p is one of the primes in the factorization
of a. If p D pi , then ann.Tp/ D .p

n1
1 p

n2
2 � � �p

ni�1
i�1 p

niC1
iC1 � � �p

nt
t /, so we see that

#.Tp/ D n � 1. Hence, the induction hypothesis gives ann.xip/ D ann.x0ip/ for
i D 1; 2; : : : ; k. Thus, by Lemma 4.3.19, we see that ann.xi / D ann.x0i / for i D
1; 2; : : : ; k. It follows that

xiR Š R= ann.xi / D R= ann.x0i/ Š x
0
iR;

so the proof is complete.

We can now present one form of a decomposition of a finitely generated module
over a principal ideal domain.
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Proposition 4.3.21 (Invariant Factors). LetR be a principal ideal domain. Then each
finitely generated R-module M has a decomposition

M D x1R˚ x2R˚ � � � ˚ xkR˚R
.s/; where

ann.x1/ � ann.x2/ � � � � � ann.xk/ ¤ 0:

The integers s and k are unique, xiR is unique up to isomorphism for i D 1; 2; : : : ; k
and t .M/ D x1R ˚ x2R ˚ � � � ˚ xkR. Furthermore, there are a1; a2; : : : ; ak 2 R
such that

M Š R=.a1/˚R=.a2/˚ � � � ˚R=.ak/˚R
.s/ and

ai j aiC1 for i D 1; 2; : : : ; k � 1:

Proof. Propositions 4.3.17, 4.3.18 and 4.3.20.

Corollary 4.3.22. If R is a principal ideal domain, then a finitely generated R-mod-
ule is torsion free if and only if it is free.

Definition 4.3.23. The unique integer s of Proposition 4.3.21 is called the free-rank
of M . Furthermore, the ai of Proposition 4.3.21 are unique up to associates and are
called the invariant factors of M .

Proposition 4.3.21 is not the complete story regarding the decomposition of a fi-
nitely generated module over a principal ideal domain. Each cyclic summand xiR
can also be decomposed further as a direct sum of cyclic modules. If x 2 M and
ann.x/ D .a/, then the observation that xR Š R=.a/ leads to the following.

Lemma 4.3.24. If R is a principal ideal domain and a 2 R, a ¤ 0, factors as a D
p
n1
1 p

n2
2 � � �p

nj
j , where the pi are distinct primes in R and ni 	 1 for i D 1; 2; : : : ; j ,

then

R=.a/ Š R=.p
n1
1 /˚R=.p

n2
2 /˚ � � � ˚R=.p

nj
j /:

Proof. Since the pi are distinct primes, gcd.pnh
h
; p
ni
i / D 1; 1 � h; i � j , with

h ¤ i . Thus, Proposition 4.3.3 gives sh; si 2 R such that 1 D pnh
h
shCp

ni
i si . Hence,

if r 2 R, then r D p
nh
h
shr C p

ni
i sir , so R D .p

nh
h
/C .p

ni
i /. Therefore, the ideals

.p
n1
1 /; .p

n2
2 /; : : : ; .p

nj
j / are pairwise comaximal. The ring homomorphism

' W R! R=.p
n1
1 /˚R=.p

n2
2 /˚ � � � ˚R=.p

nj
j / defined by

'.r/ D .r C .p
n1
1 /; r C .p

n2
2 /; : : : ; r C .p

nj
j //

has kernel .pn11 /\ .p
n2
2 /\ � � � \ .p

nj
j /. Since the ideals .pn11 /; .p

n2
2 /; : : : ; .p

nj
j / are

pairwise comaximal, ' is an epimorphism and

.a/ D .p
n1
1 /.p

n2
2 / � � � .p

nj
j / D .p

n1
1 / \ .p

n2
2 / \ � � � \ .p

nj
j /:

Thus, the Chinese Remainder Theorem proves the proposition.
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Proposition 4.3.25 (Elementary Divisors). If M is a finitely generated module over
a principal ideal domain R, then

M Š R=.p
n1
1 /˚R=.p

n2
2 /˚ � � � ˚R=.p

nt
t /˚R

.s/;

where pn11 ; p
n2
2 ; : : : p

nt
t are positive powers of not necessarily distinct primes p1; p2;

: : : ; pt in R.

Proof. Proposition 4.3.21 shows that

M D x1R˚ x2R˚ � � � ˚ xkR˚R
.s/ and

ann.x1/ � ann.x2/ � � � � � ann.xk/ ¤ 0;

where the integers s and k are unique and each xiR is unique up to isomorphism.
If a1; a2; : : : ; ak 2 R are such that ann.xi / D .ai /, then xiR Š R=.ai / for i D
1; 2; : : : ; k. If ai D p

n1i
1i
p
n2i
2i
� � �p

nji
ji

is a factorization for ai as a product of distinct
primes, for i D 1; 2; : : : ; k, then as in Lemma 4.3.24, we see that

R=.ai / Š R=.p
n1i
1i
/˚R=.p

n2i
2i
/˚ � � � ˚R=.p

nji
ji
/

for each i . Hence,

M Š

kM

iD1

R=.ai /˚R
.s/

Š

kM

iD1

ŒR=.p
n1i
1i
/˚R=.p

n2i
2i
/˚ � � � ˚R=.p

nji
ji
/�˚R.s/:

If we let ¹pn11 ; p
n2
2 ; : : : ; p

nt
t º be the set of primes ¹p

n1i
1i
; p
n2i
2i
; : : : ; p

nji
ji
ºkiD1, then the

proof is complete. Note that it may be the case that a prime appearing in a factoriza-
tion of ai may also appear in a factorization of aj ; 1 � i; j � k, so the primes in
¹p
n1
1 ; p

n2
2 ; : : : ; p

nt
t º may not be distinct.

Definition 4.3.26. The positive powers pn11 ; p
n2
2 ; : : : ; p

nt
t of the not necessarily dis-

tinct primes p1; p2; : : : ; pt , given in Proposition 4.3.25 are called the elementary di-
visors ofM .

Example

4. Consider the Z-moduleM D Z4�Z4�Z3�Z9�Z5�Z7�Z49. The elementary
divisors of M are 22; 22; 3; 32; 5; 7 and 72. The largest invariant factor is the
least common multiple of the elementary divisors. This gives 22�32�5�72 D
8820. Eliminating the elementary divisors used in the product 22 � 32 � 5 � 72

from the elementary divisor list gives 22; 3; 7. The least common multiple of
these integers is 22 � 3 � 7 D 84. Hence, the invariant factors of M are 84
and 8820, so M Š Z84 � Z8820. Note that 84 j 8820.
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Problem Set 4.3

1. Verify Examples 1, 2 and 3.

2. Prove parts (1), (2), (3), (5) and (6) of Proposition 4.3.5.

3. Give the elementary divisors of the Z-module

M D Z2 � Z2 � Z4 � Z8 � Z3 � Z3 � Z3 � Z5 � Z25

and then compute the invariant factors of M . Write a Z-module isomorphic to
M in terms of the invariant factors of M .

4. Let R be a principal ideal domain, let a be a nonzero, nonunit of R such that
M.a/ D 0. If a D p

n1
1 p

n2
2 � � �p

nk
k

is the factorization of a into distinct primes
of R, let Mi D annM .pnii / for i D 1; 2; : : : ; k. Prove that each Mi is a sub-
module of M and that M DM1 ˚M2 ˚ � � � ˚Mk .

5. Let M be a module over a principal ideal domain R and let p be a prime in R.
If Mp D ¹x 2 M j xpk D 0 for some k 	 1º, then Mp is said to be the
p-primary component of M . If there is a prime p in R such that M D Mp,
then M is said to be a p-primary module.

(a) Prove that Mp is a submodule of M .

(b) Show that submodules and factor modules of a p-primary module are p-
primary.

6. Let R be a principal ideal domain.

(a) If ¹M˛º� is a family of R-modules each of which is p-primary, prove thatL
�M˛ is p-primary.

(b) If M is finitely generated and torsion, prove that M is a direct sum of its
primary submodules, that is, prove that M D

L
Mp , where p runs through the

primes of R.



Chapter 5

Injective, Projective, and Flat Modules

5.1 Injective Modules

IfU is a subspace of a vector space V over a division ring, then U is a direct summand
of V . This property follows directly from the fact that Zorn’s lemma can be used to
extend a basis of U to a basis of V . There are R-modules that possess this sum-
mand property even though they may not have a basis. Such modules, called injective
modules, form an important class of modules. In this section we not only consider
injective modules, but we also investigate the effect that such a module M has on the
functor HomR.�;M/.

Definition 5.1.1. An R-module M is said to be injective if every row exact dia-
gram

0 � N1
h � N2

M

f

�
g

�...
....

....
....

....
....

...

of R-modules and R-module homomorphisms can be completed commutatively by
an R-linear mapping g W N2 !M .

It is easy to show that if M and N are isomorphic R-modules, then M is injective
if and only if N is injective. One can also show that an R-module M is injective
if and only if for each R-module N2 and each submodule N1 of N2, every R-linear
mapping f W N1 ! M can be extended to an R-linear mapping g W N2 ! M . So
in Definition 5.1.1, we can safely assume that N1 is a submodule of N2 and h can be
replaced by the canonical injection i W N1 ! N2:

Our first task is to prove that an injective R-module M has the property that it is
a direct summand of every module that contains it as a submodule.

Proposition 5.1.2. IfM is an injective submodule ofR-moduleN , thenM is a direct
summand of N .
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Proof. Let M be an injective submodule of an R-module N and consider the row
exact diagram

0 � M
i � N

M

idM

�
g

�...
....

....
....

....
...

of R-modules, where idM is the identity mapping on M and i is the canonical injec-
tion. If g W N ! M completes the diagram commutatively, then gi D idM . Hence,
g is a splitting map for i . The result follows immediately from Proposition 3.2.3.

Examples

1. Not Every R-module Is Injective. The Z-module 2Z � Z is not injective,
since 2Z is not a direct summand of Z.

2. Vector Spaces. If V is a vector space over a division ring D, then V is an
injective D-module.

3. The Rational Numbers. The field of rational numbers Q is an injective Z-
module.

The following important and useful proposition is due to R. Baer [50]. It will be
referred to as Baer’s criteria (for injectivity).

Proposition 5.1.3 (Baer’s criteria). The following are equivalent for anR-moduleM .

(1) M is injective.

(2) For each right ideal A of R, every R-linear mapping f W A ! M can be
extended to an R-linear mapping g W R!M .

(3) For each right ideal A of R and each R-linear mapping f W A ! M there is
an x 2M such that f .a/ D xa for all a 2 A.

Proof. .1/) .2/ is obvious.
.2/) .3/. If g extends f to R, let g.1/ D x. Then f .a/ D g.a/ D g.1/a D xa

for each a 2 A.
.3/ ) .1/. If N1 is a submodule of N2, i W N1 ! N2 is the canonical injection

and f W N1 !M is an R-linear mapping, then we need to show that the diagram

0 � N1
i � N2

M

f

�
g

�...
....

....
....

....
..
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can be completed commutatively by an R-linear mapping g W N2 ! M . Consider
the set S of ordered pairs .X; g/, where X is a submodule of N2 such that N1 � X
and g restricted to N1 gives f . Partial order S by .X; g/ � .X 0; g0/ if X � X 0 and
g0 restricted to X produces g. Note that S ¤ ¿ since .N1; f / 2 S . It follows that
S is inductive, so Zorn’s lemma produces a maximal element of S , say .X�; g�/. If
X� D N2, then the proof is complete, so suppose that X� ¤ N2. If y 2 N2 � X�,
then we have an R-linear mapping from the right ideal .X� W y/ to M given by
a 7! g�.ya/. By assumption, this implies that there is a z 2M such that a 7! za for
all a 2 .X� W y/. If h W X�C yR!M is defined by h.xC ya/ D g�.x/C za, then
h extends g� to X� C yR, which contradicts the maximality of .X�; g�/ in S . Thus,
X� D N2.

Baer’s criteria shows that the collection of right ideals is a test set for the injectivity
of an R-module. Actually, there is an often “smaller” collection of right ideals of R
that will perform this task. To show this, we need the following definition.

Definition 5.1.4. A submodule N of an R-module M is said to be an essential (or
a large) submodule ofM , if N \N 0 ¤ 0 for each nonzero submoduleN 0 ofM . If N
is an essential submodule of M , then M is referred to as an essential extension of N .

Every nonzero R-module M always has at least one essential submodule, namely
M . We now show that for every submodule N of M there is a submodule Nc of M
such that the sum N C Nc is direct and such that N C Nc is an essential submodule
of M . We will see later that there are R-modules M that have no proper essential
submodules. For these modules N ˚ Nc D M , so every submodule of M is a direct
summand of M . Modules with this property will prove to be of special interest.

Proposition 5.1.5. IfN is a submodule of anR-moduleM , then there is a submodule
Nc of M such that the sum N CNc is direct and N CNc is essential in M .

Proof. Suppose that N is a submodule of M and let S be the set of submodules N 0

of M such that N \ N 0 D 0. Then S ¤ ¿ since the zero submodule of M is in S .
If S is partially ordered by inclusion, then S is inductive and Zorn’s lemma indicates
that S has a maximal element. If Nc is a maximal element of S , then it is immediate
that the sum N CNc is direct.

We claim that N C Nc is an essential submodule of M . Let X be a nonzero
submodule of M and suppose that .N C Nc/ \ X D 0. Note that X cannot be
contained in Nc , so X C Nc properly contains Nc . Therefore, N \ .X C Nc/ ¤ 0.
Let z 2 N \ .X C Nc/, z ¤ 0, and choose x 2 X and y 2 Nc to be such that
z D x C y. Then z � y D x 2 .N C Nc/ \ X D 0. Hence, z D y and so
z 2 N \Nc D 0, a contradiction. Therefore, .N CNc/ \X ¤ 0, which establishes
that N CNc is an essential submodule of M:
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Definition 5.1.6. IfN is a submodule of anR-moduleM , then a submoduleNc ofM
such that N ˚Nc is essential in M is said to be a complement of N in M .

Proposition 5.1.7. An R-module M is injective if and only if for every essential A
right ideal of R and each R-linear mapping f W A ! M , there is an x 2 M such
that f .a/ D xa for all a 2 R.

Proof. If M is an injective R-module, then there is nothing to prove, so suppose that
the condition holds for each essential right ideal of R. Let A be a right ideal of R
and suppose that f W A ! M is an R-linear mapping. If Ac is a complement of A
in R, then A˚ Ac is an essential right ideal of R. If g W A˚ Ac ! M is such that
g.a C a0/ D f .a/, then g is well defined and R-linear, so there is an x 2 M such
that g.a C a0/ D x.a C a0/. Hence, f .a/ D g.a C 0/ D xa for all a 2 A, so M is
injective by Baer’s criteria.

Thus, we see that the set of essential right ideals of R will also serve as a test
set for the injectivity of an R-module. We now show that every module embeds in
an injective module. In order to establish this result, we briefly investigate injective
modules over a principal ideal domain. Injective modules over such a domain enjoy
a divisibility property that is equivalent to injectivity.

Definition 5.1.8. If R is a principal ideal domain, then an R-module M is said to be
R-divisible if Ma D M for each nonzero a 2 R. That is, M is R-divisible if and
only if given a nonzero element a 2 R and y 2 M , there is an x 2 M such that
xa D y.

Examples

4. Homomorphic Images. Every homomorphic image of an R-divisible R-mod-
ule is R-divisible.

5. Direct Sums. A direct sum (direct product) of R-divisible R-modules is R-
divisible and a direct summand of an R-divisible module is R-divisible.

6. The Rational Numbers. The field of rational numbers Q is Z-divisible, so
Q.�/ is Z-divisible for any set �. Thus, Q.�/=N is Z-divisible for any sub-
group N of Q.�/.

7. If p is a prime and Zp1 D ¹
a
pn
CZ 2 Q=Z j a 2 Z and n D 0; 1; 2; : : : º, then

Zp1 is Z-divisible.

Proposition 5.1.9. If R is a principal ideal domain, then an R-module is injective if
and only if it is R-divisible.
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Proof. Suppose that M is an injective R-module and let a 2 R; a ¤ 0. Then .a/ is
an ideal of R and since R is an integral domain, if y 2 M , then f .ab/ D yb gives
a well-defined R-linear map from .a/ to M . But M is injective, so Baer’s criteria
indicates that there is an x 2 M such that f .c/ D xc for all c 2 .a/. In particular,
f .a/ D xa, so xa D y. Hence, M is R-divisible.

Conversely, suppose that M is R-divisible. Let .a/ be a nonzero ideal of R and
suppose that f W .a/ ! M is an R-linear mapping. If f .a/ D y, then there is an
x 2 M such that xa D y. Consequently, if ab 2 .a/, then f .ab/ D f .a/b D yb D
x.ab/. Therefore, Baer’s criteria is satisfied, so M is an injective R-module.

One important aspect of divisible Z-modules is that they can be used to produce
injective R-modules.

Proposition 5.1.10. The following hold for any R-module M .

(1) IfM is viewed as a Z-module, thenM can be embedded in an injective Z-mod-
ule.

(2) Injective Producing Property. If Q is an injective Z-module, then
HomZ.R;Q/ is an injective R-module.

(3) There is an R-linear embedding of M into an injective R-module.

Proof. .1/ LetM be anR-module. If ¹x˛º� is a set of generators forM as an additive
abelian group, then there is a group epimorphism Z.�/ ! M . If K is the kernel of
this map, then M Š Z.�/=K   Q.�/=K. Example 6 indicates that Q.�/=K is
Z-divisible while Proposition 5.1.9 shows that Q.�/=K is an injective Z-module.
.2/ Since R is an .R;Z/-bimodule, HomZ.R;Q/ is an R-module via .ha/.x/ D

h.ax/ for all a; x 2 R and h 2 HomZ.R;Q/. Now letA be a right ideal ofR and sup-
pose that f W A! HomZ.R;Q/ is an R-linear mapping. To show that HomZ.R;Q/

is an injective R-module, it suffices, by Baer’s criteria, to find an h 2 HomZ.R;Q/

such that f .a/ D ha for all a 2 A. If a 2 A, then f .a/ 2 HomZ.R;Q/ and for each
x 2 R, f .a/.x/ 2 Q. It follows that a 7! f .a/.1/ is a Z-linear map g W A ! Q,
so if Q is an injective Z-module, then there is a map h 2 HomZ.R;Q/ that extends
g to R. If a 2 A and b 2 R, then .ha/.b/ D h.ab/ D g.ab/ D f .ab/.1/ D

.f .a/b/.1/ D f .a/.b/. Hence, f .a/ D ha for all a 2 A, so HomZ.R;Q/ is an
injective R-module.
.3/ By .1/ there is an embedding 0 ! M ! Q of M into an injective Z-mod-

ule Q. Since HomZ.R;�/ is left exact and covariant, we have an exact sequence
0! HomZ.R;M/! HomZ.R;Q/. But M Š HomR.R;M/ � HomZ.R;M/, so
it follows that M embeds in HomZ.R;Q/ which is, by .2/, an injective R-module. It
is not difficult to show that the embedding is an R-linear mapping.
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Injective Modules and the Functor HomR.�;M/

Another property possessed by an injective R-module M is that it renders the con-
travariant functor HomR.�;M/ exact.

Proposition 5.1.11. An R-module M is injective if and only if for each exact se-

quence 0 ! N1
g
�! N2 of R-modules and R-module homomorphisms, the sequence

HomR.N2;M/
g�

��! HomR.N1;M/! 0 is exact in Ab.

Proof. If M is injective and f 2 HomR.N1;M/, then the injectivity of M gives
an R-linear mapping h W N2 ! M such that f D hg D g�.h/. Hence, g� is an

epimorphism, so HomR.N2;M/
g�

��! HomR.N1;M/! 0 is exact.

Conversely, if HomR.N2;M/
g�

��! HomR.N1;M/ ! 0 is exact and f 2

HomR.N1;M/; then g� is an epimorphism, so there is an h 2 HomR.N2;M/ such
that g�.h/ D f . But then hg D f , so the diagram

0 � N1
g� N2

M

f

�
h

�

is commutative and consequently, M is injective.

Since HomR.�;M/ is left exact for anyR-moduleM , we have the following corol-
lary.

Corollary 5.1.12. AnR-moduleM is injective if and only if the contravariant functor
HomR.�;M/ WModR ! Ab is exact.

The characterization of injective modules as precisely those R-modules M for
which HomR.�;M/ preserves epimorphisms leads to the following proposition.

Proposition 5.1.13. If ¹M˛º� is a family of R-modules, then the R-module
Q
�M˛

is injective if and only if each M˛ is injective.

Proof. Let 0! N1
g
�! N2 be an exact sequence of R-modules and R-module homo-

morphisms. For each ˛ 2 �, let

g�˛ W HomR.N2;M˛/! HomR.N1;M˛/ be such that g�˛.f / D fg

for each f 2 HomR.N2;M˛/. If
Q
�M˛ is injective, then

HomR
�
N2;

Y

�

M˛

�
g�

��! HomR
�
N1;

Y

�

M˛

�
! 0
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is exact. Part (2) of Proposition 2.1.12 shows that for each ˛ 2 � we have a row exact
commutative diagram,

HomR
�
N2;

Y

�

M˛

�
g�� HomR

�
N1;

Y

�

M˛

�
� 0

Y

�

HomR.N2;M˛/

'

�
…g��̨

Y

�

HomR.N1;M˛/

'0

�
� 0

HomR.N2;M˛/

�˛

�
g�˛ � HomR.N1;M˛/

� 0˛

�

where �˛ and � 0˛ are canonical projections, ' and '0 are isomorphisms such that
'.f / D .�˛f / and '0.f 0/ D .� 0˛f

0/, respectively, and
Q
g�˛ is defined byQ

g�˛..f˛// D .f˛g/. A simple diagram chase shows that g�˛ is an epimorphism,
so each M˛ is injective.

Conversely, if M˛ is injective for each ˛ 2 �, then

Y
g�˛ W

Y

�

HomR.N2;M˛/!
Y

�

HomR.N1;M˛/

is an epimorphism. The mappings '�1..f˛// D f , where f .x/ D .f˛.x// for
x 2 N2 and '0�1..f 0˛// D f 0 with f 0.x/ D .f 0˛.x// for x 2 N1 give the commuta-
tive diagram

Y

�

HomR.N2;M˛/
…g��̨

Y

�

HomR.N1;M˛/ � 0

HomR
�
N2;

Y

�

M˛

�

'�1

�
g�� HomR

�
N1;

Y

�

M˛

�

'0�1

�

It is clear that g� is an epimorphism, so
Q
�M˛ is injective.

Corollary 5.1.14. A direct summand of an injective R-module is injective.

Proposition 5.1.13 shows that direct products of injective modules are always in-
jective for modules over an arbitrary ring. However, direct sums of injective modules
are not always injective unless the ring satisfies certain conditions. The proof of this
fact will be delayed until injective envelopes are considered.
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Problem Set 5.1

1. (a) If N is a submodule of an R-module M , prove that N is an essential sub-
module of M if and only if for each nonzero submodule N 0 of M and each
x 2 N 0, x ¤ 0, there is an a 2 R such that xa 2 N and xa ¤ 0.

(b) Prove that a nonzero submodule N of M is an essential submodule of M if
and only if N 0 D 0 whenever N 0 is a submodule of M such that N \N 0 D 0.

2. Revisit Definition 5.1.1 and show that an R-moduleM is injective if and only if
for each R-module N2 and each submodule N1 of N2, every R-linear mapping
f W N1 !M can be extended to an R-linear mapping g W N2 !M .

3. Verify Examples 1 through 3.

4. Verify Examples 4 through 7.

5. Let N be an essential submodule of an R-module M . Show that .N W x/ D
¹a 2 R j xa 2 N º is an essential right ideal of R for any x 2 N .

6. If M and N are R-modules and X is an essential submodule of N; prove that
M ˚X is an essential submodule of M ˚N .

7. Show that the embedding map M ! HomZ.R;Q/ discussed in the proof of
(3) of Proposition 5.1.10 is R-linear.

8. If N is a submodule of an R-module M , prove that complements of N in M
are unique up to isomorphism.

9. A monomorphism f W M ! N is said to be an essential monomorphism if
f .M/ is an essential submodule of N .

(a) Let f W M ! N be an essential monomorphism. If g W N ! X is
an R-linear mapping such that gf is an injection, prove that g is an injective
mapping.

(b) Suppose that f W M ! N is a monomorphism such that g W N ! X is an
injective R-linear mapping whenever gf is an injective mapping. Prove that f
is an essential monomorphism.

10. Suppose that N1 and N2 are submodules of an R-module M .

(a) Prove that if N1 � N2, then N1 is an essential submodule of M if and only
if N1 is an essential submodule of N2 and N2 is an essential submodule of M .

(b) Show that N1 \ N2 is an essential submodule of M if and only if N1 and
N2 are essential submodules of M .

(c) Prove that a finite intersection of essential submodules of M is an essential
submodule of M .

(d) Show by example that an arbitrary intersection of essential submodules of
M need not be an essential submodule of M .
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11. (a) Schanuel’s Lemma For Injective Modules. Suppose that

0!M ! E1
p1
�! C1 ! 0 and 0!M ! E2

p2
�! C2 ! 0

are short exact sequences of R-modules and R-module homomorphisms. If E1
and E2 are injective, show that E1 ˚ C2 Š E2 ˚ C1. [Hint: Consider the row
exact diagram

0 � M � E1
p1� C1 � 0

0 � M

idM

�
� E2

˛

�

...........
p2� C2

ˇ

�

...........
� 0

Since E2 is injective, there is a mapping ˛ W E1 ! E2 making the left-hand
square of the diagram commutative. Show that ˛ induces a map ˇ W C1 ! C2
such that the right-hand square is commutative. Now show that the sequence

0 ! E1
f
�! E2 ˚ C1

g
�! C2 ! 0 is split exact, where f .x/ D .˛.x/; p1.x//

and g..x; y// D p2.x/ � ˇ.y/.]
(b) Two R-modules M and N are said to be injectively equivalent if there are
injective R-modules E1 and E2 such that E1 ˚ M Š E2 ˚ N . Is injective
equivalence an equivalence relation on the class of R-modules?

12. Show that a row and column exact diagram

0 0

0 � M1

�
f � M

g� M2

�
� 0

E1

˛

�
E2

�

�

of R-modules and R-module homomorphisms, where E1 and E2 are injective,
can be completed to a row and column exact commutative diagram

0 0 0

0 � M1

�
f � M

�
g� M2

�
� 0

0 � E1

˛

�
f1 � E

ˇ

�
g1� E2

�

�
� 0
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with E injective. [Hint: Set E D E1 ˚ E2 and let f1 W E1 ! E and g1 W
E ! E2 be the canonical injection and the canonical surjection, respectively.
If h WM ! E1 is the map given by the injectivity of E1, let ˇ D f1hC 	g.]

13. (a) Let ¹M˛º� be a family of R-modules. If N˛ is an essential submodule of
M˛ for each ˛ 2 �, show that

L
�N˛ is an essential submodule of

L
�M˛.

(b) Show that ZZ is an essential submodule of QZ, but that the Z-module ZN

is not an essential Z-submodule of QN . Conclude that the property stated in (a)
for direct sums does not hold for direct products.

14. (a) A commutative ring R is said to be self-injective if R is injective as an R-
module. If R is a principal ideal domain and a is a nonzero nonunit in R, prove
that R=.a/ is a self-injective ring. [Hint: If .b/=.a/ is an ideal of R=.a/, where
.a/ � .b/, then it suffices to show that each R=.a/-linear map f W .b/=.a/ !
R=.a/ can be extended toR=.a/. If f .bC.a// D rC.a/, then a D bc for some
c 2 R, so 0 D f .a C .a// D f .bc C .b// D .r C .a//.c C .a// D rc C .a/.
Thus, rc D ad D bcd for some d 2 R.]
(b) Observe that Part (a) does not indicate that the principal ideal domain R
itself is self-injective. Give an example of a principal ideal domain that is not
self-injective. [Hint: Consider the ring Z.]

15. An element x of an R-module M , where R is a principal ideal domain, is said
to have order a if .a/ D ann.x/: Let M be a finitely generated module over
a principal ideal domain R and suppose that p is a prime in R.
(a) Show that Mp, the p-primary component of M , is an R=.pn/-module for
some integer n 	 1. Show also that N is an R-submodule of Mp if and only if
N is an R=.pn/-submodule of Mp .
(b) If x 2Mp , x ¤ 0, has order pn, show that xR Š R=.pn/.
(c) If x 2 Mp, x ¤ 0, has order pn, show that there is an R-submodule N of
Mp such that Mp D xR˚N . [Hint: Consider (a) of Exercise 13.]

5.2 Projective Modules

Projective R-modules are dual to injective modules. We can obtain the definition
of a projective R-module simply by reversing the arrows in the diagram given in
Definition 5.1.1 of an injective module. More specifically, a projective R-module is
defined as follows.

Definition 5.2.1. An R-module M is said to be projective if each row exact diagram

M

N2
h�

g

�...
....

....
....

....
...

N1

f

�
� 0
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of R-modules and R-module homomorphisms can be completed commutatively by
an R-linear mapping g WM ! N2.

Clearly, if M and N are isomorphic R-modules, then M is projective if and only
if N is projective. One can also show that an R-module M is projective if and only if
for each R-module N and each submodule N 0 of N , the diagram

M

N
��

g

�...
....

....
....

....
...

N=N 0

f

�
� 0

can be completed commutatively by an R-linear mapping g W M ! N , where � is
the canonical surjection.

Examples

1. Vector Spaces. Every vector space over a division ring is projective.

2. Free Modules. Every free R-module is projective.

3. Modules That Are Not Projective. There are modules that are not projective.
For example,

Q
N Zi , where Zi D Z for i D 1; 2; 3; : : : , is not a projective

Z-module. (Details can be found in [26].)

4. The n � n matrix ring Mn.R/ is projective as an Mn.R/-module and as an
R-module.

An injective R-module M is a direct summand of each R-module N that ex-
tends M . In fact, if M is injective and f W M ! N is a monomorphism, then
there is a submodule X of N such that M Š X and X is a direct summand of N .
Projective modules enjoy a similar property.

Proposition 5.2.2. If f W N !M is an epimorphism and M is a projective R-mod-
ule, then M is isomorphic to a direct summand of N .

Proof. Since the row exact diagram

M

N
f �

g

�...
....

....
....

....
...

M

1M

�
� 0

can be completed commutatively by an R-linear mapping g W M ! N such that
fg D idM , g is a splitting map for f and g is a monomorphism. Proposition 3.2.4
shows that N D Img ˚ Ker f , so the result follows since Img ŠM:
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Proposition 5.2.3. If ¹M˛º� is a family of R-modules, then
L
�M˛ is projective if

and only if each M˛ is projective.

Proof. The proof is dual to that of Proposition 5.1.13.

Corollary 5.2.4. A direct summand of a projective R-module is projective.

Lemma 5.2.5. The ring R is a projective R-module.

Proof. We need to show that any row exact diagram

R

N2
h�

g

�...
....

....
....

....
...

N1

f

�
� 0

can be completed commutatively by an R-linear mapping g W R ! N2. If f .1/ D y
and x 2 N2 is such that h.x/ D y, let g W R ! N2 be defined by g.a/ D xa. Then
g is well defined, R-linear and f D hg.

Proposition 5.2.6. Every free R-module is projective.

Proof. If F is a free R-module, then there is a set � such that R.�/ Š F . Using
Lemma 5.2.5 we see that R is projective and Proposition 5.2.3 shows that R.�/ is
projective.

Corollary 5.2.7. EveryR-module is a homomorphic image of a projectiveR-module.

Proof. Proposition 2.2.6 shows that every R-module is a homomorphic image of
a free R-module and a free R-module is, by Proposition 5.2.6, projective.

We have seen that every free R-module is projective, but the converse is false.
There are projective modules that are not free as shown in the next example.

Example

5. A Projective Module That Is Not Free. The ring Z6 is a free Z6-module
and so is projective as a Z6-module. Furthermore, Z6 Š Z2 ˚ Z3, so Z2 is
isomorphic to a direct summand of Z6 and so is a projective Z6-module. But
if Z2 is a free Z6-module, then Z2 Š Z.�/6 for some set �. Hence, if Z2 is
a free Z6-module, then Z2 must have at least six elements, which is clearly
not the case. Thus, Z2 is a projective Z6-module but not a free Z6-module.
Therefore, in general, the class of free R-modules is a proper subclass of the
class of projective modules. Later we will see that there are rings for which
these two classes coincide.
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Proposition 5.2.8. An R-module M is projective if and only if it is isomorphic to
a direct summand of a free R-module.

Proof. If M is a projective R-module, then Proposition 2.2.6 gives a free R-module
R.�/ and an epimorphism f W R.�/ ! M , so apply Proposition 5.2.2. The converse
follows from Corollary 5.2.4 and Proposition 5.2.6.

Important connections between injective and projective modules are pointed out in
the following two propositions.

Proposition 5.2.9. AnR-moduleM is injective if and only if every row exact diagram
of the form

0 � N � P

M
��...

....
....

....
....

...

with P projective can be completed commutatively by an R-linear mapping P !M .

Proof. If M is injective there is nothing to prove, so suppose that every diagram of
the form described in the proposition can be completed commutatively. Given the row
exact diagram

0 � X
iX � Y

M

f

�

where X � Y and iX is the canonical injection, construct the row exact diagram

0 � N
iN � P

0 � X

˛

�
iX � Y

ˇ

�

M

f

�

as follows: Let P be a projective module such that Y is a homomorphic image of P .
If ˇ W P ! Y is an epimorphism and N D ˇ�1.X/, then N=Kerˇ Š X . If
˛ W N ! X is the obvious epimorphism, then iX˛ D ˇiN , where iN W N ! P is the
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canonical injection. By assumption there is an R-linear mapping g W P ! M such
that giN D f ˛. If x 2 Kerˇ, then ˛.x/ D 0, so g.x/ D 0. Thus, g.Kerˇ/ D 0 and
we have an induced map Ng W Y !M such that f D NgiX . Hence, M is injective.

The proof of the following proposition is dual to the proof of the preceding propo-
sition and so is left as an exercise.

Proposition 5.2.10. An R-module M is projective if and only if every row exact dia-
gram of the form

M

E �
�...

....
....

....
...

N
�

� 0

with E injective can be completed commutatively by R-linear mapping M ! E.

Projective Modules and the Functor HomR.M;�/

We saw earlier that if M is an injective R-module, then the contravariant functor
HomR.�;M/ is exact. An important property of a projective module R-module M
is that it renders the functor HomR.M;�/ exact.

Proposition 5.2.11. An R-module M is projective if and only if for each exact se-

quence N2
g
�! N1 ! 0 of R-modules and R-module homomorphisms, the sequence

HomR.M;N2/
g�
�! HomR.M;N1//! 0 is exact in Ab.

Proof. Dual to the proof of Proposition 5.1.11.

Corollary 5.2.12. An R-module M is projective if and only if the functor

HomR.M;�/ WModR ! Ab

is exact.

Hereditary Rings

We now begin a study of rings over which submodules of projective modules are
projective and homomorphic images of injective modules are injective. It should come
as no surprise that these rings are called hereditary.

Definition 5.2.13. A ring R is said to be right (left) hereditary if every right (left)
ideal of R is projective. If R is a left and a right hereditary ring, then R is said to be
hereditary. A hereditary integral domain is referred to as a Dedekind domain.
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Example

6. If a ring R is without zero divisors and if every right ideal is of the form aR

for some a 2 R, then aR Š R for each nonzero a 2 R. Hence, every right
ideal of R is projective, so R is right hereditary. In particular, every principal
ideal domain is hereditary. Thus, the ring of integers Z andKŒX�,K a field, are
hereditary.

The following result is due to Kaplansky Œ63�.

Proposition 5.2.14 (Kaplansky). If R is a right hereditary ring, then a submodule
of a free R-module is isomorphic to a direct sum of right ideals of R and is thus
projective.

Proof. Suppose that R is a right hereditary ring, that F is a free R-module and let
M be a submodule of F . If ¹x˛º� is a basis for F , let � be a well ordering of �.
Then � can be viewed as a set ¹0; 1; 2; : : : ; !; ! C 1; : : :º of ordinal numbers with
˛ < ord.�/ for each ˛ 2 ¹0; 1; 2; : : : ; !; ! C 1; : : :º. (See Appendix A.) Now let
F0 D 0 and set F˛ D

L
ˇ<˛ xˇR for each ˛ 2 �; ˛ 	 1. Then F˛C1 D

L
ˇ�˛ xˇR

and each x 2 M \ F˛C1 can be written uniquely as x D y C x˛a, where y 2 F˛
and a 2 R. Since a is unique for each x 2 M \ F˛C1, the R-linear mapping
' W M \ F˛C1 ! R given by '.x/ D a determines a right ideal Im ' D A˛ of R
and each A˛ is a projective R-module. Note that Ker' D M \ F˛, so since A˛ is
projective, the sequence

0!M \ F˛ !M \ F˛C1 ! A˛ ! 0

splits. Hence, for each ˛ 2 �, there is a submodule N˛ of M \ F˛C1 such that
N˛ Š A˛ and M \ F˛C1 D .M \ F˛/˚N˛.

The proof will be complete if we can show that M D
L
�N˛. First, we need

to show that M D
P
�N˛. Let N D

P
�N˛ and suppose that N   M . Since

� is linearly ordered, F D
S
� F˛C1, so for each x 2 M there is an ˛.x/ 2 �

such that ˛.x/ is the first element in the set ¹˛ 2 � j x 2 F˛C1º. Consider the
set S D ¹˛.x/ j x 2 M , x … N º and suppose that y 2 M is such that ˛.y/ is
the first element of S . Then y 2 M \ F˛.y/C1, y … N and y … F˛.y/. Since
M \ F˛.y/C1 D .M \ F˛.y//˚ N˛.y/, let y D z C w, where z 2 M \ F˛.y/ and
w 2 N˛.y/. Then z D y � w 2 M and z … N . (Note that z … N for if z 2 N , then
y 2 N:/ Now z 2 M \ F˛.y/ � F˛.y/, so ˛.z/ < ˛.y/. But z 2 M and z … N
implies that ˛.z/ 2 S , so we have a contradiction. Therefore, it cannot be the case
that N  M , and so M D

P
�N˛.

Finally, we need to show that the sum
P
�N˛ is direct. To this end, suppose

that y˛1 C y˛2 C � � � C y˛n D 0 is a finite sum in
P
�N˛, where ˛1 < ˛2 <

� � � < ˛n is given by the ordering on �. We proceed by induction to show that
y˛1 C y˛2 C � � � C y˛n D 0 implies y˛1 D y˛2 D � � � D y˛n D 0 for each n 	 1. If
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n D 1, then y˛1 D 0 and there is nothing to prove. Make the induction hypothesis,
that y˛1 C y˛2 C � � � C y˛n�1 D 0 implies that y˛1 D y˛2 D � � � D y˛n�1 D 0 and
suppose that y˛1 C y˛2 C � � � C y˛n D 0. Then �y˛n D y˛1 C y˛2 C � � � C y˛n�1 2
.M \ F˛n/ \ N˛n D 0 and so it follows that y˛1 D y˛2 D � � � D y˛n D 0. Hence,
the sum

P
�N˛ is direct.

Proposition 5.2.15. The following are equivalent for a ring R.

(1) R is a right hereditary ring.

(2) Every submodule of a projective R-module is projective.

(3) Every factor module of an injective R-module is injective.

Proof. .1/ ) .2/. If R is right hereditary and M is a projective R-module, then M
is, by Proposition 5.2.8, isomorphic to a submodule of a free R-module. Hence, any
submodule ofM is isomorphic to a submodule of a freeR-module and so is projective
by Proposition 5.2.14.
.2/) .3/. In view of Proposition 5.2.9, an R-module M will be injective if every

row exact diagram of the form

0 � N
g � P

M

f

��...
....

....
....

....
...

can be completed commutatively, where P is a projective R-module. So suppose that
M is a homomorphic image of an injective module E and consider the row exact
diagram

0 � N
g � P

0 � M

f

�
� h

E

ˇ

�

...........

˛

......................�

If .2/ holds, then N is projective, so there is an R-linear map ˛ W N ! E such that
h˛ D f . But E is injective, so the existence of ˛ gives an R-linear map ˇ W P ! E

such that ˛ D ˇg. Hence, 	 D hˇ W P !M is such that 	g D f , so M is injective.
.3/) .1/. Consider the row exact diagram

R � i
A � 0

E

ˇ

�

...........
h � M

f

�
�

˛

......................�

0
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where A is a right ideal of R, i is the canonical injection and E is injective. If (3)
holds, thenM is injective, so there is an R-linear map ˛ W R!M such that ˛i D f .
But the fact that R is projective together with the map ˛ gives an R-linear mapping
ˇ W R ! E such that hˇ D ˛. Since 	 D ˇi W A ! E is such that h	 D f ,
it follows from Proposition 5.2.10 that A is projective. Thus, R is a right hereditary
ring.

Earlier it was pointed out that, in general, the class of free R-modules is “smaller”
than the class of projective modules. It was also mentioned that there are rings over
which these two classes coincide. Part (2) of the following proposition shows that
this is indeed the case. The following proof also fulfills an earlier promise made with
regard to Proposition 4.3.11.

Proposition 5.2.16. If R is a principal ideal domain, then:

(1) If M is a submodule of a free R-module F , then M is free and rank.M/ �

rank.F /.

(2) An R-module M is projective if and only if M is a free R-module.

Proof. We have seen in Example 6 that a principal ideal domain is a hereditary ring.
.1/ Because of Proposition 5.2.14, we know that a submodule M of a free R-mod-

ule F is isomorphic to a direct sum of right ideals of R. But R is a principal ideal
domain, so each right ideal of R is of the form aR for some a 2 R and aR Š R when
a is nonzero. Hence, M is isomorphic to a direct sum of copies of R and as such is
a free R-module. It remains only to show that rank.M/ � rank.F /. In the notation of
the proof of Proposition 5.2.14, we have M D

L
�N˛ � F , where � is an indexing

set for a basis of F . Since R is a commutative ring, R is, by Proposition 2.2.11, an
IBN-ring and so rank.M/ � card.�/. But card.�/ D rank.F /, and so we have the
result.
.2/ If M is a free R-module, then, by Proposition 5.2.6, M is projective. Con-

versely, if M is a projective R-module, then M is, by Proposition 5.2.8, isomorphic
to a submodule of a free R-module and it follows from (1) that M is a free R-mod-
ule.

Corollary 5.2.17. A principal ideal domain is a Dedekind domain.

Semihereditary Rings

Definition 5.2.18. A ring R is said to be right (left) semihereditary if every finitely
generated right (left) ideal of R is projective. A ring that is left and right semiheredi-
tary is called a semihereditary ring.

A hereditary integral domain was previously called a Dedekind domain. A semi-
hereditary integral domain is referred to as a Prüfer domain. Both of these domains
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are important considerations in number theory and we cite [29] and[40] as references
for additional information on these domains.

The following proposition is an analogue of Kaplansky’s result for hereditary rings.
The proof is left as an exercise.

Proposition 5.2.19. If R is a right semihereditary ring, then every finitely generated
submodule of a freeR-module is isomorphic to a direct sum of finitely generated right
ideals of R, and is therefore projective.

Corollary 5.2.20. A ring R is right semihereditary if and only if finitely generated
submodules of projective R-modules are projective.

Problem Set 5.2

1. Prove that anR-moduleM is projective if and only if every short exact sequence
of the form 0! N 0 ! N !M ! 0 splits.

2. (a) Review Definition 5.2.1 and show that an R-module M is projective if and
only if for each R-module N and each submodule N 0 of N , the diagram

M

N
��

g

�...
....

....
....

....
...

N=N 0

f

�
� 0

can be completed commutatively by an R-linear mapping g W M ! N , where
� is the canonical surjection.

(b) If R is a commutative ring and F and F 0 are free R-modules, prove that
F ˝R F

0 is a free R-module. [Hint: Use the fact that tensor products commutes
with direct sums.]

(c) If R is a commutative ring and if P and P 0 are projective R-modules, prove
that P ˝RP 0 is a projective R-module. [Hint: There are free R-modules F and
F 0 such that F D P ˚N and F 0 D P 0 ˚N 0, so consider F ˝R F 0.]

3. Let I be an ideal of R and suppose that F D R.�/ is a free R-module.

(a) Show that FI D I .�/ and that F=FI D .R=I /.�/. Conclude that F=FI
is a free R=I -module.

(b) IfM is a projectiveR-module, thenM˚N D F , where F is a freeR-mod-
ule. Show that F=FI D M=MI ˚ N=NI . Conclude that M=MI and N=NI
are projective R=I -modules.

4. Prove Proposition 5.2.3.

5. Prove Proposition 5.2.10.
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6. Prove Proposition 5.2.11.

7. (a) Schanuel’s Lemma for Projective Modules. Suppose that

0! K1 ! P1 !M ! 0 and 0! K2 ! P2 !M ! 0

are short exact sequences of R-modules and R-module homomorphisms. If P1
and P2 are projective, show that P1˚K2 Š P2˚K1. [Hint: Dualize the proof
of (a) of Exercise 11 in Problem Set 5.1.]
(b) TwoR-modulesM andN are said to be projectively equivalent if there exist
projective R-modules P1 and P2 such that P1 ˚ M Š P2 ˚ N . Determine
whether or not projective equivalence is an equivalence relation on the class of
R-modules.

8. Let
P

M
h�

g

�...
....

....
....

....
...

M 0

f

�

be a diagram of R-modules and R-module homomorphisms. Show that if P is
projective, then the following statements are equivalent.
(a) There is an R-linear mapping g W P !M such that f D hg.
(b) Imf � Imh.

9. Show that a row and column exact diagram

P1 P2

0 � M1

�
� M � M2

�
� 0

0
�

0
�

of R-modules andR-module homomorphisms, where P1 and P2 are projective,
can be completed to a row and column exact commutative diagram

0 � P1 � P � P2 � 0

0 � M1

�
� M

�
� M2

�
� 0

0
�

0
�

0
�

where P is projective. [Hint: Dualize the proof of Exercise 12 in Problem
Set 5.1.]
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10. If M is an R-module, then M� D HomR.M;R/ is said to be the dual of M .
A pair of indexed sets ¹x˛º� � M and ¹f˛º� � M� is said to be a dual basis
forM if each x 2M can be expressed as x D

P
� x˛f˛.x/, where f˛.x/ D 0

for almost all ˛ 2 �.
Dual Basis Lemma. Prove that an R-module M is projective if and only if
M has a dual basis. [Hint: If ¹x˛º� is a set of generators for M , let ¹y˛º�
be a basis for the free R-module R.�/ and let f W R.�/ ! M be the R-linear
mapping defined on basis elements by f .y˛/ D x˛. Then M is projective if
and only if f W R.�/ !M splits.]

11. (a) Prove Proposition 5.2.19.
(b) Prove that the ring direct product of a finite number of right semihereditary
rings is right semihereditary. [Hint: Use (a) of Exercise 3 in Problem Set 2.1.]
(c) Prove that the ring direct product of a finite number of right hereditary rings
is right hereditary.

12. If P is a projective R-module that generates ModR, then P is said to be a pro-
jective generator for ModR. Prove that the following are equivalent for a pro-
jective module P .
(a) P is a generator for ModR.
(b) HomR.P; S/ ¤ 0 for every simple R-module S .
(c) P generates every simple R-module.
[Hint: For .b/) .a/, it suffices to show thatM generatesR. If T D

P
� f .P /,

where � D HomR.P;R/, and T ¤ R, then there is a maximal right ideal
m of R that contains T and because of .b/, HomR.P;R=m/ ¤ 0. Use the
projectivity of P to produce a contradiction.]

5.3 Flat Modules

Flat Modules and the FunctorM ˝R �

We now consider R-modules M that will turn M ˝R � into an exact functor. It
was shown in Section 3.3 that M ˝R � is right exact for every R-module M , so
we need only consider R-modules that preserve monomorphisms when taking tensor
products. Because of the symmetry of tensor products, properties of R-modules that
render M ˝R � exact will also hold for left R-modules M that turn �˝RM into an
exact functor.

Definition 5.3.1. An R-module M is said to be flat if

0!M ˝R N1
idM˝f
�����!M ˝R N2

is exact in Ab whenever 0! N1
f
�! N2 is an exact sequence of left R-modules.
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Examples

1. Projective R-modules Are Flat. Every ring R is flat and in fact every free
R-module is flat. The fact that every free R-module is flat implies that every
projective R-module is flat.

2. Not All R-modules Are Flat. The Z-module Zn is not flat. For example,
i W Z! Q is an embedding but idZn ˝ i W Zn˝Z Z! Zn ˝Z Q is not. Note
that Zn ˝Z Z Š Zn ¤ 0 and yet Zn ˝Z Q D 0.

3. Regular Rings. A ring R is said to be a (von Neumann) regular ring if for each
a 2 R there is an r 2 R such that a D ara. Every R-module is flat if and only
if R is a regular ring. A proof of this fact will be presented later in this section.

SinceM˝R� is always right exact,M˝R� is an exact functor from RMod to Ab
when M is flat. This, however, gives us no information about the types of modules
that are flat. To develop this information we need the following definition.

Definition 5.3.2. If M is an R-module, then the left R-module MC D HomZ.M;

Q=Z/ is called the character module of M . The left R-module structure on MC is
given by .af /.x/ D f .xa/ for all x 2M and a 2 R.

Proposition 5.3.3. An R-module M is flat if and only if MC is an injective left R-
module.

Proof. Suppose that M is a flat R-module. To show that MC is an injective left R-
module, it suffices, by Proposition 5.1.11, to show that HomR.�;MC/ is right exact.
Let f W N1 ! N2 be a monomorphism of left R-modules and consider

f � W HomR.N2;M
C/! HomR.N1;M

C/:

According to Proposition 3.4.6, we have a commutative diagram

HomZ.M˝RN2;Q=Z/
�MN2� HomR.N2;M

C/

HomZ.M˝RN1;Q=Z/

.idM˝f /�

� �MN1� HomR.N1;M
C/

f �

�

where �MN1 and �MN2 are isomorphisms. Since M is a flat R-module, the sequence

0 ! M ˝R N1
idM˝f
�����! M ˝R N2 is exact and since Q=Z is an injective Z-mod-

ule, .idM ˝ f /� is an epimorphism. Hence, f � is also an epimorphism, so MC is
injective. The argument easily reverses, so we are done.

Corollary 5.3.4. If ¹M˛º� is a family of R-modules, then
L
�M˛ is flat if and only

if each M˛ is flat.
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Proof. The direct sum
L
�M˛ is flat if and only if .

L
�M˛/

Cis injective. Now
.
L
�M˛/

C Š
Q
�M

C
˛ , so

Q
�M

C
˛ is injective if and only if .

L
�M˛/

C is injec-
tive. But according to Proposition 5.1.13

Q
�M

C
˛ is injective if and only if eachMC˛

is injective and each MC˛ is injective if and only if each M˛ is flat.

If two R-modules are isomorphic, then it is clear that if one of the modules is flat,
then the other module is flat as well. Also observe that if

0!M
f
�! N

is an exact sequence of left R-modules, then

0! R˝RM
idR˝f
�����! R˝R N

is exact due to the fact thatR˝RM ŠM andR˝RN Š N . Hence, we immediately
see that R is a flat R-module.

Proposition 5.3.5. Every free R-module is flat.

Proof. Any free R-module is isomorphic to R.�/ for some set �. Since R.�/ is
a direct sum of flat R-modules, R.�/ is flat due to Corollary 5.3.4.

Corollary 5.3.6. Every projective R-module is flat.

Proof. Proposition 5.2.8 shows that every projective moduleM is isomorphic to a di-
rect summand of a free R-module which is flat by the proposition. Moreover, Corol-
lary 5.3.4 indicates that every direct summand of a flat module is flat.

We have seen via Baer’s criteria that the right ideals of R form a test set for the
injectiveR-modules. Proposition 5.3.3 can be used in conjunction with Baer’s criteria
to show that the left ideals ofR also form a test set for flatR-modules. The conclusion,
as shown in the following proposition, is that in order for an R-module to be flat, it
need only preserve canonical injections A ! R for (finitely generated) left ideals A
of R when forming tensor products.

Proposition 5.3.7. The following are equivalent for an R-module M .

(1) M is flat.

(2) 0!M ˝R A!M ˝R R ŠM is exact for each left ideal A of R.

(3) 0! M ˝R A! M ˝R R Š M is exact for each finitely generated left ideal
A of R.



Section 5.3 Flat Modules 157

Proof. The implications .1/) .2/ and .2/) .3/ require no proof, so suppose that
0!M ˝R A!M ˝R R is exact for each finitely generated left ideal A of R. If B
is a left ideal of R and

Pn
iD1.xi ˝ai / 2M ˝RB , then ¹a1; a2; : : : ; anº is contained

in a finitely generated left ideal A of R which in turn is contained in B . Furthermore,
by assumption, the composition of the maps

M ˝R A!M ˝R B !M ˝R R

must be a group monomorphism. Hence, if
Pn
iD1.xi ˝ ai / is zero in M ˝R R, thenPn

iD1.xi ˝ ai / is zero in M ˝R A and thus must be zero in M ˝R B . Therefore,
M ˝R B !M ˝RR is a group monomorphism for each left ideal B of R whenever
M ˝R A!M ˝RR is a group monomorphism for each finitely generated left ideal
A of R. So .3/) .2/.

We complete the proof by showing .2/ ) .1/. If A is a left ideal of R, then we
have an exact sequence 0!M ˝R A!M ˝R R in Ab. Since Q=Z is an injective
Z-module, this gives an exact sequence

HomZ.M ˝R R;Q=Z/! HomZ.M ˝R A;Q=Z/! 0:

Using Proposition 3.4.6, we see that

HomR.R;M
C/! HomR.A;M

C/! 0

is exact. Therefore, if f W A ! MC is a left R-linear mapping, then there is a g 2
HomR.R;MC/ which extends f to R. Thus, Baer’s criteria shows that MC is an
injective left R-module, so M is, by Proposition 5.3.3, a flat R-module.

If M is an R-module and A is a left ideal of R, then MA, the set of all finite sumsPn
iD1 xiai , where xi 2M and ai 2 A, is a subgroup ofM . The following two prop-

ositions make additional connections between a flatR-module and the left ideals ofR.
In preparation for the first proposition, note that since the mapping M � A ! MA

given by .x; a/ 7! xa is R-balanced, there is a group epimorphism ' W M ˝R A !

MA such that '.x ˝ a/ D xa for each generator x ˝ a in M ˝R A.

Proposition 5.3.8. The following are equivalent for an R-module M .

(1) M is flat.

(2) The group epimorphism 'A WM˝RA!MA defined by 'A.
Pn
kD1 xk˝ak/ DPn

kD1 xkak is an isomorphism for each left ideal A of R.

(3) The group epimorphism 'A WM˝RA!MA defined by 'A.
Pn
kD1 xk˝ak/ DPn

kD1 xkak is an isomorphism for each finitely generated left ideal A of R.
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Proof. .1/) .2/. If A is a left ideal of R, let i W A ! R be the canonical injection
and consider the commutative diagram

M˝RA
idM˝i� M˝RR

MA

'A

�
j � MR DM

'R

�

where j is the obvious map. Since 'R is, by Proposition 2.3.4, an isomorphism, we
have idM˝i D '�1R j'A, so 'A.

Pn
kD1 xk˝ak/ D 0 leads to .idM˝i/.

Pn
kD1 xk˝

ak/ D 0. But M is flat, so idM ˝ i is a monomorphism and this gives
Pn
kD1 xk ˝

ak D 0. Hence, 'A is an injection, so 'A is an isomorphism.
.2/) .1/. Consider the commutative diagram given in the proof that .1/) .2/. If

'A is an isomorphism, then idM ˝ i is a monomorphism since j is a monomorphism
and '�1R is an isomorphism. Proposition 5.3.7 now shows that M is a flat R-module.

No proof is required for .2/ ) .3/, so to complete the proof we need only show
that .3/ ) .2/. Let

Pn
kD1 xk ˝ ak 2 M ˝R A, where A is a left ideal of R.

If
Pn
kD1 xk ˝ ak 2 Ker'A, then

Pn
kD1 xkak D 0. Let B D

Pn
kD1Rak , thenPn

kD1 xkak 2 MB . Now B is a finitely generated left ideal of R, so by assumption,
'B WM˝RA!MB is an isomorphism. Since

Pn
kD1 xk˝ak 2M˝RB and since

'B.
Pn
kD1 xk ˝ ak/ D

Pn
kD1 xkak D 0, we have

Pn
kD1 xk ˝ ak D 0. Therefore,

'A is an isomorphism.

Proposition 5.3.9. If 0! K ! F
f
�!M ! 0 is exact, where F is a flat R-module,

then the following are equivalent.

(1) M is flat.

(2) K \ FA D KA for every left ideal A of R.

(3) K \ FA D KA for every finitely generated left ideal A of R.

Proof. If A is a (finitely generated) left ideal of R, then since K ˝R � is right exact,
we have K ˝R A ! F ˝R A ! M ˝R A ! 0. Since F is flat, Proposition 5.3.8
gives F ˝R A Š FA and K ˝R A corresponds to KA under this isomorphism.
Hence, M ˝R A Š FA=KA, so using Proposition 5.3.8 again we see that M is
flat if and only if MA Š FA=KA for all (finitely generated) left ideals of R. Now
elements of MA can be written as

Pn
iD1 f .xi/ai D

Pn
iD1 f .xiai /, where xi 2 F

and ai 2 A for i D 1; 2; : : : ; n. Consequently, MA D f .FA/ Š FA=.K \ FA/

for all (finitely generated) left ideals A of R. Therefore, M is flat if and only if
F=A=KA Š FA=.K \ FA/ for all (finitely generated) left ideals of R. Since KA �
K \ FA, it follows that MA Š FA=.K \ FA/ if and only if KA D K \ FA for all
(finitely generated) left ideals of R:
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The following two propositions provide additional characterizations of flat mod-
ules that are often useful. We omit the proof of each and cite [2], [26] and [42] as
references.

Proposition 5.3.10. An R-module M is flat if and only if for each expressionPn
jD1 xjaj D 0, where xj 2 M and aj 2 R for j D 1; 2; : : : ; n, there exist

yi 2M , i D 1; 2; : : : ; m, and a matrix .cij / in Mm�n.R/ such that

(1)
Pn
jD1 cijaj D 0, for i D 1; 2; : : : ; m, and

(2)
Pm
iD1 yicij D xj , for j D 1; 2; : : : ; n:

Proposition 5.3.11. Let F ! M ! 0 be an exact sequence in ModR, where F is
a freeR-module, and suppose thatK is a submodule of F such that F=K ŠM . Then
the following are equivalent.

(1) M is flat.

(2) If x1; x2; : : : ; xn 2 K, then there is an f 2 HomR.F;K/ such that f .xi / D xi
for i D 1; 2; : : : ; n.

(3) For each x 2 K, there is an f 2 HomR.F;K/ such that f .x/ D x.

Coherent Rings

We now know that direct sums of flat modules are flat, but a direct product of flat
modules need not be flat. In this section we characterize rings over which direct
products of flat modules are flat. These rings were first discovered by Chase [54].

Definition 5.3.12. An (A left) R-module M is said to be finitely presented if there is
an exact sequence 0! K ! F ! M ! 0 of (left) R-modules, where F is finitely
generated and free and K is finitely generated. Such a sequence will be called a finite
presentation of M . A finitely presented (left) R-module M is called (left) coherent if
every finitely generated submodule of M is finitely presented. A ring R is said to be
right (left) coherent if it is coherent as an (a left) R-module. A ring that is left and
right coherent is a coherent ring.

The following lemma gives additional information on finitely presented modules.

Lemma 5.3.13. The following are equivalent for an R-module M .

(1) There exists an exact sequence F1 ! F0 ! M ! 0, where F1 and F0 are
finitely generated free R-modules.

(2) There exist integers m and n such that the sequence R.m/ ! R.n/ ! M ! 0

is exact.

(3) M is finitely presented.
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Proof. The equivalence of .1/ and .2/ is obvious, so suppose that 0 ! K ! F !

M ! 0 is a finite presentation of M . Since F is finitely generated and free, there is
an integer n such that F Š R.n/. If K is generated by m elements, then there is an
epimorphism R.m/ ! K, so we have an exact sequence R.m/ ! R.n/ ! M ! 0.
Therefore, .3/ ) .2/. Now suppose that .2/ holds and let K D Kerˇ in the exact

sequence R.m/
˛
! R.n/

ˇ
!M ! 0. Then Im˛ D K, so K is finitely generated. The

short exact sequence 0! K ! R.n/
ˇ
! M ! 0 shows that M is finitely presented.

Thus, .2/) .3/:

It is clear that every finitely presented R-module is finitely generated and the con-
verse holds when R is right noetherian. We have previously seen that if ¹N˛º� is
a family of left R-modules, then M ˝R .

L
�N˛/ Š

L
�.M ˝R N˛/ for each

R-module M . A similar isomorphism actually holds for every direct product of R-
modules if and only if M is finitely presented. The following lemma simplifies the
proof of this fact. In the proofs of the following lemma and proposition, the map
' W M ˝R .

Q
�N˛/ !

Q
�.M ˝R N˛/ is given by '.x ˝ .y˛// D .x ˝ y˛/. If

N˛ D R for each ˛ 2 �; then sinceM ˝RR ŠM , if we identifyM ˝R R withM ,
we get a map ' W M ˝R R� ! M� such that x ˝ .a˛/ 7! .xa˛/. When more than
one module M is involved, this map will be denoted by 'M .

Lemma 5.3.14. Let M be an R-module and suppose that ' is the map described in
the preceding paragraph. Then the following are equivalent.

(1) M is finitely generated.

(2) ' W M ˝R .
Q
�N˛/ !

Q
�.M ˝R N˛/ is an epimorphism for any family

¹N˛º� of left R-modules.

(3) ' WM ˝R R� !M� is an epimorphism for any set �.

(4) ' WM ˝R RM !MM is an epimorphism.

Proof. .1/ ) .2/. If M is finitely generated, then there is a short exact sequence
0 ! K ! R.n/ ! M ! 0 for some positive integer n. This leads to a row exact
commutative diagram

K ˝R

�Y

�

N˛

�
� R.n/ ˝R

�Y

�

N˛

�
� M ˝R

�Y

�

N˛

�
� 0

Y

�

.K ˝R N˛/

'K

�
� …�.R

.n/ ˝R N˛/

'R
.n/

�
�
Y

�

.M ˝R N˛/

'M

�
� 0

But 'R
.n/

is an isomorphism (See Exercise 12.) and a simple diagram chase shows
that 'M is an epimorphism.
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The implications .2/) .3/ and .3/) .4/ are obvious.
.4/) .1/. Suppose that .xx/ 2 MM is such that x D xx for each x 2 M . Since

' is an epimorphism, there is an element
Pn
iD1.xi ˝ .aix// 2 M ˝R R

M that is a
preimage of .xx/. This gives

.xx/ D '
h nX

iD1

.xi ˝ .aix//
i

D

nX

iD1

'Œ.xi ˝ .aix//�

D

nX

iD1

.xiaix/

D
� nX

iD1

xiaix

�
:

Thus, for each x 2 M , we see that
Pn
iD1 xiaix D x, so x1; x2; : : : ; xn is a set of

generators for M:

Proposition 5.3.15. The following are equivalent for any R-module M .

(1) M is finitely presented.

(2) The map ' W M ˝R .
Q
�N˛/!

Q
�.M ˝R N˛/ is an isomorphism for each

family ¹N˛º� of left R-modules.

(3) ' WM ˝R R� !M� is an isomorphism for any set �.

Proof. .1/ ) .2/. Suppose that M is a finitely presented R-module, let R.m/ !
R.n/ ! M ! 0 be as in Lemma 5.3.13 and consider the row exact commutative
diagram

R.m/ ˝R

�Y

�

N˛

�
� R.n/ ˝R

�Y

�

N˛

�
� M ˝R

�Y

�

N˛

�
� 0

Y

�

.R.m/ ˝R N˛/

'R
.m/

�
�
Y

�

.R.n/ ˝R N˛/

'R
.n/

�
�
Y

�

.M ˝R N˛/

'M

�
� 0

Since 'R
.m/

and 'R
.n/

are isomorphisms, it follows by chasing the diagram that 'M

is an isomorphism.
.2/) .3/. Obvious.
.3/ ) .1/. By Lemma 5.3.14, we immediately have that M is finitely generated.

So there is an exact sequence 0 ! K ! F ! M ! 0, where F is a finitely
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generated free R-module. Thus, we have a row exact commutative diagram

K ˝R R
� � F ˝R R

� � M ˝R R
� � 0

0 � K�

'K

�
� F�

'F

�
� M�

'M

�
� 0

where 'M and 'F are isomorphisms. It follows by a diagram chase that 'K is an
epimorphism, so by considering Lemma 5.3.14 again, we have that K is finitely gen-
erated. Hence, M is finitely presented.

We can now characterize the rings over which direct products of flat modules are
always flat.

Proposition 5.3.16 (Chase). The following are equivalent for a ring R.

(1) Every direct product of flat R-modules is flat.

(2) R� is a flat R-module for every set �.

(3) Every finitely presented left R-module is coherent.

(4) R is left coherent.

Proof. .1/) .2/. This is clear since R is a flat R-module.
.2/ ) .3/. Let M be a finitely presented left R-module and suppose that N is a

finitely generated submodule of M . For any set � there is a commutative diagram

R� ˝R N � R� ˝RM

N�

'N

�
� M�

'M

�

where N� ! M� is the canonical injection. Since R� is a flat R-module, we also
see that R�˝RN ! R�˝RM is a monomorphism. NowM is a finitely presented
left R-module, so (3) of the left-hand version of Proposition 5.3.15 indicates that 'M

is an isomorphism. It follows that 'N is also an isomorphism, so another application
of Proposition 5.3.15 shows that N is finitely presented.
.3/) .4/. This follows easily since 0! 0! R! R! 0 is a finite presentation

of R.
.4/ ) .1/. Let ¹N˛º� be a family of flat R-modules and suppose that A is a

finitely generated left ideal of R. Then A is finitely presented since R is left coherent.
So .2/ of the left-hand version of Proposition 5.3.15 gives
�Y

�

N˛

�
˝R A Š

Y

�

.N˛ ˝R A/ �
Y

�

.N˛ ˝R R/ Š
Y

�

N˛ Š
�Y

�

N˛

�
˝R R:

Hence, we have an exact sequence 0! .
Q
�N˛/˝RA! .

Q
�N˛/˝RR, so by .3/

of Proposition 5.3.7 we see that
Q
�N˛ is a flat R-module.
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Regular Rings and Flat Modules

In order to characterize rings over which everyR-module is flat, we need the following
proposition.

Recall thatR is a regular ring if for each a 2 R there is an r 2 R such that a D ara.

Proposition 5.3.17. The following hold for any ring R.

(1) R is a regular ring if and only if every principal right (left) ideal of R is gener-
ated by an idempotent.

(2) If R is a regular ring, then every finitely generated right (left) ideal of R is
a principal right (left) ideal of R.

Proof. .1/ Let a 2 R and consider the principal right ideal aR. Since R is regular,
there is an r 2 R such that ara D a. Let e D ar , then e2 D .ar/.ar/ D .ara/r D

ar D e, so e is an idempotent of R. Moreover, e 2 aR shows that eR � aR. If
c D ab 2 aR, then ec D arc D arab D ab, so ab 2 eR. Hence, eR D aR.

Conversely, suppose that the principal right ideal aR is generated by the idempo-
tent e. Then eR D aR and e D ar for some r 2 R. Hence, ea D ara. Since a 2 eR,
a D eb for some b 2 R, so ea D e2b D eb D a. Therefore, ara D ea D a and we
have that R is regular.
.2/ The proof is by induction on the number of generators. If the finitely generated

right ideal is generated by a single element, there is nothing to prove. Make the
induction hypothesis that every right ideal of R generated by k elements, k < n, is
a principal right ideal of R. If

A D a1RC a2RC � � � C anR

is generated by n elements, then, by the induction hypothesis,

a1RC a2RC � � � C an�1R

is a principal right ideal of R. Consequently, to complete the induction proof, it
suffices to prove that a right ideal of the form aR C bR is a principal right ideal of
R. From (1), aR D eR, where e is an idempotent of R. Since b D eb C .1 � e/b,
bR � ebRC .1 � e/bR. So it follows that

aRC bR D eRC .1 � e/bR D eRC fR;

where f is an idempotent element of R such that ef D 0. Let g D f .1 � e/. Then

gf D f .1 � e/f D f .f � ef / D f;

g2 D f .1 � e/f .1 � e/

D f 2.1 � e/ D f .1 � e/ D g;

eg D ef .1 � e/ D 0 and

ge D f .1 � e/e D f .e � e2/ D 0:
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But g 2 fR and f 2 gR, so fR D gR. Therefore, aRC bR D eRC gR. We claim
that eRC gR D .e C g/R. If er C gs 2 eRC gR, then

.e C g/.er C gs/ D er C egs C ger C gs

D er C gs;

so eR C gR � .e C g/R. The reverse containment is obvious, so aR C bR D

.eCg/R and the proof is complete. (Since the definition of a regular ring is left-right
symmetric, the proof for left ideals follows by symmetry.)

Proposition 5.3.18. The following are equivalent for any ring R.

(1) R is a regular ring.

(2) Every R-module is flat.

(3) Every cyclic R-module is flat.

Proof. .1/) .2/. If R is a regular ring and A is a finitely generated left ideal of R,
then Proposition 5.3.17 shows that A D Re for some idempotent e 2 R. If B is a left
ideal of R such that R D A˚ B and i W A! R is the canonical injection, then there
is an epimorphism � W R! A such that �i D idA. But then the canonical map

0!M ˝R A
idM˝i
����!M ˝R R

has idM ˝ � as a left inverse. Thus, idM ˝ i is an injection and so Proposition 5.3.7
shows that M is a flat R-module.
.2/) .3/. Obvious.
.3/) .1/. Let a 2 R and consider the short exact sequence

0! aR! R! R=aR! 0:

Since R=aR is cyclic and R is flat, in view of (3) of Proposition 5.3.9, we see that
aR \Ra D .aR/.Ra/ D aRa. Hence, R is a regular ring, since a 2 aR \Ra.

Because of the left-right symmetry of regular rings, it is also the case that a ring
R is regular if and only if every left R-module is flat. Hence, we have the following
corollary to Proposition 5.3.18.

Corollary 5.3.19. Every regular ring is coherent.



Section 5.3 Flat Modules 165

Problem Set 5.3

1. If 0 ! N1 ! N ! N2 ! 0 is a split short exact sequence of left R-modules
and M is an R-module, verify that

0!M ˝R N1 !M ˝R N !M ˝R N2 ! 0

is split exact in Ab. Conclude thatM˝R� preserves split short exact sequences
regardless of whether or not M is flat.

2. Prove that an R-module M is flat if and only if

0!M ˝R A!M ˝R R ŠM

is exact for each essential left ideal A of R. [Hint: If A is a left ideal of R and
Ac is a complement of A in R, consider A˚ Ac .]

3. Prove that every flat module over an integral domain is torsion free. [Hint:
Consider f W R! R defined by f .b/ D ba, .idM˝f / WM˝RR!M˝RR,
where .idM˝f /.x˝b/ D x˝ba, g WM˝RR!M such that g.x˝b/ D xb
and the diagram

M ˝R R
idM˝f� M ˝R R

M

g

�
� � M

g

�
�

4. Prove Proposition 5.3.9 by using the commutative diagram

K˝RA
i˝idA� F˝RA

f˝idA� M˝RA � 0

0 � K\FA � FA

'F
A

�

 � MA

'M
A

�
� 0

where � W FA ! MA is such that �.
Pn
iD1 xiai / D

Pn
iD1 f .xi /ai , '

F
A and

'MA are the maps defined in Proposition 5.3.8 and f W F !M is a free module
on M .

5. If 0 ! M1

f
�! M

g
�! M2 ! 0 is exact sequence of R-modules and M1 and

M2 are flat, prove that M is flat. [Hint: Let A be a left ideal of R and consider
the diagram

M1 ˝R A
f˝idA� M ˝R A

g˝idA� M2 ˝R A � 0

M1A

˛

�
� MA

ˇ

�
� M2A

�

�
� 0�
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6. An exact sequence of R-modules 0 ! M1

f
�! M ! M2 ! 0 is said to be

a pure short exact sequence if

0!M1 ˝R N !M ˝R N !M2 ˝R N ! 0

is exact for every left R-module N . In this case we say that f .M1/ is a pure
submodule of M . Note that Exercise 1 shows that split short exact sequences
are pure. Prove that the following are equivalent:

(a) M is a flat R-module.

(b) Every exact sequence of R-modules of the form

0!M1 !M2 !M ! 0

is pure.

(c) There is a pure exact sequence of the form

0!M1 !M2 !M ! 0

with M2 flat.

[Hint: For .a/ ) .b/, let N be a left R-module and suppose that 0 ! K !

F ! N ! 0 is exact with F a free left R-module. Show that this gives a row
and column exact commutative diagram

M1 ˝R K � M ˝R K � M2 ˝R K � 0

0 � M1 ˝R F
�

� M ˝R F
�

� M2 ˝R F
�

� 0

M1 ˝R N
�

� M ˝R N
�

� M2 ˝R N
�

� 0

0
�

0
�

0
�

and then show that M1 ˝R N ! M ˝R N is an injection. To show that
.c/) .a/, suppose that 0 ! M1 ! M2 ! M ! 0 is exact, where M2 a flat
R-module, and suppose that 0! N1 ! N ! N2 ! 0 is an exact sequence of
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left R-modules. Show that
0

M1 ˝R N1 � M2 ˝R N1

�
� M ˝R N1 � 0

M1 ˝R N
�

� M2 ˝R N
�

� M ˝R N
�

� 0

M1 ˝R N2

�
� M2 ˝R N2

�
� M ˝R N2

�
� 0

0
�

0
�

0
�

is a row and column exact commutative diagram and then show that M ˝R
N1 !M ˝R N is an injection.]

7. (a) Is a regular ring left and right semihereditary?
(b) Show that R is a regular ring if and only if for each a 2 R there is an
element r 0 2 R such that ar 0a D a and r 0ar 0 D r 0. [Hint: If r 2 R is such that
ara D a, consider r 0 D rar .]
(c) Show thatR is a regular ring if and only if AB D A\B for every right ideal
A of R and every left ideal B of R.
(d) Prove that a ring direct product of a finite number of regular rings is a regular
ring.
(e) Prove that a regular ring is a division ring if and only if its only idempotents
are 0 and 1.

8. If f W R ! S is a ring homomorphism and M is a flat R-module and S is
viewed as a left R-module by pullback along f , prove that M ˝R S is a flat
S -module. [Hint: If N is a left S -module, then N is a left R-module by pull-
back along f and S is an .R;R/-bimodule by pullback along f . Show that
.M ˝R S/˝S N ŠM ˝R .S ˝S N/ ŠM ˝R N .]

9. Clearly, every finitely presented R-module is finitely generated. Prove that the
converse holds if R is a right noetherian ring.

10. (a) Prove that every finitely generated projective module is finitely presented.
[Hint: If M is a finitely generated projective R-module, consider a short exact
sequence 0 ! K ! F ! M ! 0, where F is a finitely generated free
R-module.]
(b) Show that a right semihereditary ring is right coherent.
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11. Let 0!M1 !M !M2 ! 0 be a exact sequence in ModR.
(a) IfM1 andM2 are finitely presented, show thatM is finitely presented. [Hint:
Exercise 9 in Problem Set 5.2.]
(b) Prove that for every positive integer n, a direct sum M1 ˚M2 ˚ � � � ˚Mn

of R-modules is finitely presented if and only if Mi is finitely presented for
i D 1; 2; : : : ; n.

12. Prove that the map 'R
.n/

of Proposition 5.3.14 is an isomorphism.

13. Prove that every finitely presented flat R-module M is projective. [Hint: Let
0 ! K ! F ! M ! 0 be exact where F is finitely generated and free and
K is a finitely generated submodule of F . Use Proposition 5.3.11 and show that
0! K ! F !M ! 0 splits.]

14. An R-module M is said to be faithfully flat provided that 0 ! RN1 ! RN

is exact if and only if 0 ! M ˝R N1 ! M ˝R N is exact. Prove that the
following are equivalent for an R-module M . Note that a faithfully flat module
is clearly flat.
(a) M is faithfully flat.
(b) M is flat and M ˝R N D 0 implies that N D 0 for any left R-module N .
(c) M is flat and Mm ¤M for every maximal left ideal m of R.
(d) M is flat and MA ¤M for every proper left ideal A of R.
(e) If f W N1 ! N2 is R-linear and idM ˝ f WM ˝R N1 !M ˝N2 is zero,
then f D 0.
[.a/ , .b/, Hint: For .a/ ) .b/, consider 0 ! M ˝R 0 ! M ˝R N !

M ˝R 0 ! 0 and to show that .b/ ) .a/, suppose that 0 ! N1
f
�! N is

a sequence of R-modules. If 0 ! M ˝R N1
idM˝f
�����! M ˝R N is exact, then

M ˝R Ker f D 0.]
[.b/) .c/, Hint: Note that M=Mm Š M ˝R .R=m/, where m is a maximal
left ideal of R. See Exercise 2 in Problem Set 2.3.]
[.c/ ) .b/, Hint: Suppose that 0 ¤ x 2 N . Then Rx Š R=A for some left
ideal A of R. If m is a maximal left ideal that contains A, then M ¤ Mm �

MA, so M ˝R Rx Š M ˝R MA Š M=MA ¤ 0. Next, consider the map
M ˝R Rx !M ˝R N .]
[.b/ , .e/, Hint: For .b/ ) .e/, let N D f .N1/ and assume that idM ˝ f W
M ˝R N1 ! M ˝R N2 is zero. Now consider the composition of M ˝R

N1
idM˝f
�����! M ˝R N

idM˝i
����! M ˝R N2, where i W N ! N2 is the canonical

injection, and show that M ˝R N D 0. To show that .e/ ) .b/, consider
idM ˝ idN WM ˝R N !M ˝R N .]

15. AnR-moduleM is said to be faithful provided thatMa D 0 implies that a D 0.
Prove that a faithfully flat R-module is faithful. [Hint: If Ma D 0, let f W
R! R be such that f .b/ D ba and consider idM˝f WM˝RR!M˝RR.]
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5.4 Quasi-Injective and Quasi-Projective Modules

Injective and projective modules lead to the concepts of quasi-injective and quasi-
projective modules. We do little more in this section than give the definitions and
examples of these modules. Quasi-injective and quasi-projective modules will be
revisited in a subsequent chapter where quasi-injective envelopes and quasi-projective
covers will be developed. There we will show that every module has a quasi-projective
cover if and only if every module has a projective cover.

Definition 5.4.1. An R-module M is said to be quasi-injective if each row exact
diagram

0 � N
f � M

M

g

��...
....

....
....

....
...

of R-modules and R-homomorphisms can be completed to a commutative diagram
by an endomorphism of M . Dually, M is quasi-projective if each row exact diagram

M

M
f �

�...
....

....
....

....
...

N

g

�
� 0

of R-modules and R-module homomorphisms can be completed to a commutative
diagram by an endomorphism of M .

Examples

1. A simple R-module is quasi-injective and quasi-projective.

2. If an R-module M contains a copy of RR, then M if is quasi-injective if and
only if M is injective. This follows easily from Baer’s criteria.

3. If M and N are isomorphic R-modules, then M is quasi-injective (quasi-pro-
jective) if and only if N is quasi-injective (quasi-projective).

4. Every injective (projective) R-module is quasi-injective (quasi-projective).

Proofs of the following propositions are left as exercises. Each proof follows di-
rectly from the definitions.

Proposition 5.4.2. An R-module M is quasi-injective if and only if for each pair of
submodules N1 and N2 of M such that N1 � N2 each f 2 HomR.N1;M/ can be
extended to a g 2 HomR.N2;M/.
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Proposition 5.4.3. An R-module M is quasi-projective if and only if for each pair of
submodules N1 and N2 of M such that N1 � N2, each f 2 HomR.M;M=N1/ can
be lifted to a g 2 HomR.M;M=N2/:

Proposition 5.4.4. If ¹Miº
n
iD1 if a family ofR-modules and

Qn
iD1Mi is quasi-injec-

tive, then each Mi is quasi-injective.

Remark. There are several concepts that generalize quasi-injective and quasi-projec-
tive modules, for instance, continuous modules, quasi-continuous modules, extend-
ing modules as well as discrete modules, quasi-discrete modules and lifting modules.
These modules constitute an active area of research in ring and module theory. Addi-
tional details can be found in [33] and [11].

Problem Set 5.4

1. Verify Example 2.

2. Prove Proposition 5.4.2.

3. Prove Proposition 5.4.3.

4. Prove Proposition 5.4.4. Conclude that a direct summand of a quasi-injective
module is quasi-injective.

5. Prove that every R-module is quasi-injective if and only if every R-module is
injective.

6. Prove that an R-module M is quasi-injective if and only if for each essential
submodule N of M , each R-linear mapping f W N ! M can be extended
to M . [Hint: Consider N ˚Nc , where Nc is a complement of N in M .]

7. Prove or find a counterexample to each of the following.

(a) If ¹Miº
n
iD1 is a family of R-modules and each Mi is quasi-projective, thenQn

iD1Mi is quasi-projective.

(b) If ¹Miº
n
iD1 is a family of R-modules and

Qn
iD1Mi is quasi-projective, then

each Mi is quasi-projective.



Chapter 6

Classical Ring Theory

If R is a right artinian ring with no nonzero nilpotent ideals (defined below), then R
is a finite ring direct product of simple artinian rings. An obstruction to decomposing
a right artinian ring in this manner is that it may have nonzero nilpotent ideals. If we
could find an ideal of R that contains the nilpotent ideals of R, then the factor ring
modulo this ideal will be free of nonzero nilpotent ideals. Fortunately, there is such
an ideal rad.R/, called the prime radical of R. Furthermore, when R is right artinian,
R= rad.R/ is right artinian and rad.R= rad.R// D 0.

Jacobson [60] discovered another ideal J.R/ ofR, now called the Jacobson radical,
such that rad.R/ � J.R/. Moreover, when R is right artinian, J.R/ is nilpotent and
J.R/ D rad.R/. Hence, if R is right artinian, then R=J.R/ is a right artinian ring
such that J.R=J.R// D 0, soR=J.R/ is a finite ring direct product of simple artinian
rings. The ideal J.R/ is one of the most important ideals in the study of rings and
modules.

The main purpose of the chapter is to study right artinian rings R for which
J.R/ D 0. As it turns out, a simple artinian ring is an n � n matrix ring with en-
tries from a division ring, so a right artinian ring R with J.R/ D 0 has a very nice
description in terms of matrix rings.

The pioneering work on such a decomposition of a ring was done by Wedder-
burn [71], although in a somewhat different context. Later Artin [47], [48] extended
Wedderburn’s results to rings that satisfy both the ascending and the descending chain
condition. At that time, Artin did not know that the descending chain condition on
a ring implies that it satisfies the ascending chain condition (Corollary 6.6.5). This re-
sult, and the results of Wedderburn and Artin has led to what is now often referred to
as the Wedderburn–Artin theory. To address this theory, we begin with the Jacobson
radical.

6.1 The Jacobson Radical

Numerous types of radicals have emerged over the years each with a different foun-
dation. Thus, when the word “radical” is encountered, care must be taken to deter-
mine its exact meaning. A discussion of several types of radicals can be found in [9]
and [17].

Definition 6.1.1. The Jacobson radical [22] of R, denoted by J.R/, is the intersec-
tion of the maximal right ideals of R. If J.R/ D 0, then R is said to be a Jacobson
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semisimple ring. (Jacobson semisimple rings are also referred to as J -semisimple
rings and they are sometimes called semiprimitive rings.)

At this point, the Jacobson radical ofR should probably be called the right Jacobson
radical of R since it is formed by taking the intersection of the maximal right ideals
of R. However, we will see that J.R/ is also the intersection of the maximal left
ideals of R, so a designation of left or right is immaterial.

The concept of the Jacobson radical of R carries over to modules. If M is an
R-module, then the radical of M , denoted by Rad.M/, is the intersection of the
maximal submodules of M . If M fails to have maximal submodules, then we set
Rad.M/ D M . There are modules that fail to have maximal submodules. For ex-
ample, the Z-module Q=Z has no maximal submodules. The following proposition
shows that there is a “large” class of modules each of which always has at least one
maximal submodule.

Proposition 6.1.2. If M is a nonzero finitely generated R-module, then M has at
least one maximal submodule.

Proof. If ¹x1; x2; : : : ; xnº is a minimal set of generators of M , then

x2RC x3RC � � � C xnR D N  M:

Let S be the collection of proper submodules of M that contain N and partial order
S by inclusion. Note that N 0 2 S if and only if N � N 0 and x1 … N 0. If C is
a chain of submodules of S , then x1 …

S
C N

0, so
S

C N
0 is a proper submodule

of M that contains N . Hence, S is inductive and Zorn’s lemma shows that S has
a maximal element, say N �. If N � fails to be a maximal submodule of M , then there
is a submodule NN of M such that N �   NN   M . Now NN … S for, if so, this
would contradict the maximality of N � in S . But if NN is not in S , then x1 2 NN , so
¹x1; x2; : : : ; xnº � NN . Thus, NN DM and so we have a contradiction. Therefore, N �

is not only maximal in S but N � is also a maximal submodule of M .

Corollary 6.1.3. IfM is a nonzero finitely generatedR-module, then Rad.M/ ¤M .

Since R is generated by 1, J.R/ ¤ R. This is also verified by Corollary 1.2.4
which states that R has at least one maximal right ideal. A useful property of the
radical of a module is that it is preserved under direct sums.

Proposition 6.1.4. If ¹M˛º� is a family of R-modules, then

Rad
�M

�

M˛

�
D
M

�

Rad.M˛/:
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Proof. We prove the proposition for � D ¹1; 2º. The argument for the general case
is similar and its proof is left as an exercise. If i1 W M1 ! M1 ˚M2 and i2 W M2 !

M1 ˚M2 are the canonical injections, then (a) of Exercise 3 shows that

ik W Rad.Mk/! Rad.M1 ˚M2/

for k D 1; 2. Consequently, Rad.M1/ ˚ Rad.M2/ � Rad.M1 ˚M2/. Next, note
that since .M1 ˚ M2/=.N1 ˚ M2/ Š M1=N1, N1 ˚ M2 is a maximal submod-
ule of M1 ˚ M2 if and only if N1 is a maximal submodule of M1. Therefore, if
.x; y/ 2 Rad.M1 ˚ M2/, then .x; y/ 2 N1 ˚ M2 for every maximal submodule
N1 of M1. Hence, x 2 N1 for every maximal submodule of M1, so x 2 Rad.M1/.
Similarly, y 2 Rad.M2/ and we have Rad.M1˚M1/ � Rad.M1/˚Rad.M2/. Thus,
Rad.M1 ˚M2/ D Rad.M1/˚ Rad.M2/:

Corollary 6.1.5. If F is a free R-module, then Rad.F / D FJ.R/.

Proof. Since F Š R.�/ for some set �, we have

Rad.F / Š Rad.R.�// Š J.R/.�/ Š R.�/J.R/ Š FJ.R/:

Lemma 6.1.6. An element a of R is contained in no maximal right ideal of R if and
only if a has a right inverse in R.

Proof. Suppose that a is contained in no maximal right ideal of R. Then aR cannot
be a proper right ideal of R since every proper right ideal is, by Proposition 1.2.3,
contained in a maximal right ideal of R. Hence, aR D R, so there is an r 2 R such
that ar D 1. Conversely, if a has a right inverse and a 2 m, m a maximal right ideal
of R, then 1 2 m, so m D R, a contradiction. Hence, a … m, so a is contained in no
maximal right ideal of R:

Proposition 6.1.7. The following hold for any ring R.

(1) J.R/ is an ideal ofR that coincides with the intersection of the right annihilator
ideals of the simple R-modules.

(2) J.R/ is the set of all a 2 R such that 1 � ar has a right inverse for all r 2 R.

(3) J.R/ is the largest ideal of R such that for all a 2 J.R/, 1 � a is a unit in R.

Proof. .1/ Let S be the nonempty class of simple R-modules. We claim that J.R/ DT
S annr .S/. Since S is a simple R-module if and only if there is a maximal right

ideal m of R such that R=m Š S , we see that annr .R=m/ D annr.S/. But a 2
annr.R=m/ implies that a C m D.1 C m/a D 0, so a 2 m. So it follows thatT

S annr .S/ � J.R/. Conversely, if a 2 J.R/, then a is in every maximal right
ideal of R. If S is any simple R-module and x 2 S; x ¤ 0, then xR D S , so
R= annr.x/ Š S and annr.x/ is a maximal right ideal of R. Hence, a 2 annr.x/
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for every nonzero x 2 S . Therefore, a 2
T
S annr .x/ D annr .S/, so J.R/ �T

S annr.S/.

Note that since the right annihilator of an R-module is an ideal of R, we
see that J.R/ is an ideal of R.

.2/ An element a of R is such that a 2 J.R/ if and only if a is in every maximal
right ideal of R and this in turn is true if and only if 1 � ar is in no maximal right
ideal of R for any r 2 R. This observation and Lemma 6.1.6 give the result.
.3/ If a 2 J.R/, then 1 � a has a right inverse b in R and .1 � a/b D 1 implies

that 1 � b D �ab 2 J.R/. Thus, 1 � b is in every maximal right ideal of R, so b
can be in no maximal right ideal of R. Lemma 6.1.6 now implies that b has a right
inverse c 2 R. But 1 D .1 � a/b, so c D .1 � a/bc D 1 � a and this shows that
1 D bc D b.1 � a/. Therefore, b is also a left inverse for 1 � a. Finally, let I be an
ideal of R such that J.R/ � I and such that 1 � a is a unit in R for every a 2 I . If
r 2 R, then ar 2 I , so 1� ar is a unit in R. But then 1� ar has a right inverse in R,
so by (2), a 2 J.R/. Hence, I � J.R/ and we are done.

Part (3) of Proposition 6.1.7 is obviously left-right symmetric and leads to the fol-
lowing proposition.

Proposition 6.1.8. The following hold for any ring R.

(1) J.R/ is the intersection of the maximal left ideals of R.

(2) J.R/ is an ideal of R that coincides with the intersection of the left annihilator
ideals of the simple left R-modules.

(3) J.R/ is the set of all a 2 R such that 1 � ra has a left inverse for all r 2 R.

Because of .1/ of Proposition 6.1.7 and .2/ of Proposition 6.1.8, we see that
SJ.R/ D 0 for each simple R-module S and J.R/S D 0 for each simple left R-
module. We now need the following lemma.

Lemma 6.1.9. If A is a right ideal of R such that A � J.R/, then MA � Rad.M/

for every R-module M .

Proof. Suppose that A is a right ideal of R such that A � J.R/. If Rad.M/ D M ,
there is nothing to prove, so suppose that Rad.M/ ¤M . Part (1) of Proposition 6.1.7
shows that SJ.R/ D 0 for every simple R-module S , so SA D 0 for all simple R-
modules S . If N is a maximal submodule ofM , thenM=N is a simple R-module, so
.M=N/A D 0. Thus, MA � N and we see that MA is contained in every maximal
submodule of M . Consequently, MA � Rad.M/.

The notation An, not to be confused with A.n/ D A � A � � � � � A, denotes the
set of all finite sums

P
a1a2 � � � an of products a1a2 � � � an of n elements from a left

ideal A, a right ideal A or an ideal A of R. We write An D 0 if all such finite sums
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are equal to zero. It follows that An D 0 if and only if all products a1a2 � � � an of n
elements from A are zero. A right ideal (A left ideal, An ideal) A with this property
is said to be nilpotent. In particular, if A is nilpotent and such that An D 0, then
an D 0 for each a 2 A, so every element of A is nilpotent. Nilpotent right ideals of
R will be discussed in more detail later in this chapter. The point is that if M is any
R-module and A is a nilpotent right ideal of R such that MA D M , then M D 0.
This follows easily since M D MA D MA2 D MA3 D � � � D MAn D 0, where
n is a positive integer such that An D 0. The following important result shows that
MA DM impliesM D 0 for all finitely generated R-modulesM and all right ideals
A contained in J.R/ regardless of whether or not A is nilpotent.

Lemma 6.1.10 (Nakayama’s lemma). If A is a right ideal of R such that A � J.R/,
then the following two equivalent conditions hold for every finitely generated R-mod-
ule M .

(1) If N is a submodule of M such that N CMA DM , then N DM .

(2) If MA DM , then M D 0.

Proof. Suppose that A is a right ideal of R, that A � J.R/, and that M is finitely
generated.
.1/ If M D 0, the result is obvious, so suppose that M ¤ 0. If N CMA D M

and x C N 2 M=N , then x D y C
Pn
kD1 xkak , where y 2 N , xk 2 M and

ak 2 A for k D 1; 2; : : : ; n: Thus, xCN D yC
Pn
kD1 xkakCN D

Pn
kD1 xkakC

N D
Pn
kD1.xk C N/ak: 2 .M=N/A. This observation and Lemma 6.1.9 show that

M=N � .M=N/A � Rad.M=N/. Hence, Rad.M=N/ DM=N . But if M is finitely
generated, then M=N is finitely generated, so if M=N is nonzero, then Corollary
6.1.3 implies that Rad.M=N/ ¤ M=N . Thus, it must be the case that M=N D 0, so
N DM . Hence, .1/ holds for every finitely generated R-module M .

The proof will be completed by showing .1/” .2/. Suppose that (1) holds, that
MA D M and that M ¤ 0. Then using Proposition 6.1.2, we see that M has at
least one maximal submodule, say N . Since MA D M , we have N CMA D M

and so, by (1), it must be the case that N D M . But maximal submodules of M are
proper submodules of M , so M D 0 and we have .1/) .2/. To see that .2/) .1/,
suppose that N is a submodule of M such that N CMA D M . Then .M=N/A D
.N CMA/=N , so .M=N/A D M=N . But M=N is finitely generated, so (2) shows
that M=N D 0. Hence, M D N .

Definition 6.1.11. A submodule S of anR-moduleM is said to be small (or superflu-
ous) inM if whenever N is a submodule ofM such that S CN DM , then N DM .
A right ideal of R is small if it is small when viewed as a submodule of RR.

Note that every module has at least one small submodule, namely the zero submod-
ule, so the set of small submodules of a given module is always nonempty.
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Example

1. Local Rings. Recall that a ring is said to be a local ring if it is a commutative
ring that has exactly one maximal ideal. Let m be the maximal ideal of a local
ringR. Then m D J.R/ and we claim that m is small inR. To see this, suppose
that I is an ideal of R such that mC I D R. If I is a proper ideal of R, then
because of Proposition 1.2.3, I is contained in a maximal ideal ofR which must
be m. But then mC I � m ¤ R, a contradiction. Thus, I D R, so m is small
in R.

Example 1 shows that the Jacobson radical J.R/ of a local ring is small in R. The
small right ideals of a ring are closely connected to the Jacobson radical of the ring.

Proposition 6.1.12. A right ideal A is small in R if and only if A � J.R/. Further-
more, if M is a finitely generated R-module, then MA is a small submodule M for
each right ideal A of R contained in J.R/.

Proof. Let A � J.R/ be a right ideal of R. Then A � RA, so if B is a right ideal
of R such that B C A D R, then B C RA D R. But R is finitely generated so
Nakayama’s lemma gives B D R. Hence, A is small in R. Conversely, suppose that
A is a small right ideal of R. If A ª J.R/, then there is a maximal right ideal m

of R such that A ª m, so A C m D R. This indicates that m D R and we have
a contradiction. Hence, A � J.R/ when A is a small right ideal of R.

Finally, ifM is finitely generated andNCMA DM , thenN DM by Nakayama’s
lemma.

Corollary 6.1.13. For any ringR, J.R/ is the largest small right (left) ideal ofR and
as such it is unique.

The radical of M can also be described in terms of the small submodules of M .

Proposition 6.1.14. If M is an R-module and ¹S˛º� is the family of small submod-
ules of M , then Rad.M/ D

P
� S˛.

Proof. If Rad.M/ D M , then it is obvious that
P
� S˛ � Rad.M/. So suppose that

Rad.M/ ¤M . If S is a small submodule of M and if there is a maximal submodule
N of M such that S ª N , then S C N D M . But this implies that N D M which
clearly cannot be the case. Thus, S is contained in every maximal submodule of M ,
so S � Rad.M/. Hence,

P
� S˛ � Rad.M/.

For the reverse containment, let N be a proper submodule of M and suppose that
x 2 M � N . If M D xR C N , then we claim that there is a maximal submodule
of M that does not contain x. Let T be the set of submodules N 0 of M such that
x … N 0 and N 0 � N . Now T ¤ ¿ since N 2 T , so partial order T by inclusion. If
C is a chain in T , then

S
C N

0 is a submodule of M containing N and x …
S

C N
0.
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Hence, T is inductive, so let N � be a maximal element of T . We assert that N � is
a maximal submodule of M . If not, there is a submodule X of M such that N �  
X   M and it must be the case that x 2 X . Since xR � X and N � N �, we
see that M D X C N � D X , a contradiction. Hence, N � is a maximal submodule
of M . Therefore, if N is a proper submodule of M and x 2 M � N is such that
M D xR C N , then there is a maximal submodule N � of M such that x … N �.
Consequently, x … Rad.M/. It follows that if x 2 Rad.M/ and xRC N D M , then
N cannot be a proper submodule of M and this in turn implies that xR is a small
submodule of M . Thus, x 2 xR �

P
� S˛ and so Rad.M/ �

P
� S˛:

Corollary 6.1.15. For any R-module M , Rad.M/ contains every small submodule
of M .

Problem Set 6.1

1. (a) If S is a small submodule of M and S 0 is a submodule of S , show that S 0 is
a small submodule of M . Conclude that submodules of small submodules are
small.

(b) If f W M ! N is an R-linear mapping and S is a small submodule of M ,
prove that f .S/ is a small submodule of N . [Hint: If N 0 is a submodule of N
such that f .S/CN 0 D N , then S C f �1.N 0/ DM .]

(c) Show that S1 ˚ S2 is a small submodule of M1 ˚M2 if and only if S1 is
a small submodule of M1 and S2 is a small submodule of M2.

2. Let M be an R-module.

(a) If S1 and S2 are submodules ofM such that S1 � S2, prove that S2 is small
in M if and only if S1 is small in M and S2=S1 is small in M=S1.

(b) Show that S1CS2 is small inM if and only S1 and S2 are small submodules
of M .

(c) Prove that S is a small submodule of anR-moduleM if and only if SCN ¤
M for every proper submodule N of M .

3. Verify each of the following:

(a) If f W M ! N is an R-linear mapping, then f .Rad.M// � Rad.N / for
all R-modules M and N . In particular, if f is an epimorphism and Kerf �
Rad.M/, then equality holds. [Hint: If S is a small submodule of M , then
f .S/ is a small submodule of N . See (b) of Exercise 1. If f is an epimorphism
and Ker f � Rad.M/, show that there is a one-to-one correspondence among
the maximal submodules of N and the maximal submodules of M that contain
Ker f .]

(b) Rad.M=Rad.M// D 0 for every R-module M .

(c) If I is an ideal of R such that I � J.R/, then J.R=I / D J.R/=I .
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4. (a) If n is a positive integer greater than 1, compute the radical of the Z-module
.n/. [Hint: Describe Rad..n// in terms of the prime factorization of n.]

(b) Compute the Jacobson radical of the rings Z and Zn.

(c) If p is a prime number, what is the Jacobson radical of Zpn , n a positive
integer?

5. Prove that Z-module Q=Z has no maximal submodules. Conclude that
RadZ.Q=Z/ D Q=Z.

6. Suppose that N is a submodule of an R-module M . Prove that N D Rad.M/

if and only if N � Rad.M/ and Rad.M=N/ D 0.

7. Let M be a nonzero R-module with only one small submodule. Show that M
has at least one maximal submodule.

8. (a) Show that J.R/ cannot contain a nonzero idempotent element ofR: [Hint: If
e is an idempotent in J.R/, consider 1� e along with (3) of Proposition 6.1.7.]

(b) Recall that a ring R is said to be a regular ring if for each a 2 R there is
an r 2 R such that a D ara. If R is a regular ring, show that R is Jacobson
semisimple.

9. If
Q
�R˛ is the ring direct product of the family ¹R˛º� of rings, show that

J.
Q
�R˛/ D

Q
� J.R˛/. [Hint: Verify that .1˛/�.a˛/.b˛/ has a right inverse

in
Q
�R˛ if and only if 1˛ � a˛b˛ has a right inverse in R˛ for each ˛ 2 �.]

Conclude that a ring direct product of Jacobson semisimple rings is Jacobson
semisimple.

10. (a) Complete the proof of Proposition 6.1.4 for an arbitrary indexing set �.

(b) Show that if F is a free R-module, then Rad.F / D FJ.R/.

(c) Prove that J.Mn.R// DMn.J.R//.

11. Prove that a 2 J.R/ if and only if 1 � ras is a unit in R for all r; s 2 R.

12. (a) IfD is a division ring, prove that J.DŒX�/ D 0. [Hint: If p.X/ 2 J.DŒX�/,
then 1�p.X/ is a unit inDŒX�. Show that the only units inDŒX� are elements
of D, and then show J.DŒX�/ is an ideal of D.]

(b) Let R be the matrix ring
�
K K
0 K

�
, where K is a field. Compute J.RR/ and

J.RR/.

6.2 The Prime Radical

Recall that if R is a commutative ring, then a proper ideal p of R is prime if whenever
a; b 2 R and ab 2 p; then a 2 p or b 2 p. If p is a prime ideal of a commutative ring
R, let A and B be ideals of R such that AB � p. If B ª p, let b 2 B be such that
b … p. Then for any a 2 A, ab 2 AB � p, so it must be the case that a 2 p. Hence,
A � p. So if R is a commutative ring, then an ideal p of R is prime if and only if
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whenever A and B are ideals of R such that AB � p, then either A � p or B � p.
This property of prime ideals in a commutative ring is a property that can be used to
extend the concept of a prime ideal to noncommutative rings.

Definition 6.2.1. A proper ideal p of a ring R is said to be a prime ideal of R if
whenever A and B are ideals of R such that AB � p, then either A � p or B � p.

The following proposition gives several conditions that characterize prime ideals.

Proposition 6.2.2. If p is an ideal of R, then the following are equivalent:

(1) p is a prime ideal of R.

(2) If a; b 2 R and aRb � p, then a 2 p or b 2 p.

(3) IfA andB are right ideals ofR such thatAB � p, then eitherA � p orB � p.

(4) If A and B are left ideals of R such that AB � p, then either A � p or B � p.

Proof. .1/ ) .2/. If p is a prime ideal of R and a; b 2 R are such that aRb � p;

then RaR and RbR are ideals of R and .RaR/.RbR/ D R.aRb/R � RpR � p.
Hence, a 2 RaR � p or b 2 RbR � p.
.2/ ) .3/. Suppose that A and B are right ideals of R such that AB � p. If

B ª p, then there is a b 2 B such that b … p: But then for any a 2 A, we have
aRb � AB � p, so a 2 p: Hence, A � p when B ª p.
.3/) .1/. Clear.
A similar proof shows the equivalence of .1/; .2/ and .4/.

Prime Rings

Definition 6.2.3. The prime radical (or the lower nil radical) of a ring R, denoted by
rad.R/, is the intersection of the prime ideals of R. A ringR is said to be a prime ring
if zero is a prime ideal of R.

With the following definition, we can give an elementwise characterization of the
prime radical of R.

Definition 6.2.4. An element a 2 R is said to be strongly nilpotent provided that
every sequence a0; a1; a2; : : : , where a D a0 and anC1 2 anRan for n D 0; 1; 2; : : : ,
is eventually zero, that is, if there is an integer n 	 0 such that an D 0.

Proposition 6.2.5. The prime radical of a ring R is the set of all strongly nilpotent
elements of R.

Proof. Suppose that a 2 R and a … rad.R/. Then there is a prime ideal p of R
such that a … p. Hence, a0Ra0 ª p; where a D a0, so there is an a1 2 a0Ra0
such that a1 … p. Thus, a1Ra1 ª p. Continuing in this way we obtain a sequence
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a D a0; a1; a2; � � � that is never zero and so a is not strongly nilpotent. Hence, if an
element a 2 R is strongly nilpotent, then a 2 rad.R/.

For the converse, assume that a 2 R is not strongly nilpotent. Then there is a se-
quence a0; a1; a2; : : :, where a D a0 and anC1 2 anRan for n D 0; 1; 2; : : :, that
is never zero. Let T D ¹an j n 	 0º. Then 0 … T , so suppose that S is the
set of all ideals of R that have empty intersection with T . If S is partially ordered
by inclusion, then S is inductive, so Zorn’s lemma shows there is a maximal ele-
ment p of S . We claim that p is a prime ideal of R. Let A and B be ideals of R
such that A ª p and B ª p. Since p is maximal in S , both A C p and B C p

have nonempty intersection with T . Let ai 2 A C p and aj 2 B C p. Then
anC1 2 anRan � .AC p/.B C p/ � AB C p, where n D max.i; j /. But anC1 … p

since p has empty intersection with T , so AB ª p. Therefore, if A and B are ideals
of R such that AB � p; then A � p or B � p. Hence, p is a prime ideal of R such
that a … p. Consequently, if a is not strongly nilpotent, then a … rad.R/. Thus, if
a 2 rad.R/, then a is strongly nilpotent.

Definition 6.2.6. Recall that a right ideal (A left ideal, An ideal) n of a ring R is
a nilpotent right ideal (nilpotent left ideal, nilpotent ideal) if nn D 0 for some positive
integer n. The smallest positive integer n such that nn D 0 is the index of nilpotency
of n. A right ideal (A left ideal, An ideal) n of R is said to be a nil right ideal (nil left
ideal, nil ideal) of R if every element of n is nilpotent.

If nn D 0, then an D 0, for each a 2 A, so every element of n is nilpotent. Thus,
every nilpotent right (left) ideal is nil. However, the second example of the following
two examples shows that it is possible for an ideal in a ring to be nil and yet not be
nilpotent.

Examples

1. Consider the ring Z8. The ideal Œ2�Z8 of Z8 is nilpotent for if

Œ2�Œa1�; Œ2�Œa2�; Œ2�Œa3� 2 Œ2�Z8; then

.Œ2�Œa1�/.Œ2�Œa2�/.Œ2�Œa3�/ D Œ8�Œa1a2a2� D Œ0�:

More generally, every proper ideal of Zpn , p a prime number, is nilpotent.

2. Let p be a prime number and and suppose that Œan� denotes an element of Zpn
for n D 1; 2; : : : . Consider the ring direct product

Q
N Zpn and suppose that R

is the set of all elements of
Q

N Zpn of the form

.Œa1�; Œa2�; Œa3�; : : : ; Œan�; Œ0�; Œ0�; : : :/

for each integer n 	 0, n not fixed. Then R is a subring of
Q

N Zpn that does
not have an identity. Next, let I be elements of R of the form

a D .Œ0�; Œpa2�; : : : ; Œpan�; Œ0�; Œ0�; : : :/:
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It is routine to show that I is an ideal of R under the coordinatewise operations
of addition and multiplication defined on R. Moreover, if a 2 I and a D
.Œ0�; Œpa2�; : : : ; Œpan�; Œ0�; Œ0�; : : :/, then an D 0. Hence, I is a nil ideal of R.
We claim that I is not nilpotent. To show this, it suffices to show that for each
n 	 1, there is an a 2 I such that an ¤ 0. Let a D .Œ0�; Œp�; : : : ; Œp�; Œ0�; Œ0�; : : :/;
where the last entry of Œp� is in the .nC 1/-position. Then an D .Œ0�; : : : ; Œ0�;

Œpn�; Œ0�; Œ0�; : : :/ ¤ 0 since Œpn� ¤ Œ0� in ZpnC1 . Thus, In ¤ 0 for each integer
n 	 1, so I is not nilpotent.

Proposition 6.2.7. If n is either a nil left ideal or a nil right ideal of R, then n �

J.R/.

Proof. Let n be a nil right ideal of R. If a 2 n, then, for any r 2 R, ar is nilpotent.
If .ar/n D 0, then 1 � ar has

Pn�1
iD0.ar/

i as a right inverse. It follows from .2/ of
Proposition 6.1.7 that a 2 J.R/. A similar proof holds if n is a nil left ideal of R:

Corollary 6.2.8. If n is a nilpotent left or right ideal of R; then n � J.R/.

The following proposition shows the connection between strongly nilpotent ele-
ments and nilpotent elements of a ring.

Proposition 6.2.9. If a 2 R is strongly nilpotent, then a is nilpotent. Conversely, if
R is commutative, then every nilpotent element of R is strongly nilpotent.

Proof. Suppose that a 2 R is strongly nilpotent. Then every sequence a0; a1; a2; : : : ,
where a D a0 and anC1 2 anRan, for n D 0; 1; 2; : : : , is eventually zero. Choose
the sequence defined by a D a0 and anC1 D a2n D an1an 2 anRan for each integer
n 	 0. Then a1 D a2; a2 D a4; a3 D a8; : : : ; an D a2

n

; : : : . But an D 0 for some
integer n 	 0 which shows that a is nilpotent.

Conversely, suppose that R is commutative and that a 2 R is nilpotent. We claim
that a is strongly nilpotent. Consider a sequence a0; a1; a2; : : : , where a D a0 and
anC1 2 anRan, for n D 0; 1; 2; : : : . Then

a1 D ar0a D r0a
2

a2 D a1r1a1 D r1a
2
1 D r1r

2
0a
4

a3 D a2r2a2 D r2a
2
2 D r2r

2
1 r
4
0a
8

:::

an D rn�1r
2
n�2 � � � r

2n�2

1 r2
n�1

0 a2
n

:::
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Since a is nilpotent, there is an integer m such that am D 0. If n is chosen so that
2n 	 m, then an D 0 and so a is strongly nilpotent.

Corollary 6.2.10. The prime radical of any ring is a nil ideal of R and rad.R/ �
J.R/.

Proof. In view of Proposition 6.2.5, the fact that rad.R/ is nil follows directly from
the proposition and Proposition 6.2.7 shows that rad.R/ � J.R/.

Corollary 6.2.11. If R is a commutative ring, then rad.R/ is the set of all nilpotent
elements of R.

In the opening remarks of this chapter, it was pointed out that rad.R/ contains every
nilpotent right ideal of R. The following proposition shows that this is actually the
case.

Proposition 6.2.12. The prime radical ofR contains all the nilpotent right ideals and
all the nilpotent left ideals of R.

Proof. If n is a nilpotent right ideal ofR, then nn D 0 for some integer n 	 1. Hence,
nn � rad.R/ which implies that nn � p for every prime ideal p of R. If n ª p, then
nn�1 � p. But nn�1 � p implies that nn�2 � p since n ª p. Continuing in this way,
we eventually come to n2 � p, so n � p, a contradiction. Therefore, it must have
been the case that n � p to begin with. Hence, n is contained in every prime ideal of
R and so n � rad.R/. The proof for nilpotent left ideals follows just as easily.

Remark. It was pointed out in the opening remarks of Section 6.1 that numerous
types of radicals have emerged over the years each with a different foundation. For
example, the upper and the Levitzki nil radical are also useful in the study of the
structure of rings. Details on these radicals can be found in [44].

A proper ideal p in a commutative ring R is prime if and only if S D R � p is
a multiplicative system. An analogue holds for noncommutative rings with regard to
a generalized multiplicative system called an m-system Œ25�.

Definition 6.2.13. A nonempty subset M of R is said to be an m-system (or a gener-
alized multiplicative system) if 0 … M and if for each a; b 2 M; there is an r 2 R
such that arb 2M.

Proposition 6.2.14. A proper ideal p ofR is prime if and only ifR�p is anm-system.

Proof. Suppose that p is a prime ideal of R. If a; b 2 R � p, then a; b … p. By .2/
of Proposition 6.2.2, it must be the case that aRb ª p. This gives an r 2 R such that
arb … p; so there is an r 2 R such that arb 2 R � p.
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Conversely, suppose that R � p is an m-system and let a; b 2 R: If aRb � p, then
we must show that either a 2 p or b 2 p. If neither a nor b is in p, then a; b 2 R� p:

But R � p is an m-system, so there is an r 2 R such that arb 2 R � p. Hence,
aRb ª p, a contradiction. Therefore, if aRb � p, then either a 2 p or b 2 p; so p is
a prime ideal of R:

Clearly, a multiplicative system in a commutative R is an m-system. However, an
m-system need not be multiplicatively closed. For example, if a is a nonzero nonunit
of an integral domain R, then M D ¹a; a2; a4; a8; : : :º is an m-system that is not
multiplicatively closed.

Proposition 6.2.15. If M is an m-system in R, then an ideal that is maximal with
respect to having empty intersection with M is a prime ideal of R.

Proof. First, we show that ideals that satisfy this property do indeed exist. Let S be
the set of all ideals of R that are disjoint from M. The set S is nonempty since 0 2 S .
Moreover, if S is partially ordered by inclusion, then it is easy to verify that S is
inductive. Hence, Zorn’s lemma shows that S has a maximal element, say p. Thus, p

is an ideal of R that is maximal with respect to having empty intersection with M.
Finally, we claim that p is a prime ideal of R. Suppose that a … p, b … p and

aRb � p. Then RaR and RbR are ideals of R, so by the maximality of p, RaRC p

and RbRC p have nonempty intersection with M. If

a0 2 .RaRC p/ \M and

b0 2 .RbRC p/ \M;

choose r 2 R to be such that a0rb0 2M. Then

a0rb0 2 .RaR/.RbR/C p � p

and so p \M ¤ ¿, a contradiction. Hence, if aRb � p, then a 2 p or b 2 p and so
p is prime.

Definition 6.2.16. If I is an ideal ofR, then the radical of I is the set
p
I D ¹a 2 R j

every m-system containing a has nonempty intersection with I º. If
p
I D I , then I

is said to be a radical ideal.

Proposition 6.2.17. If I is an ideal of R, then
p
I is the intersection of the prime

ideals of R that contain I .

Proof. Let P be the set of prime ideals of R that contain I . If a 2
p
I and p is

a prime ideal of R that contains I , then R � p � R � I . (Such a prime ideal of R
exists, for if m is a maximal ideal of R that contains I , then, due to Exercise 3, m is
a prime ideal of R.) Since R � p is an m-system, this system cannot contain a for if
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it does, then it has nonempty intersection with I . Consequently, R � I would have
a nonempty intersection with I , a contradiction. Thus, a 2 p. Hence, each a 2

p
I is

in every prime ideal containing I , so
p
I �

T
P p.

Conversely, suppose that a …
p
I . Then there is an m-system M containing a that

has empty intersection with I . If p is an ideal of R containing I that is maximal
with respect to the property of having empty intersection with M, then, by Proposi-
tion 6.2.15, p is prime. Consequently, a … p, so a …

T
P p. Hence, a 2

T
P p gives

a 2
p
I and so we have

T
P p �

p
I .

Corollary 6.2.18. For any ideal I of a ring R,
p
I D rad.R=I /, so

p
0 D rad.R/.

Semiprime Rings

If p is a prime ideal of R and I is an ideal of R such that I2 � p, then I � p.
However, the condition I 2 � p implies I � p does not mean that p is a prime ideal.
We use this “weaker” condition to define the concept of a semiprime ideal.

Definition 6.2.19. A proper ideal s of R is said to be a semiprime ideal of R if
whenever I is an ideal of R such that I 2 � s, then I � s. A ring R is said to be
a semiprime ring if the zero ideal is a semiprime ideal of R.

Clearly any prime ideal of R is semiprime. The proof of the following proposition
is similar to the proof of Proposition 6.2.2, so the proof is omitted. The proposition
gives several conditions that can be used to show that an ideal of R is semiprime.

Proposition 6.2.20. The following are equivalent for a proper ideal s of R.

(1) s is semiprime.

(2) If a 2 R and aRa � s, then a 2 s.

(3) If A is a right ideal of R and A2 � s, then A � s.

(4) If A is a left ideal of R and A2 � s, then A � s.

An m-system was used to characterize prime ideals of R. Likewise, an n-system
can be defined and used to characterize semiprime ideals.

Definition 6.2.21. A nonempty subset N of R is said to be an n-system if 0 … N and
if for each a 2 N there is an r 2 R such that ara 2 N.

The proof of the following proposition is similar to that of Proposition 6.2.14 and
so is left as an exercise.

Proposition 6.2.22. A proper ideal s of R is semiprime if and only if R � s is an
n-system.
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Lemma 6.2.23. Let N be an n-system in a ring R and suppose that a 2 N. Then
there is an m-system M � N such that a 2M.

Proof. Suppose that N is an n-system and let a 2 N. Next, let a1 D a and for
each integer n 	 1, suppose that rn 2 R is such that anC1 D anrnan 2 N. Let
M D ¹a1; a2; a3; : : :º. By construction, M � N and a 2 M, so the proof will be
complete if we can show that M is an m-system. To show this, it suffices to show
that for any ai ; aj 2 M, there is an r 2 R such that airaj 2 M. If i � j , then
aiC1 D airiai ; aiC2 D aiC1riC1aiC1; : : : ; ajC1 D aj rjaj . Hence,

ajC1 D aj rjaj D .aj�1rj�1aj�1/rjaj D � � �

D ai .riai � � � rj�1aj�1rj /aj 2 aiRaj ;

so there is an r 2 R such that airaj D ajC1 2M. Thus, M is an m-system.

Proposition 6.2.24. The following are equivalent for a proper ideal s of R.

(1) s is semiprime.

(2) s is a radical ideal.

(3) s is an intersection of prime ideals.

Proof. .2/) .3/ is Proposition 6.2.17 and .3/) .1/ is clear since it is easy to show
that the intersection of any collection of prime ideals is a semiprime ideal. Hence, we
need to show that .1/ ) .2/. Since

p
s is the intersection of the prime ideals of R

that contain s, s �
p

s, so we are only required to show that
p

s � s. If a … s, then
a 2 R � s. Proposition 6.2.22 indicates that R � s is an n-system and, by Lemma
6.2.23, there is an m-system M �R � s such that a 2 M. But M has an empty
intersection with s, so Definition 6.2.16 gives a …

p
s. Hence,

p
s � s and so s is

a radical ideal of R:

Proposition 6.2.25. A ring R is semiprime if and only if rad.R/ D 0.

Proof. Suppose that rad.R/ D 0, then zero is a semiprime ideal of R, so R is
a semiprime ring. Conversely, if R is a semiprime ring, then, by Proposition 6.2.24,
zero is a radical ideal of R. Hence, by Corollary 6.2.18, 0 D

p
0 D rad.R/:

Corollary 6.2.26. For any ring R, R= rad.R/ is a semiprime ring. In particular,
rad.R/ is the smallest ideal I of R such that R=I is semiprime.

Proof. The fact that R= rad.R/ is semiprime is immediate since rad.R= rad.R// D 0.
(See Exercise 2.) If I is an ideal ofR such thatR=I is semiprime, then rad.R=I / D 0
and so the intersection of the prime ideals of R=I is zero. But there is a one-to-one
correspondence between the prime ideals of R containing I and the prime ideals of
R=I . It follows that R=I is semiprime if and only if I is the intersection of the prime
ideals of R that contain I . Clearly rad.R/ is the smallest such ideal of R:
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We conclude our discussion of radicals with the following proposition.

Proposition 6.2.27. The following are equivalent for a ring R.

(1) R is semiprime.

(2) The zero ideal is the only nilpotent ideal of R.

(3) If A and B are right (left) ideals of R such that AB D 0, then A \ B D 0.

Proof. .1/) .3/. If A and B are right ideals of R such that AB D 0; then AB � p

for every prime ideal p of R: Hence, A � p or B � p and so A \ B � p for every
prime p. Thus, A \ B � rad.R/ D 0.
.3/) .2/. Let n be a nilpotent ideal of R. If nn D 0, then it follows from .3/ that

n D n1 \ n2 \ � � � \ nn D 0, where ni D n for i D 1; 2; : : : ; n.
.2/ ) .1/. If 0 ¤ a 2 R, let a D a0. Then Ra0R ¤ 0 and so the ideal Ra0R

is not nilpotent. Hence, we can pick a1 2 Ra0R, a1 ¤ 0. For the same reasons,
we can select a nonzero a2 2 Ra1R and so on. Thus, a is not strongly nilpotent, so
a … rad.R/. Hence, rad.R/ D 0 and R is therefore semiprime.

Problem Set 6.2

1. (a) If A and B are nilpotent ideals of R, prove that A C B is also a nilpotent
ideal of R. [Hint: If Am D Bn D 0 and a1 C b1, a2 C b2 2 A C B , then
.a1 C b1/.a2 C b2/ D a1a2 C b1a2 C a1b1 C b1b2 D a1a2 C b, where b D
b1a2Ca1b1Cb1b2 2 B . Show that if a1Cb1, a2Cb2; : : : ; amCbm 2 ACB ,
then .a1 C b1/.a2 C b2/ � � � .am C bm/ D a1a2 � � � am C b for some b 2 B .
But Am D 0 gives a1a2 � � � am D 0, so .a1 C b1/.a2C b2/ � � � .am C bm/ 2 B .
Hence, .AC B/m � B indicates that .AC B/mn D 0.]

(b) Show that if A1; A2; : : : ; An are nilpotent ideals of R, then A1 C A2 C

� � � C An is nilpotent.

2. Verify that rad as defined in Definition 6.2.3 satisfies the following conditions:

(a) If f W R ! R0 is a ring homomorphism, then f .rad.R// � rad.R0/. [Hint:
If p0 is a prime ideal of R, show that f �1.p0/ is a prime ideal of R.]

(b) rad.R= rad.R// D 0 for every ring R.

3. (a) Prove that a maximal ideal m in a ring R is a prime ideal of R. [Hint: Let A
and B be ideals ofR not contained in m and consider .ACm/.BCm/ DABC

m:]

(b) Prove that a ring R is prime if and only if for all nonzero a; b 2 R, there is
an r 2 R such that arb ¤ 0.
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4. (a) Let p be an ideal of a ring R. Prove that p is a prime ideal of R if and only
if Mn.p/ is a prime ideal of Mn.R/. [Hint: Exercise 12 in Problem Set 1.2.]
Conclude that R is a prime ring if and only if Mn.R/ is prime.

(b) Show that Mn.rad.R// D rad.Mn.R//. Conclude that R is semiprime if
and only if Mn.R/ is semiprime.

5. Prove Proposition 6.2.20.

6. Prove Proposition 6.2.22.

7. Fill in the details of the proof of .3/) .2/ in Proposition 6.2.27.

8. Prove for any ideal I of R that
p
I is the smallest semiprime ideal of R that

contains I .

9. (a) If R is a commutative ring and I is an ideal of R, prove that
p
I D ¹a 2 R j

an 2 I for some positive integer nº.

(b) If p is a prime number, show that
p
.pm/ D .p/ in the ring Z.

10. A ring R is a subdirect product of a family ¹R˛º� of rings if there is an injec-
tive ring homomorphism ' W R !

Q
�R˛ such that �˛' is a surjective ring

homomorphism for each ˛ 2 �, where �˛ W
Q
�R˛ ! R˛ is the canonical

projection.

(a) Show that R is a subdirect product of a family ¹R˛º� of rings if and only
if there is a family ¹I˛º� of ideals of R such that R˛ Š R=I˛ for each ˛ 2 �
and

T
� I˛ D 0.

(b) Prove that a ring R is a subdirect product of prime rings if and only if
rad.R/ D 0. Conclude that a ring is a semiprime ring if and only if it is a sub-
direct product of prime rings.

11. Prove each of the following for a commutative ring R.

(a) R is a subdirect product of fields if and only if R is Jacobson semisimple.

(b) R is semiprime if and only if R is a subdirect product of integral domains.

12. A ring R is said to be subdirectly irreducible if the intersection of the nonzero
ideals of R is not zero.

(a) Prove that R is subdirectly irreducible if and only if whenever R is the sub-
direct product of a family ¹R˛º� of rings, one of the rings R˛ is isomorphic
to R.

(b) Show that every ringR is a subdirect product of subdirectly irreducible rings.
[Hint: For each a 2 R, a ¤ 0, show that there is an ideal Aa which is maximal
among the ideals contained in R � ¹aº. Then

T
a2R;a¤0Aa D 0, so consider

the family of rings ¹R=Aaºa2R;a¤0.]
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6.3 Radicals and Chain Conditions

Proposition 6.3.1. If R is a right artinian ring, then J.R/ is nilpotent.

Proof. Let J D J.R/. Since R is right artinian, the decreasing chain J � J 2 �

J 3 � � � � must terminate. Suppose that n 	 2 is the smallest positive integer such
that J n D J nC1 D � � � . Then J 2n D J n. Assume that J n ¤ 0 and let A be minimal
among the right ideals of R contained in J n such that AJ n ¤ 0. Next, let a 2 A
be such that aJ n ¤ 0. Now aJ n � A � J n and .aJ n/J n D aJ 2n D aJ n, so
.aJ n/J n ¤ 0. Hence, by the minimality of A, aJ n D A. Finally, let b 2 J n � J
be such that ab D a. Then (2) of Proposition 6.1.7 shows there is a c 2 R such that
1 D .1� b/c. This gives a D a.1� b/c D .a � ab/c D 0, an obvious contradiction.
Hence, J n D 0:

Corollary 6.3.2. If R is a right artinian ring, then J.R/ is the largest nilpotent left
ideal of R as well as the largest nilpotent right ideal of R.

Proof. Corollary 6.2.8 shows that every nilpotent left ideal and every nilpotent right
ideal of R is contained in J.R/:

Corollary 6.3.3. If R is a right artinian ring, then any nil left or nil right ideal of R
is nilpotent.

Proof. By referring to Proposition 6.2.7, we see that every nil right (left) ideal n of R
is contained in J.R/. So nn � J.R/n D 0 for some positive integer n:

Corollary 6.3.4. If R is a right artinian ring, then rad.R/ D J.R/.

Proof. Corollary 6.2.10 shows that rad.R/ � J.R/ and Proposition 6.2.12 indicates
that rad.R/ contains all the nilpotent ideals of R:

We now need the following lemma.

Lemma 6.3.5. The following hold for any ring R.

(1) If A is a minimal right ideal of R, then either A2 D 0 or A D eR for some
idempotent e of R.

(2) If R is semiprime, then every minimal right ideal of R is generated by an idem-
potent.

Proof. .1/ Let A be a minimal right ideal of R and assume that A2 ¤ 0. Then there
is an a 2 A such that aA ¤ 0. Since aA is a nonzero right ideal of R contained in A,
we must have A D aA. Let e 2 A be such that a D ae. If B D annr.a/, then B is a
right ideal ofR and A\B ¤ A. Hence, A\B D 0. But ae D ae2, so a.e�e2/ D 0.
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Therefore, e � e2 2 A \ B , so e D e2. Hence, e is an idempotent of R and e ¤ 0,
since a ¤ 0. Thus, 0 ¤ eR � A gives eR D A.
.2/ Suppose that R is semiprime and let A be a minimal right ideal of R. Then

A2 D 0 would imply that A D 0 since zero is a semiprime ideal of R. This shows
that A2 ¤ 0, so (1) indicates that there is an idempotent e 2 R such that A D eR:

When R is right artinian, we have seen in Corollaries 6.3.2 and 6.3.4 that rad.R/ is
the largest nilpotent left ideal as well as the largest nilpotent right ideal of R. We can
now show that if R is right noetherian, then the same result also holds for rad.R/.

Proposition 6.3.6. If R is a right noetherian ring, then rad.R/ is nilpotent and, in
fact, when R is right noetherian, rad.R/ is the largest nilpotent ideal of R.

Proof. If R is right noetherian, then because of Proposition 4.2.3 any nonempty col-
lection of right ideals of R, when ordered by inclusion, has a maximal element. So
among all the nilpotent ideals of R, there is at least one, say n, that is maximal. If n0

is another nilpotent ideal of R, then Exercise 1 in Problem Set 6.2 shows that nC n0

is also a nilpotent ideal of R. But n � n C n0, so the maximality of n implies that
n D nC n0. Therefore, n0 � n and we see that n is the largest nilpotent ideal of R.
Moreover, since n is nilpotent, it follows from Proposition 6.2.12 that n � rad.R/.
Hence, rad.R/ contains every nilpotent ideal of R. The proof will be complete if we
can show that rad.R/ is nilpotent. We show first that the ring R=n is semiprime. Let
ACn be a nilpotent ideal of R=n. Then AnCn D .ACn/n D 0 for some integer n.
Hence, An � n and Anm � nm D 0. Thus, A is nilpotent and we have A � n.
Therefore, R=n has no nonzero nilpotent ideals and Proposition 6.2.27 indicates that
R=n is semiprime. Using Corollary 6.2.26, we see that rad.R/ is the smallest ideal
of R such that R= rad.R/ is semiprime, so rad.R/ � n. Hence, we have rad.R/ D n

which shows that rad.R/ is the largest nilpotent ideal of R:

We have seen in Corollary 6.3.3 that if R is a right artinian ring, then every nil left
ideal as well as every nil right ideal of R is nilpotent. This property is also shared by
right noetherian rings.

Proposition 6.3.7. If R is a right noetherian ring, then every nil left ideal and every
nil right ideal of R is nilpotent.

Proof. We begin by assuming that R is semiprime. Let n be a nil left ideal of R
and assume that R is right noetherian. Then the set of right ideals of R of the form
annr.c/, where c 2 n; c ¤ 0, has a maximal element, say annr .a/. Choose any
b 2 R such that 0 ¤ ba 2 n and let k be the smallest positive integer such that
.ba/k D 0. Then .ba/k�1 ¤ 0 and we clearly have annr.a/ � annr .ba/k�1. Thus,
annr.a/ D annr .ba/k�1 by the maximality of annr.a/. It follows that ba 2 annr.a/,
so aba D 0. This shows that aRa D 0 and we have a D 0 since R is semiprime.
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Therefore, n D 0 and so a semiprime right noetherian ring has no nonzero nil left
ideals. Next, suppose that n is a nil right ideal of R. If a 2 n, then aR is a nil right
ideal for R. Note that Ra is a nil left ideal of R, for if .ab/n D 0, then .ba/nC1 D 0.
Hence, it is also the case that a semiprime right noetherian ring can have no nonzero
nil right ideals. Finally, drop the assumption that R is semiprime and suppose that n

is a nil left (or right) ideal ofR. Then .nC rad.R//= rad.R/ is a nil left (or right) ideal
of the semiprime right noetherian ring R= rad.R/, so .nC rad.R//= rad.R/ must be
zero. Thus, n � rad.R/ and we have by Proposition 6.3.6 that there is an integer m
such that nm � rad.R/m D 0:

Corollary 6.3.8. If R is a right noetherian ring, then rad.R/ is the largest nil left
ideal as well as the largest nil right ideal of R.

Proof. Corollary 6.2.10 shows that rad.R/ is a nil ideal of R and we saw in the proof
of the proposition that if n is a nil left or right ideal of R, then n � rad.R/:

Problem Set 6.3

1. Let f W R! S be a surjective ring homomorphism and suppose thatR is a right
artinian (right noetherian) ring. Prove that S is right artinian (right noetherian).

2. (a) Prove that every finite ring direct product of right noetherian (right artinian)
rings is right noetherian (right artinian). [Hint: Exercise 3 in Problem Set 2.1.]

(b) Let ¹Eij ºni;jD1 be the matrix units of Mn.R/. If A is a right ideal of
Mn.R/ D

Ln
i;jD1EijR, prove that E11A is an R-submodule of the free R-

module E11Mn.R/ D
Ln
jD1E1jR. Moreover, show that if A is an R-sub-

module of E11Mn.R/, then
Pn
iD1Ei1A is a right ideal of Mn.R/. Show also

that this establishes an order preserving one-to-one correspondence among the
right ideals of Mn.R/ and the R-submodules of E11Mn.R/.

(c) Show that a ring R is right noetherian (artinian) if and only if the matrix ring
Mn.R/ is right noetherian (artinian). [Hint: Use (a) and (b).]

3. Suppose thatR contains a subringD that is a division ring and thatRD is a finite
dimensional vector space overD. Show thatR is right artinian. [Hint: Note that
D is an IBN-ring and if A and B are right ideals of R such that A ¡ B , then
AD and BD are subspaces of RD and AD ¡ BD .]

4. Prove that a right artinian ring without zero divisors is a division ring. [Hint: If
a 2 R; a ¤ 0, consider aR � a2R � a3R � � � � .]

5. When R is a commutative ring, deduce that the nilpotent elements of R form
the ideal rad.R/. Note that this result does not hold for noncommutative rings.
To see this, consider the matrix ring Mn.D/, where D is a division ring and
n 	 2. Part (c) of Exercise 2 shows that Mn.D/ is a right noetherian ring and
Proposition 6.3.6 shows that rad.Mn.D// is nilpotent. Furthermore, Part (b)
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of Exercise 4 in Problem Set 6.2 indicates that Mn.D/ is semiprime, so
rad.Mn.D// D 0. Consequently, if the nilpotent elements of Mn.D/ were
to form rad.Mn.D//, then Mn.D/ would have no nonzero nilpotent elements.
However, Exercise 5 in Problem Set 1.1 shows that Mn.D/ has an abundance
nonzero nilpotent elements.

6.4 Wedderburn–Artin Theory

If V is a vector space over a division ring D, then V can be decomposed as a direct
sum of its 1-dimensional subspaces. Furthermore, every subspace is a direct summand
of V and V is an injective and a projective D-module. Our goal is to classify rings
over which every module will exhibit similar properties. Since an arbitrary R-mod-
ule may fail to have a basis, we will see that, under certain conditions, the simple
submodules of a given module will play a role in its decomposition similar to that
played by the 1-dimensional subspaces in the decomposition of a vector space. As
mentioned earlier, this theory is often referred to as the Wedderburn–Artin theory due
to the work of Wedderburn [71] and Artin [47], [48].

Definition 6.4.1. The socle of anR-moduleM , denoted by Soc.M/, is the sum of the
simple submodules of M . If M fails to have a simple submodule, then Soc.M/ D 0.
An R-module M is said to be semisimple (or completely reducible) if M D Soc.M/.
Semisimple left R-modules are defined analogously. If every module in ModR
(RMod) is semisimple, then we will refer to ModR (RMod) as a semisimple cate-
gory. A ring R is said to be right (left) semisimple if R is semisimple as an (a left)
R-module. A ring that is left and right semisimple will be referred to as a semisimple
ring.

Examples

1. If D is a division ring, then M D D �D is a D-module under componentwise
addition and theD-action onM given by .x; y/a D .xa; ya/. The submodules
D�0 and 0�D are the simple submodules ofM andM D .D�0/˚ .0�D/.
Hence, M is a semisimple D-module. In general, the direct product

Qn
iD1Di ,

with Di D D for each i , is a semisimple D-module under componentwise
addition and a similar D-action as that defined on M .

2. If D is a division ring, then Mn.D/ is a simple ring. To see this, observe that
if NI is an ideal of Mn.D/ and I is the set of all elements that are entries in the
first row and first column of a matrix in NI , then I is a uniquely determined ideal
of D such that NI D Mn.I /.Thus, NI D 0 or NI D Mn.D/ since 0 and D are the
only ideals of D. It is also the case that Mn.D/ is a left and a right semisimple
ring with Mn.D/ D

Ln
iD1 ci .D/ D

Ln
iD1 ri .D/, where each minimal left



192 Chapter 6 Classical Ring Theory

ideal ci .D/ is the set of all column matrices with entries from D in the i th
column and zeroes everywhere else and each minimal right ideal ri .D/ is the
set of all row matrices in Mn.D/ with entries from D in the i th row and zeroes
elsewhere. Thus, Mn.D/ is a semisimple ring. This property of Mn.D/ is not
out of the ordinary. We will see later that if a ring is left or right semisimple,
then it is semisimple.

3. Since Soc.0/ D 0, the zero module is, by definition, semisimple.

Note that if the submodules of M are ordered by inclusion, then the minimal
nonzero submodules of M under this ordering are just the simple submodules of M .
The sum of the minimal submodules of M is dual to the intersection of the maximal
submodules of M , that is, Soc.M/ is dual to Rad.M/. Note also that if two R-mod-
ules are isomorphic, then they have isomorphic socles. Thus, if one of the modules is
semisimple, then the other module will also be semisimple.

We saw in Example 1 that the semisimple D-module M is not only the sum of
its simple submodules but that the sum is actually direct. The following proposition
shows that a similar case holds for a nonzero semisimple module M , although if
M D

L
� S˛, then the family ¹S˛º� of simple submodules of M may be a proper

subset of the collection of all simple submodules of M .

Proposition 6.4.2. If the socle of an R-module M is nonzero, then Soc.M/ is a di-
rect sum of a subfamily of the family ¹S˛º� of the simple submodules of M . More-
over, if f W M ! M is an R-linear mapping then f .Soc.M// � Soc.M/; that is,
Soc.M/ is stable under every endomorphism of M .

Proof. Suppose that Soc.M/ ¤ 0 and let ¹S˛º� be the family of simple submodules
of M . Then Soc.M/ D

P
� S˛. Suppose next that S is the collection of subsets �

of� such that the sum
P
� S˛ is direct. The set S is nonempty since singleton subsets

of � are in S . Partial order S by inclusion. If C is a chain in S , then we claim that
ƒ D

S
C � is in S . Let

P
ƒ x˛ 2

P
ƒ S˛. If

P
ƒ x˛ D 0, then the x˛ ¤ 0 in

this sum are at most finite in number. The fact that C is a chain, implies that there
is a � 2 C such that the subscripts of the possibly nonzero x˛ are in � . But

P
� S˛

is direct, so these x˛ must also be zero. Therefore, the sum
P
ƒ S˛ is direct, so S

is inductive. Apply Zorn’s lemma and choose �� to be a maximal element of S .
If
P
�� S˛ ¤ Soc.M/, then there is a simple submodule Sˇ of M such that Sˇ is

not contained in the sum
P
�� S˛. It follows that Sˇ \

P
�� S˛ D 0, so the sum

Sˇ C
P
�� S˛ is direct. But then the set �� [ ¹ˇº contradicts the maximality of ��

and thus it must be the case that Soc.M/ D
L
�� S˛.

Finally, if f W M ! M is an R-linear mapping and S is a simple submodule
ofM , then either f .S/ D 0 or f .S/ is a simple submodule ofM: It follows from this
observation that f .Soc.M// � Soc.M/:
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Corollary 6.4.3. For any R-module M , Soc.M/ is the unique, largest semi-simple
submodule of M .

When is ModR a semisimple category? As it turns out,R is a right semisimple ring
if and only if ModR is a semisimple category. We need the following two lemmas to
establish this fact.

Lemma 6.4.4. Let M be an R-module with the property that every submodule of M
is a direct summand of M . Then every submodule of M also has this property.

Proof. LetM be anR-module with the property that every submodule ofM is a direct
summand of M . Let N be a submodule of M and suppose that N1 is a submodule
of N . We claim that N1 is a direct summand of N . Since N1 is a direct summand
of M , there is a submodule N2 of M such that M D N1 ˚ N2. From this we have
N D N \M D N \ .N1 ˚ N2/. By the modularity property of modules, given
in Example 10 of Section 1.4, we see that N D N1 ˚ .N \ N2/, so N1 is a direct
summand of N .

Lemma 6.4.5. An R-moduleM is semisimple if and only if every submodule of M is
a direct summand of M .

Proof. Suppose that M is a semisimple R-module and that M D
L
� S˛, where

S˛ is a simple submodule of M for each ˛ 2 �. Let N be a submodule of M . If
N D 0 or if N D M , then there is nothing to prove, so suppose N is proper and
nonzero. Let S be the set of all subsets � of � such that

L
� S˛ \ N D 0. The set

S is nonempty since if S D ¿, then S˛ � N for each ˛ 2 � which implies that
N D M . Partial order S by inclusion and apply Zorn’s lemma to obtain a subset
ƒ of � that is maximal in S . If ˇ 2 � � ƒ, then .Sˇ C

L
ƒ S˛/ \ N ¤ 0.

So if z 2 .Sˇ C
L
ƒ S˛/ \ N is nonzero, let x 2 Sˇ and y 2

L
ƒ S˛ be such

that z D x C y. Then x D z � y 2 .N C
L
ƒ S˛/ \ Sˇ and x ¤ 0. Thus,

.N C
L
ƒ S˛/ \ Sˇ ¤ 0 and, since Sˇ is simple, .N C

L
ƒ S˛/ \ Sˇ D Sˇ .

Consequently, Sˇ � NC
L
ƒ S˛. But this means thatM D

L
� S˛ � NC

L
ƒ S˛,

soM D N C
L
ƒ S˛ andN \

L
ƒ S˛ D 0. Therefore,N is a direct summand ofM .

To prove the converse, the first step is to show that every nonzero submodule of M
contains a simple submodule. Let N be a nonzero submodule of M and suppose that
x 2 N , x ¤ 0. Apply Zorn’s lemma and let N be maximal among the submodules
of N that do not contain x. Then by Lemma 6.4.4, there is a submodule S of N such
that N D N ˚ S . We claim that S is simple. If S is not simple, let S1 be a proper
nonzero submodule of S . Then by applying Lemma 6.4.4 again, we see that there is
a nonzero submodule S2 of S such that S D S1 ˚ S2. Hence, N D N ˚ S1 ˚ S2.
Since N   N ˚ S1 and N   N ˚ S2, it must be the case that x 2 N ˚ S1 and
x 2 N ˚ S2. Therefore, there exist x1; x2 2 N , y1 2 S1 and y2 2 S2 such that
x D x1Cy1 and x D x2Cy2. Thus, 0 D .x1�x2/Cy1�y2 2 N ˚S1˚S2 which
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gives x1 D x2 and y1 D y2 D 0. Consequently, x D x1 D x2 2 NN , contradicting
the fact that x … N , so S must be a simple R-module.

Finally, let ¹S˛º� be the family of simple submodules of M . Then as we saw in
the proof of Proposition 6.4.2, there is a subset �� of � that is maximal among the
subsets � of� such that the sum

P
� S˛ is direct. If N is a nonzero submodule ofM

such thatM D N˚.
L
�� S˛/, then from what was proved in the previous paragraph,

we see thatN contains a simple submodule Sˇ ; ˇ … ��. Since the sum SˇC
L
�� S˛

is direct, the set �� [ ¹ˇº contradicts the maximality of ��. Hence, it must be the
case that N D 0. Therefore, M D

L
�� S˛, so M is semisimple.

Corollary 6.4.6. An R-module M is semisimple if and only if M has no proper es-
sential submodules.

Proof. IfM is a semisimple R-module, then it is clear thatM has no proper essential
submodules. Conversely, if N is a submodule of M and Nc is a complement of N
in M , then N ˚ Nc is an essential submodule of M . Thus, N ˚ Nc D M , so N is
a direct summand of M:

We are now in a position to give several conditions that will ensure that the ring is
right semisimple.

Proposition 6.4.7. The following are equivalent for a ring R.

(1) R is right semisimple.

(2) Every right ideal of R is a direct summand of R.

(3) ModR is a semisimple category.

(4) For every R-module M , each submodule of M is a direct summand of M .

(5) Every short exact sequence 0!M1 !M !M2 ! 0 in ModR splits.

(6) Every R-module is injective.

(7) Every R-module is projective.

Proof. The fact that .1/ and .2/ are equivalent follows from Lemma 6.4.5 as does the
equivalence of .3/ and .4/. The equivalence of .4/ and .5/ is clear and the implication
.5/ ) .6/ is obvious, since we have previously seen (Proposition 5.1.10) that there
is an injective R-module E and an embedding M ! E. This gives a short exact
sequence

0!M ! E ! E=M ! 0

that splits. The implication .6/) .5/ follows from Proposition 5.1.2, so .5/ and .6/
are equivalent. Baer’s criteria shows that .2/ ) .6/ and .6/ ) .2/ follows from
Proposition 5.1.2. Thus, we have that .1/ through .6/ are equivalent. To show that
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.6/) .7/, let M be an R-module and consider the short exact sequence 0 ! K !

F ! M ! 0, where F is a free R-module. Since K is injective, we have F Š
K ˚M , so M is projective since F is. To see that .7/ ) .6/, consider the exact
sequence

0!M ! E ! E=M ! 0;

where E is an injective R-module. Since E=M is projective, the sequence splits, so
E ŠM ˚E=M . Hence, M is injective, so .7/) .6/.

Corollary 6.4.8. Every submodule and every homomorphic image of a semisimple
module is semisimple.

Proof. Lemmas 6.4.4 and 6.4.5 show that every submodule of a semisimple module
is semisimple. If f W M ! N is an epimorphism and M is a semisimple R-module,
then 0 ! Ker f ! M ! N ! 0 splits since .4/ of the proposition indicates that
Ker f is a direct summand ofM . Hence,N is isomorphic to a semisimple submodule
of M and is thus semisimple.

Remark. Proposition 6.4.7 points out that a ring R is semisimple if and only if every
R-module is projective, which in turn holds if and only if everyR-module is injective.
It also follows that R is semisimple if and only if every cyclicR-module is projective.
(See Exercise 9.) A similar result holds for cyclic injective modules. Osofsky proved
in [39] that a ring R is semisimple if and only if every cyclic R-module is injective.

We have previously seen that the radical of an R-moduleM is the sum of the small
submodules of M . Dually, the socle of M can be described in terms of the essential
(or large) submodules of M .

Proposition 6.4.9. If ¹N˛º� is the family of essential submodules of anR-moduleM ,
then Soc.M/ D

T
�N˛.

Proof. If S is a simple submodule of M and N is an essential submodule of M , then
S\N is a nonzero submodule of S . Hence, S D S\N � N , so Soc.M/ � N . Thus,
Soc.M/ �

T
�N˛. Conversely, let N D

T
�N˛ and suppose that X is a submodule

of N . If Xc is a complement in M of X , then X ˚ Xc is, by Proposition 5.1.5, an
essential submodule of M . Since X � N � X ˚ Xc , we see, by modularity, that
N D N \ .X ˚ Xc/ D X ˚ .N \ Xc/. Hence, each submodule of N is a direct
summand of N , so N is, by Lemma 6.4.5, a semisimple submodule of M . Thus, it
follows from Corollary 6.4.3 that N � Soc.M/. Therefore, Soc.M/ D

T
�N˛.

Actually, a great deal more can be said about right semisimple rings. We will see
that these rings have a nice structure in terms of matrix rings and this structure enables
us to conclude that right semisimple rings are also left semisimple and conversely.
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Definition 6.4.10. A set ¹e1; e2; : : : ; enº of idempotents of a ring R is said to be
an orthogonal set of idempotents of R, if eiej D 0 for all i and j , i ¤ j . If
1 D e1 C e2 C � � � C en, then ¹e1; e2; : : : ; enº is a complete set of idempotents of R.
An idempotent e of a ringR is said to be a central idempotent ofR if e is in the center
of R, that is, if ea D ae for all a 2 R.

Proposition 6.4.11. The following hold for each right semisimple ring R.

(1) There exist minimal right ideals A1; A2; : : : ; An of R such that

R D A1 ˚ A2 ˚ � � � ˚ An:

(2) If A1; A2; : : : ; An and B1; B2; � � � ; Bm are minimal right ideals of R such that

R D A1 ˚ A2 ˚ � � � ˚ An and R D B1 ˚ B2 ˚ � � � ˚ Bm;

then n D m and there is a permutation � W ¹1; 2; : : : ; nº ! ¹1; 2; : : : ; nº such
that Ai Š B	.i/ for i D 1; 2; : : : ; n.

(3) If A1; A2; : : : ; An is a set of minimal right ideals of R such that

R D A1 ˚ A2 ˚ � � � ˚ An;

then there is a complete set ¹e1; e2; : : : ; enº of orthogonal idempotents ofR such
that

R D e1R˚ e2R˚ � � � ˚ enR

and Ai D eiR for i D 1; 2; : : : ; n. Furthermore, the idempotents in ¹e1; e2;
: : : ; enº are unique.

Proof. .1/ Let R be a right semisimple ring and suppose that R D
L
� A˛, where

A˛ is a minimal right ideal of R for each ˛ 2 � . Since 1 2 R, there is a finite
subset � � � such that 1 2

L
�A˛. This clearly implies that R D

L
�A˛. After

renumbering, we can let � be the set ¹1; 2; : : : ; nº for some integer n 	 1.
.2/ Suppose that R D A1 ˚ A2 ˚ � � � ˚ An, where the Ai are minimal right ideals

of R. If we let NA0 D R, NAn D 0 and NAi D AiC1 ˚ � � � ˚ An for i D 1; 2; : : : ; n � 1,
then NAi�1= NAi Š Ai for each i and

R D NA0 � NA1 � NA2 � � � � � NAn D 0

is a composition series of R of length n. Similarly, we can construct a composition
series from R D B1 ˚ B2 ˚ � � � ˚ Bm of R of length m. Proposition 4.2.16, the
Jordan–Hölder theorem, shows that these two composition series of R are equivalent
and this gives .2/.
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.3/ If R D A1 ˚ A2 ˚ � � � ˚ An, let e1 2 A1; e2 2 A2; : : : ; en 2 An be such that
1 D e1 C e2 C � � � C en. If j is such that 1 � j � n, then we have

ej D e1ej C e2ej C � � � C e
2
j C � � � C enej ; so

ej � e
2
j D e1ej C e2ej C � � � C ej�1ej C ejC1ej C � � � C enej 2 Aj \

M

i¤j

Ai D 0:

Therefore, ej D e2j . Also from

e1ej C e2ej C � � � C ej�1ej C ejC1ej C � � � C enej D 0;

we see that eiej D 0 for all i and j , i ¤ j , since the sum
Pn
iD1Ai is direct. Hence,

¹e1; e2; : : : ; enº is a complete set of orthogonal idempotents of R.
Next, we need to show that Ai D eiR for i D 1; 2; : : : ; n. Let a 2 Ai . Since

1 D e1 C e2 C � � � C en, we have a D e1aC e2aC � � � C eiaC � � � C ena. Thus,

a � eia D e1aC e2aC � � � C ei�1aC eiC1aC � � � C ena 2 Ai \
M

j¤i

Aj D 0:

Therefore, a D eia 2 eiR, so Ai � eiR. But ei 2 Ai implies that eiR � Ai , so
Ai D eiR.

Finally, let ¹f1; f2; : : : ; fnº be a complete set of orthogonal idempotents of R such
that Ai D fiR for i D 1; 2; : : : ; n. Then e1 C e2 C � � � C en D f1 C f2 C � � � C fn,
so for each i; 1 � i � n,

ei � fi D
X

j¤i

.fj � ej / 2 Ai \
M

j¤i

Aj D 0:

Therefore, we have uniqueness.

Note that .2/ of the proposition shows that the number of summands in any de-
composition of R as a direct sum of minimal right ideals is unique. Moreover, the
minimal right ideals of R appearing in any such decomposition of R are unique up
to isomorphism, although repetitions of isomorphic minimal right ideals may occur.
The following is also a consequence of the proposition.

Corollary 6.4.12. If R is a right semisimple ring, then R is right artinian, right
noetherian and Jacobson semisimple.

Proof. A minimal right ideal ofR is clearly right artinian and right noetherian. IfR is
a right semisimple ring, thenR D A1˚A2˚� � �˚An, where theAi are minimal right
ideals of R. By applying Proposition 4.2.7, we see that R is right artinian and right
noetherian. Finally, let NAj D

L
i¤j Ai for j D 1; 2; : : : ; n. Then R= NAj Š Aj , so

each NAj is a maximal right ideal of R. Since J.R/ �
Tn
jD1

NAj D 0, R is Jacobson
semisimple.
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Although the following lemma is quite easy to prove, it plays an important role in
the development of the structure of semisimple rings.

Lemma 6.4.13 (Schur’s lemma). Let M and S be R-modules and suppose that S is
simple.

(1) If f W S !M is a nonzero R-linear mapping, then f is a monomorphism.

(2) If f WM ! S is a nonzero R-linear mapping, then f is an epimorphism.

(3) EndR.S/ is a division ring.

Proof. If f W S ! M is nonzero and R-linear, then Ker f ¤ S . Hence, Ker f D 0,
so f is a monomorphism and therefore .1/ holds. If f W M ! S is R-linear and
nonzero, then f .M/ is a nonzero submodule of S , so f .M/ D S and we have (2).
Part (3) follows immediately from (1) and (2).

If S is the class of simple R-modules and the relation � is defined on S by S � S 0

if and only if S and S 0 are isomorphic, then � is an equivalence relation on S . An
equivalence class ŒS� in S determined by � is said to be an isomorphism class of
simple R-modules.

Proposition 6.4.14. IfR is a right semisimple ring, then there are only a finite number
of isomorphism classes of simple R-modules.

Proof. Let ŒS� be an isomorphism class of simple R-modules and suppose that R D
A1˚A2˚ � � � ˚An, where each Ai is a minimal right ideal of R. We claim that S is
isomorphic to one of theAi . If not, then Schur’s lemma shows that HomR.Ai ; S/ D 0
for each i . Thus,

Qn
iD1 HomR.Ai ; S/ D 0. But

S Š HomR.R; S/ D HomR.A1 ˚ A2 ˚ � � � ˚ An; S/ Š
nY

iD1

HomR.Ai ; S/

and S ¤ 0, so we have a contradiction. Therefore, each representative of every
isomorphism class of simple R-modules is isomorphic to one of the minimal right
ideals A1; A2; : : : ; An. Consequently, the isomorphism classes of simple R-modules
must be finite in number.

From the proof of the preceding proposition we see that the number of distinct
isomorphism classes of simple R-modules is less than or equal to the number of sum-
mands in the decomposition ofR as a direct sum of its minimal right ideals. Moreover,
the number of distinct isomorphism classes of simple R-modules is equal to the num-
ber of summands if no two of the minimal right ideals in the decomposition of R are
isomorphic.
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Proposition 6.4.15. If S is a simple R-module, then for any positive integer n,
EndR.S .n// is isomorphic to Mn.D/, where D is the division ring EndR.S/.

Proof. Proposition 2.1.12 gives

EndR.S
.n// D HomR.S

.n/; S .n// Š

nY

iD1

nY

jD1

HomR.Si ; Sj /;

where Si D Sj D S for each i and j . If we let Dij D HomR.Si ; Sj / D EndR.S/
and agree to write

Qn
iD1

Qn
jD1Dij as the matrix

Mn.D/ D

0

B
B
B
@

D11 D12 � � � D1n
D21 D22 � � � D2n
:::

:::
: : :

:::

Dn1 Dn2 � � � Dnn

1

C
C
C
A
;

where D D Dij , 1 � i; j � n, then EndR.S .n// Š Mn.D/ and Schur’s lemma
indicates that D is a division ring.

Definition 6.4.16. LetR D A1˚A2˚� � �˚An be a decomposition ofR, where theAi
are minimal right ideals of R. Arrange the minimal right ideals Ai into isomorphism
classes and renumber with double subscripts so that

R D .A11 ˚ A12 ˚ � � � ˚ A1n1/

˚ .A21 ˚ A22 ˚ � � � ˚ A2n2/
:::

˚ .Am1 ˚ Am2 ˚ � � � ˚ Amnm/:

If Hi D Ai1 ˚ Ai2 ˚ � � � ˚ Aini for i D 1; 2; : : : ; m, then n D n1 C n2 C � � � C nm
and

R D H1 ˚H2 ˚ � � � ˚Hm:

The Hi are said to be the homogeneous components of R.

IfR D A1˚A2˚� � �˚An is a decomposition ofR by minimal right ideals and if ŒS�
is an isomorphism class of simple R-modules, then we have seen that S is isomorphic
to one of A1; A2; � � � ; An. So if m is the number of homogeneous components of R,
then it follows that there are exactly m isomorphism classes of simple R-modules.

Proposition 6.4.17. The following hold for any right semisimple ring R with decom-
position R D A1 ˚ A2 ˚ � � � ˚ An as a direct sum of minimal right ideals.
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(1) The homogeneous components ¹HiºmiD1 are ideals of R and there is a com-
plete orthogonal set ¹ Ne1; Ne2; : : : ; Nemº of central idempotents of R such that
R D Ne1R˚ Ne2R˚ � � � ˚ NemR and Hi D NeiR for i D 1; 2; : : : ; m.

(2) EndR.Hi / is isomorphic to an ni � ni matrix ring with entries from a division
ring Di for i D 1; 2; : : : ; m.

Proof. .1/ Let ¹eiºniD1 be the idempotents of R determined by the decomposition
R D A1 ˚ A2 ˚ � � � ˚ An. If Hi D Ai1 ˚ Ai2 ˚ � � � ˚ Aini , i D 1; 2; : : : ; m, are
the homogeneous components of R, renumber the ei using double subscripts so that
eij 2 Aij , for i D 1; 2; : : : ; m and j D 1; 2; : : : ; ni , and let Nei D ei1Cei2C� � �Ceini .
Then ¹ NeiºmiD1 is a complete set of orthogonal idempotents ofR and Nei 2 Hi for each i .
It is easy to show that R D Ne1R ˚ Ne2R ˚ � � � ˚ NemR and the fact that NeiR D Hi ,
for i D 1; 2; : : : ; m, follows as in the proof of Ai D eiR in .3/ of Proposition 6.4.11.
Next, we claim that each Hi is an ideal of R. Let

A 2 ¹A1; A2; : : : ; Anº � ¹Ai1; Ai2; � � � ; Aini º:

If a 2 A and Aij is any one of the minimal right ideals Ai1; Ai2; � � � ; Aini , then
f W Aij ! R defined by f .r/ D ar is an R-linear mapping. Since Aij is a minimal
right ideal of R, either f D 0 or f is a monomorphism. If f is a monomorphism,
then Aij Š f .Aij /, so f .Aij / is a minimal right ideal of R. Now every simple
R-module is isomorphic to one of A1; A2; : : : ; An, so this must be true of f .Aij / as
well. But every minimal right ideal in ¹A1; A2; : : : ; Anº that is isomorphic toAij is in
the set ¹Ai1; Ai2; � � � ; Aini º. Hence, aAij D f .Aij / � Hi , so we have 0 ¤ aAij �
A\Hi D 0, an obvious contradiction. Consequently, it must be the case that f D 0,
so aAij D 0 for all a 2 A. Hence, AAij D 0 and it follows that AHi D 0, so let
a 2 R and suppose that a D a1Ca2C� � �Cam 2 H1˚H2˚� � �˚Hm. From what
we just demonstrated, ajHi D 0 whenever j ¤ i , so aHi D aiHi � Hi . Therefore,
Hi is an ideal of R. Finally, we need to show that each of the idempotents Nei is in the
center of R. If a 2 R, then a D a Ne1C a Ne2C � � �C a Nem D Ne1aC Ne2aC � � �C Nema, so
since the sumH1CH2C� � �CHm is direct, we have a Nei D Neia for i D 1; 2; : : : ; m.
It is clear that Hi is a ring with identity Nei .
.2/ Since Hi D Ai1 ˚ Ai2 ˚ � � � ˚ Aini and Ai1 Š Ai2 Š � � � Š Aini , if

we let A be any one of the Aij , then Hi Š A.ni / and EndR.Hi / Š EndR.A.ni //.
Proposition 6.4.15 shows that EndR.Hi / Š Mni .Di /, where Di is the division ring
EndR.A/:

It follows from Proposition 6.4.17 that if R is a right semisimple ring, then each
homogeneous component Hi of R is a ring with identity Nei . In general, Nei ¤ 1R,
but as we will see in the last proposition of this section, there are rings with only one
homogeneous component H1 in which case Ne1 D 1R.
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Proposition 6.4.18 (Wedderburn–Artin). A ring R is right semisimple if and only if
there exist division rings D1;D2; : : : ;Dm such that

R ŠMn1.D1/ �Mn2.D2/ � : : : �Mnm.Dm/:

Proof. If R is right semisimple, then R D H1 ˚ H2 ˚ � � � ˚ Hm, where H1;H2;
: : : ;Hm are the homogeneous components of R. Hence,

R Š EndR.R/ D HomR.H1 ˚H2 ˚ � � � ˚Hm; H1 ˚H2 ˚ � � � ˚Hm/

Š

mY

iD1

mY

jD1

HomR.Hi ;Hj /:

But HomR.Hi ;Hj / D 0 if i ¤ j , so we have

R Š

mY

iD1

EndR.Hi /:

Schur’s lemma shows that if Ai is a representative of the isomorphic minimal right
ideals of R that form Hi , then Di D EndR.Ai / is a division ring for i D 1; 2; : : : ; m.
We also have, by the proof of (2) in Proposition 6.4.17, that EndR.Hi / Š Mni .Di /

for each i , so

R ŠMn1.D1/ �Mn2.D2/ � � � � �Mnm.Dm/:

Conversely, suppose that there are division rings D1;D2; : : : ;Dm such that

R ŠMn1.D1/ �Mn2.D2/ � � � � �Mnm.Dm/:

Note first that Mni .Di / D
Lni
kD1

rk.Di /, where each rk.Di / is the minimal right
ideal of Mni .Di / composed of matrices with arbitrary entries from Di in the kth
row and zeros elsewhere. Therefore, each Mni .Di / is a right semisimple ring. But
Exercise 7 indicates that a finite ring direct product of right semisimple rings is a right
semisimple ring, so we are done.

Remark. Due to the Wedderburn–Artin proposition given above, we see that R is
right semisimple if and only if

R ŠMn1.D1/ �Mn2.D2/ � � � � �Mnm.Dm/;

where D1;D2; : : : ;Dm are division rings. This is clearly left-right symmetric since,
as observed in Example 2, a matrix ring over a division ring is left and right semisim-
ple.

Thus, right semisimple rings are left semisimple and conversely, so we
may now refer to such a ring simply as being semisimple.
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Consequently, Proposition 6.4.7 will hold when “right semisimple” is replaced by
“left semisimple” in condition (1) of that proposition. Moreover, Proposition 6.4.7
will hold if the condition “right” is, at random, replaced by “left” in conditions (1)
through (7).

There is still more to be said about semisimple rings. Recall that a ring R is a sim-
ple ring if zero is the only proper ideal of R. Simple right artinian rings are also
semisimple rings, but their structure is less complex than that of general semisimple
rings.

Proposition 6.4.19 (Wedderburn–Artin). A ring R is a simple right artinian ring if
and only if there is a division ring D such that R ŠMn.D/ for some integer n 	 1.

Proof. If R is a simple right artinian ring, then R has a minimal right ideal,
say A. Note that HomR.A;R/ ¤ 0 since the canonical embedding of A into R is
in HomR.A;R/. If I D

P
f .A/, where f varies throughout HomR.A;R/, then we

claim that I is an ideal of R. If a 2 R, then g W R ! R such that g.r/ D ar

for all r 2 R is an R-linear mapping. Moreover, if f 2 HomR.A;R/, then gf
in HomR.A;R/. From this we see that af .A/ D .gf /.A/ � I , so it follows that
aI � I . Now A � I , so I ¤ 0 which means that I D R. Consequently,
R D

P
f .A/ and each nonzero summand f .A/ is isomorphic to A. This means

that R is a semisimple R-module, so there are f1; f2; : : : ; fn 2 HomR.A;R/ such
that R D

Ln
iD1 fi.A/ Š A.n/. So R is a semisimple ring with one homogeneous

component H Š A.n/. Hence, R Š EndR.R/ Š EndR.A.n// Š Mn.D/ and
D D EndR.A/ is a division ring.

Conversely, suppose that R Š Mn.D/ for some integer n 	 1. If n D 1, then
R Š D and D is clearly simple and right artinian, so suppose that n 	 2. If I
is a nonzero ideal of Mn.D/, let m be a nonzero matrix in I and suppose that m
has the nonzero element a 2 D in the .s; t/th position. Then

Pn
iD1EismEti DPn

iD1 aEi i D a
Pn
iD1Ei i is in I , where ¹Eij º; 1 � i; j � n, are the matrix units

of Mn.D/. But
Pn
iD1Ei i is the identity matrix, so a

Pn
iD1Ei i is an invertible matrix

with inverse a�1
Pn
iD1Ei i . Thus, the identity matrix is in I , so I DMn.D/. Hence,

Mn.D/ is a simple ring. Finally, observe that Mn.D/ D
Ln
iD1 ri .D/ and each set

ri .D/ of i th row matrices is a minimal right ideal of Mn.D/. Since simple Mn.D/-
modules are right artinian and since finite direct sums of right artinian Mn.D/-mod-
ules are right artinian, we see that Mn.D/ is a right artinian ring.

If R is a simple right artinian ring, then R Š Mn.D/ for some division ring D.
Thus, R is also a simple left artinian ring, so we can refer to these rings as simple
artinian rings.

Corollary 6.4.20. A ring R is semisimple if and only if R is a ring direct product of
a finite number of simple artinian rings.
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Problem Set 6.4

1. Suppose that M is a semisimple R-module.

(a) If M D
Ln
iD1 Si and M D

Lm
iD1 S

0
i are decompositions of M as direct

sums of simple submodules, show that m D n and that there is a permutation
� W ¹1; 2; : : : ; nº ! ¹1; 2; : : : ; nº such that Si Š S 0

	.i/
for i D 1; 2; : : : ; n.

[Hint: Jordan–Hölder.]

(b) Under the conditions given in (a), show that M is artinian and noetherian
and that Rad.M/ D 0.

2. Prove that an R-module M is a direct sum of a finite number of simple sub-
modules if and only if M is finitely generated semisimple R-module. [Hint: If
M D

L
� S˛, where S˛ is a simple R-module for each ˛ 2 �, and if ¹xiºniD1

is a set of generators of M , show that for each i there is a finite set �i � �

such that xiR �
L
�i
S˛.]

3. Prove that the following hold for an idempotent e 2 R.

(a) EndR.eR/ Š eRe and if R is semiprime, then eR is a minimal right ideal
of R if and only if eRe is a division ring. [Hint: Define ' W eRe ! EndR.eR/
by '.eae/ D fea, where fea W eR ! eR is such that fea.eb/ D eaeb for any
b 2 R and show that ' is a well defined ring isomorphism. If eR is a minimal
right ideal ofR, use Shur’s lemma to conclude that EndR.eR/ is a division ring.
For the converse, if eRe is a division ring, let A be a right ideal of R such that
A � eR. If a 2 A, a ¤ 0, then a D eb for some b 2 R, b ¤ 0. Hence,
ebReb ¤ 0, so ebce ¤ 0 for some c 2 R. If ede is the inverse of ebce, then
ebcede D e, so that ebR D eR.]

(b) If R is a semiprime ring, then a minimal right ideal A of R must be for
the form A D eR for some idempotent e of R. Moreover, eR is a minimal
right ideal of R if and only if Re is a minimal left ideal of R. [Hint: A2 ¤ 0,
so aA ¤ 0 for some a 2 A. Hence, aA D A. Also annr .a/ \ A ¤ A, so
annR.a/ \ A D 0. Now let e 2 A be such that ae D a.]

(c) If R is a semiprime ring, then Soc.RR/ D Soc(RR/. [Hint: Show that
Soc.RR/ D

P
eR, where e varies over the idempotents e 2 R such that eRe

is a division ring. Similarly, Soc.RR/ D
P
Re. Show also that Soc.RR/

and Soc.RR/ are ideals of R and that Soc.RR/ � Soc.RR/ and Soc.RR/ �
Soc.RR/.]

4. Let M be a semisimple R-module and suppose that M D
L
� S˛ is a de-

composition of M as a direct sum of simple submodules. Arrange the simple
submodules S˛ into isomorphism classes and call each isomorphism class a ho-
mogeneous component H of M .



204 Chapter 6 Classical Ring Theory

(a) If M is semisimple and finitely generated, show that M has only a finite
number of homogeneous components Hi , i D 1; 2; : : : ; m, and that each ho-
mogeneous component is a finite sum of isomorphic simple submodules of M .
[Hint: Exercise 2.]

(b) If M is semisimple and finitely generated, prove that

EndR.M/ ŠMn1.D1/˚Mn2.D2/˚ � � � ˚Mnm.Dm/;

where, for each i ,Di D EndR.Si / and Si is a representative of the isomorphism
class of the ni simple submodules of M whose sum gives Hi .

5. Let D1;D2; : : : ;Dn be division rings.

(a) What are the minimal left and minimal right ideals of the ring direct product
D1 �D2 � � � � �Dn‹

(b) Show that the minimal right (left) ideals of (a) can be used to decompose
D1�D2�� � ��Dn as a direct sum of minimal right (left) ideals. Conclude that
D1 �D2 � � � � �Dn is a semisimple ring.

(c) Let ¹D˛º� be a family of division rings. Deduce that the ring direct productQ
�D˛ is a semisimple ring if and only if � is a finite set.

6. Show that a finite ring direct product of semisimple rings is a semisimple ring.

7. (a) Let I be an ideal of R and suppose that M is an R-module such that
MI D 0. Prove that M is semisimple as an R-module if and only if M is
semisimple as an R=I -module.

(b) If R is a semisimple ring and I is a proper ideal of R, prove that R=I is
a semisimple ring. Conclude that if f W R ! S is a surjective ring homo-
morphism and R is semisimple, then so is S .

(c) Show that a subring of a semisimple ring need not be semisimple.

8. Prove that the following are equivalent for a ring R.

(a) R has a simple generator.

(b) R is a simple ring and RR is semisimple.

9. Show that the following are equivalent for a ring R.

(a) R is a semisimple ring.

(b) Every finitely generated R-module is projective.

(c) Every cyclic R-module is projective. [Hint: If A is a right ideal of R, con-
sider R=A.]

(d) Show that (a), (b) and (c) are equivalent if R-module is replaced with left
R-module in (b) and (c).
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10. Let S be a minimal set of simple generators for ModR, in the sense that no set
of simple R-modules with fewer elements can generate ModR.
(a) Prove that if card.S/ D n, then there are exactly n isomorphism classes of
simple R-modules. In this situation, we say that ModR has a set of n simple
generators.
(b) Prove that a ring R is semisimple if and only if ModR has a finite set of
simple generators.
(c) Prove that R is a simple artinian ring if and only if ModR is generated by
a simple R-module. In this case, we say that ModR has a simple generator.
Conclude that for a simple artinian ring there is exactly one isomorphism class
of simple R-modules.

6.5 Primitive Rings and Density

We now investigate a class of rings that generalizes the class of simple artinian rings.
To develop these rings we need the following bimodule structures. If M is an R-
module and H D EndR.M/, then M is a left H -module under the addition already
present on M and under the H -action on M given by hx D h.x/ for h 2 H and
x 2 M . In fact, it’s easy to see that M is an .H;R/-bimodule. If we now form
the ring EndH .M/ and write f 2 EndH .M/ on the right of the argument x 2 M
opposite that of the ring action of H on M , then M is an .H;EndH .M//-bimodule.
With these bimodule structures in mind, the following properties hold.

1. Let ' W R ! EndH .M/ be such that '.a/ D fa, where fa W HM ! HM is
defined by .x/fa D xa for all x 2M . Then

.x C y/fa D .x C y/a D xaC ya D .x/fa C .y/fa and

.hx/fa D .hx/a D h.x/a D h.x/fa

for all x; y 2 M and h 2 H . Hence fa is an H -linear mapping and we also
have

.x/faCb D x.aC b/ D xaC xb D .x/fa C .x/fb;

.x/fab D x.ab/ D .xa/b D .xa/fb D .x/fafb and

.x/f1 D x

for all x 2M and a; b 2 R. Thus,

'.aC b/ D '.a/C '.b/;

'.ab/ D '.a/'.b/ and

'.1/ D idEndH .M/:

Therefore, ' is an identity preserving ring homomorphism.
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2. The map ' is a monomorphism if and only if Ma D 0 implies a D 0 for all
a 2 R. Recall that anR-moduleM is said to be faithful ifMa D 0 gives a D 0
for all a 2 R. When M is faithful, the embedding ' W R ! EndH .M/ is said
to be a faithful representation of R. In this case, we will refer to ' simply as the
canonical embedding of R into EndH .M/.

3. If S is a simple R-module, then R= annr.x/ Š S , where x 2 S and x ¤ 0.
Note that annr.S/ � annr .x/ and that annr.S/ is an ideal contained in the
maximal right ideal annr .x/ of R. If R has the property that zero is the largest
ideal contained in annr.x/, then annr.S/ D 0 and S is a faithful simple R-
module. When this is the case, R embeds in EndD.S/ and D D EndR.S/ is
a division ring. So if R admits a faithful simple module, then R embeds in the
ring of linear transformations of the left D-vector space S .

Definition 6.5.1. IfM is anR-module andH D EndR.M/, then the ring EndH .M/,
often denoted by BiEndR.M/, is said to be the biendomorphism ring of M and ele-
ments of EndH .M/ are said to be biendomorphisms of M . An ideal p of R is said
to be a right primitive ideal of R if p is the largest ideal contained in some maximal
right ideal of R, and R is said to be a right primitive ring if zero is a right primitive
ideal. Left primitive ideals and left primitive rings are similarly defined. A ring that is
left and right primitive is said to be a primitive ring.

There are rings that are right primitive but not left primitive and, conversely, there
are left primitive rings that are not right primitive. (See [52] for the details.)

Examples

1. Every simple ring is right primitive, so if D is a division ring, then Mn.D/ is
a right primitive ring.

2. Every maximal ideal is a right primitive ideal.

3. A field is a primitive ring.

If p is an ideal of R, then p is the largest ideal contained in the maximal right ideal
m of R if and only if zero is the largest ideal contained in the maximal right ideal
m=p of R=p. Hence, we see that an ideal p of R is right primitive if and only if R=p
is a right primitive ring.

A right primitive ring is Jacobson semisimple. This follows, for if R is a right
primitive ring, then there is a maximal right ideal m of R such that zero is the largest
ideal contained in m. But J.R/ is an ideal of R and J.R/ � m, so J.R/ D 0. The
converse is false. There are Jacobson semisimple rings that are not right primitive.
For example, the ring of integers Z is such that J.Z/ D 0, but the zero ideal is not the
largest ideal contained in any maximal ideal of Z. Indeed, every maximal ideal of Z
looks like .p/, where p is a prime number. But then we have .0/   .p2/   .p/, so
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Z cannot be a primitive ring. In fact, .p/ is the largest ideal contained in the maximal
ideal .p/.

Proposition 6.5.2. A ringR is right primitive if and only if R admits a faithful simple
R-module.

Proof. If R is a right primitive ring, then zero is the largest ideal contained in some
maximal right ideal m of R. But then R=m is a simple R-module and the right
annihilator ideal A of R=m is contained in m. Hence, A D 0, so R=m is a faithful
simple R-module.

Conversely, suppose thatR admits a faithful simpleR-module S . ThenR= annr.x/
Š xR D S for any x 2 S; x ¤ 0 and annr.x/ is a maximal right ideal of R. If I is
an ideal of R such that I � annr.x/, then SI D 0. Hence, I D 0 since S is faithful.
Thus, zero is the largest ideal contained in annr.x/, so R is a right primitive ring.

As indicated earlier, right primitive rings provide a generalization of simple artinian
rings. To continue with the development of this generalization, we need the following
definition.

Definition 6.5.3. Let R be a subring of EndD.M/, where DM is a left vector space
over a division ringD, and suppose that EndD.M/jN denotes theD-endomorphisms
of DM restricted to a D-subspace DN of DM . Then R is said to be a dense subring
of EndD.M/ provided that EndD.M/jN � RjN for each finite dimensional subspace

DN of DM , that is, for each f 2 EndD.M/ there is an a 2 R such that f jN D ajN .

In view of Definition 6.5.3, if ' W R ! EndD.S/ is the canonical embedding,
where S is a faithful simpleR-module andD D EndR.S/, then '.R/will be dense in
EndD.S/ if for each finite dimensional subspaceDN ofDS and every f 2 EndD.S/;
there is an a 2 R such that f jN D fajN . Thus, we can say, loosely speaking, that
locally (= on finite dimensional subspaces) every linear transformation DS !D S is
an element of '.R/.

A simple artinian ring R is isomorphic to a dense subring of the endomorphism
ring of a vector space since R is isomorphic to the ring of linear transformations of
a finite dimensional vector space over a division ring. Indeed, when R is a simple
artinian ring, we have seen in the proof of Proposition 6.4.19 that there is a minimal
right ideal A of R such that if D D EndR.A/, then R Š Mn.D/ for some integer
n 	 1 and D is a division ring. Now suppose that M is a left D-vector space of
dimension n and that ¹x1; x2; : : : ; xnº is a basis for DM . If x D

Pn
iD1 kixi is an

element of DM , then a matrix .aij / 2Mn.D/

.x/f.aij / D
� nX

iD1

kiai1

�
x1 C

� nX

iD1

kiai2

�
x2 C � � � C

� nX

iD1

kiain

�
xn
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defines a linear transformation f.aij / 2 EndD.M/. Conversely, if f 2 EndD.M/

and

.x1/f D a11x1 C a12x2 C � � � C a1nxn

.x2/f D a21x1 C a22x2 C � � � C a2nxn
:::

.xn/f D an1x1 C an2x2 C � � � C annxn

then the array gives a matrix .aij /f 2Mn.D/ determined by f . It is left to the reader
to show that the map

Mn.D/! EndD.M/ such that .aij / 7! f.aij /

is a ring isomorphism with inverse function

EndD.M/!Mn.D/ given byf 7! .aij /f :

Hence, R Š Mn.D/ Š EndD.M/, so it’s trivial that R is isomorphism to a dense
subring of EndD.M/.

We now show that a right primitive ring provides a “local form”, in the sense de-
scribed above, of this property of simple artinian rings.

Proposition 6.5.4 (Jacobson’s density theorem). A ring R is isomorphic to a dense
subring of the biendomorphism ring of a faithful simple R-module if and only if R is
a right primitive ring.

Proof. If R is isomorphic to a dense subring of the biendomorphism ring of a faithful
simple R-module, then, by assumption, R admits a faithful simple R-module, so
Proposition 6.5.2 shows that R is a right primitive ring.

Conversely, if R is a right primitive ring, then R admits a faithful simple R-module
S . If D D EndR.S/, then D is a division ring and we have a canonical embedding
' W R ! EndD.S/. Now suppose that DN is a finite dimensional subspace of DS
and let ¹xiºniD1 be a basis for N . Since

Pn
iD1 xi ¤ 0 and since S is a simple R-mod-

ule, .
Pn
iD1 xi /R D S . If f 2 EndD.S/, then

Pn
iD1.xi /f 2 S , so there is an a 2 R

such that
Pn
iD1 xia D .

Pn
iD1 xi /a D

Pn
iD1.xi /f . Hence, .xi /f D xia D .xi /fa

for i D 1; 2; : : : ; n. Since f and fa agree on basis elements, f and fa agree on N .
Thus, '.R/ is dense in EndD.S/.

Remark. There is a topological version of Proposition 6.5.4 in whichR is isomorphic
to a topologically dense subring of the biendomorphism ring of a faithful simple R-
module if and only if R is a right primitive ring. This accounts for the term “dense”
in Definition 6.5.3. (Details of the topological version of Jacobson’s density theorem
can be found in [22].)
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Corollary 6.5.5. The following hold if R is a right primitive ring with faithful simple
R-module S .

(1) For each D-linearly independent subset ¹xiºniD1 of the vector space DS over
the division ring D D EndR.S/ and for each arbitrary set ¹yi ºniD1 of elements
of DS , there is an a 2 R such that xia D yi for i D 1; 2; : : : ; n.

(2) If ¹xiº
nC1
iD1 is a D-linearly independent set of elements of DS , then there is an

a 2 R such that xia D 0 for i D 1; 2; : : : ; n and xnC1a ¤ 0.

Proof. .1/ Let R; S; ¹xiºniD1 and ¹yiºniD1 be as described. Then, by (2) of Proposi-
tion 2.2.9, there is a basis B of DS that contains ¹xiºniD1. Define f W B !DS by
.xi /f D yi for i D 1; 2; : : : ; n and .x/f D 0 if x 2 B � ¹xiº

n
iD1. If f is extended

D-linearly to DS and if this extension is also denoted by f , then Jacobson’s density
theorem shows that there is an a 2 R such that xia D .xi /f D yi for i D 1; 2; : : : n.
.2/ Choose ¹yiº

nC1
iD1 to be such that yi D 0 for i D 1; 2; : : : ; n and ynC1 ¤ 0 and

apply (1).

A simple ring is clearly right primitive and, in fact, when R is right artinian, R is
a simple ring if and only if it is right primitive.

Proposition 6.5.6. The following are equivalent for a ring R.

(1) R is right artinian and right primitive.

(2) R is right artinian and simple.

Proof. Since a simple ring is right primitive, we are only required to show that
.1/ ) .2/. Let R be a right artinian right primitive ring. Then R admits a faithful
simple R-module S , and if D D EndR.S/, then S is a left vector space over D.
Let ¹x˛º� be a basis for DS and suppose that dimD.S/ D 1. Select a subset
¹x1; x2; x3; : : :º of ¹x˛º� and, for n D 1; 2; : : : , let An denote the annihilator right
ideal of the set ¹x1; x2; : : : ; xnº. Then A1 � A2 � A3 � � � � is a descending chain
of right ideals of R. Using (2) of Corollary 6.5.5, we see that for each n there is an
a 2 R such that xia D 0 for i D 1; 2; : : : ; n and xnC1a ¤ 0. Thus, An ¡ AnC1
for each n which contradicts the fact that R is right artinian. Therefore, dimD.S/ is
finite, so let ¹xiºniD1 be a basis for DS . Also let ' W R ! EndD.S/ be the canonical
embedding and note that

EndD.S/ D HomD
� nM

iD1

Dxi ;

nM

iD1

Dxi

�
Š

nY

iD1

nY

jD1

HomD.Dxi ;Dxj /:

Now Dxi and Dxj are simple left D-modules such that Dxi Š Dxj Š D for
each i and j and it follows that EndD.S/ Š Mn.D/. If f 2 EndD.S/, then f is
completely determined by its action on the basis elements x1; x2; : : : ; xn. But since
R is right primitive, '.R/ is dense in EndD.R/, so there is an a 2 R such that
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.xi /f D .xi /fa. Thus, f 2 '.R/ which shows that ' is a ring isomorphism. Hence,
R Š Mn.D/ and this establishes, by Proposition 6.4.19, that R is a simple artinian
ring.

Problem Set 6.5

1. Prove that a commutative ring is primitive if and only if it is a field. [m �
ann.R=m/ for every maximal ideal of R.]

2. Let M be an R-module.

(a) Prove M is a faithful R= annr.M/-module.

(b) Prove that M is faithful if and only if the canonical ring homomorphism
' W R! BiEndR.M/ is an embedding.

3. (a) Show that if R is a simple ring, then every simple R-module is faithful.

(b) Prove that a simple ring embeds in the biendomorphism ring of each of its
simple R-modules.

4. (a) Prove that an ideal p of a ring R is right primitive if and only if it is the right
annihilator ideal of a faithful simple R-module.

(b) Let S be a simple R-module and suppose that A is the right annihilator ideal
of S . Show that R=A is a right primitive ring.

5. Prove that J.R/ is the intersection of the right (left) primitive ideals ofR. [Hint:
Proposition 6.1.7.]

6. Is a right primitive right artinian ring also left primitive and left artinian?

7. We have seen in the introduction to this section that if M is an R-module, H D
EndR.M/ and biendomorphisms f 2 EndH .M/ are written on the right of
elements of M , then the canonical embedding ' W R ! EndH .M/ given by
'.a/ D fa will be a ring homomorphism. Show that if biendomorphisms f 2
EndH .M/ are written on the left of elements ofM and composition of functions
is applied in the usual fashion, then ' is an anti-ring homomorphism.

8. Suppose that e is a nonzero idempotent element of R. If R is right primitive,
show that eRe is also a right primitive ring. [Hint: If R is a right primitive ring,
then R admits a faithful simple R-module S: If D D EndR.S/, then D is a
division ring and we have a canonical embedding ' W R ! EndD.S/. Observe
that eS is a vector space over D and show that there is a canonical embedding
'e W eRe ! EndD.eS/.]

9. Deduce that if the category ModR has a simple generator S , then S is a faithful
R-module. [Hint: Exercise 1 in Problem Set 4.1.]
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10. (a) In the discussion immediately preceding Jacobson’s density theorem, it was
stated that a matrix .aij / 2Mn.D/ defines a linear transformation

.x/f.aij / D
� nX

iD1

kiai1

�
x1 C

� nX

iD1

kiai2

�
x2 C � � � C

� nX

iD1

kiain

�
xn

in EndD.M/. Show that this is actually the case.

(b) Show that the map

Mn.D/! EndD.M/ such that .aij / 7! f.aij /

is a ring isomorphism with inverse function

EndD.M/!Mn.D/ given by f 7! .aij /f :

6.6 Rings that Are Semisimple

Previously we defined and investigated right primitive, Jacobson semisimple, prime,
semiprime, and semisimple rings. These classes of rings are not necessarily disjoint.
Most of the implications in the following table have already been pointed out.

simple ) right primitive ) prime

+ Cartinian + +

semisimple ) Jacobson semisimple ) semiprime

*

regular

(6.1)

It is trivial that a simple ring is right primitive and that a prime ring is semiprime.
A right primitive ring R is certainly Jacobson semisimple, since in a right primitive
ring the zero ideal is the largest ideal contained in a maximal right ideal of R. We
have also seen in Corollary 6.4.12 that a semisimple ring is Jacobson semisimple.
Moreover, it follows that a Jacobson semisimple ring is semiprime since, by Corol-
lary 6.2.10, rad.R/ � J.R/ and, by Proposition 6.2.25, a ring R is semiprime if and
only if rad.R/ D 0. Finally, ifR is a regular ring and a 2 J.R/, then there is an r 2 R
such that a D ara. But then ra 2 J.R/ and ra is idempotent, so a D ara D 0 since
J.R/ contains no nonzero idempotents. Hence, a regular ring is Jacobson semisimple.
Thus, to complete the verification of table (6.1) we need to prove that a right primitive
ring is prime.

Proposition 6.6.1. If R is right primitive, then R is prime.
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Proof. Let R be a right primitive ring and suppose that S is a faithful simple R-mod-
ule. Let A and B be nonzero ideals of R and suppose that AB D 0 with A ¤ 0 and
B ¤ 0. Then S.AB/ D 0. But S.AB/ D .SA/B D SB D S ¤ 0 and we have
a contradiction. Hence, if AB D 0, then either A D 0 or B D 0, so zero is a prime
ideal of R. Consequently, R is prime.

Our intention now is to show that several of the implications in table (6.1) reverse
whenR is right artinian. We also show that semisimple rings are the artinian Jacobson
semisimple rings mentioned in the opening remarks of this chapter.

Proposition 6.6.2. The following are equivalent for a ring R.

(1) R is semisimple.

(2) R is right artinian and regular.

(3) R is right artinian and Jacobson semisimple.

(4) R is right artinian and semiprime.

(5) R is right noetherian and regular.

Proof. If R is semisimple, then, by Corollary 6.4.12, R is artinian and noetherian.
Furthermore, every right ideal of R is a direct summand of R. In particular, every
principal right ideal of R is a direct summand, so it follows that R is regular. Hence,
.1/ implies .2/ and .5/. Table (6.1) shows that .2/ ) .3/ ) .4/. If .4/ holds, then
by Corollary 6.3.4, J.R/ D rad.R/ and Proposition 6.2.25 indicates that rad.R/ D 0.
Therefore, the intersection of the maximal right ideals of R is zero. Since R is right
artinian, there is a finite set ¹miº

n
iD1 of maximal right ideals ofR such that m1\m2\

� � �\mn D 0. We may assume that Ai D
T
j¤i mj ª mi for each i , for if Ai � mi ,

then mi can be eliminated from the set ¹miº
n
iD1 and we still have a set of maximal

right ideals of R with zero intersection. Hence, Ai C mi D R for i D 1; 2; : : : ; n.
But Ai \ mi D 0, so Ai ˚ mi D R and Ai Š R=mi is a minimal right ideal
of R. Therefore, since R is semiprime, by considering (2) of Lemma 6.3.5, we see
that Ai D eiR for each i , where ei is an idempotent of R. Hence, mi D .1 � ei /R.
Let e D

Pn
iD1 ei . Then 1 � e D .1 � ei / �

Pn
j¤i ej 2 mi , for each i ¤ j , since

i ¤ j implies that ej 2 Aj � mi . Therefore, 1 � e 2
Tn
iD1mi D 0 and so

1 D e D
Pn
iD1 ei . It follows that R D

Ln
iD1Ai , so R is semisimple and we have

.4/ ) .1/. We complete the proof by showing .5/ ) .1/. If R is right noetherian
and A is a right ideal of R, then A is finitely generated. But R is regular and so,
by Proposition 5.3.17, we see that A is a principal right ideal of R generated by an
idempotent. Hence, A is a direct summand of R, so Proposition 6.4.7 indicates that R
is semisimple.
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We now have the following augmentation of table (6.1). The abbreviations are
the obvious ones and the equivalence rt. art. C simple , rt. art. C rt. primitive is
Proposition 6.5.6.

rt. art. C simple , rt. art. C rt. primitive , rt. art. + prime

+ + +

semisimple , rt. art. CJ -semisimple , rt. art. C semiprime

m

rt. art. C regular

m

rt. noe. C regular

It was pointed out in Example 5 in Section 4.2 that the ring Z is noetherian but not
artinian. Hence, there are right noetherian rings that are not right artinian. However,
as we will now show, every right artinian ring is right noetherian. For this we need
the following two lemmas.

But first recall that if ¹M˛º� is a family of submodules of an R-module M , where
� is well ordered, then ¹M˛º� is said to be a increasing chain (decreasing chain) of
submodules of M if M˛ �Mˇ .M˛ �Mˇ / whenever ˛ � ˇ.

Lemma 6.6.3. An R-module M is noetherian (artinian) if and only if every increas-
ing (decreasing) chain of submodules of M indexed over a well-ordered set termi-
nates.

Proof. We prove the lemma for the artinian case and leave the noetherian case to the
reader. If every decreasing chain of submodules ofM indexed over a well ordered set
terminates, then every decreasing chain M1 �M2 �M3 � � � � of submodules of M
terminates since N is well ordered. Thus, M is artinian. Conversely, suppose that M
is artinian and let ¹M˛º� be a chain of submodules of M , where � is a well ordered
set. Since � is well ordered, then we can assume that � is the set of ordinal numbers
¹0; 1; 2; : : : ; !; !C 1; : : :º with ˛ < ord.�/ for each ˛ 2 ¹0; 1; 2; : : : ; !; !C 1; : : :º.
(See Appendix A.) Since M is artinian Proposition 4.2.4 shows that the collection of
submodules ¹M˛º� has a minimal element. Hence, the chain M0 � M1 � M2 �

� � � �M! �M!C1 � � � � must terminate.

Lemma 6.6.4. Let M be an R-module such that M D
L
� S˛, where each S˛ is

a simple submodule of M . If M is either artinian or noetherian, then � is finite.

Proof. Suppose that M is artinian and that � is an infinite set. Now � can be well
ordered, so, as in the proof of the previous lemma, we can assume that � is the
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set of ordinal numbers ¹0; 1; 2; : : : ; !; ! C 1; : : :º with ˛ < ord(�/ for each ˛ 2
¹0; 1; 2; : : : ; !; !C 1; : : :º. If for each ordinal ˛ 2 ¹0; 1; 2; : : : ; !; !C 1; : : :º, we set
N˛ D 0˚ 0˚ � � � ˚ S˛ ˚ S˛C1 ˚ � � � , then

M D N0 � N1 � N2 � � � � � N! � N!C1 � � � �

is a decreasing chain of submodules of M indexed over a well ordered set that fails
to terminate. Hence, the lemma above indicates that M is not artinian and so we
have a contradiction. Thus, � must be a finite set. A similar proof holds if M is
noetherian.

The following proposition is due to Hopkins [59] who proved that a right artinian
ring must be right noetherian.

Proposition 6.6.5 (Hopkins). If R is a right artinian ring, then an R-module is
noetherian if and only if it is artinian.

Proof. Let J denote the Jacobson radical of R. If R is right artinian, then J is nilpo-
tent, so J n D 0 for some integer n 	 1. Hence, we have a descending chain of
submodules

M �MJ �MJ 2 � � � � �MJ n D 0

of M . Consider the factor modules MJ i�1=MJ i for i D 1; 2; : : : ; n, where we
let J 0 D R. Since .MJ i�1=MJ i /J D 0, each MJ i�1=MJ i is an R=J -module.
Since there is a one-to-one correspondence between the right ideals of R that con-
tain J and the right ideals of R=J , it follows that R=J is right artinian. But R=J is
also Jacobson semisimple, so by Proposition 6.6.2, R=J is a semisimple ring. Thus,
each MJ i�1=MJ i is a semisimple R=J -module. Consequently, each MJ i�1=MJ i

is semisimple as an R-module. Therefore, MJ i�1=MJ i is a direct sum of sim-
ple R-modules and if M is artinian, then MJ i�1=MJ i is artinian and we see from
Lemma 6.6.3 that this sum of simple R-modules is finite. Hence, MJ i�1=MJ i has
an R-composition series, so by Proposition 4.2.14, we have that MJ i�1=MJ i is
a noetherian R-module for i D 1; 2; : : : ; n. Now consider the short exact sequences

0!MJ n�1 !MJ n�2 !MJ n�2=MJ n�1 ! 0 (6.2)

0!MJ n�2 !MJ n�3 !MJ n�3=MJ n�2 ! 0 (6.3)

:::

0!MJ !M !M=MJ ! 0: (6.4)

Since .MJ n�1/J D 0, MJ n�1 is an R=J -module and so MJ n�1 is noetherian.
Hence,MJ n�1 andMJ n�2=MJ n�1 are noetherian, so Corollary 4.2.6 together with
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the short exact sequence (6.2) shows that MJ n�2 is noetherian. Likewise, (6.3) in-
dicates that MJ n�3 is noetherian and so on until we finally arrive at (6.4) which
shows that M is noetherian. Thus, over a right artinian ring, every artinian R-module
is noetherian. This proof can be easily adapted to show that when the ring is right
artinian, every noetherian R-module is artinian.

Corollary 6.6.6. If R is a right artinian ring, then R is right noetherian.

Remark. Researchers have also investigated the case as to when a right noetherian
ring is right artinian. For example, Akizuki proved that a commutative noetherian ring
is artinian if and only its prime ideals are maximal. (See [34].) For the noncommuta-
tive case, it is known that a right noetherian ring R is right artinian if and only if for
every prime ideal p of R, R=p is right artinian. Moreover, Kertesz has shown in [64]
that a right noetherian ring R is right artinian if and only if for every prime ideal p

of R, R=p is right artinian.

Problem Set 6.6

1. Prove Lemma 6.6.3 and Lemma 6.6.4 for the noetherian case.

2. Prove Proposition 6.6.5 for the noetherian case.

3. If M is a semisimple left R-module and E D EndR.M/, prove that ME is
a semisimple E-module.

4. If R is an integral domain, prove that R is semisimple if and only if R is a field.

5. (a) Show that the center of a simple ring is a field.

(b) Prove that the center of a semisimple ring is a finite direct product of fields.

6. Give necessary and sufficient conditions on n for Zn to be semisimple. [Hint:
Zn is artinian, so Zn will be semisimple if and only if Rad.Zn/ D 0.]
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Envelopes and Covers

There are several types of envelopes and covers. There are injective envelopes, pro-
jective envelopes, flat envelopes, injective covers, flat covers, projective covers, etc.
An excellent bibliography as well as a novel approach to envelopes and covers can be
found in [12] and [46]. As a way of introducing this subject, we restrict our attention
to developing injective envelopes and projective covers of modules whenever the lat-
ter can be shown to exist. Injective envelopes were first discovered by Eckmann and
Schöpf [55] and rings over which every module has a projective cover were character-
ized by Bass Œ51�. We will also develop quasi-injective envelopes and quasi-projective
covers, developed by Johnson and Wong [61] and by Wu and Jans [72], respectively.

7.1 Injective Envelopes

We have seen that injective modules exist, though not every module is injective. Even
though there exist modules that are not injective, it is the case that for every R-mod-
ule M there is an embedding M ! E, where E is an injective module. Among the
injective modules that contain a submodule isomorphic to M , there is one, called the
injective envelope of M , that is unique up to isomorphism. This envelope is, in some
sense, the “best approximation” of M by an injective module. If the class of injective
modules that contain a copy of M is ordered by inclusion, we will show that there
exists at least one injective module that is a minimal element of this class.

Definition 7.1.1. An injective envelope of an R-module M is an injective module
E.M/ together with a monomorphism ' WM ! E.M/ such that E.M/ is an essen-
tial extension of '.M/. An injective envelope ' W M ! E.M/ of M is said to be
unique up to isomorphism if whenever '0 WM ! E.M/0 is another injective envelope
of M , there exists an isomorphism f W E.M/0 ! E.M/ such that f '0 D '.

Lemma 7.1.2. If M is an essential submodule of an R-module M 0 and f WM ! N

is a monomorphism ofM into an R-module N , then any extension g WM 0 ! N of f
to M 0 is also a monomorphism.

Proof. Let g W M 0 ! N be an extension of a monomorphism f W M ! N . If
x 2 M \ Kerg, then f .x/ D g.x/ D 0, so x D 0 since f is an injection. Hence,
M \ Kerg D 0, so Kerg D 0 since M is an essential submodule of M 0.
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The following proposition is due to Eckmann and Schöpf [55].

Proposition 7.1.3 (Eckmann–Schöpf). Every R-module has an injective envelope.

Proof. If M is any R-module, then, by Proposition 5.1.10, there is a monomorphism
' WM ! E, whereE is an injectiveR-module. Let S be the set of all submodulesN
of E such that N is an essential extension of '.M/. Then S ¤ ¿ since '.M/ 2 S .
If ¹N˛º� is a chain in S , then

S
�N˛ 2 S serves as an upper bound for the chain.

Hence, S is inductive, so it follows from Zorn’s lemma that S has a maximal element,
say E.M/.

We claim that ' W M ! E.M/ is an injective envelope of M . Observe first that if
Ec is a complement of E.M/ in E, then E.M/ Š .E.M/˚ Ec/=Ec is an essential
submodule of E=Ec . This follows since if N=Ec is a submodule of E=Ec such that
..E.M/ ˚ Ec/=Ec/ \ .N=Ec/ D 0, then .E.M/ ˚ Ec/ \ N � Ec . Modularity
(Example 10 in Section 1.4) gives .E.M/ \ N/ ˚ Ec D .E.M/ ˚ Ec/ \ N , so
we have Ec � .E.M/ \ N/ ˚ Ec � Ec . Therefore, E.M/ \ N D 0, so by the
maximality of Ec , Ec D N . Thus, N=Ec D 0 and so .E.M/˚ Ec/=Ec is essential
in E=Ec .

Next, we claim that E D E.M/ ˚ Ec . To see this, consider the commutative
diagram

0 � .E.M/˚Ec/=Ec
i� E=Ec

E.M/

 

�
i 0 � E

g

�

where  is the isomorphism E.M/ Š .E.M/ ˚ Ec/=Ec , i and i 0 are canonical
injections and g is the map given by the injectivity of E. Note that, i 0 is an injec-
tion, so Lemma 7.1.2 shows that g is an injection as well. From the diagram we have
E.M/ D Im.i 0 / D g..E.M/ ˚ Ec/=Ec/ � g.E=Ec/. But '.M/ is essential in
E.M/ and it follows that E.M/ D g..E.M/ ˚ Ec/=Ec/ is essential in g.E=Ec/,
since .E.M/˚Ec/=Ec is essential in E=Ec . Hence, '.M/ is essential in g.E=Ec/.
Now E.M/ is a maximal essential extension of '.M/ in E, so by the maximality of
E.M/, g..E.M/ ˚ Ec/=Ec/ D g.E=Ec/. Hence, we see that E.M/ ˚ Ec D E.
Since Corollary 5.1.14 shows that a direct summand of an injective module is injec-
tive, we have that E.M/ is an injective R-module. Thus, ' W M ! E.M/ is an
injective envelope of M:

Proposition 7.1.4. Injective envelopes are unique up to isomorphism.
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Proof. Let M be an R-module and suppose that '1 W M ! E1 and '2 W M ! E2
are injective envelopes of M . Then Lemma 7.1.2 shows that the diagram

0 � M
'2� E2

E1

'1

�
f

�...
....

....
....

....
..

can be completed commutatively by a monomorphism f W E2 ! E1. But this
indicates that f .E2/ is an injective submodule of E1 and as such is, by Proposi-
tion 5.1.2, a direct summand of E1. If f .E2/ ˚ N D E1, then '1.M/ \ N D 0

since '1.M/ � f .E2/. But '1.M/ is essential in E1, so N D 0. Hence, f is also
an epimorphism.

Since an injective envelope ' W M ! E.M/ of an R-module M is unique up
to isomorphism, we can speak of the injective envelope of M . There is no loss of
generality in identifying M with '.M/ and considering M to be a submodule of
E.M/. The map ' can now be replaced by the canonical injection i WM ! E.M/.

The proof of the following proposition is left as an exercise.

Proposition 7.1.5. The following properties hold for injective envelopes.

(1) If M is a submodule of an injective R-module E, then E Š E.M/ ˚ E0 for
some (necessarily injective) submodule E 0 of E.

(2) If M is an essential submodule of an R-module N , then E.M/ Š E.N/.

(3) If ¹M˛º� is a family of R-modules, then
L
�E.M˛/ embeds in E.

L
�M˛/

and the embedding is an isomorphism if
L
�E.M˛/ is injective.

It follows immediately from .3/ of the preceding proposition, that if ¹M˛º� is
a family of R-modules and if the indexing set � is finite, then

L
�E.M˛/ Š

E.
L
�M˛/ since finite direct sums of injective modules are injective. We are now in

a position to show that arbitrary direct sums of injective modules are injective if and
only if the ring is right noetherian, a result due to Matlis [68] and Papp [70].

Proposition 7.1.6 (Matlis–Papp). The following are equivalent for a ring R.

(1) Every direct sum of injective R-modules is injective.

(2) If ¹M˛º� is a family of R-modules, then
L
�E.M˛/ Š E.

L
�M˛/.

(3) R is a right noetherian ring.

Proof. .1/) .2/. This follows immediately from (3) of Proposition 7.1.5.
.2/) .3/. Let A1 � A2 � A3 � � � � be an increasing chain of right ideals of R.

If A D
S

N Ai , then A is a right ideal of R and if a 2 A, then a 2 Ai for almost
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all i 2 N. Consequently, a C Ai D 0 in R=Ai for almost all i 2 N. Thus, we have
R-linear mappings

0! A
f
�!

M

N

R=Ai �
M

N

E.R=Ai /
�i
�! E.R=Ai /! 0;

where f W A !
L

N R=Ai is defined by f .a/ D .a C Ai / and � i is the canonical
projection for each i . Note that � if .A/ D A=Ai for i D 1; 2; 3; : : : . By assump-
tion

L
N E.R=Ai / Š E.

L
N R=Ai /, so

L
N E.R=Ai / is injective. Hence, Baer’s

criteria gives an x 2
L

N E.R=Ai / such that f .a/ D xa for all a 2 A. Since
x 2

L
N E.R=Ai /, there is a positive integer n such that � i .x/ D 0 for all i 	 n. If

i 	 n, then A=Ai D � if .A/ D � i .xA/ D � i .x/A D 0. Therefore, Ai D A for all
i 	 n, so R is right noetherian.
.3/ ) .1/. Let A be a right ideal of R and suppose that ¹E˛º� is a family of

injective R-modules. If f W A !
L
�E˛ is an R-linear mapping, then, since A

is finitely generated, there is a finite subset � of � such that f .A/ �
L
� E˛. ButL

� E˛ is injective, so there is an x 2
L
� E˛ such that f .a/ D xa for all a 2 A.

Since
L
� E˛ embeds in

L
�E˛, we can assume that x 2

L
�E˛. Thus, Baer’s

criteria for injectivity holds, so
L
�E˛ is injective.

Problem Set 7.1

1. (a) IfM andN areR-modules, then we say thatN extendsM if there is a mono-
morphism f W M ! N . Prove that every injective module E that extends M
also extends E.M/ and that E.M/ is isomorphic to a direct summand of E.
Conclude that every injective R-module E that contains a copy of M also con-
tains a copy of E.M/.

(b) Prove that every short exact sequence of the form

0!M1 !M !M2 ! 0

splits if and only if M1 is injective.

2. (a) Let ¹M˛º� be a family of R-modules. If N˛ is an essential submodule of
M˛ for each ˛ 2 �, show that

L
�N˛ is an essential submodule of

L
�M˛.

(b) Show that ZZ is an essential submodule of QZ, but that the Z-module ZN

is not an essential Z-submodule of QN . [Hint: Consider Exercise 1 in Problem
Set 5.1 and p=qZ � p=q2Z � � � � � p=qnZ � � � � .] Conclude that the property
stated in (a) for direct sums does not always hold for direct products.

3. Prove Proposition 7.1.5.

4. Prove that an R-module M is injective if and only if M has no proper essential
extensions. Conclude that an injective module E containing M is an injective
envelope of M if and only if E is a maximal essential extension of M .
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5. Suppose that M is a submodule of an injective R-module E. Show that E is
an injective envelope of M if and only if E is minimal among the injective R-
modules that containM . Conclude that an injective envelope ofM is a minimal
injective extension of M .

6. If M is a submodule of an R-module E, prove that E is an injective envelope
ofM if and only if E is an injective essential extension ofM . Conclude that an
injective envelope of M is an injective essential extension of M .

Remark. Exercises 4, 5 and 6 show that the following are equivalent.

(1) E is a maximal essential extension of M .

(2) E is a minimal injective extension of M .

(3) E is an injective essential extension of M .

(4) E is an injective envelope of M .

7. Let X be a class of R-modules that satisfies the following three conditions.
(i) X is closed under isomorphisms: If X 2 X and X 0 Š X , then X 0 2 X.
(ii) X is closed under finite direct sums: If ¹XiºniD1 is a family of modules in
X, then

Ln
iD1Xi 2 X.

(iii) X is closed under direct summands: If X 2 X and X 0 is a direct summand
of X , then X 0 2 X.
For an R-moduleM , an X-envelope ofM is an X 2 X together with an R-lin-
ear mapping ' WM ! X such that the following two conditions are satisfied.
(1) For any R-linear mapping '0 WM ! X 0 with X 0 2 X, the diagram

M
' � X

X 0

'0

�
f

�...
....

....
....

....
..

can be completed commutatively by an R-linear mapping f W X ! X 0.
(2) The diagram

M
' � X

X

'

��...
....

....
....

....
...

can be completed commutatively only by automorphisms of X .
If ' W M ! X satisfies .1/ but perhaps not .2/, then ' W M ! X is said to be
an X-preenvelope of M . Additional information on X-(pre)envelopes can be
found in [12] and [46].



Section 7.2 Projective Covers 221

(a) If an R-module M has an X-envelope ' W M ! X , prove that X is unique
up to isomorphism. [Hint: Let ' W M ! X and '0 W M ! X 0 be X-envelopes
of M and consider the diagrams

M
' � X M

'0� X 0

and

X 0

'0

�
f

�...
....

....
....

....
..

X

'

�
f 0

�...
....

....
....

....
...

�

(b) If X contains all the injective modules, prove that for an X-preenvelope ' W
M ! X of M , the R-linear mapping ' is an injection. [Hint: By Proposition
5.1.10, there is a monomorphism '0 WM ! E, where E is an injective R-mod-
ule, so consider (1).]

(c) Suppose thatM has an X-envelope ' WM ! X . Prove that if '0 WM ! X 0

is an X-preenvelope of M , then X is isomorphic to a direct summand of X 0.
[Hint: Consider the diagram

X

M
'0�

'
�

X 0

f
�

X

f 0

�'0 �

and note that f 0f is an automorphism.]

8. Let E be the class of injective R-modules and note that E satisfies conditions
(i), (ii) and (iii) given in Exercise 7 for a class of R-modules. Prove that the
following are equivalent.

(a) M has an E-envelope ' W M ! E, where E-envelope is defined as in
Exercise 7.

(b) M has an injective envelope ' W M ! E.M/ in the sense of Defini-
tion 7.1.1.

7.2 Projective Covers

We know that every R-module M is the homomorphic image of a projective module.
Among the projective modules that cover M , there may be one that is, in some sense,
minimal. Such a cover of M , if it exists, can be viewed as a “best approximation”
of M by a projective module. As we will see, there are modules that fail to have
a projective cover.
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Definition 7.2.1. A projective cover of an R-module M is a projective R-module
P.M/ together with an epimorphism ' W P.M/ ! M such that Ker' is small
in P.M/. A projective cover ' W P.M/ ! M of M is said to be unique up to
isomorphism if whenever '0 W P.M/0 ! M is another projective cover of M , there
is an isomorphism f W P.M/0 ! P.M/ such that 'f D '0. The projective module
P.M/ will often be denoted simply by P , when M is understood.

We will see later in this section that a projective cover of a module may fail to exist.

Proposition 7.2.2. A projective cover of anR-moduleM is unique up to isomorphism
whenever it can be shown to exist.

Proof. Suppose that '1 W P1 ! M and '2 W P2 ! M are projective covers of M .
Then the projectivity of P2 gives an R-linear mapping f W P2 ! P1 such that
'1f D '2. If x 2 P1, then '1.x/ 2 M , so since '2 is an epimorphism, there is
a y 2 P2 such that '2.y/ D '1.x/. If z D x � f .y/, then z 2 Ker'1, so x D
zC f .y/ 2 Ker'1C Imf . Thus, P1 D Ker'1C Im f and so f is an epimorphism
since Ker'1 is small in P1. But P1 is projective, so the epimorphism f W P2 ! P1
splits. If f 0 W P1 ! P2 is a splitting map for f , then f 0 is a monomorphism and
P2 D Imf 0˚Ker f . But Ker f � Ker'2, so Ker f is small in P2 since submodules
of small submodules are small. Hence, P2 D Imf 0 Š P1:

Examples

1. Projective Modules. Every projective module has a projective cover, namely,
itself.

2. Local Rings and Projective Covers. Let R be a commutative ring that has
a unique maximal ideal m. Then R together with the natural mapping R !
R=m is a projective cover of R=m. Actually, much more can be said about
projective covers when R is a local ring. IfM is a finitely generated R-module,
then M has a projective cover. Indeed, if M is finitely generated, then M=Mm

is a finite dimensional vector space over the field R=m. So there is a positive
integer n such that .R=m/.n/ Š M=Mm. In addition, the canonical mapping
f W R.n/ ! M=Mm has small kernel. Since R.n/ is a projective R-module,
there is an R-module homomorphism ' W R.n/ !M such that the diagram

R.n/

M
��

'

�
M=Mm

f

�
� 0
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is commutative, where � W M ! M=Mm is the natural mapping. Since
Ker' � Ker f , Ker' is a small submodule of R.n/ and it follows that ' W
R.n/ ! M is a projective cover of M . Later in the text we will extend the
concept of a commutative local ring to noncommutative rings.

The next proposition will subsequently prove to be useful. It shows that a finite
direct sum of projective covers is a projective cover.

Proposition 7.2.3. Let ¹Mkº
n
kD1

be a finite family of R-modules.

(1) If Sk is a small submodule ofMk , for k D 1; 2; : : : ; n, then
Ln
kD1 Sk is a small

submodule of
Ln
kD1Mk .

(2) If eachMk has a projective cover 'k W Pk !Mk , then
Ln
kD1Mk has a projec-

tive cover
Ln
kD1 'k W

Ln
kD1 Pk !

Ln
kD1Mk and if ' W P !

Ln
kD1Mk is

a projective cover of
Ln
kD1Mk , then there is a family ¹ NPkº

n
kD1

of submodules
of P such that NPk Š Pk for each k.

Proof. .1/ Let ij W Mj !
Ln
kD1Mk and �j W

Ln
kD1Mk ! Mj be the j th canon-

ical injection and the j th canonical projection, respectively, for j D 1; 2; : : : ; n.
Let S D

Ln
kD1 Sk and suppose that N is a submodule of

Ln
kD1Mk such that

S C N D
Ln
kD1Mk . Then Sj C �j .N / D Mj , so �j .N / D Mj for j D

1; 2; : : : ; n. But
Pn
kD1.ik�k/ D idLn

kD1Mk
, so we have N D .

Pn
kD1 ik�k/.N / DPn

kD1 ik�k.N / D
Pn
kD1 ik.Mk/ D

Ln
kD1Mk . Hence,

Ln
kD1 Sk is a small sub-

module of
Ln
kD1Mk .

.2/ Let 'k W Pk ! Mk be a projective cover of Mk for k D 1; 2; : : : ; n. Then
.1/ and the fact that direct sums of projective R-modules are projective shows thatLn
kD1 'k W

Ln
kD1 Pk !

Ln
kD1Mk is a projective cover of

Ln
kD1Mk . But projec-

tive covers are unique up to isomorphism, so if ' W P !
Ln
kD1Mk is a projective

cover of
Ln
kD1Mk , then P Š

Ln
kD1 Pk . The existence of the family ¹ NPkºnkD1 of

submodules of P such that NPk Š Pk for each k follows easily.

The Radical of a Projective Module

Corollary 6.1.5 indicates that every free R-module F has the property that Rad.F / D
FJ.R/. In fact, every projective R-module has this property.

Proposition 7.2.4. If M is a projective R-module, then Rad.M/ DMJ.R/.

Proof. If M is a projective R-module, then Proposition 5.2.8 shows that there is an
R-module N such that R.�/ ŠM ˚N for some set �. Hence, by Proposition 6.1.4
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and Corollary 6.1.5, we see that

Rad.M/˚ Rad.N / D Rad.M ˚N/

Š Rad.R.�//; so

Rad.M/˚ Rad.N / Š R.�/J.R/:

Therefore,

Rad.M/˚ Rad.N / Š .M ˚N/J.R/

�MJ.R/˚NJ.R/:

Thus, if x 2 Rad.M/, then x D y C z, where y 2 MJ.R/ and z 2 NJ.R/.
But by Lemma 6.1.9, MJ.R/ � Rad.M/ and NJ.R/ � Rad.N /, so we see that
z D x � y 2 Rad.M/ \ Rad.N / D 0. It follows that Rad.M/ � MJ.R/ and so
Rad.M/ DMJ.R/:

The fact that Rad.M/ D MJ.R/ when M is a projective module can be used to
show that a projective cover may fail to exist.

Example

3. A Module that does not have a Projective Cover. Suppose that R is a Jacob-
son semisimple ring. If ' W P ! M is a projective cover of M , then Ker' is
a small submodule of P and Ker' � Rad.P / D PJ.R/ D 0. Consequently,
' is an isomorphism and so over a Jacobson semisimple ring an R-module M
has a projective cover if and only if it is projective. The ring Z is Jacobson
semisimple, so the only Z-modules with projective covers are the free Z-mod-
ules. Thus, Zn does not have a projective cover, since Zn is not a free Z-module
for any integer n 	 2.

Since there are modules that fail to have a projective cover, this brings up the ques-
tion “Are there rings over which every module has a projective cover?” Such rings do
indeed exist and our goal now is to characterize these rings. In the process, rings over
which every finitely generated module has a projective cover will also be described.
Before we can begin, we need several additional results concerning the radical of
a projective module.

Proposition 7.2.5. IfM is a projectiveR-module, then f 2 J.EndR.M// if and only
if Im f is a small submodule of M .
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Proof. Let H D EndR.M/, suppose that f 2 J.H/ and let N be a submodule
of M such that Im f C N D M . If � W M ! M=N is the natural mapping and
xCN 2M=N , then x D f .y/C z for some y 2M and z 2 N . Hence, we see that
x CN D �f .y/ and so �f W M ! M=N is an epimorphism. If g W M ! M is the
completing map for the diagram

M

M
�f�

g

�
M=N

�

�
� 0

given by the projectivity of M , then �.idH � fg/ D 0. But Proposition 6.1.7 shows
that idH � fg has a right inverse in H . Thus, � D 0, so N DM . Therefore, Imf is
a small submodule of M .

Conversely, suppose that Imf is small inM and let fH D ¹fg j g 2 H º. In view
of Corollary 6.1.15, we will have f 2 fH � J.H/ if we can show that fH is small
inH . If A is a right ideal ofH such that fHCA D H , then idM D fgCh for some
g 2 H and h 2 A. This givesM D idM .M/ D fg.M/Ch.M/ � Imf Ch.M/ �

M , so h.M/ D M since Im f is small in H . Hence, h is an epimorphism and

M is projective, so the short exact sequence 0 ! Ker h ! M
h
�! M ! 0 splits.

Consequently, there is a monomorphism h0 WM !M such that idM D hh0 2 A and
so A D H . Thus, fH is small in H and this completes the proof.

Corollary 7.2.6. If M is a projective R-module and MJ.R/ is a small submodule
of M , then

(1) J.EndR.M// D HomR.M;MJ.R// and

(2) EndR.M/=J.EndR.M// Š EndR.M=MJ.R//.

Proof. Let H D EndR.M/. By Proposition 7.2.4, Rad.M/ DMJ.R/, so if MJ.R/
is small inM , then using Corollary 6.1.15 we can conclude that a submodule ofM is
small if and only if it is contained inMJ.R/. Thus, if f 2 J.H/, then the proposition
indicates that Im f � MJ.R/, so f 2 HomR.M;MJ.R//. Conversely, if f 2
HomR.M;MJ.R//, then Im f � MJ.R/, so the proposition gives f 2 J.H/ and
we have (1).

Next, consider the ring homomorphism ' W H ! EndR.M=MJ.R// defined by
'.f / D Nf , where Nf W M=MJ.R/ ! M=MJ.R/ is such that Nf .x CMJ.R// D
f .x/ CMJ.R/. Since M is a projective R-module, it is easy to show that ' is an
epimorphism. Moreover, Ker ' D HomR.M;MJ.R// D J.H/, so the isomorphism
asserted in (2) is immediate.

Corollary 7.2.7. J.Mn.R// DMn.J.R//.
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Proof. Using Proposition 2.1.12, we see that

EndR.R
.n// D HomR.R

.n/; R.n// Š

nY

iD1

nY

jD1

HomR.Ri ; Rj /;

where Ri D Rj D R for each i and j . But HomR.R;R/ Š R, so

EndR.R
.n// Š

nY

iD1

nY

jD1

Rij ŠMn.R/;

withRij D R for each i and j . If ' WMn.R/! EndR.R.n// is an isomorphism, then
.aij / 2 J.Mn.R// if and only '..aij // 2 J.EndR.R.n///. Since R.n/ is a projective
R-module, the preceding corollary shows that

J.Mn.R// Š J.EndR.R
.n/// D HomR.R

.n/; R.n/J.R//:

But R.n/J.R/ D J.R/.n/, so

J.Mn.R// D HomR.R
.n/; J.R/.n//:

Hence, .aij / 2 J.Mn.R// if and only if '..aij // 2 HomR.R.n/; J.R/.n// and

HomR.R
.n/; J.R/.n// Š

nY

iD1

nY

jD1

HomR.Ri ; J.R/j /

Š

nY

iD1

nY

jD1

J.R/ij

ŠMn.J.R//:

It follows that .aij / 2 J.Mn.R// if and only if .aij / 2 Mn.J.R// and so
J.Mn.R// DMn.J.R//:

We have seen (Proposition 6.1.2) that every nonzero finitely generated module con-
tains a maximal submodule. The same is true of projective R-modules.

Proposition 7.2.8. If M is a nonzero projective R-module, then M contains a maxi-
mal submodule.

Proof. Let M be a nonzero projective R-module and suppose that M does not have
a maximal submodule. Then Rad.M/ D M . But Proposition 7.2.4 shows that
Rad.M/ D MJ.R/, so we have MJ.R/ D M . By Proposition 5.2.8, there is
a free R-module F such that F Š M ˚ N for some R-module N . We can, with-
out loss of generality, identify M and N with their images in F and assume that
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F DM ˚N . Let � W F !M be the canonical projection and assume that ¹x˛º� is
a basis for F . If x 2M , then there is a finite subset � of � such that x D

P
� x˛a˛.

Now M D MJ.R/, so for each ˛ 2 � , there is a finite subset �˛ � � such that
�.x˛/ D

P
�˛
xˇa˛ˇ with each a˛ˇ in J.R/. This shows that there is finite subset

ƒ � � such that

0 D x � �.x/ D
X

˛2ƒ

x˛a˛ �
X

˛2ƒ

�.x˛/a˛

D
�X

˛2ƒ

� X

ˇ2ƒ

xˇı˛ˇ

�
a˛

�
�
�X

˛2ƒ

� X

ˇ2ƒ

xˇa˛ˇ

�
a˛

�

D
X

ˇ2ƒ

xˇ

�X

˛2ƒ

.ı˛ˇ � a˛ˇ /a˛

�
;

where ı˛ˇ is such that ı˛ˇ D 0 if ˛ ¤ ˇ and ı˛ˇ D 1 when ˛ D ˇ. If card.ƒ/ D n,
then, since the xˇ are linearly independent, this gives n equations

X

˛2ƒ

.ı˛ˇ � a˛ˇ /a˛ D 0 for each ˇ 2 ƒ:

This in turn leads to a matrix equation

.In � .a˛ˇ //.a˛/ D 0;

where In is the n � n identity matrix of Mn.R/ and .a˛ˇ / is a matrix in Mn.J.R//.
Hence, we see from Corollary 7.2.7 that .a˛ˇ / 2 J.Mn.R//, so Proposition 6.1.8 in-
dicates that In�.a˛ˇ / has a left inverse in Mn.R/. Thus, .a˛/ D 0 and so x D 0. But
x was chosen arbitrarily in M , so M D 0, contradicting the assumption that M ¤ 0.
Consequently, a nonzero projective R-module must have a maximal submodule.

Corollary 7.2.9. If M is a projective R-module, then Rad.M/  M .

We now consider rings over which every finitely generated module has a projective
cover.

Semiperfect Rings

Definition 7.2.10. A ring R is said to be a semiperfect ring if every finitely generated
R-module has a projective cover.

Remark. Later we will see that semiperfect rings are left-right symmetric, so that the
omission of the modifier “right” is justified in the definition of a semiperfect ring.
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Previously we called a commutative ringR local ifR had a unique maximal ideal. It
was shown in Example 2 that local rings are semiperfect. We now extend the concept
of a local ring to noncommutative rings. These noncommutative local rings are also
semiperfect.

Proposition 7.2.11. The following are equivalent for a ring R.

(1) R has a unique maximal right ideal.

(2) J.R/ is a unique maximal right ideal of R.

(3) R=J.R/ is a division ring.

(4) J.R/ D ¹a 2 R j a is not a unit in Rº.

(5) If a 2 R, then either a or 1 � a is a unit.

(6) R has a unique maximal left ideal.

(7) J.R/ is a unique maximal left ideal of R.

(8) If U.R/ is the the group of units ofR, then aCb 2 U.R/ implies that a 2 U.R/
or b 2 U.R/.

Proof. .1/) .2/. If R has a unique maximal right ideal m, then m D J.R/, so (2)
is immediate. Now assume (2). If a C J.R/ 2 R=J.R/ and a … J.R/, then aR C
J.R/ D R and so abC c D 1 for some b 2 R and c 2 J.R/. Hence, ab � 1 2 J.R/
which implies that .aCJ.R//.bCJ.R// D 1CJ.R/. Thus, every nonzero aCJ.R/
has a right inverse in R=J.R/. Therefore, R=J.R/ is a division ring, so we have that
.2/) .3/. To see that .3/) .1/, let m be a maximal right ideal of R. Then J.R/ �
m and m=J.R/ is a maximal right ideal of R=J.R/. But R=J.R/ is a division ring
and as such has no proper nonzero right ideals. Consequently, m=J.R/ D 0 and we
have m D J.R/. Thus, every maximal right ideal of R coincides with J.R/ and so
R has a unique maximal right ideal. Therefore, .1/ , .2/ , .3/ and in a similar
fashion we can show .3/ , .6/ , .7/. Next, assume that .2/ holds. We claim that
J.R/ is the set of nonunits of R. If a 2 R � J.R/ and if aR is a proper right ideal,
then we know that aR is contained in a maximal right ideal ofR which must be J.R/.
Hence, a 2 aR � J.R/, a contradiction. Thus, aR D R and so there is a b 2 R such
that ab D 1. Now J.R/ is a proper ideal of R, so b … J.R/. If the same argument is
now applied to b, then there is a c 2 R such that bc D 1. Consequently, b has a left
and a right inverse, so it follows that b is a unit of R with b�1 D a D c. Therefore,
a is a unit with inverse b and so every a 2 R � J.R/ is a unit of R. Since J.R/
can contain only nonunits, we see that the nonunits of R form the ideal J.R/. Thus,
.2/ ) .4/. Now suppose that .4/ holds. If a 2 R and a … J.R/, then a is a unit
since every nonunit of R is in J.R/. If a 2 R and a 2 J.R/, then Proposition 6.1.7
shows that 1 � a is a unit. Hence, .4/) .5/. Finally, we claim that .5/) .2/. If m

is a maximal right ideal of R, then J.R/ � m. If a 2 m, then a is not a unit of R.
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But if .5/ holds, then 1 � a is a unit in R and it follows from Proposition 6.1.7 that
a 2 J.R/. Therefore, J.R/ D m; so J.R/ is a unique maximal right ideal of R.

Finally, we show .3/ , .8/. Suppose that .3/ holds and let a C b 2 U.R/. If
a … U.R/, then .4/ indicates that a 2 J.R/. If c 2 R is such that c.a C b/ D
.aC b/c D 1, then bc D 1� ac has a right inverse in R. Thus, there is a d 2 R such
that bcd D .1 � ac/d D 1. Thus, b has a right inverse in R. Similarly, b has a left
inverse in R, so b 2 U.R/. Conversely, suppose that .8/ holds and let a C J.R/ be
a nonzero element of R=J.R/. Then a … J.R/, so there is a maximal right ideal m

of R such that a … m. This gives aR Cm D R and so ab C c D 1 for some b 2 R
and c 2 m. It follows that .a C m/.b C m/ D 1 C m; so every nonzero element
of R=J.R/ has a right inverse in R=J.R/ and this suffices to show that R=J.R/ is
a division ring.

Definition 7.2.12. A ring R is said to be a local ring if R satisfies one of the equiva-
lent conditions of Proposition 7.2.11.

From this point forward, the term “local ring” will mean noncommutative local ring
unless stated otherwise.

Examples

4. If D is a division ring, then D is a local ring.

5. IfR is a local ring, thenRŒŒX��, the ring of formal power series overR, is a local
ring. This follows since J.RŒŒX��/ consists of all power series each of which has
its constant term in J.R/. Hence, we see that R=J.R/ Š RŒŒX��=J.RŒŒX��/ is
a division ring.

Remark. A local ring contains no idempotents other that 0 and 1. To see this, suppose
that e is an idempotent of a local ring R. Due to Proposition 7.2.11 either e or 1 � e
is a unit. If e is a unit, then there is an a 2 R such that ea D ae D 1. Hence, ea D e
gives e.a � 1/ D 0 which in turn gives a D 1. But if a D 1, then ea D 1 produces
e D 1. Likewise, if 1 � e is a unit, then 1 � e D 1, so e D 0:

Local rings are also semiperfect. The proof given in Example 2 for the commutative
case carries over with only minor changes required. Because of Proposition 7.2.11,
local rings are left-right symmetric. It follows that if R is a local ring, then every
finitely generated R-module has a projective cover as does every finitely generated
left R-module. Right artinian rings are also semiperfect. To show this, we need the
concept of lifting idempotents.

Definition 7.2.13. If I is an ideal of R and Nf is an idempotent in the ring R=I , then
we say that Nf can be lifted to R if there is an idempotent e 2 R such that eC I D Nf .
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If e is an idempotent of R such that e C I D Nf , then we also say that e lifts Nf
modulo I or that Nf can be lifted to R modulo I .

There is no assurance that idempotents in R=I can be lifted to R. For example,
the ring of integers Z has only 0 and 1 as idempotents while Œ0�; Œ1�; Œ3� and Œ4� are
idempotents in Z6: Clearly, the idempotents Œ3� and Œ4� of Z6 do not lift to Z. The
ability to lift idempotents from R=I to R is often determined by properties of the
ideal I .

Proposition 7.2.14. If n is a nil ideal of R, then idempotents of R=n can be lifted
to R.

Proof. Let n be a nil ideal of R, suppose that Nf is an idempotent of R=n and let
u 2 R be such that uC n D Nf . Then u2 C n D Nf 2 D Nf D uC n, so un C n D Nf

for any integer n 	 1. Furthermore, u � u2 2 n; so there is a positive integer n such
that .u � u2/n D 0. Thus, we see, via a binomial expansion, that

un � unC1g D 0; (7.1)

where g D g.u/ is a polynomial in u. Furthermore, ug D gu and (7.1) gives un D
unC1g. So if e D ungn, then

e2 D u2ng2n D un�1.unC1g/g2n�1 D un�1ung2n�1 D u2n�1g2n�1

D un�2.unC1g/g2n�2 D un�2ung2n�2 D u2n�2g2n�2 D � � � D ungn D e:

Hence, e is an idempotent element of R. We also have

e C n D ungn C n D .un C n/.gn C n/ D Nf .gn C n/

and un D unC1g implies that

Nf D un C n D unC1g C n D unug C n D unC1gug C n

D unC2g2 C n D � � � D u2ngn C n

D .u2n C n/.gn C n/ D Nf 2.gn C n/ D Nf .gn C n/:

D e C n:

Therefore, e lifts Nf to R:

If Nf1 and Nf2 are orthogonal idempotents of R=I that lift to the idempotents e1
and e2 of R, then there is no assurance that e1 and e2 are orthogonal. However if
I � J.R/, then orthogonality can be preserved.
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Proposition 7.2.15. If idempotents of R=I can be lifted to R modulo an ideal I
contained in J.R/, then any countable set of orthogonal idempotents of R=I can be
lifted to a countable set of orthogonal idempotents of R. Furthermore, a complete
set ¹ Nf1; Nf2; : : : ; Nfnº of orthogonal idempotents of R=I can be lifted to a complete set
¹e1; e2; : : : ; enº of orthogonal idempotents of R.

Proof. The proof is by induction. Let I be an ideal of R contained in J.R/ and
suppose that idempotents in R=I can be lifted to R. Suppose also that ¹ Nf1; Nf2; : : : ;
Nfn; : : :º is a countable set of orthogonal idempotents in R=I . By assumption, there

is an idempotent e1 in R such that e1 C I D Nf1, so make the induction hypothesis
that there are orthogonal idempotents e1; e2; : : : ; ej of R such that ei C I D Nfi for
i D 1; 2; : : : ; j . If e D e1 C e2 C � � � C ej , then e is an idempotent of R and

NfjC1.e C I / D NfjC1.e1 C I C e2 C I C � � � C ej C I /

D NfjC1. Nf1 C Nf2 C � � � C Nfj /

D NfjC1 Nf1 C NfjC1 Nf2 C � � � C NfjC1 Nfj

D 0:

Similarly, .e C I / NfjC1 D 0. Next, let g be an idempotent of R such that g C I D
NfjC1. Then ge C I D .g C I /.e C I / D NfjC1.e C I / D 0, so ge 2 I � J.R/.

Likewise, egC I D 0, so we have geC I D egC I . Since ge 2 J.R/, 1� ge is, by
Proposition 6.1.7, a unit in R. Let ejC1 D .1� e/.1� ge/�1g.1� e/. We claim that
ejC1 C I D NfjC1 and that ejC1 is orthogonal to ei for i D 1; 2; : : : ; j . First, note
that

ejC1 C I D .1 � e/.1 � ge/
�1g.1 � e/C I

D .1 � e/.1 � ge/�1.g � g2e/C I

D .1 � e/.1 � ge/�1.1 � ge/g C I

D .1 � e/g C I

D g C I � eg C I

D g C I

D NfjC1:

Next, let i be such that 1 � i � j . Then

ejC1ei D .1 � e/.1 � ge/
�1g.1 � e/ei

D .1 � e/.1 � ge/�1g.ei � eei /

D .1 � e/.1 � ge/�1g.ei � ei /

D 0:
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Similarly, eiejC1 D 0, so we have by induction that a countable set ¹ Nf1; Nf2; : : : ;
Nfn; : : :º of orthogonal idempotents ofR=I can be lifted to a countable set ¹e1; e2; : : : ;
en; : : :º of orthogonal idempotents of R.

Finally, suppose that ¹ Nf1; Nf2; : : : ; Nfnº is a complete set of orthogonal idempotents
of R=I . Then ¹ Nf1; Nf2; : : : ; Nfnº can be lifted to a set ¹e1; e2; : : : ; enº of orthogonal
idempotents of R. We claim that the set ¹e1; e2; : : : ; enº is complete. Let e D e1 C

e2C � � � C en: Then eC I D Nf1 C Nf2C � � � C Nfn D 1C I . Thus, 1� e 2 I � J.R/
and this implies that e D 1, since J.R/ cannot contain nonzero idempotents.

Corollary 7.2.16. If R is a right (or left) artinian ring, then any countable set of or-
thogonal idempotents of R=J.R/ can be lifted to a countable set of orthogonal idem-
potents of R. Furthermore, any complete set of orthogonal idempotents of R=J.R/
can be lifted to a complete set of orthogonal idempotents of R.

Proof. If R is right (or left) artinian, then, by Proposition 6.3.1 we have that J.R/ is
a nil ideal of R, so Propositions 7.2.14 and 7.2.15 give the result.

Lemma 7.2.17. A cyclic R-moduleM has a projective cover if and only if there is an
idempotent e inR and a right ideal A ofR contained in J.R/ such thatM Š eR=eA.
Under these conditions, the natural mapping � W eR ! eR=eA composed with the
isomorphism eR=eA ŠM produces a projective cover of M .

Proof. Suppose that M Š eR=eA, where e is an idempotent of R and A is a right
ideal of R such that A � J.R/. Now A � J.R/ implies that eA � eJ.R/ and since
J.R/ is small in R, eJ.R/ is small in eR. It follows that eA is small in eR. Note also
that eR is a projective R-module since eR is a direct summand of R. The fact that
Ker � D eA shows that � W eR! eR=eA ŠM is an R-projective cover of M .

Conversely, suppose that ' W P ! M is a projective cover of the cyclic R-mod-
ule M . Since M is cyclic, there is an epimorphism f W R!M . If g W R! P is the
completing map for the diagram

R

P
' �

g

�
M

f

�
� 0

given by the projectivity of R, then P D g.R/C Ker'. But Ker' is small in P , so
g is an epimorphism. Hence, the short exact sequence

0! Kerg ! R
g
�! P ! 0

splits and we have R Š P ˚ Kerg. Thus, there is an idempotent e of R such that
eR Š P . If we identify P with eR under this isomorphism and let B D ¹b 2 R j



Section 7.2 Projective Covers 233

'.eb/ D 0º, then B is a right ideal of R such that eB D Ker'. Therefore, eB is
small in eR and eB � eJ.R/ � J.R/. If we let A D eB , then A � J.R/ and
eR=eA Š M . The fact that � W eR ! eR=eA composed with the isomorphism
eR=eA ŠM produces a projective cover of M is now immediate.

Corollary 7.2.18. If R is a right artinian ring and Nf is an idempotent of R=J.R/,
then Nf .R=J.R// has a projective cover as an R-module.

Proof. If R is right artinian, then J.R/ is a nil ideal of R. So if Nf is an idempotent of
R=J.R/, then Nf can be lifted to an idempotent e of R. The proposition and the fact
that eR=eJ.R/ and Nf .R=J.R// are isomorphic R-modules establishes the corollary.

We can now show that right (left) artinian rings are semiperfect. We prove the case
for right artinian rings.

Proposition 7.2.19. If R is a right artinian ring, then R is semiperfect.

Proof. If R is right artinian, then R=J.R/ is right artinian and Jacobson semisim-
ple and thus R=J.R/ is, by Proposition 6.6.2, a semisimple ring. Hence, there is
a complete set ¹ NfiºniD1 of orthogonal idempotents of R=J.R/ such that R=J.R/ D
Ln
iD1
Nfi .R=J.R// and each Nfi .R=J.R// is a minimal right ideal of R=J.R/. Now

suppose that M is a finitely generated R-module. Then M=MJ.R/ is an R=J.R/-
module and so M=MJ.R/ is a direct sum

L
� S˛ of simple R=J.R/-submodules of

M=MJ.R/. Since M=MJ.R/ is finitely generated, the S˛ are finite in number and
each S˛ is isomorphic to Nfi .R=J.R// for some i; 1 � i � n. If these isomorphisms
are used to reindex the S˛ with the corresponding i , 1 � i � n, then Corollary 7.2.18
shows that there is an R-projective cover 'i W Pi ! Si and so, by Proposition 7.2.3,
we have an R-projective cover ' W

Ln
iD1 Pi ! M=MJ.R/ of M=MJ.R/, where

' D
Ln
iD1 'i . Next, consider the commutative diagram

˚niD1Pi

M
��

'

�
M=MJ.R/

'

�
� 0

where � W M ! M=MJ.R/ is the natural mapping and N' is the completing map
given by the R-projectivity of

Ln
iD1Pi . Now ' is an epimorphism, so M D Im N' C

MJ.R/. But Proposition 6.1.12 indicates that MJ.R/ is small in M , so N' is an
epimorphism. Since Ker N' � Ker', Ker N' is a small submodule of

Ln
iD1 Pi and we

have that N' W
Ln
iD1 Pi !M is a projective cover of M:
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We have seen that local rings and right (left) artinian rings are semiperfect. Our
goal now is to give conditions that will characterize semiperfect rings. We begin with
the following proposition.

Proposition 7.2.20. The following statements about a nonzero projective R-module
P are equivalent.

(1) P is a projective cover of a simple R-module.

(2) PJ.R/ is a small, maximal submodule of P .

(3) EndR.P / is a local ring.

Moreover, if ' W P ! S is a projective cover of a simple R-module S , then P Š eR
for some idempotent e of R.

Proof. .1/ ) .2/. Suppose that ' W P ! S is a projective cover of the simple
R-module S . Then Ker' is a small, maximal submodule of P . Now by Proposi-
tion 7.2.4, Rad.P / D PJ.R/, so PJ.R/ is the intersection of the maximal submod-
ules of P . Hence, PJ.R/ � Ker'. But Corollary 6.1.15 shows that PJ.R/ contains
every small submodule of P , so Ker' � PJ.R/. Thus, Ker' D PJ.R/.
.2/ ) .3/. If PJ.R/ is a small submodule of P , then by Corollary 7.2.6 we

have EndR.P /=J.EndR.P // Š EndR.P=PJ.R//: But since PJ.R/ is a maximal
submodule of P , P=PJ.R/ is a simple R-module, so Schur’s lemma indicates that
EndR.P=PJ.R// is a division ring. Thus, EndR.P /=J.EndR.P // is a division ring
and Proposition 7.2.11 shows that EndR.P / is a local ring.
.3/ ) .1/. Assume that EndR.P / is a local ring. Proposition 7.2.8 indicates that

P has a maximal submodule, say N . We claim that P together with the natural map
� W P ! P=N is a projective cover of the simple R-module P=N . This requires
that we show that N is a small submodule of P . Suppose that N 0 is a submodule
of P such that N C N 0 D P . Then P=N D .N C N 0/=N Š N 0=.N \ N 0/. If
� W N 0 ! N 0=.N \N 0/ is the natural map, then, since P is projective,

HomR.P;N
0/
�
�

�! HomR.P;N
0=.N \N 0//! 0

is exact. Thus, if f 2 HomR.P;N 0=.N \ N 0//, then there is a g 2 HomR.P;N 0/
such that f D ��.g/ D �g. Therefore, if f ¤ 0, then Im g ª N , so it follows from
Corollary 6.1.15 that Img cannot be a small submodule of P . Proposition 7.2.5 now
shows that g … J.EndR.P // and, by Proposition 7.2.11, we see that g is a unit in
EndR.P /. Hence, P D g.P / � N 0, soN 0 D P . Thus, N is a small submodule of P
and so we have that .1/; .2/ and .3/ are equivalent.

Finally, if S is a simple R-module and x 2 S , x ¤ 0, then f W R ! S defined
by a 7! xa is an epimorphism. If ' W P ! S is a projective cover of S , then the
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diagram

R

P
' �

g

�...
....

....
....

....
...

S

f

�
� 0

can be completed commutatively by an R-linear mapping g W R ! P . But P D
Img C Ker' and Ker' is small in P , so g is an epimorphism. Thus, the sequence

0 ! Kerg ! R
g
�! P ! 0 splits and we have R Š Kerg ˚ P . Hence, there is an

idempotent e 2 R such that P Š eR:

Corollary 7.2.21. The following are equivalent for a ring R and an idempotent e
of R.

(1) eR=eJ.R/ is a simple R-module.

(2) eJ.R/ is a unique maximal submodule of eR.

(3) eRe is a local ring.

Proof. Left to the reader. Note that EndR.eR/ and eRe are isomorphic rings.

Clearly, if we replace eR and eJ.R/ by Re and J.R/e, respectively, in .1/ and .2/
of Corollary 7.2.21, then the “new” .1/ and .2/ are each equivalent to .3/.

Proposition 7.2.22. If I is an ideal of R such that I � J.R/, then the following are
equivalent.

(1) Idempotents of R=I lift to R.

(2) Every direct summand of the R-module R=I has an R-projective cover.

(3) Every complete set of orthogonal idempotents of R=I lifts to a complete set of
orthogonal idempotents of R.

Proof. .1/) .2/. Let A be a right ideal of R containing I such that A=I is a direct
summand of the R-module R=I . Then A=I is a direct summand of R=I as an R=I -
module. Such an R=I -summand of R=I is generated by an idempotent Nf 2 R=I
which, by .1/, can be lifted to an idempotent e of R. Since eR=eI Š Nf .R=I / D

A=I , we can apply Lemma 7.2.17 to obtain the result.
.2/ ) .3/. Let ¹ Nf1; Nf2; : : : ; Nfnº be a complete set of orthogonal idempotents of

R=I . Then

R=I D Nf1.R=I /˚ Nf2.R=I /˚ � � � ˚ Nfn.R=I /

and since I � J.R/, Proposition 6.1.12 shows that I is small inR. Hence, the natural
map � W R ! R=I is an R-projective cover of R=I . By assumption each cyclic R-
module Nfi .R=I / has an R-projective cover 'i W Pi ! Nfi .R=I /. It follows from
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Proposition 7.2.15 and Lemma 7.2.17 that there is a complete set ¹e1; e2; : : : ; enº of
orthogonal idempotents of R such that R D e1R˚ e2R˚C � � �C˚enR with eiR Š
Pi for i D 1; 2; : : : ; n. Furthermore, for each i; .ei C I /R=I D �.eiR/ D Nfi.R=I /,
so it follows that ei lifts Nfi to R for i D 1; 2; : : : ; n.
.3/) .1/. If Nf is an idempotent of R=I , then ¹ Nf ; 1R=I � Nf º is a complete set of

orthogonal idempotents of R=I which lifts to a complete set ¹e; 1R � eº of R. Thus,
e lifts Nf to R modulo I:

Remark. If P is a projective module such that HomR.P; S/ ¤ 0 for every simple
R-module S , then P generates ModR. To show that P generates ModR, it suffices to
show that P generates R. Let T D

P
� f .P /, where � D HomR.P;R/. If T ¤ R,

then there is a maximal right ideal m of R that contains T and HomR.P;R=m/ ¤ 0.
If f 2 HomR.P;R=m/ is nonzero, then the projectivity of P produces a nonzero
R-linear map g W P ! R such that f D �g, where � W R ! R=m is the canonical
map. But Img � T � m and so f D �g D 0, a contradiction. Thus, T D R, so P
generates R:

Finally, we are in a position to prove several equivalent conditions, due to Bass Œ51�,
that are necessary and sufficient for a ring to be semiperfect.

Proposition 7.2.23 (Bass). The following are equivalent for a ring R.

(1) R is semiperfect.

(2) R=J.R/ is semisimple and idempotents of R=J.R/ can be lifted to R.

(3) R has a complete set ¹e1; e2; : : : ; enº of orthogonal idempotents such that eiRei
is a local ring for i D 1; 2; : : : ; n.

(4) Every simple R-module has a projective cover.

Proof. .1/) .2/. If .1/ holds, then every finitely generated R-module has a projec-
tive cover. In particular, every direct summand of R=J.R/ has an R-projective cover,
so by Proposition 7.2.22, idempotents of R=J.R/ lift to R. We claim that R=J.R/ is
a semisimple ring. Suppose that A is a right ideal of R such that J.R/ � A. Since
the cyclic R-module R=A has a projective cover, we see by Lemma 7.2.17 that there
is a right ideal B of R such that B � J.R/ and an idempotent e of R such that
R=A Š eR=eB . But then eB � eJ.R/, so .eR=eB/J.R/ Š .R=A/J.R/ D 0.
Hence, eJ.R/ D .eR/J.R/ � eB and so eB D eJ.R/. Therefore, R=A Š
.e C J.R//R=J.R/ is a projective R=J.R/-module. Consequently, the short exact
sequence

0! A=J.R/! R=J.R/! R=A! 0

splits which shows that A=J.R/ is a direct summand of R=J.R/. Thus, R=J.R/ is
a semisimple ring.
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.2/) .3/. If R=J.R/ is a semisimple ring, then R=J.R/ D
Ln
iD1
Nfi .R=J.R//,

where ¹ Nf1; Nf2; : : : ; Nfnº is a complete set of orthogonal idempotents of R=J.R/,
and each Nfi .R=J.R// is a simple R=J.R/-module. Since idempotents of R=J.R/
can be lifted to R, it follows from Proposition 7.2.15 that the set of idempotents
¹ Nf1; Nf2; : : : ; Nfnº can be lifted to a complete set ¹e1; e2; : : : ; enº of orthogonal idempo-
tents of R. Also each Nfi .R=J.R// is a simple R=J.R/-module, so each Nfi .R=J.R//
is a simple R-module. But for each i , eiR=eiJ.R/ Š Nfi .R=J.R//, so the fact that
each eiRei is a local ring is a consequence of Corollary 7.2.21.
.3/ ) .4/. If .3/ holds, then Corollary 7.2.21 indicates that each eiR=eiJ.R/ is

a simple R-module. Furthermore, since

R=J.R/ D e1R=e1J.R/˚ e2R=e2J.R/˚ � � � ˚ enR=enJ.R/;

each simple R-module is isomorphic to one of the R-simple summands of R=J.R/.
Lemma 7.2.17 now shows that each simple R-module has an R-projective cover.
.4/ ) .1/. Since the isomorphism classes of simple R-modules form a set, we

can choose a set S of representatives of simple R-modules, exactly one from each
isomorphism class. Next, for each S 2 S , choose one and only one projective cover
P.S/! S of S . If P is this set of projective covers, then P generates every simple
R-module S 0, so P D

L
P P.S/ is such that HomR.P; S 0/ ¤ 0 for every sim-

ple R-module S 0. The preceding Remark shows that P is a projective generator for
ModR and since P generates P , P generates ModR. Thus, if M is a finitely gen-
erated R-module, then there is a finite set ¹P1; P2; : : : ; Pnº of modules in P and an
epimorphism

' W Q D P1 ˚ P2 ˚ � � � ˚ Pn !M:

But '.QJ.R// DMJ.R/ and it follows that we have an induced epimorphism

P1=P1J.R/˚ P2=P2J.R/˚ � � � ˚ Pn=PnJ.R/!M=MJ.R/:

Using Proposition 7.2.20, we see that each Pi=PiJ.R/ is a simple R-module,
so M=MJ.R/ is a direct sum of simple R-modules. Hence, by Proposition 7.2.3,
M=MJ.R/ has a projective cover ' W P ! M=MJ.R/. If � W M ! M=MJ.R/ is
the natural mapping and f W P !M is such that �f D ', then M D ImfC Ker �.
But Proposition 6.1.12 indicates that Ker � is small inM and so f is an epimorphism.
Moreover, Ker f � Ker', so f W P ! M is a projective cover of M and we have
that R is semiperfect.

Perfect Rings

We have seen that local and right artinian rings are semiperfect and Proposition 7.2.23
shows that a ring R is semiperfect if and only if R=J.R/ is semisimple and idempo-
tents ofR=J.R/ can be lifted toR. Thus, a semiperfect ring is left-right symmetric, so
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every finitely generated R-module has a projective cover if and only if every finitely
generated left R-module has a projective cover. We will now characterize the right
perfect rings of Bass Œ51�, the rings over which everyR-module has a projective cover.
The description of right perfect rings begins with the following lemma.

Lemma 7.2.24. Let a1; a2; : : : be a sequence of elements of R: If F is a free R-mod-
ule with basis ¹xiºN , let yi D xi � xiC1ai for each i 2 N. If M is the submodule
of F generated by ¹yiºN , then

(1) M is a free R-module with basis ¹ynºN and

(2) M D F if and only if for each k 2 N, there is an integer n 	 k such that
anan�1 � � � ak D 0.

Proof. .1/ Since ¹yiºN generatesM , we need only show that ¹yiºN is a set of linearly
independent elements ofM . Let yk ; ykC1; : : : ; yn be a finite set of the yi and suppose
that bk ; bkC1; : : : ; bn 2 R are such that

ykbk C ykC1bkC1 C � � � C ynbn D 0:

Then

ykbk C ykC1bkC1 C � � � C ynbn D .xk � xkC1ak/bk C .xkC1 � xkC2akC1/bkC1

C � � � C .xn � xnC1an/bn

D xkbk C xkC1.bkC1 � akbk/C � � �

C xn.bn � an�1bn�1/ � xnC1anbn

gives bk D bkC1 � akbk D � � � D bn � an�1bn�1 D anbn D 0. But this implies that
bk D bkC1 D � � � D bn D 0 and so the yi are linearly independent.
.2/ IfM D F , then xk 2M for each k 2 N, so we can write xk D y1b1Cy2b2C
� � � C ynbn for some integer n 	 1. But then, as in the proof of (1),

xk D x1b1 C x2.b2 � a1b1/C � � � C xk�1.bk�1 � ak�2bk�2/

C xk.bk � ak�1bk�1/C xkC1.bkC1 � akbk/

C � � � C xn.bn � an�1bn�1/ � xnC1anbn:

Hence, b1 D b2 D � � � D bk�1 D 0, bk D 1 and bkC1 � akbk D � � � D bn �

an�1bn�1 D anbn D 0. But bk D 1 and bkC1 � akbk D � � � D bn � an�1bn�1 D

anbn D 0 show that anan�1 � � � ak D 0 and n 	 k.
Conversely, suppose that for each k 2 N, there is an integer n 	 k such that

anan�1 � � � ak D 0. Let k 2 N and suppose that n 	 k is such an integer. Now
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yi D xi � xiC1ai , so xi D yi C xiC1ai , for each i 2 N. Hence, we see that

xk D yk C xkC1ak

D yk C .ykC1 C xkC2akC1/ak

D yk C ykC1ak C xkC2.akC1ak/

D yk C ykC1ak C .ykC2 C xkC3akC2/akC1ak

D yk C ykC1ak C ykC2.akC1ak/C xkC3.akC2akC1ak/

:::

D yk C ykC1ak C � � � C yn.an�1an�2 � � � ak/C xnC1.anan�1 � � � ak/:

But anan�1 � � � ak D 0, so xk 2M . Therefore, M D F:

The necessary and sufficient condition forM D F in (2) of Lemma 7.2.24 leads to
the following definition.

Definition 7.2.25. A subsetK of R is said to be right T-nilpotent (T for transfinite) if
for each sequence a1; a2; a3; : : : of elements of K, an � � � a2a1 D 0 for some integer
n 2 N and left T-nilpotent if a1a2 � � � an D 0 for some n 2 N.

Note that if a right ideal A of R is left or right T-nilpotent, then it is nil. Indeed, if
a 2 A, then a; a; a; : : : is a sequence in A, so an D 0 for some n 2 N.

Lemma 7.2.26. If A is a right ideal of R, then the following are equivalent.

(1) A is right T-nilpotent.

(2) MA  M for every nonzero R-module M .

(3) MA is a small submodule of M for every nonzero R-module M .

(4) FA is a small submodule of every countably generated free R-module F .

Proof. .1/ ) .2/. If MA D M ¤ 0, then A ª annr.M/, so there is at least
one a1 2 A such that Ma1 ¤ 0. Next, let n 2 N and assume that we can find
a1; a2; : : : ; an 2 A such thatManan�1 � � � a1 ¤ 0. If a1; a2; : : : ; an 2 A is such a se-
quence, thenMAanan�1 � � � a1 DManan�1 � � � a1 ¤ 0. Hence, there are a1; a2; : : : ;
an; anC1 2 A such that ManC1an � � � a1 ¤ 0. Consequently, induction shows that
there is a sequence a1; a2; : : : of elements of A such that Manan�1 � � � a1 ¤ 0 for
each n 2 N. So for this sequence we clearly have anan�1 � � � a1 ¤ 0 for each n 2 N,
so A cannot be right T-nilpotent. Hence, if A is right T-nilpotent, then MA  M .
.2/) .3/. If N is a proper submodule of M ¤ 0, then M=N ¤ 0. From .2/ we

have .M=N/A ¤M=N . But .M=N/A D .MACN/=N , so .MACN/=N ¤M=N .
Hence, MA C N ¤ M . Therefore, for every proper submodule N of M , we have
MACN ¤M . Thus, MA is a small submodule of M .



240 Chapter 7 Envelopes and Covers

.3/) .4/. Obvious.

.4/) .1/. Let F be a freeR-module with basis ¹xiºN and suppose that a1; a2; : : :
is a sequence in A. Then by (1) of Lemma 7.2.24 we have that ¹xi � xiC1aiºN is
a basis for M D

P
N.xi � xiC1ai /R. If x 2 F , then x D

P
N xibi , where each

bi is in R and bi D 0 for almost all i . Thus, we have x D
P

N.xi � xiC1ai /bi CP
N xiC1.aibi / 2 M C FA, so M C FA D F . But we are assuming that FA is

a small submodule of F , so it must be the case that M D F . Lemma 7.2.24 now
shows that A is right T-nilpotent.

Definition 7.2.27. A ring R is said to be a right perfect ring, if every R-module has
a projective cover. Left perfect rings are defined similarly. A ring that is left and right
perfect is referred to as a perfect ring.

Bass [51] has given the following characterization of rings over which every module
has a projective cover.

Proposition 7.2.28 (Bass). The following are equivalent for a ring R.

(1) R is a right perfect ring.

(2) R=J.R/ is semisimple and every nonzero R-module contains a maximal sub-
module.

(3) R=J.R/ is semisimple and J.R/ is right T-nilpotent.

Proof. .1/) .2/. If R is right perfect, then R is semiperfect, so R=J.R/ is a semi-
simple ring. IfM is a nonzeroR-module, thenM has a projective cover ' W P !M .
Since P is projective, it follows from Proposition 7.2.8 that P has a maximal sub-
module, say N . Also Ker' is small in P , so it must be the case that Ker ' �
Rad.P / � N . Hence, N=Ker' is a maximal submodule of P=Ker' ŠM .
.2/) .3/. IfM is a nonzeroR-module andN is a maximal submodule ofM , then

M=N is a simple R-module. Since .M=N/J.R/ D 0, we have MJ.R/ � N   M .
Hence, Lemma 7.2.26 indicates that J.R/ is right T-nilpotent.
.3/ ) .1/. Since J.R/ is right T-nilpotent, J.R/ is a nil ideal of R, so Propo-

sition 7.2.14 shows that idempotents of R=J.R/ can be lifted to R. Thus, (2) of
Proposition 7.2.23 shows that R is a semiperfect ring and (4) of Proposition 7.2.23
indicates that every simple R-module has a projective cover. Next, suppose that M
is a nonzero R-module. Since R=J.R/ is semisimple, M=MJ.R/ is a semisimple
R=J.R/-module and, as a consequence, is a direct sum of simple R=J.R/-modules.
Let M=MJ.R/ D

L
� S˛, where each S˛ is a simple R=J.R/-module. Since each

S˛ is also a simple R-module, it follows from Lemma 7.2.17 that, for each ˛ 2 �,
there is an idempotent e˛ of R such that e˛R=e˛J.R/ Š S˛ . If P D

L
� e˛R,

then P=PJ.R/ Š
L
� e˛R=e˛J.R/ Š M=MJ.R/ and we have an epimorphism

f W P ! M=MJ.R/ with kernel PJ.R/. Now (3) of Proposition 7.2.26 shows that
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PJ.R/ is small in P and that MJ.R/ is small in M . Thus, if ' W P !M completes
the diagram

P

M
��

'

�
M=MJ.R/

f

�
� 0

commutatively, then Im ' CMJ.R/ D M which shows that ' is an epimorphism.
Since Ker' � Ker f D PJ.R/, we see that ' W P ! M is a projective cover of M .
Hence, every R-module has a projective cover, so R is a right perfect ring.

There are additional conditions that describe right perfect rings. The proof of the
following proposition can be found in Œ51�.

Proposition 7.2.29 (Bass). The following are equivalent for a ring R.

(1) R is a right perfect ring.

(2) R satisfies the descending chain condition on principal left ideals.

(3) Every flat R-module is projective.

(4) R contains no infinite set of orthogonal idempotents and every nonzero left R-
module contains a simple submodule.

We saw in Examples 1 and 2 of Section 5.3 that every projective module is flat but
that there are rings over which a flat module need not be projective. When R is right
perfect the preceding proposition points out that the class of projective R-modules
and the class of flat R-modules coincide.

Remark. Bonah has shown in Œ62� that if R satisfies the descending chain condition
on principal left ideals, that is, ifR is right perfect, thenR satisfies the ascending chain
condition on principal right ideals. However, the ring Z shows that the converse fails.
Thus, these two conditions are not equivalent. Furthermore, Björk proved in [53] that
a ring R is right perfect if and only if R satisfies the descending chain condition on
finitely generated left ideals.

Problem Set 7.2

1. Prove that a (not necessarily commutative) local ring is semiperfect. [Hint:
Similar to Example 2.]

2. Let R be any ring.
(a) Prove that J.RŒŒX��/ consists of all power series with constant term in J.R/.
[Hint: If A D

L1
kD1X

kR, then A is a right ideal of R and RŒŒX��=A Š R viaL1
kD0X

kak C A 7! a0.]
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(b) If R is a local ring, prove that RŒŒX��=J.RŒŒX��/ Š R=J.R/. [Hint: Con-
sider

P1
kD0X

kakCJ.RŒŒX��/ 7! a0CJ.R/.] Conclude that RŒŒX�� is a local
ring.

3. Establish the isomorphism eR=eJ.R/ Š Nf .R=J.R// of the proof of Corollary
7.2.18.

4. Prove Corollary 7.2.21.

5. A nonzero idempotent e of R is said to be a primitive idempotent if e cannot be
written as e D f Cg, where f and g are nonzero orthogonal idempotents ofR.
An idempotent e of R is a local idempotent if eRe is a local ring.

(a) Show that a nonzero idempotent e in R is primitive if and only if the only
idempotents in the ring eRe are 0 and e.

(b) Suppose that idempotents in R=I can be lifted to R, where I � J.R/. If e
is a primitive idempotent of R, prove that e C I is primitive in R=I .

(c) If e is a local idempotent of R, prove that e is primitive. [Hint: Suppose that
e D f C g, where f and g are orthogonal idempotents of R and show that f
and g are in the local ring eRe.]

(d) Prove that an idempotent e of R is primitive if and only eR is an indecom-
posable right ideal of R. [Hint: If e D f C g, where f and g are orthogonal
idempotents of R, then eR D fR ˚ gR.] Conclude by symmetry that e is
primitive if and only if Re is an indecomposable left ideal of R.

(e) Show by example that a primitive idempotent need not be local.

(f) If e is a primitive idempotent in a regular ring, prove that eRe is a division
ring.

6. (a) Let I be an ideal ofR and suppose thatM is anR=I -module. If ' W P !M

is a projective cover of M as an R-module, show that N' W P=PI ! M is
a projective cover of M as an R=I -module, where N' is the induced map. [Hint:
Exercise 1 in Problem Set 6.1.]

(b) If R is a right perfect ring and I is an ideal of R, prove that the ring R=I is
also right perfect.

7. If P is a projective R-module, prove that P=PJ.R/ has a projective cover if
and only if PJ.R/ is a small submodule of P .

8. If M and N are R-modules, then we will say that N covers M if there is an
epimorphism f W N ! M . Let M be an R-module that has a projective cover
' W P ! M . Prove that every projective R-module Q that covers M also
covers P and that P is isomorphic to a direct summand of Q. Note that this is
the dual of (a) of Exercise 1 in Problem Set 7.1. [Hint: If f W Q!M is a cover
of M and g W Q! P is such that 'g D f , show that P D Img C Ker'.]
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9. Prove that a finite ring direct product of semiperfect rings is a semiperfect ring.

10. Show that the following are equivalent for a right ideal A of R.

(a) A is right T-nilpotent.

(b) For any left R-module N , annNr .A/ D 0 implies that N D 0.

(c) For any R-module M , if MA DM , then M D 0.

(d) If N is a submodule of an R-module M and MACN DM , then N DM .

[.a/ ) .b/, Hint: Assume that annNr .A/ D 0 and N ¤ 0. If x 2 N , x ¤ 0,
then there is an a1 2 A be such that a1x ¤ 0. Next, let a2 2 A be such that
a2a1x ¤ 0 and so forth.]

[.b/) .c/, Hint: Assume thatM ¤ 0 and letB D annr.M/, thenB   R is an
ideal. If N D R=B , then annN

`
.A/ D .B W A/=B . Now show that MA ¤M .]

[.c/) .a/, Hint: Let a1; a2; a3; : : : be a sequence of element of A and suppose
that F D

L1
iD1Ri is a free R-module with basis ¹xiº1iD0, where Ri D R

for each i . Let S be the submodule of F generated by elements of the form
xn � xnC1anC1 for n D 0; 1; 2; : : :. If M D F=S , then xn D xnC1anC1 in M
gives MA D M and so, by assumption, M D 0. Hence, F D S . This means
that we can write x0 D .x0�x1a1/b1C.x1�x2a2/b2C� � �C.xn�1�xnan/bn.
Compare coefficients of x0; x1; : : : ; xn on the right of this equation with the
coefficients of x0; x1; : : : ; xn on the left and show that anan�1 � � � a2a1 D 0.]

Conclude that the concept of right T-nilpotent extends the ideas presented in
Nakayama’s lemma to arbitrary modules.

11. Let f WM ! N be an epimorphism with small kernel. Prove that ' W P !M

is a projective cover of M if and only if 'f W P ! N is a projective cover
of N .

12. Prove that a ring R is semiperfect if and only if R has a complete set ¹e1; e2;
: : : ; enº of orthogonal idempotents such that eiRei is a local ring for i D
1; 2; : : : ; n.

13. Let X be a class of R-modules that satisfies the following three conditions.

(i) X is closed under isomorphisms: If X 2 X and X 0 Š X , then X 0 2 X.

(ii) X is closed under finite direct sums: If ¹XiºniD1 is a family of modules in X,
then

Ln
iD1Xi 2 X.

(iii) X is closed under direct summands: If X 2 X and X 0 is a direct summand
of X , then X 0 2 X.

For an R-module M , an X-cover of M is an X 2 X together with an R-linear
mapping ' W X !M such that the following two conditions are satisfied.
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(1) For any R-linear mapping '0 W X 0 !M with X 0 2 X, the diagram

X 0

X
' �

f

�...
....

....
....

....
...

M

'0

�

can be completed commutatively by an R-linear mapping f W X 0 ! X .

(2) The diagram

X

X
' �

�...
....

....
....

....
...

M

'

�

can be completed commutatively only by automorphisms of X .

If ' W X ! M satisfies .1/ but maybe not .2/, then ' W X ! M is said to be
an X-precover of M . Additional information on X-(pre)covers can be found
in [12] and [46].

(a) If an R-module M has an X-cover ' W X ! M; prove that X is unique up
to isomorphism.

(b) Suppose that M has an X-cover ' W X ! M . Prove that if '0 W X 0 ! X is
any X-precover of M , then X is isomorphic to a direct summand of X 0.

(c) If every R-module M has an X-cover ' W X ! M , show that for every
such X-cover the mapping ' is a surjection if and only if X contains all the
projective R-modules.

[Hint: The definition of an X-(pre)cover and (a), (b) and (c) are dual to the
definition of an X-(pre)envelope and the exercises of Exercise 7 in Problem
Set 7.1.]

14. Let P be the class of projective R-modules and note that P satisfies conditions
(i), (ii) and (iii) given in Exercise 13 for a class of R-modules. Prove that the
following are equivalent.

(a) M has a P -cover ' W P !M , where P -cover is defined as in Exercise 13.

(b) M has a projective cover ' W P.M/!M in the sense of Definition 7.2.1.

[Hint: This is the dual of Exercise 8 in Problem Set 7.1.]
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7.3 Quasi-Injective Envelopes and Quasi-Projective Covers

In this section we investigate quasi-injective envelopes and quasi-injective covers.
We will see that every module has a quasi-injective envelope that is unique up to iso-
morphism. As in the case of projective covers, a module may fail to have a quasi-pro-
jective cover. However, we will show that every module will have a quasi-projective
cover if and only if every module has a projective cover, that is, if and only if the ring
is right perfect.

Quasi-Injective Envelopes

Definition 7.3.1. If M is an R-module and f WM ! N is a monomorphism, where
N is a quasi-injective R-module, then f W M ! N is said to be a quasi-injective
extension of M . A quasi-injective extension ' W M ! Eq.M/ of M is a quasi-
injective envelope of M if whenever f W M ! N is a quasi-injective extension
of M , there is a monomorphism g W Eq.M/! N such that the diagram

Eq.M/

M

' �

N

g

�f
�

is commutative. To simplify notation, a quasi-injective envelope will often be denoted
by ' WM ! Eq . We say that a quasi-injective envelope ' WM ! Eq ofM is unique
up to isomorphism if whenever ' 0 W M ! E 0q is another quasi-injective envelope
of M , there is an isomorphism g W Eq ! E 0q such that g' D '0.

Since M � E.M/, every module is contained in a quasi-injective module. How-
ever, Johnson and Wong were able to show in [61] that there is a smallest quasi-
injective submodule of E.M/ that contains M .

Proposition 7.3.2. If M is an R-module and H D EndR.E.M//, then:

(1) HM is a submodule of E.M/ containing M and HM is quasi-injective.

(2) HM is the intersection of the quasi-injective submodules of E.M/ that con-
tain M .

(3) M D HM if and only if M is quasi-injective.

Proof. .1/ It follows easily that HM is a submodule of E.M/ and M � HM since
M � E.M/ and M D idE.M/.M/ � HM . If N is a submodule of HM and
f W N ! HM is R-linear, then f extends to a g 2 H . But then g.HM/ � HM ,
so if g D gjHM , then g W HM ! HM and gjN D f . Thus,HM is quasi-injective.
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.2/ Let Q be a quasi-injective submodule of E.M/ that contains M . We claim
that HM � Q. Let f 2 H . Then Qf D ¹x 2 Q j f .x/ 2 Qº is a submodule
of Q, so g W Qf ! Q defined by g.x/ D f .x/ is an R-linear map. But Q is quasi-
injective, so g extends to an R-linear mapping h W Q ! Q. Using the injectivity
of E.M/, h can be extended to an h 2 H . If Qf ¤ Q, then .h � f /.Q/ ¤ 0

and, since M � Q � E.M/ implies that Q is an essential submodule of E.M/,
Q\.h�f /.Q/ ¤ 0. Let y 2 Q\.h�f /.Q/, y ¤ 0, and suppose that x 2 Q is such
that .h�f /.x/ D y. Then h.x/�f .x/ 2 Q. But h agrees with h onQ and h.x/ 2 Q,
so it follows that f .x/ 2 Q. Therefore, h.x/ D f .x/, so y D 0, a contradiction that
gives Qf D Q. Hence, f .Q/ � Q. Also M � Q, so HM � HQ � Q.
Hence, if ¹Q˛º� is the family of quasi-injective submodules of E.M/ each of which
contains M , we see that HM �

T
�Q˛. Moreover, .1/ shows that HM is one of

the Q˛ , so we have
T
�Q˛ � HM . Thus, HM D

T
�Q˛.

Parts .1/ and .2/ clearly give .3/:

Corollary 7.3.3. HM is the smallest quasi-injective submodule of E.M/ that con-
tains M . Furthermore, HM is an essential extension of M .

Because of the minimality of HM in E.M/, HM together with the canonical
embedding i W M ! HM is a candidate for a quasi-injective envelope of M . To
establish that i W M ! HM actually is a quasi-injective envelope, we need to show
that i WM ! HM satisfies the requirements of Definition 7.3.1.

IfN is a submodule ofM , then we callN closed inM ifN has no proper essential
extensions in M .

Lemma 7.3.4. Let M be a quasi-injective R-module and suppose that N is a closed
submodule of M . If L is a submodule of M , then any R-linear mapping f W L! N

can be extended to an R-linear mapping g WM ! N .

Proof. If S is the family ¹f 0 W L0 ! N º of all R-linear mappings, where M � L0 �
L and f 0jL D f , then an application of Zorn’s lemma shows that S has a maximal
element. Let Nf W L ! N be a maximal element of S . Since M is quasi-injective,
Nf can be extended to a map g 2 EndR.M/. Suppose that g.M/ ¢ N and let Nc be

a complement of N in M . Then since N is closed in M , N is a complement of Nc .
Since g.M/CN ¡ N , we have .g.M/CN/ \Nc ¤ 0. Let

x D y C z 2 .g.M/CN/ \Nc; where x ¤ 0; y 2 g.M/ and z 2 N:

If y 2 N , then x 2 N \Nc D 0, a contradiction. Therefore, y … N and y D x� z 2
Nc ˚ N . If X D ¹w 2 M j g.w/ 2 Nc ˚ N º, then X is a submodule of M that
contains L. If w 2 M is such that g.w/ D y, then w 2 X , but w … L since y … N .
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Consequently, if � W Nc ˚N ! N is the canonical projection, then �g W X ! N is
a proper extension of Nf W L ! N . Therefore, the assumption that g.M/ ª N gives
a contradiction, so g.M/ � N and the proof is complete.

Proposition 7.3.5. If M is a quasi-injective R-module and N is a submodule of M ,
then M contains a maximal essential extension of N that is quasi-injective and a di-
rect summand of M .

Proof. Let S be the collection of submodules ofM that are essential extensions ofN .
Then S ¤ ¿ and an easy application of Zorn’s lemma shows that S has a maximal
element, say N . Clearly N is closed in M and, due to Lemma 7.3.4, the identity map
idN W N ! N can be extended to a mapping f W M ! N such that f i D idN ,
where i W N ! M is the canonical injection. Thus, i is a splitting map for f , so it
follows that M D N ˚ Ker f . Hence, by Proposition 5.4.4, N is quasi-injective.

Corollary 7.3.6. If ' W M ! Eq is a quasi-injective envelope of M , then '.M/ is
an essential submodule of Eq .

Proof. Suppose that ' W M ! Eq is a quasi-injective envelope of M . Then by the
preceding proposition, there is a quasi-injective extension M of '.M/ contained in
Eq that is a maximal essential extension of '.M/. Since ' W M ! Eq is a quasi-
injective envelope, it follows from Lemma 7.3.4 that there is a monomorphism g W

Eq ! M such that g' D f , where f W M ! M is such that f .x/ D '.x/. If X is
a submodule of Eq and '.M/\X D 0, then g'.M/\ g.X/ D g.'.M/\X/ D 0.
But '.M/ D f .M/ D g'.M/, so '.M/ \ g.X/ D 0 in M . Thus, g.X/ D 0 and
this gives X D 0:

Proposition 7.3.7. EveryR-module has a quasi-injective envelope ' WM ! Eq that
is unique up to isomorphism.

Proof. Suppose that f W M ! N is a quasi-injective extension of M and let H� D
EndR.E.N //. Then H�N D N and if H D EndR.E.M//, then i W M ! HM is
a quasi-injective essential extension ofM . Thus, f can be extended to a monomorph-
ism g W HM ! E.N/ such that the diagram

0 � M
i � HM

E.N/

f

�
g

�
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is commutative. Now g.HM/ is quasi-injective, so it follows that H�g.HM/ �

g.HM/ and soH�X � X , whereX D N\g.HM/. Therefore,X is quasi-injective
and g�1.X/ is a quasi-injective extension of M contained in HM . But HM is the
smallest quasi-injective extension of M contained in E.M/, so g�1.X/ D HM .
Thus, g.HM/ D X � N , so the diagram

0 � M
i � HM

N

f

�
g

�

is commutative and g is an injection. Therefore, i W M ! HM is a quasi-injective
envelope of M . Uniqueness up to isomorphism of quasi-injective envelopes now
follows easily.

Quasi-Projective Covers

Definition 7.3.8. A quasi-projective module Pq.M/ together with an epimorphism
' W Pq.M/ ! M is said to be a quasi-projective cover of M if Ker' is small in
Pq.M/ and if K is a nonzero submodule of Ker', then Pq.M/=K is not quasi-
projective. A quasi-projective cover of M will often be denoted simply by ' W
Pq ! M . A quasi-projective cover ' W Pq ! M of M , is said to be unique up
to isomorphism if whenever '0 W P 0q ! M is another quasi-projective cover of M ,
there is an isomorphism g W Pq ! P 0q such that '0g D '. A submodule N of an
R-module M is said to be stable under endomorphisms of M if f .N / � N for each
f 2 EndR.M/.

The proof of the following proposition is left as an exercise.

Proposition 7.3.9. A quasi-projective cover of an R-module M , if it exists, is unique
up to isomorphism.

Wu and Jans proved in [72] that if a module has a projective cover, then it has
a quasi-projective cover. To establish this result, we need the following two lemmas.

Lemma 7.3.10. If ' W P ! M is a projective cover of M and Ker' is stable under
endomorphisms of P; then M is quasi-projective.
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Proof. Consider the diagram

P

M

'
�

P
'�

h

�
M �

h�

�
N
�

� 0

where h is given by the projectivity of P . Since Ker' is stable under endomorphisms
of P , h.Ker'/ � Ker', so there is an induced map h� W P=Ker' ! P=Ker'. But
P=Ker' Š M , so we have a mapping h� W M ! M that makes the inner triangle
commute. Thus, M is quasi-projective.

Lemma 7.3.11. If ' W P ! P=K is a projective cover of the quasi-projective module
P=K, where ' is the natural surjection, then K D Ker ' is stable under endomorph-
isms of P .

Proof. If f 2 EndR.P /, then f induces an R-linear mapping f � W P=K !
P=.K C f .K// given by f �.x C K/ D f .x/ C K C f .K/, so consider the di-
agram

P=K

P=K
��

ˇ

�
P=.K C f .K//

f �

�
� 0

where � is the natural mapping and ˇ is the map given by the quasi-projectivity of
P=K. This gives a commutative diagram

P
'� P=K

P

˛

�
'� P=K

ˇ

�

where ˛ is given by the projectivity of P . Now let

X D ¹x 2 P j f .x/ � ˛.x/ 2 Kº:

We claim that X D P . Since '˛.K/ D ˇ'.K/ D 0, we have ˛.K/ � K and ˛ gives
an induced map

˛� W P=K ! P=.K C f .K// such that ˛�.x CK/ D ˛.x/CK C f .K/:
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Hence,

.f � � ˛�/.x CK/ D f �.x CK/ � ˛�.x CK/

D �ˇ.x CK/ � .˛.x/CK C f .K//

D �ˇ.x CK/ � �'˛.x/

D �ˇ.x CK/ � �ˇ'.x/

D �ˇ.x CK/ � �ˇ.x CK/

D 0:

Therefore, f .x/ C K C f .K/ � .˛.x/ C K C f .K// D 0 and this gives f .x/ �
˛.x/ 2 K C f .K/. Now let f .x/ � ˛.x/ D k1 C f .k2/, where k1; k2 2 K. Since
˛.k2/ 2 ˛.K/ � K, we see that f .x � k2/� ˛.x � k2/ D k1 C ˛.k2/ 2 K. Hence,
x � k2 2 X and so P D X CK. But K is small in P so X D P . Hence, if x 2 K,
then x 2 X , so f .x/ � ˛.x/ 2 K. Thus, f .x/ 2 K, since ˛.x/ 2 K. Therefore,
f .K/ � K and K is stable under endomorphisms of P .

Proposition 7.3.12. If an R-module has a projective cover, then it has a quasi-pro-
jective cover.

Proof. Let '0 W P ! M be a projective cover of M and via Zorn’s lemma choose
X maximal in K D Ker'0 such that X is stable under endomorphisms of P . If
' W P=X !M is such that '.xCX/ D '0.x/, then we claim that ' W P=X !M is
a quasi-projective cover of M . First, note that Ker' D K=X and since K is small in
P , it follows that Ker' is small in P=X . Since X � K, the natural map P ! P=X

is a projective cover of P=X , so sinceX is stable under endomorphisms ofP , Lemma
7.3.10 shows that P=X is quasi-projective. Finally, if Y is such that X � Y � K,
then Y=X � K=X and .P=X/=.Y=X/ Š P=Y . It follows that the natural map
P ! P=Y gives a projective cover of P=Y . But in this setting, Lemma 7.3.11 shows
that Y is stable under endomorphisms of P . Thus, the maximality ofX givesX D Y .
Hence, Y=X D 0 and we have that P=X is a quasi-projective cover of M:

In the previous section, rings were characterized over which every module has
a projective cover. It is natural to ask the question, What are the characteristics of
a ring over which every module has a quasi-projective cover? The following proposi-
tion is due to Koehler [65].

Proposition 7.3.13. The following are equivalent for a ring R.

1. R is right perfect.

2. Every R-module has a quasi-projective cover.
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Proof. .1/) .2/ is the result of Proposition 7.3.12, so we need only prove .2/) .1/.
Assume that every R-module has a quasi-projective cover, letM be an R-module and
let � W R.M/ ! M be a free module on M . If ' W Pq ! R.M/ ˚M is a quasi-
projective cover of R.M/ ˚M , then we have a commutative diagram

R.M/

Pq
'�

f

�
R.M/ ˚M

�1� R.M/

id
R.M/

�
� 0

where �1 is the canonical projection and f is the completing map given by the
projectivity of R.M/. Since �1'f D idR.M/ , if M � D Ker.�1'/, then, since
f is a monomorphism, we can assume that Pq D R.M/ ˚ M �. If '� D 'jM� ,
then '� W M � ! M is an epimorphism and we claim that '� W M � ! M is
a projective cover of M . To show this, let N be a submodule of M� such that
Ker'�CN DM�. ThenR.M/˚ .Ker'�CN/ D R.M/˚M� and Ker'� � Ker'
giveR.M/˚N D R.M/˚M �. Thus,N DM � and so Ker'� is small inM �. Next,
consider the commutative diagram

R.M/

M�
'� �



�

�
M




�
� 0

where �� is given by the projectivity of R.M/ and note that �� is an epimorphism
since Ker'� is small in M�. Hence, we have a commutative diagram

R.M/ ˚M�

M�

i2

�

�2

�

R.M/ ˚M�
�1�

g

�
R.M/ 
� �

g�

�
M�

idM�

�
� 0
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with the map g being given by the quasi-projectivity of R.M/˚M�. If g� D �1gi2,
then the inner triangle is commutative and g� is a monomorphism. Therefore, M� is
isomorphic to a direct summand ofR.M/ and soM� is a projectiveR-module. Hence,
every R-module has a projective cover, so R is a right perfect ring.

Problem Set 7.3

1. Let N be a submodule of M and suppose that Nc is a complement of N in M .
Show that there is a complement Ncc D .Nc/c inM of Nc such that Ncc � N .
Show that Ncc is a maximal essential extension of N in M . Conclude that if N
is a closed submodule of M and if Nc is a complement of N in M , then N is
a complement in M of Nc .

2. Prove that an R-module M is quasi-injective if and only if every f 2

HomR.N;M/ can be extended to an endomorphism of M for each essential
submodule N of M .

3. If M is an R-module, let A be an ideal of R and set N D annM
`
.A/.

(a) Prove that M is a quasi-injective R-module if and only if N is a quasi-
injective R=A-module.

(b) Prove that if MA D 0, then M is a quasi-injective R-module if and only if
M is a quasi-injective R=A-module.

4. Complete the proof of Proposition 7.3.7 by showing that quasi-injective en-
velopes are unique up to isomorphism.

5. Prove Proposition 7.3.9.

6. (a) If ¹M˛º� is a family of R-modules such that
L
�M˛ is quasi-injective,

prove that each M˛ is quasi-injective.

(b) Show that the Z-modules Q and Zp are quasi-injective, where p is a prime
number and consider the Z-module M D Q ˚ Zp. Show that the canonical
epimorphism � W Z! Zp cannot be extended to a Z-linear mapping Q! Zp.
Conclude that the map Z˚ 0! Q˚Zp such that .n; 0/ 7! .0; Œn�/ can not be
extended to a Z-linear map in EndZ.M/ and therefore that M cannot be quasi-
injective. Thus, a direct sum of quasi-injectives need not be quasi-injective and
so the converse of (a) may not hold.

7. (a) If a quasi-injective R-module M contains a copy of RR, show that M is
injective.

(b) Prove that if the direct sum of every pair of quasi-injective modules is
quasi-injective, then every quasi-injective module is injective. [Hint: Consider
E.R/˚M .]

8. Show that if direct sums of quasi-injective R-modules are quasi-injective, then
R is right noetherian. Note the converse fails since (b) of Exercise 6 gives
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a direct sum of a pair quasi-injective modules over the noetherian ring Z that is
not quasi-injective.

Note that this Exercise shows that noetherian rings are not characterized by
direct sums of quasi-injective modules being quasi-injective, whereas Proposi-
tion 7.1.6 indicates that this is the case if direct sums of injective modules are
injective.

9. Prove that the following are equivalent.

(a) R is a semisimple ring.

(b) Every R-module is quai-injective.



Chapter 8

Rings and Modules of Quotients

It is well known that if R is an integral domain and R� is the set of nonzero elements
of R, then the relation � defined on R � R� by .a; b/ � .c; d/ if and only if ad D
bc is an equivalence relation. If a=b denotes the equivalence class determined by
.a; b/ 2 R � R� and Q is the set of all such equivalence classes, then Q is a field,
called the field of fractions of R, if addition and multiplication are defined on Q by

a

b
C
c

d
D
ad C bc

bd
and

a

b

c

d
D
ac

bd

for all a=b; c=d 2 Q. The additive identity ofQ is 0=1 and the multiplicative identity
is 1=1. The mapping ' W R ! Q defined by a 7! a=1 is an injective ring homo-
morphism, so R embeds in Q. In particular, if R D Z, then Q D Q, the field of
rational numbers. This procedure for constructing the field of fractions of an integral
domain provides a model for construction of a ring of quotients for a suitable ring
which may not be an integral domain. In fact, there is no need for such a ring to be
commutative.

8.1 Rings of Quotients

The Noncommutative Case

If ' W R ! Q is the field of fractions of an integral domain, then there are three
properties that are evident from the construction of Q.

1. R�, the set of nonzero elements of R, is closed under multiplication, 1 2 R�

and 0 … R�.

2. If b 2 R�, then '.b/ has a multiplicative inverse in Q.

3. Every element ofQ can be written as '.a/'.b/�1 for some a 2 R and b 2 R�.

These properties motivate the following definition. The ring R is not assumed to
be commutative and it can have zero divisors.

Definition 8.1.1. A nonempty subset S of R is said to be multiplicatively closed if
st 2 S whenever s; t 2 S . If S is a multiplicatively closed subset of R, then S is
a multiplicative system in R if 1 2 S and 0 … S .
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Examples

1. If a 2 R is not nilpotent, then S D ¹an j n D 0; 1; 2; : : :º is a multiplicative
system in R.

2. If p is a prime ideal of a commutative ring R and S D R � p, then S is a mul-
tiplicative system. This follows since if a; b 2 S and ab … S , then ab 2 p; so
either a 2 p or b 2 p, a contradiction. Hence, if a; b 2 S , then ab 2 S .

3. A nonzero element of R is said to be a regular element of R if it is not a zero
divisor in R. If R is the set of regular elements of R, then R is a multiplicative
system in R.

Definition 8.1.2. Let S be a multiplicative system in R and suppose that ' W R! R0

is a ring homomorphism. Then ' is said to be an S -inverting homomorphism if '.s/
has a multiplicative inverse in R0 for each s 2 S . A ring RS together with a ring
homomorphism ' W R! RS is said to be a right ring of quotients of R at S provided
that the following three conditions hold.

(1) ' is S -inverting.

(2) Every element of RS is of the form '.a/'.s/�1 for some .a; s/ 2 R � S .

(3) Ker' D ¹a 2 R j as D 0 for some s 2 Sº.

The modifier “right” will now be suppressed so that ring of quotients of R will mean
right ring of quotients of R. A left ring of quotients of R at S is similarly defined.

By assuming that R has a ring of quotients at S , conditions can be found that will
allow us to construct a ring of quotients of R at S .

Proposition 8.1.3. Let S be a multiplicative system in R. If R has a ring of quotients
' W R! RS at S , then:

(1) For each .a; s/ 2 R � S , there is a .b; t/ 2 R � S such that at D sb.

(2) If sa D 0 for .a; s/ 2 R � S , then there is a t 2 S such that at D 0.

Proof. (1) If .a; s/ 2 R � S , consider the element '.s/�1'.a/ of RS and let .b; t/ 2
R � S be such that '.s/�1'.a/ D '.b/'.t/�1. Then at � sb 2 Ker', so there is an
s0 2 S such that .at � sb/s0 D 0. This gives a.ts0/ D s.bs0/ and .bs0; ts0/ 2 R � S .

(2) If sa D 0, then '.s/'.a/ D 0, so '.a/ D 0 since '.s/ has an inverse in RS .
Therefore, a 2 Ker', so there is a t 2 S such that at D 0:

Definition 8.1.4. If S is a multiplicative system in a ring R, then S is a right per-
mutable set if .1/ of Proposition 8.1.3 holds. If S satisfies condition .2/, then S is
said to be right reversible. If S is right permutable and right reversible, then S is
a right denominator set in R. Left permutable, left reversible and left denominator
sets are defined in the obvious way.
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Remark. One method that can be used to distinguish right permutable sets from those
that are left permutable is given by the following.

(1) A right permutable set. If .a; s/ 2 R � S , then there is a .b; t/ 2 R � S
such that at D sb: Write .b; t/ on the right of .a; s/ as in .a; s/.b; t/. Then the
product of the outside members of the ordered pairs is equal to the product of
the inside members with order maintained in multiplication.

(2) A left permutable set. If .s; a/ 2 S�R, then there is a .t; b/ 2 S�R such that
ta D bs. If we write .t; b/.s; a/ and then apply the same procedure as in (1) we
get ta D bs.

Lemma 8.1.5. Let S be a right denominator set in R and suppose that the relation
� is defined on R � S by .a; s/ � .a0; s0/ if and only if there are b; b0 2 R such that
sb D s0b0 2 S and ab D a0b0. Then � is an equivalence relation on R � S .

Proof. It is easy to show that� is reflexive and symmetric, so we will only verify that
� is transitive. Suppose that .a; s/ � .a0; s0/ and .a0; s0/ � .a00; s00/. Then there are
b; b0; c; c0 2 R such that sb D s0b0 2 S; ab D a0b0; s0c D s00c0 2 S and a0c D a00c0.
Now .s0c; s0b0/ 2 R � S , so since S is right permutable, there is an .r; t/ 2 R � S
such that s0ct D s0b0r . Thus, s0.ct �b0r/ D 0 and so since S is right reversible, there
is a t 0 2 S such that ct t 0 D b0rt 0. Hence,

sbr D s0b0r D s0ct D s00c0t 2 S implies that s.brt 0/ D s00.c0t t 0/ 2 S:

We also have

a.brt 0/ D a0b0rt 0 D a0ct t 0 D a00.c0t t 0/;

so .a; s/ � .a00; s00/:

Notation. If S is a right denominator set in R and � is the equivalence relation
defined on R�S as in Lemma 8.1.5, then RS�1 will denote the set of all equivalence
classes a=s determined by the ordered pairs .a; s/ 2 R � S .

If ' W R ! RS�1 is such that a 7! a=1 for all a 2 R, then we claim that
' W R ! RS�1 is a ring of quotients of R. Showing that RS�1 is a ring in the
following proposition is technical and often quite tedious. For this reason the proof is
sketched. Proofs of the ring properties of RS�1 are left to the interested reader.

Proposition 8.1.6. Let S be a multiplicative system in R. Then ' W R ! RS�1 is
a ring of quotients of R at S if and only if S is a right denominator set in R.

Proof. If ' W R! RS�1 is a ring of quotients at S , then Proposition 8.1.3 shows that
S is a right denominator set in R. Conversely, assume that S is a right denominator
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set in R and define addition and multiplication on RS�1 by

a=s C b=t D .auC bc/=su; where .c; u/ 2 R � S is such that su D tc;

and

.a=s/.b=t/ D .ac/=.tu/; where .c; u/ 2 R � S is such that bu D sc:

These well-defined operations turn RS�1 into a ring with additive identity 0=1 and
multiplicative identity 1=1. It is easy to verify that ar=sr D a=s for any r 2 R such
that sr 2 S . Now let ' W R ! RS�1 be such that '.a/ D a=1. If a; b 2 R, then
'.a/'.b/ D .a=1/.b=1/ D .ac/=u, where .c; u/ 2 R � S is such that bu D 1c.
Hence, .ac/=u D .abu/=u D ab=1 D '.ab/. Similarly, '.a C b/ D '.a/C '.b/,
so ' is a ring homomorphism which is clearly S -inverting. Moreover, every element
of RS�1 is of the form '.a/'.s/�1. Finally, a 2 Ker' if and only if a=1 D 0=1,
which is true if and only if .a; 1/ � .0; 1/. That is, if and only if there are b; b0 2 R
such that 1b D 1b0 2 S and ab D 0b0 D 0. Hence, a 2 Ker' if and only if there is
an s 2 S such that as D 0. Thus, ' W R! RS�1 is a ring of quotients of R at S .

Definition 8.1.7. If S is a right denominator set in R and ' W R! RS�1 is a ring of
quotients of R at S , then elements a=s of RS�1 will be called fractions or quotients
and the ring homomorphism ' will be referred to as the canonical ring homomorphism
from R to RS�1. If ' W R ! RS�1 is a ring of quotients of R at S , we will often
refer to RS�1 as a ring of quotients of R at S with the map ' understood.

Remark. The ring of quotients RS�1 is called the localization of R at S , even
though RS�1 may not be a local ring. This is probably due to the fact that the
construction of RS�1 is a generalization of the localization of R at a prime ideal
in a commutative ring which is a local ring. The localization of a commutative ring at
a prime ideal will be discussed later.

Proposition 8.1.8. If S is a right denominator set in R and ' W R! RS�1 is a ring
of quotients ofR at S , then ' W R! RS�1 has the universal mapping property in the
sense that for every S -inverting ring homomorphism f W R ! R0, there is a unique
ring homomorphism g W RS�1 ! R0 such that the diagram

RS�1

R

' �

R0

g

�f
�

is commutative.
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Proof. If we define g W RS�1 ! R0 by g.a=s/ D f .a/f .s/�1, then g'.a/ D
g.a=1/ D f .a/f .1/�1 D f .a/, so the diagram is commutative. The fact that
g is a ring homomorphism follows directly from the fact that f is a ring homo-
morphism. If g0 W RS�1 ! R0 is also a ring homomorphism which makes the
diagram commutative, then .g � g0/.'.a// D 0 for each a 2 R. In particular,
.g � g0/.1=1/ D .g � g0/.'.1// D 0, so g D g0:

Corollary 8.1.9. If ' W R ! RS�1 is a ring of quotients of R at S , then RS�1 is
unique up to ring isomorphism.

Proof. If we form the category C whose objects are S -inverting ring homomorphisms
f W R! R0 and whose morphism sets

Mor.f W R! R0; g W R! R00/

are composed of ring homomorphisms h W R0 ! R00 such that hf D g, then the
proposition shows that ' W R ! RS�1 is an initial object in C . As a consequence,
RS�1 is unique up to ring isomorphism.

If S is a left denominator set in R, then S�1R will denote a left ring of quotients of
R at S with the canonical map ' W R ! S�1R understood. If S is a left and a right
denominator set in R, then it follows that S�1R Š RS�1.

Examples

4. Ore’s Condition. If R is the set of regular elements of R, then R is clearly
a multiplicatively closed set that is right reversible. If R is right permutable,
then R is said to satisfy the right Ore condition and the ring of quotients RR�1

of R at R, denoted by Qrcl.R/, is the classical (right) ring of quotients of R.
In this case, ' W R ! Qrcl.R/ is an injective ring homomorphism and we may
consider R to be a subring of Qrcl.R/ by identifying a 2 R with a=1 in Qrcl.R/.
If R satisfies the right Ore condition, then R is said to be a right Ore ring.
Left Ore rings are defined similarly. If R is a left and right Ore ring, then R is
simply referred to as an Ore ring. If R is an Ore ring, then one can show that
Q`cl.R/ Š Q

r
cl.R/. Clearly, any commutative ring is an Ore ring. If R is a right

Ore ring without zero divisors, then Qrcl.R/ is a division ring. In particular,
if R is an integral domain, then Qrcl.R/ is the field of fractions of R. Right (and
left) Ore rings are named in honor of Oystein Ore who discovered the right (left)
permutable condition on R. Details can be found in [69].

5. If R is a right noetherian ring without zero divisors, then R is a right Ore ring.
Since R is a right reversible, to prove that R is a right Ore ring we need only
show that if .a; s/ 2 R �R, then there is a .b; t/ 2 R �R such that at D sb.
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If .0; s/ 2 R �R, then .0; t/ 2 R �R is such that 0t D s0, for any t 2 R.
Thus, we can assume that a ¤ 0. Consider the ascending chain

sR � sRC asR � � � � � sRC asRC a2sRC � � � C ansR � � � �

of right ideals ofR. SinceR is right noetherian, there is a smallest integer n 	 0
such that

sRCasRCa2sRC� � �CansR D sRCasRCa2sRC� � �CansRCanC1sR:

Let r0; r1; : : : ; rn 2 R be such that

anC1s D sr0 C asr1 C a
2sr2 C � � � C a

nsrn:

This gives

a.sr1 C asr2 C � � � C a
n�1srn � a

ns/ D s.�r0/;

so if we can show that

sr1 C asr2 C � � � C a
n�1srn � a

ns ¤ 0;

we will be finished for then we can let

b D �r0 and t D sr1 C asr2 C � � � C a
n�1srn � a

ns:

If

sr1 C asr2 C � � � C a
n�1srn � a

ns D 0;

then

ansR D .sr1 C asr2 C � � � C a
n�1srn/R � sRC asRC � � � C a

n�1sR

and this leads to a contradiction of the minimality of n.

One property that holds in RS�1 that is often useful for proving properties of frac-
tions is the following common denominator property.

Lemma 8.1.10 (Common Denominator Property). Let S be a right denominator set
in R. For any integer n 	 1, if s1; s2; : : : ; sn 2 S , then there exist a1; a2; : : : ; an 2 R
and s 2 S such that 1=si D ai=s for i D 1; 2; : : : ; n.

Proof. If n D 1, let a1 D s1 and s D s21 . Then 1=s1 D s1=s21 D a1=s, so the lemma
holds when n D 1. Next, make the hypothesis that if n D k and if s1; s2; : : : ; sk 2
S , then there exist a1; a2; : : : ; ak 2 R and s 2 S such that 1=si D ai=s for i D
1; 2; : : : ; k. If s1; s2; : : : ; skC1 2 S; then, by hypothesis, there are a1; a2; : : : ; ak 2 R
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and s 2 S such that 1=si D ai=s for i D 1; 2; : : : ; k. Since .skC1; s/ 2 R � S , there
is an .r; a�

kC1
/ 2 R � S such that skC1a�kC1 D sr . If we let s� D skC1a

�
kC1
D sr ,

then s� 2 S and 1=skC1 D a�
kC1

=s�. Now let a�i D air for i D 1; 2; : : : ; k. Then
we also have 1=si D ai=s D air=sr D a�i =s

�, for i D 1; 2; : : : ; k, and the lemma
follows by induction.

Corollary 8.1.11. If S is a right denominator set in R and if a1=s1; a2=s2; : : : ;
an=sn 2 RS

�1, then there is an s 2 S such that

.a1=s1/s; .a2=s2/s; : : : ; .an=sn/s 2 R

and there are b1; b2; : : : ; bn 2 R such that

a1=s1 C a2=s2 C � � � C an=sn D .b1 C b2 C � � � C bn/=s:

If S is a right denominator set inR, then we need to establish a connection between
the right ideals of R and the right ideals of RS�1. If ' W R! RS�1 is the canonical
ring homomorphism and A is a right ideal of R, then '.A/.RS�1/ is a right ideal
of RS�1 that will be denoted by Ae and referred to as the extension of A to RS�1.
Moreover, if A is a right ideal ofRS�1, then Ac D '�1.A/ is a right ideal ofR called
the contraction of A to R. (Note the distinction between Ac and Ac , the complement
of a right ideal A in R.)

Proposition 8.1.12. The following hold for any right denominator set S in R.

(1) If A is a right ideal of R, then Ae D ¹a=s j a 2 A and s 2 Sº.

(2) If A is a right ideal of R, then Aec D ¹a 2 R j as 2 A for some s 2 Sº.

(3) If A is a right ideal of RS�1, then Ace D A.

(4) Suppose that
L
�A˛ is a direct sum of right ideals of RS�1 and suppose that

'jAc˛ is an injection for each ˛ 2 �, where ' W R ! RS�1 is the canonical
ring homomorphism. Then

L
�A

c
˛ is a direct sum of right ideals of R.

(5) If
L
�A˛ is a direct sum of right ideals of R, then

L
�A

e
˛ is a direct sum of

right ideals of RS�1.

(6) If R is right artinian (right noetherian), then so is RS�1.

Proof. We prove (5) and leave the proofs of (1) through (4) and (6) as exercises.
Suppose that

L
�A˛ is a direct sum of right ideals of R, then by (1) each finite sum

in
P
�A

e
˛ can be expressed as a1=s1 C a2=s2 C � � � C an=sn, where ai 2 A˛i and

si 2 S for i D 1; 2; : : : ; n. By Lemma 8.1.10, there are b1; b2; : : : ; bn 2 R and s 2 R
such that 1=si D bi=s for i D 1; 2; : : : ; n. Hence, ai=si D aibi=s for i D 1; 2; : : : ; n.
From these observations, we have

a1=s1 C a2=s2 C � � � C an=sn D .a1b1 C a1b2 C � � � C anbn/=s:
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Therefore, if a1=s1 C a2=s2 C � � � C an=sn D 0=1 in RS�1, then it follows that
.a1b1 C a2b2 C � � � C anbn/=1 D 0=1 in RS�1. Hence, a1b1 C a2b2 C � � � C anbn
is in the kernel of the canonical map ' W R ! RS�1, so there is a t 2 S such that
a1b1t C a2b2t C � � � C anbnt D .a1b1 C a2b2 C � � � C anbn/t D 0 in R. Moreover,
aibi t 2 A˛i for each i , so a1b1t D a2b2t D � � � D anbnt D 0, since the sumL
�A˛ is direct. But this indicates that aibi 2 Ker' for each i and so aibi=1 D 0=1

in RS�1 for i D 1; 2; : : : ; n. Thus, for each i , we have ai=si D aibi=s D 0=1 in
RS�1 which shows that the sum

L
�A

e
˛ is direct.

The proof of the following proposition is left to the reader.

Proposition 8.1.13. The following hold for a right denominator set S of regular ele-
ments of R.

(1) If A and B are right ideals of R such that A � B , then A is essential in B if
and only if Ae is essential in Be .

(2) If A and B are right ideals of RS�1 such that A � B , then Ac is essential in
Bc if and only if A essential in B .

The Commutative Case

When R is a commutative ring, every multiplicative system in R is a denominator set
and the equivalence relation established in Lemma 8.1.5 takes the form given in (2)
of the following proposition.

Proposition 8.1.14. The following are equivalent for a commutative ring R and a
multiplicative system S in R.

(1) If .a; s/; .b; t/ 2 R � S , then there are c; c0 2 R such that sc D tc0 2 S and
ac D bc0.

(2) If .a; s/; .b; t/ 2 R � S , then there is a u 2 S such that .at � sb/u D 0.

Proof. .1/) .2/. Let .a; s/; .b; t/ 2 R�S and suppose that there are c; c0 2 R such
that sc D tc0 2 S and ac D bc0. Multiplying the first equation by b and the second
by t gives atc D sbc, so .at � sb/c D 0. If we let u D sc 2 S , then .at � sb/u D 0.
.2/) .1/. Suppose .a; s/; .b; t/ 2 R � S and let u 2 S be such that atu D bsu.

If c D tu and c0 D su, then sc D tc0 and ac D bc0, so we are finished.

Corollary 8.1.15. If R is a commutative ring and S is a multiplicative system in R,
then the relation � defined on R � S by .a; s/ � .b; t/ if and only if there is a u 2 S
such that .at � sb/u D 0 is an equivalence relation on R�S . Furthermore, � yields
the same equivalence classes as the equivalence relation of Lemma 8.1.5 and the
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operations of addition and multiplication defined on RS�1 in the proof of Proposi-
tion 8.1.6 become

a=s C b=t D .at C sb/=st and .a=s/.b=t/ D ab=st:

It follows that the lemmas, propositions, corollaries and examples that were given
in the section on noncommutative localization also hold for commutative rings.

Examples

6. IfR is a commutative ring and p is a prime ideal ofR, then we saw in Example 2
that S D R � p is a multiplicative system in R. In this case, RS�1, denoted
by Rp, is a local ring with unique maximal ideal pS�1 D ¹a=s j a 2 p; s 2 Sº.

7. If K is a field, then KŒX� is an integral domain and KŒX�R�1 is the field of
rational functions, where R is the multiplicative system of nonzero polynomials
inKŒX�. If R is a commutative ring, let RŒŒX�� be the ring of power series in X
over R. If S D ¹Xn j n D 0; 1; 2; : : :º, then S is a multiplicative system in
RŒŒX�� and RŒŒX��S�1 is the ring of Laurent power series RŒŒX��S�1. Every
element of RŒŒX��S�1 can be written as

a0 CXa1 CX
2a2 CX

3a3 C � � �

Xn

which, with a change of notation, can be written as

X�na�n CX
�nC1a�nC1 C � � � CXa�1 C a0 CXa1 CX

2a2 C � � � ;

where ak 2 R for each integer k 	 �n. The ring RŒŒX��S�1 is usually denoted
by RŒŒX;X�1��. Note that

a0 CXa1 CX
2a2 CX

3a3 C � � �

1
D a0 CXa1 CX

2a2 CX
3a3 C � � � ;

so it follows that RŒŒX�� is a subring of RŒŒX;X�1��.

Problem Set 8.1

In the following exercises, S is a right denominator set in R.

1. Let ' W R! RS�1 be a ring of quotients of R at S . Then an element a 2 R is
said to be S -torsion if there is an s 2 R such that as D 0.
(a) If t .R/ is the set of all S -torsion elements of R, prove that t .R/ is a right
ideal of R and note that Ker' D t .R/. Conclude that t .R/ is an ideal of R.
(b) Prove that the induced ring homomorphism N' W R=t.R/ ! RS�1 is an
injection.
(c) If � W R! NR D R=t.R/ is the canonical surjection, prove that NS D �.S/ is
a right denominator set in NR and that RS�1 Š NR NS�1 as rings.
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2. Prove Corollary 8.1.11.

3. Prove properties (1) through (4) and (6) of Proposition 8.1.12. [(1), Hint: Write
the sum a1=s1 C a2=s2 C � � � C an=sn in ¹a=s 2 R j a 2 A and s 2 Sº with
a common denominator.] Note that (3) gives (6).

4. Prove Proposition 8.1.13. [(1), Hint: If A is essential in B and a=s is a nonzero
element of Be , let ar be nonzero in A. For the converse, assume that Ae is
essential in Be and let a be a nonzero element of B . Then a.rs�1/ D bt�1 is
nonzero for some r 2 R, b 2 A and s; t 2 S . Now write rs�1 and bt�1 with
a common denominator.]

5. Prove that the canonical map ' W R ! RS�1 is an isomorphism if and only if
every element of S is a unit in R.

In the following exercises, R is a commutative ring and S is a multiplicative system
in R. Additional information on localization of commutative rings at a multiplicative
system can be found in [6].

6. Prove Corollary 8.1.15.

7. (a) Suppose 0 is permitted to be an element of S in the construction of RS�1.
Show that if 0 2 S , then RS�1 D 0.

(b) Suppose that R is a ring without an identity and define a multiplicative sys-
tem S in R to be a multiplicatively closed subset of R such that 0 … S . Prove
that RS�1 can be constructed in the same manner as when R has an identity
and 1 2 S . Show that under this “new” construction of RS�1, s=s is an identity
for RS�1 for any s 2 S . Observe that this construction of RS�1 works even if
R has an identity and 1 … S .

(c) If R has an identity and 1 … S , let S 0 D S [¹1º. Prove that RS�1 Š RS 0�1

as rings, where RS�1 is constructed as in (b) and RS 0�1 is constructed in the
usual fashion.

(d) Prove that any ring without zero divisors can be embedded in a field even if
the ring fails to have an identity.

8. (a) Let R and R0 be isomorphic rings, both without identities, that are free of
zero divisors. If S and S 0 denote the set of nonzero elements of R and R0,
respectively, construct RS�1 and R0S 0�1 as in (b) of Exercise 9. Prove that
RS�1 is isomorphic to R0S 0�1. Conclude that isomorphic rings that are free
of zero divisors have isomorphic fields of fractions. Show also that RS�1 Š
R0S 0�1 if R and R0 have identities.

(b) The converse of (a) is false: If S is the set of nonzero elements of Z, let
2Z denote the ring of even integers and let 2S denote the set of nonzero even
integers. Prove that ZS�1Š.2Z/.2S/�1 as rings, where .2Z/.2S/�1 is con-
structed by the method suggested in (b) of Exercise 9. Note that ZS�1D Q,
so we have .2Z/.2S/�1 Š Q. What is the isomorphism .2Z/.2S/�1 ! Q?
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Conclude that it is possible for the fields of fractions of two rings that are free
of zero divisors to be isomorphic and yet the two rings are not isomorphic.

9. Let R D ¹a C b
p
n j a; b 2 Zº, where n is a square free integer, and de-

fine addition and multiplication on R in the usual way. If S is the set of
nonzero elements of R, form RS�1 and prove that RS�1 and the quadratic
fieldQ.n/ D ¹a

b
C c
d

p
n j a

b
; c
d
2 Qº are isomorphic rings. [Hint: Example 10

in Section 1.1.]

8.2 Modules of Quotients

Let S be a right denominator set in a ringR. IfM is anR-module, then a construction
similar to that developed for the construction of RS�1 can be carried out to establish
a module of quotients ofM which, as it turns out, is anRS�1-module. Of course, any
RS�1-module can be viewed as an R-module by pullback along the canonical map
from R to RS�1 which we now denote by 'R W R ! RS�1. Furthermore, RS�1 is
an .R;R/-bimodule by pullback along 'R.

Definition 8.2.1. Let S be a right denominator set in R and suppose that M is an
R-module. An RS�1-module MS�1 is said to be a module of quotients of M at S if
there is an R-linear mapping ' WM !MS�1 such that

(1) Every element ofMS�1 can be written as '.x/'R.s/
�1, where .x; s/ 2M�S ,

and

(2) Ker' D ¹x 2M j xs D 0 for some s 2 Sº.

The R-linear mapping ' is called the canonical map from M to MS�1.

Lemma 8.2.2. Let S be a right denominator set in R and suppose that M is an R-
module. If the relation� is defined onM �S by .x; s/ � .y; t/ if and only if there are
a; a0 2 R such that sa D ta0 2 S and xa D ya0, then � is an equivalence relation
on M � S .

Proof. It is straightforward to show that � is reflexive and symmetric, so let us show
that � is transitive. Suppose that .x; s/ � .y; t/ and .y; t/ � .z; u/. Then there are
a; a0; b; b0 2 R such that sa D ta0 2 S; xa D ya0; tb D ub0 2 S and yb D zb0.
Now .tb; ta0/ 2 R� S , so since S is right permutable, there is a .r; w/ 2 R� S such
that tbw D ta0r . Thus, t .bw � a0r/ D 0 and so since S is right reversible, there is
a w0 2 S such that bww0 D a0rw0. Hence,

sar D ta0r D tbw D ub0w 2 S implies that s.arw0/ D u.b0ww0/ 2 S:

We also have

x.arw0/ D ya0rw0 D ybww0 D z.b0ww0/;

so .x; s/ � .z; u/:
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Proposition 8.2.3. If S is a right denominator set in R, then every R-module has
a module of quotients at S .

Proof (sketched). Let � be the equivalence relation on M � S of Lemma 8.2.2 and
let MS�1 denote the set of all equivalence classes x=s determined by the ordered
pairs .x; s/ 2M � S . Define addition and the RS�1-action on MS�1 by

x=s C y=t D .xuC yc/=su; where .c; u/ 2 R � S is such that su D tc;

and

.x=s/.a=t/ D xc=tu; where .c; u/ 2 R � S is such that au D sc:

These well-defined operations turn MS�1 into an RS�1-module with additive iden-
tity 0=1. If ' W M ! MS�1 is such that '.x/ D x=1, then ' is an R-linear mapping
and every element of MS�1 is of the form '.x/'.s/�1 D x=s. Finally, note that
x 2 Ker' if and only if x=1 D 0=1 and this holds if and only if .x; 1/ � .0; 1/. That
is, if and only if there are b; b0 2 R such that 1b D 1b0 2 S and xb D 0b0 D 0.
Hence, x 2 Ker' if and only if there is an s 2 S such that xs D 0. Thus, ' is
the canonical map from M to MS�1 and so MS�1 together with ' is a module of
quotients of M:

We now need the following lemma.

Lemma 8.2.4. If S is a right denominator set inR, then for anyR-moduleM ,M˝R
RS�1 ŠMS�1 as RS�1-modules.

Proof. Consider the diagram

M ˝R RS
�1

M �RS�1

� �

MS�1

h

�

.................
�0

�

where �..x; a=s// D x ˝ a=s and �0..x; a=s// D xa=s. Then � and �0 are R-ba-
lanced maps, so the definition of a tensor product ensures the existence of a unique
group homomorphism h W M ˝R RS

�1 ! MS�1 such that h.x ˝ a=s/ D xa=s

for all x ˝ a=s in M ˝R RS�1. Moreover, it follows easily that h is an RS�1-epi-
morphism. Note that h is also injective for if h.x ˝ a=s/ D 0, then xa=s D 0=1,
so .xa; s/ � .0; 1/. Hence, there are b; b0 2 R such that xab D 0b0 D 0 and
sb D 1b0 2 S . Thus, x ˝ a=s D x ˝ ab=sb D xab ˝ 1=sb D 0, so h is injective.
Therefore, h is an RS�1-isomorphism.
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Proposition 8.2.5. If S is a right denominator set in R and ' W M ! MS�1 is
a module of quotients of M at S , then for every RS�1-module N and every R-linear
mapping f W M ! N , there is a unique RS�1-linear mapping g W MS�1 ! N

such that the diagram

MS�1

M

' �

N

g

�f
�

is commutative.

Proof. Using Proposition 3.4.5, adjoint associativity, we see that

HomRS�1.M ˝RRS
�1; N / Š HomR.M;HomRS�1.RS

�1; N // Š HomR.M;N /:

Hence, using the lemma immediately above, we have

HomRS�1.MS
�1; N / Š HomR.M;N /:

Therefore, given an R-linear map f W M ! N , there is a corresponding RS�1-lin-
ear map g W MS�1 ! N such that if x 2 M , then g.x=1/ D f .x/. It follows that
g.xa=s/ D g.x=1/a=s D f .x/a=s for all x=1 2 MS�1 and a=s 2 RS�1. Hence, if
x 2 M and ' W M ! MS�1 is the canonical map, then g'.x/ D g.x=1/ D f .x/,
so the diagram

MS�1

M

' �

N

g

�f
�

is commutative.
If g0 W MS�1 ! N is also an RS�1-linear mapping that makes the diagram

commutative, then g'.x/ D g0'.x/ for each x 2 M . Thus, g.x=1/ D g0.x=1/ for
all x 2 M , so for each s 2 S we have g.x=1/.1=s/ D g0.x=1/.1=s/. But g and g0

are RS�1-linear, so g.x=s/ D g0.x=s/. Therefore, g D g0 and we have that g is
unique.

Corollary 8.2.6. The module MS�1 is unique up to isomorphism in ModRS�1 .
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Proof. The proposition shows that ' WM !MS�1 has the universal mapping prop-
erty and a category C can be constructed that has ' WM !MS�1 as an initial object.
Furthermore, morphisms in C are RS�1-linear mappings, so MS�1 is unique up to
RS�1-isomorphism.

Note that if R is a commutative ring and S is a multiplicative system in R, then the
equivalence relation � defined on M � S in Lemma 8.2.2 becomes .x; s/ � .y; t/

if and only if there is a u 2 S such that .xt � ys/u D 0. If MS�1 is the set of all
equivalence classes of M � S determined by �, then MS�1 is an RS�1-module if
addition and the RS�1-action are defined on MS�1 by

.x=s/C .y=t/ D .xt C ys/=st and .x=s/.a=t/ D xa=st

for all x=s; y=t 2MS�1 and a=t 2 RS�1.

Problem Set 8.2

In the following exercises, S is a right denominator set in R.

1. (a) IfM is a rightRS�1-module, prove that the canonical map ' WM !MS�1

is an isomorphism.

(b) If U is also a right denominator set in R and U � S , show that MS�1 Š
.MU�1/S�1 Š .MS�1/U�1. Conclude that if M is any R-module, then
MS�1 Š .MS�1/S�1 Š ..MS�1/S�1/S�1 Š � � � .

(c) IfM is an .R;R/-bimodule and if S is also a left denominator set in R, then
is it the case that S�1M ŠMS�1‹

2. IfM is an R-module, then an element x 2M is said to be an S -torsion element
of M if there is an element s 2 S such that xs D 0.

(a) If t .M/ denotes the set of all S -torsion elements of M , show that t .M/ is
a submodule of M .

(b) An R-module M is said to be an S -torsion module if t .M/ D M and
an S -torsion free module if t .M/ D 0. Show that the R-module M=t.M/ is
S -torsion free and that the induced mapping N' W M=t.M/ ! MS�1 is an
R-linear embedding. Conclude that the canonical map ' W M ! MS�1 is
a monomorphism if and only if t .M/ D 0.

3. MakeMS�1 into anR-module by pullback along the canonical map 'R W R!
RS�1. An R-module M is said to be S -injective if for each right ideal A of R
that contains an element of S and for each R-linear mapping f W A!M there
is an x 2 M such that f .a/ D xa for each a 2 A. An R-module M is called
S -divisible if for each s 2 S and each y 2 M , there is an x 2 M such that
xs D y, that is, if Ms D M for each s 2 S . Decide which, if any, of the
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following implies the other(s). [Hint: Look at Baer’s criteria, Exercise 2 and
Proposition 5.1.9.]

(a) M is S -torsion free and S -injective.

(b) M is S -torsion free and S -divisible.

(c) M ŠMS�1.

4. Let R be a ring, let X be a noncommuting indeterminate and let � W R ! R

be a ring homomorphism. Suppose also that RŒŒX; ��� is the ring of skew power
series over R. [Hint: Example 2 in Section 1.3.]

(a) Show that RŒŒX; ��� is noncommutative even if R is commutative.

(b) If � W R! R is a ring isomorphism, show that S D ¹Xn j n is a nonnegative
integerº is a left and a right denominator set in RŒŒX; ���.

(c) If � W R ! R is a ring isomorphism, describe the rings S�1RŒŒX; ���
and RŒŒX; ���S�1 and show that S�1RŒŒX; ��� Š RŒŒX; ���S�1. The ring
RŒŒX; ���S�1, often denoted by RŒŒX;X�1; ���, is called the ring of skew Lau-
rent power series over R.

5. Let � W R ! R be an injective ring homomorphism, where R is an integral
domain. Prove that if R is a right Ore ring, then the skew polynomial ring
RŒX; �� is a right Ore ring. [Hint: Example 2 in Section 1.3.]

6. Let ı be a derivation on an integral domain R. Show that the differential poly-
nomial ring RŒX; ı� is a right Ore ring if and only if R is a right Ore ring. [Hint:
Example 9, Section 1.1.]

7. Common Denominator Property. If x1=s1; x2=s2; : : : ; xn=sn are in MS�1,
show that there are x01; x

0
2; : : : ; x

0
n 2M and an s 2 S such that x1=s1Cx2=s2C

� � � C xn=sn D .x
0
1 C x

0
2 C � � � C x

0
n/=s.

In the following exercises, R is a commutative ring and S is a multiplicative system
in R.

8. (a) Prove that the equivalence relation � defined on M � S in Lemma 8.2.2 is
equivalent to the relation � on M � S defined by .x; s/ � .y; t/ if and only if
there is a u 2 S such that .xt � ys/u D 0.

(b) Under the conditions of (a) show that the operations defined in Proposi-
tion 8.2.3 become

x=s C y=t D .xt C ys/=st and .x=s/.a=t/ D xa=st:

9. (a) If f W M ! N is an R-linear mapping, show that the mapping fS�1 W
MS�1 ! NS�1 defined by fS�1.x=s/ D f .x/=s is anRS�1-module homo-
morphism.

(b) If f W M1 ! M and g W M ! M2 are R-linear mappings, deduce that
.gf /S�1 D gS�1fS�1.
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(c) If M1 ! M ! M2 is exact, show that M1S
�1 ! MS�1 ! M2S

�1 is
exact. Conclude that if 0 ! M1 ! M ! M2 ! 0 is a short exact sequence
in ModR, then 0! M1S

�1 ! MS�1 ! M2S
�1 ! 0 is exact in ModRS�1

and that S�1 preserves monomorphisms and epimorphisms.
(d) Prove that S�1 W ModR ! ModRS�1 is a functor (which (e) shows to be
exact). Show also that if f; g 2 HomR.M;N /, then .f C g/S�1 D fS�1 C

gS�1 so that S�1 is an exact additive functor.

10. (a) If N is a submodule of M , show that NS�1 is a submodule of MS�1 and
that .M=N/S�1 Š .MS�1/=.NS�1/. [Hint: Consider .c/ of Exercise 9.]
(b) If N1 and N2 are submodules of M , show that .N1CN2/S�1 D N1S�1C
N2S

�1 and that .N1 \N2/S�1 D N1S�1 \N2S�1.
(c) Show that if M is a flat R-module, then MS�1 is a flat RS�1-module.
[Hint: Use (a) and Lemma 8.2.4.] Conclude that RS�1 is a flat RS�1-module
as well as a flat R-module.

11. (a) If I is an ideal of R, prove that IS�1 D ¹a=s j a 2 I , s 2 Sº is an ideal of
RS�1.
(b) Show that I is an ideal of RS�1 if and only if there is an ideal I of R such
that IS�1 D I . [Hint: Let I D R \ I .]
(c) Prove that the function p 7! pS�1 is a bijective function from the prime
ideals of R that are disjoint from S and the prime ideals of RS�1.[Hint: If p is
a prime ideal of RS�1, let p D R \ p.]
(d) Let p be a prime ideal of R. Show that Rp is a local ring with unique
maximal ideal pS�1.

12. If p is a prime ideal of R, then the module of quotients MS�1 of an R-module
M at S D R�p is often denoted byMp. With this notation in mind, prove that
the following are equivalent.
(a) M D 0.
(b) Mp D 0 for every prime ideal p of R.
(c) Mm D 0 for every maximal ideal m of R.
[Hint: For .c/) .a/, let x 2M , x ¤ 0, and suppose that m is a maximal ideal
that contains ann.x/. Consider x=1 in Mm and show that Mm ¤ 0.]

13. Show that if M and N are R-modules, then .M ˝R N/S�1 Š MS�1 ˝RS�1
NS�1.

14. Answer each of the following for an R-module M .
(a) If M is projective, then is MS�1 a projective RS�1-module?
(b) If M is free, then is MS�1 a free RS�1-module?
(c) IfM is finitely generated, then isMS�1 a finitely generatedRS�1-module?
(d) If M is finitely generated, then can it be said that MS�1 D 0 if and only if
there is an s 2 S such that Ms D 0‹

(e) IfM is finitely presented, then isMS�1 a finitely presented RS�1-module?
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8.3 Goldie’s Theorem

We now consider rings that have a semisimple classical ring of quotients.

Definition 8.3.1. An R-module M is said to be (Goldie) finite dimensional if M
does not contain an infinite collection of nonzero submodules whose sum is direct. If
R is finite dimensional as an R-module, then R is a (right) finite dimensional ring.
The right annihilator of a nonempty subset of M is called an annihilator right ideal
of R or simply a right annihilator. Annihilator left ideals have a similar definition.
If A1 � A2 � A3 � � � � is an ascending chain of right annihilators in R, then
we say that R satisfies the ascending chain condition on right annihilators if every
such ascending chain terminates. A finite dimensional ring that satisfies the ascending
chain condition on right annihilators is said to be a right Goldie ring.

The following lemmas play a central role in the development of conditions that are
necessary and sufficient for R to have a semisimple classical ring of quotients.

Lemma 8.3.2. If R is finite dimensional and a 2 R is such that annr.a/ D 0, then
aR is an essential right ideal of R.

Proof. If aR is not an essential right ideal of R, then there is a nonzero right ideal A
of R such that aR \A D 0. Since annr.a/ D 0, we claim that this gives a direct sum
A˚ aA˚ a2A˚ a3A˚ � � � of right ideals of R. Suppose that

an1b1 C a
n2b2 C � � � C a

nj bj D 0

is an element of A˚ aA˚ a2A˚ a3A˚ � � � , where n1 < n2 < � � � < nj . Then the
fact that annr.a/ D 0 gives

b1 C a
n2�n1b2 C � � � C a

nj�n1bj D 0:

Therefore, an2�n1b2 C � � � C anj�n1bj D �b1 2 aR \ A D 0 and we have b1 D 0.
Furthermore,

an2�n1b2 C � � � C a
nj�n1bj D 0

implies that an3�n2b3 C � � � C anj�n2bnj D �b2 2 aR \ A D 0. Thus, b2 D 0

and an3�n2b3 C � � � C anj�n2bnj D 0. Continuing in this way we finally arrive at
b1 D b2 D � � � D bj D 0, so the sum is direct. But R is finite dimensional, so we
have a contradiction. Hence, aR must be an essential right ideal of R:

Lemma 8.3.3. If R is semiprime and if R satisfies the ascending condition on right
annihilators, then R has no nonzero nil left ideals and no nonzero nil right ideals.
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Proof. LetA be a nil left ideal ofR. IfA has a nonzero element a, thenRa ¤ 0 is a nil
left ideal of R. Since R satisfies the ascending chain condition on right annihilators,
then by the Remark immediately preceding Proposition 4.2.5, the set A D ¹annr .b/ j
b 2 Ra; b ¤ 0º has a maximal element when ordered by inclusion. So suppose that
b 2 Ra; b ¤ 0, is such that annr.b/ is maximal in A: For each c 2 R, let k be
the index of nilpotency of cb 2 Ra. Then .cb/k D 0 and annr .b/ � annr..cb/k�1/.
Thus, annr .b/ D annr..cb/k�1/ by the maximality of annr.b/. Hence, cb 2 annr.b/,
so bcb D 0. Since c was chosen arbitrarily in R, bRb D 0 and since R is semiprime,
Proposition 6.2.20 indicates that b D 0, a contraction. Hence, A cannot have nonzero
elements, soA D 0. Thus,R has no nonzero nil left ideals. A similar argument shows
that R also has no nonzero nil right ideals.

Lemma 8.3.4. If M is an R-module, then

Z.M/ D ¹x 2M j annr.x/ is an essential right ideal of Rº

is a submodule of M and Z.RR/ is an ideal of R. Furthermore, if N is an essential
submodule of M and Z.N / D 0, then Z.M/ D 0 as well.

Proof. First, note that Z.M/ ¤ ¿ since annr.0/ D R is an essential right ideal of R.
If x; y 2 Z.M/, then annr.x/ \ annr.y/ � annr.x C y/ and annr.x/ \ annr .y/ is
an essential right ideal of R. Hence, annr.x C y/ is an essential right ideal of R, so
x C y 2 Z.M/: If x 2 Z.M/ and a 2 R, then we need to show that annr.xa/ is an
essential right ideal of R. Suppose that there is a nonzero right ideal A of R such that
annr.xa/\A D 0. Under this assumption, if b 2 A, b ¤ 0, then xab ¤ 0, so ab ¤ 0.
Therefore, aA is a nonzero right ideal of R. But annr.x/ is an essential right ideal of
R, so annr .x/ \ aA ¤ 0. Let c be an element of A such that ac ¤ 0 and xac D 0.
Then c 2 annr.xa/ \ A D 0, a contradiction. Thus, annr.xa/ is an essential right
ideal of R, so xa 2 Z.M/ and we have that Z.M/ is a submodule of M . Moreover,
Z.RR/ is an ideal of R since if b 2 R and a 2 Z.RR/, then annr.a/ � annr.ba/.

Finally, suppose that N is an essential submodule of M such that Z.N / D 0. If
Z.M/ ¤ 0, let 0 ¤ x 2 N \Z.M/. Then annr.x/ is an essential right ideal of R, so
x 2 Z.N / D 0, a contradiction. Hence, Z.M/ D 0:

Definition 8.3.5. The submodule Z.M/ is called the singular submodule of M and
Z.RR/ is the right singular ideal of R. If Z.M/ D 0, then M is said to be a nonsin-
gular module and if Z.M/ D M , then M is said to be singular. If Z.RR/ D 0, then
R is a right nonsingular ring. Left singularity and left nonsingularity have analogous
definitions.

Remark. Earlier it was pointed out that Osofsky proved that a ring R is semisimple
if and only if every cyclic R-module is injective. In Œ15�, Goodearl described the rings
over which every singular module is injective. Today these rings are called SI-rings.



272 Chapter 8 Rings and Modules of Quotients

Lemma 8.3.6. IfR satisfies the ascending chain condition on right annihilators, then
the right singular ideal of R is nilpotent.

Proof. Let Z D Z.RR/. If Z D 0, there is nothing to prove, so suppose Z ¤0 and
that Z is not nilpotent. If n 	 2 is an integer, then Zn ¤ 0, so there are nonzero
z 2 Z such that Zn�1z ¤ 0. Let A D ¹annr.z/ j z 2 Z and Zn�1z ¤ 0º. We claim
that A contains a maximal element. If annr.z1/ 2 A is not maximal, then there is
a z2 2 Z such that Zn�1z2 ¤ 0 and annr.z1/   annr.z2/. If annr .z2/ is not maximal
in A, then there is a z3 2 Z such that Zn�1z3 ¤ 0 and annr.z2/   annr.z3/ and so
on. Hence, if A does not contain a maximal element, then we can construct a strictly
increasing chain annr .z1/   annr.z2/   annr.z3/   � � � of right annihilators in R,
a clear contradiction. Thus, A contains a maximal element.

Now suppose that annr .a/ is a maximal element of A. For each z 2 Z, annr.z/
is essential in R, so annr.z/ \ aR ¤ 0. Hence, there is a b 2 R such that ab ¤ 0

and yet zab D 0. Therefore, we see that annr.a/   annr.za/, so it must be the case
that Zn�1za D 0. Since z was chosen arbitrarily in Z, we have Zna D 0. Hence,
annr.Zn�1/   annr.Zn/ for each integer n 	 2, so we have a strictly increasing
chain annr.Z1/   annr.Z2/   annr.Z3/   � � � of right annihilators in R. This
contradiction shows that Z must be nilpotent.

Lemma 8.3.7. The left annihilator of any nilpotent ideal of R is an essential right
ideal of R.

Proof. Suppose that n is a nilpotent ideal of R and let A be a right ideal of R such
that .ann`.n// \ A D 0. Then an ¤ 0 for each a 2 A, a ¤ 0. Let n be the index
of nilpotency of n and suppose that a is a nonzero element of A: Since an ¤ 0,
choose ab1 2 an to be such that ab1 ¤ 0. Then since ab1 2 A, ab1n ¤ 0, so
there must be a b2 2 n such that ab1b2 ¤ 0. Likewise, there is a b3 2 n such that
ab1b2b3 ¤ 0. Continuing in this way we finally arrive at ab1b2 � � � bn ¤ 0, where
b1; b2; : : : ; bn 2 n. This is a clear contradiction since b1b2 � � � bn D 0. Thus, such an
a cannot exist, so we have A D 0.

Sufficient mathematical machinery has now been developed for a proof of the main
result of this section known as Goldie’s theorem [57].

Proposition 8.3.8 (Goldie). The following are equivalent for a ring R.

(1) R is a semiprime right Goldie ring.

(2) A right ideal A of R is essential if and only A contains a regular element of R.

(3) R has a semisimple classical ring of quotients.
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Proof. .1/ ) .2/. Suppose that R is a semiprime right Goldie ring and let A be an
essential right ideal of R. Then A ¤ 0, so let

A D ¹annr.a/ j a 2 A and annr.a
2/   Rº:

If A D ¿, then annr.a2/ D R for each a 2 A which indicates that a2 D 0 for each
a 2 A. Thus, A is a nil right ideal of R which is impossible by Lemma 8.3.3. Hence,
A ¤ ¿, so since R satisfies the ascending chain condition on right annihilators, there
is a nonzero element a1 2 A such that annr.a1/ D annr.a21/. Indeed, the set A

has a maximal element, say annr .a1/. But annr.a1/ � annr.a21/, so annr.a1/ D
annr.a21/. Likewise, if

A1 D ¹annr.a/ j a 2 annr.a1/ \ A and annr .a
2/   Rº

and annr.a1/ \ A ¤ 0, then we can find a nonzero element a2 2 A1 such that
annr.a2/ D annr.a22/. Similarly, for each n 	 3, if

An�1 D ¹annr .a/ j a 2 annr.a1/ \ � � � \ annr.an�1/ \ A and annr.a
2/   Rº

and annr.a1/ \ � � � \ annr.an�1/ \ A ¤ 0, then there is an an 2 An�1 such that
annr.an/ D annr.a2n/. We claim that the sum a1R C a2R C � � � C anR is direct for
each n 	 1. The case for n D 1 is obvious, so suppose that the sum a1R C a2R C

� � � C an�1R, n 	 2, is direct and let

anbn D a1b1 C a2b2 C � � � C an�1bn�1 2 .a1RC a2RC � � � C an�1R/ \ anR:

By construction, ai 2 annr.a1/ \ annr.a2/ \ � � � \ annr.ai�1/, for each i such that
2 � i � n, so it follows that 0 D aiak whenever i < k, for k D 1; 2; : : : ; n. If the
equation

anbn D a1b1 C a2b2 C � � � C an�1bn�1

is multiplied through on the left, first by a1, then by a2 and finally by an�1, we get
b1 2 annr.a1/; b2 2 annr.a2/; : : : ; bn�1 2 annr.an�1/. Hence,

a1b1 C a2b2 C � � � C an�1bn�1 D 0;

so the sum a1RC a2RC � � � C anR is direct.
Since R is finite dimensional, the process just described must terminate. If it termi-

nates at the nth stage, then we have

annr.a1/ \ annr .a2/ \ � � � \ annr.an/ \ A D 0

which gives

annr.a1/ \ annr.a2/ \ � � � \ annr.an/ D 0
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since A is essential in R. Since the sum a1RC a2RC � � � C anR is direct, we have

annr.a1/ \ annr.a2/ \ � � � \ annr .an/ D annr.a1 C a2 C � � � C an/:

Therefore, if a D a1 C a2 C � � � C an, then we have found an element a 2 A

such that annr .a/ D 0. If we can now show that ann`.a/ D 0, then a will be
the desired regular element in A. First, note that since annr .a/ D 0, Lemma 8.3.2
shows that aR is an essential right ideal of R. If b 2 ann`.a/, then baR D 0, so
aR � annr.b/. Thus, annr.b/ is essential in R since aR is, so b 2 Z.RR/. Thus
ann`.a/ � Z.RR/. Lemma 8.3.4 and Lemma 8.3.6 show that Z.RR/ is a nilpotent
ideal of R, so Z.RR/ D 0 since a semiprime ring contains no nonzero nilpotent ide-
als. Hence, ann`.a/ D 0 and we can conclude that every essential right ideal of R
contains a regular element of R.

Conversely, suppose that A is a right ideal of R that contains a regular element,
say a. Then annr.a/ D 0, so using Lemma 8.3.2 again we see that aR is an essential
right ideal of R. Hence, aR � A implies that A is an essential right ideal of R.
.2/) .3/. The first step is to show that R is a right Ore ring. For this, let a; s 2 R

with s regular and set .sR W a/ D ¹r 2 R j ar 2 sRº. Since sR is an essential
right ideal ofR, it follows that .sR W a/ is essential inR. This means there is a regular
element t 2 .sR W a/ such that at D sb for some b 2 R. Thus, the right Ore condition
is satisfied and so R has a classical ring of quotients Qrcl.R/.

It remains to show that Qrcl.R/ is a semisimple ring. If A is an essential right ideal
of Qrcl.R/, then in view of Proposition 8.1.13, it follows that Ac , the contraction of A
to R, is an essential right ideal of R. Hence, Ac contains a regular element a of R.
But then for any regular element s of R, a=s is a unit of Qrcl.R/ and a=s 2 Ace , the
extension of Ac to Qrcl.R/. But from .3/ of Proposition 8.1.12 we see that A D Ace ,
and so A contains a unit of Qrcl.R/. Thus, A D Qrcl.R/ and so Qrcl.R/ has no proper
essential right ideals. Hence, by Corollary 6.4.6, Qrcl.R/ is a semisimple ring.
.3/ ) .1/. We now identify R with its canonical image in Qrcl.R/ and treat R as

a subring of Qr
cl.R/. So suppose that R has a semisimple classical ring of quotients

Qrcl.R/. If

A1 ˚ A2 ˚ A3 ˚ � � �

is an infinite direct sum of nonzero right ideals of R, then by .5/ of Proposition 8.1.12

Ae1 ˚ A
e
2 ˚ A

e
3 ˚ � � �

is an infinite direct sum of nonzero right ideals of Qrcl.R/. But Qrcl.R/ is semisimple,
so, by Corollary 6.4.12, we see that Qrcl.R/ is right noetherian. Thus, Qrcl.R/ is finite
dimensional, so there is a positive integer n such that Aem D 0 for each m 	 n. But
this gives Am D 0 for all m 	 n which means that R is finite dimensional. Next, let

annRr .S1/ � annRr .S2/ � annRr .S3/ � � � � (8.1)
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be an ascending chain of right annihilators in R, where each Si is a nonempty subset
of R. Then

ann
Qrcl.R/

`
.annRr .S1// � ann

Qrcl.R/

`
.annRr .S2// � ann

Qrcl.R/

`
.annRr .S3// � � � �

is a decreasing chain of left ideals inQrcl.R/ which must stabilize sinceQrcl.R/ is left
artinian. Therefore, the chain

R \ ann
Qrcl.R/

`
.annRr .S1// � R \ ann

Qrcl.R/

`
.annRr .S2//

� R \ ann
Qrcl.R/

`
.annRr .S3// � � � �

stabilizes, so it follows that the chain

annRr .R \ ann
Qrcl.R/

`
.annRr .S1/// � annRr .R \ ann

Qrcl.R/

`
.annRr .S2///

� annRr .R \ ann
Qrcl.R/

`
.annRr .S3/// � � � �

must stabilize too. But

annRr .Sn/ D annRr .R \ ann
Qrcl.R/

`
.annRr .Sn///;

for each integer n 	 1, so (8.1) stabilizes. Hence, R satisfies the ascending chain
condition on right annihilators and so R is a right Goldie ring.

Finally, to complete the proof, we need to prove that R is semiprime. Let n be
a nonzero nilpotent ideal of R. Then Lemma 8.3.7 shows that ann`.n/ is an essential
right ideal of R. But if ann`.n/ is an essential right ideal of R, then .ann`.n//e is an
essential right ideal of Qrcl.R/. Since Qrcl.R/ is semisimple, .ann`.n//e D Qrcl.R/

and so we have

1Qrcl.R/
D r1.a1=s1/C r2.a2=s2/C � � � C rn.an=sn/;

where ri 2 ann`.n/, ai 2 R and si is a regular element of R for i D 1; 2; : : : ; n.
Corollary 8.1.11 gives a regular element s of R such that .a1=s1/s; .a2=s2/s; : : : ;
.an=sn/s 2 R, so

sn � r1.a1=s1/snC r2.a2=s2/snC � � � C rn.an=sn/sn

� r1nC r2nC � � � C rnn D 0:

It follows that n D 0 which contradicts the assumption that n ¤ 0. Hence, R can
have no nonzero nilpotent ideals, so Proposition 6.2.27 shows that R is a semiprime
ring.
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We also have the following result due to Goldie Œ58� and Lesieur–Groisot Œ67�.

Corollary 8.3.9 (Goldie, Lesieur–Groisot). A ring R has a simple artinian classical
ring of quotients if and only if R is a prime right Goldie ring.

Proof. For this proof, we identify R with its canonical image '.R/ in Qrcl.R/ and
assume that R is a subring of Qrcl.R/. If R has a simple artinian ring of quotients
Qrcl.R/, then by Goldie’s theorem we need only show that R is prime. Let A and B
be ideals of R such that AB D 0. Then .BQrcl.R/A/ \ R is an ideal of R such that
.BQrcl.R/A\R/

2 D 0. But from Goldie’s theorem we know that R is semiprime, so
BQrcl.R/A \ R D 0. This gives BQrcl.R/A D 0, since RR is essential in Qrcl.R/R.
SinceQrcl.R/ is a simple ring,Qrcl.R/ is prime, so eitherBQrcl.R/ D 0 orQrcl.R/A D

0. Hence, either A D 0 or B D 0 and R is therefore prime.
Conversely, suppose that R is a prime right Goldie ring. Then R is a semiprime

right Goldie ring, soQrcl.R/ is semisimple and therefore artinian. Since a semisimple
prime ring is simple, we need only show thatQrcl.R/ is prime. IfI1 and I2 are ideals
of Qrcl.R/ such thatI1I2 D 0, then.I1 \ R/.I2 \ R/ D 0, so either I1 \ R D 0 or
I2 \ R D 0 since R is prime. Hence, either I1 D 0 or I2 D 0, since R is essential
in Qrcl.R/. Thus, Qrcl.R/ is a semisimple prime ring, so Qrcl.R/ is a simple artinian
ring.

Problem Set 8.3

1. (a) Prove that f .Z.M//�Z.M/ for anyR-moduleM and each f 2 EndR.M/.

(b) If ¹M˛º� is a family ofR-modules, deduce that Z.
L
�M˛/D

L
�Z.M˛/.

Suppose that N is a submodule of an R-module M and prove each of the fol-
lowing.

(c) Z.N / D N \Z.M/.

(d) If N is essential in M , then is Z.N / an essential submodule of Z.M/‹

2. (a) IfK is a field, show that the matrix ring
�
K K
0 K

�
is both left and right nonsin-

gular.

(b) Prove that the ring R D
�Z Z2
0 Z2

�
is right nonsingular but not left nonsingular.

[Hint: Let x D
�
0 Œ1�
0 0

�
and compute ann`.x/ and annr.x/.]

(c) Show that there are modules M such that Z.M=Z.M// ¤ 0. [Hint: For the
ring R of .b/, show that Z.RR/ D ¹0; xº. Next, show that Z.RR=Z.RR// D

¹0; x0º, where x0 D
�
0 0
0 Œ1�

�
CZ.RR/. Note that since .b/ was at hand, this was

used to give the result for left R-modules.]

(d) If Z.RR/ D 0, then Z.M=Z.M// D 0 for every R-module M . [Hint:
If x C Z.M/ 2 Z.M=Z.M/, then annr .x C Z.M// is an essential right ideal
ofR. Thus, .Z.M/ W x/ is an essential right ideal ofR such that x.Z.M/ W x/ �

Z.M/. If A is a right ideal of R. let a 2 A \ .Z.M/ W x/, a ¤ 0, consider
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xa 2 x.Z.M/ W x/ � Z.M/ and show that annr.x/ is an essential right ideal
of R.]

3. Determine if the following are equivalent for a ring R.

(a) Every R-module is nonsingular.

(b) Every left R-module is nonsingular.

(c) R is a semisimple ring.

[.a/, .c/, Hint: If A is a right ideal of R, show that R=.A˚Ac/ is a singular
right R-module, where Ac is a complement of A in R. Conversely, if R is
semisimple and x 2 Z.M/, then annr.x/ is an essential right ideal of R.]

4. Prove that every noetherian and every artinian R-module is finite-dimensional.

5. In each of the following, show that Q D Qrcl.R/.

(a) R D
�
Z Z
0 Z

�
and Q D

�Q Q
0 Q

�
.

(b) R D
�K KŒX�
0 KŒX�

�
and Q D

�K K.X/
0 K.X/

�
, where K is a field and K.X/ is the

field of fractions of the integral domain KŒX�.

6. Prove that aR is a nil right ideal of R if and only if Ra is a nil left ideal of
R. [Hint: Consider .ab/nC1 D a.ba/nb.] Conclude that R has no nonzero nil
right ideals if and only if R has no nonzero nil left ideals. Use this to complete
the proof of Lemma 8.3.3.

7. IfR is a semiprime (prime) right Goldie ring, then is eRe is a semiprime (prime)
right Goldie ring for a nonzero idempotent e of R‹

8.4 The Maximal Ring of Quotients

We will now develop a maximal (right) ring of quotients Qrmax.R/ of R. This ring
has the property that a ring of quotients RS�1 of R at S embeds in Qrmax.R/ when
R is S -torsion free, that is, when a 2 R and s 2 S is such that as D 0, then
a D 0. However, if R is not S -torsion free, there is no assurance that there is even
a nontrivial homomorphism from RS�1 to Qrmax.R/. So in general, a right ring of
quotients RS�1 is quite distinct from Qrmax.R/. Another distinction is that every ring
R has a maximal ring of quotients Qrmax.R/ in contrast to RS�1 which exists if and
only if S is a right denominator set in R.

Definition 8.4.1. An R-module N is said to be a rational extension of a submodule
M if for all x; y 2 N , y ¤ 0, there is an a 2 R such that xa 2 M and ya ¤ 0.
If R is a subring of a ring S , then S is a rational extension of R, if SR is a rational
extension of RR. Rational extensions of left R-modules are defined analogously.

One immediate consequence is that if N is a rational extension ofM , thenM is an
essential submodule of N .
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Lemma 8.4.2. The following are equivalent for an R-module M .

(1) N is a rational extension of M .

(2) If N 0 is a submodule of N containing M and f W N 0 ! N is an R-linear
mapping such that f .M/ D 0, then f D 0.

Proof. .1/ ) .2/. Let N be a rational extension of M , suppose that N 0 is a sub-
module of N containing M and let f W N 0 ! N be an R-linear mapping such
that f .M/ D 0. If f ¤ 0, then there is an x 2 N 0 such that f .x/ ¤ 0. Thus,
x; f .x/ 2 N with f .x/ ¤ 0, so there is an a 2 R such that xa 2M and f .x/a ¤ 0.
But f .x/a D f .xa/ D 0 gives a contradiction, so f D 0.
.2/ ) .1/. Let x; y 2 N , y ¤ 0 and suppose that y.M W x/ D 0, where

.M W x/ D ¹a 2 R j xa 2 M º. If N 0 D M C xR, then f W N 0 ! N given
by f .x 0 C xa/ D ya is a well-defined R-linear map such that f .M/ D 0. Hence,
f D 0, so 0 D f .x/ D y. This contradiction shows that y.M W x/ ¤ 0, so N is
a rational extension of M .

Examples

1. The motivation for the concept of a rational extension is probably due to the fact
that the field of rational numbers as a Z-module is a rational extension of the
ring of integers viewed as a Z-module. Indeed, if p=q; s=t 2 QZ, s=t ¤ 0,
then .p=q/q 2 Z and .s=t/q ¤ 0.

2. If S is a right denominator set in R and R is S -torsion free, then RS�1 is
a rational extension of R and the canonical map a 7! a=1 from R to RS�1 is
an injection. Hence, we can consider R to be a subring of RS�1 by identifying
a with a=1 for each a 2 R. Now let a=s; b=t 2 RS�1 with b=t ¤ 0. If
.c; u/ 2 R � S is such that sc D tu 2 S , then .a=s/.sc/ D ac 2 R and
.b=t/.tu/ D bu ¤ 0 since u 2 S and R is S -torsion free. In particular, if R is
a right Ore ring, then Qrcl.R/ is a rational extension of R.

Definition 8.4.3. If M is an R-module, then a rational extension 
.M/ of M is said
to be a maximal rational extension of M if whenever N is a rational extension of M ,
there is a unique monomorphism f W N ! 
.M/ such that the diagram

N

M

iN �


.M/

f

�i�.M/

�

is commutative, where iN and i�.M/ are canonical injections.
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The proof of the following lemma is left as an exercise.

Lemma 8.4.4. The following are equivalent for an R-module M .

(1) 
.M/ is a maximal rational extension of M .

(2) If the rational extensions of M are ordered by inclusion and N is a rational
extension of M that contains 
.M/, then 
.M/ D N .

Proposition 8.4.5. If M is an R-module, E.M/ is an injective envelope of M and
� D ¹h 2 EndR.E.M// j h.M/ D 0º, then


.M/ D
\

�

Ker h

is a maximal rational extension of M .

Proof. Let M be an R-module and suppose that E.M/, � and 
.M/ are as stated in
the proposition. Then 
.M/ is a submodule of E.M/ containing M , so suppose that
N is a submodule of 
.M/ containing M . If h W N ! 
.M/ � E.M/ is an R-linear
mapping such that h.M/ D 0, then h can be extended to an h0 2 EndR.E.M// and
h0 2 �. Hence, 
.M/ � Ker h0, so h D 0. Thus, Lemma 8.4.2 shows that 
.M/ is
a rational extension of M .

Next, we claim that 
.M/ contains every rational extension N of M that is con-
tained in E.M/. If N is a rational extension of M contained in E.M/ and N ª

.M/, then there is an h 2 � such that h.N / ¤ 0. Let N 0 D ¹x 2 N j h.x/ 2 M º.
Since M is essential in E.M/, M \ h.N / ¤ 0, so h.N 0/ ¤ 0. Now N 0 is a sub-
module of N containing M and h0 W N 0 ! N defined by h0.x/ D h.x/ is such that
h0.M/ D 0. Hence, we must have h0 D 0, since N is a rational extension of M . This
gives h.N 0/ D 0, a contradiction which shows that if h 2 �, then h.N / D 0. It now
follows easily that N � 
.M/.

Now suppose that N is a rational extension of M not necessarily contained in
E.M/. Using the injectivity of E.M/, we see that there is an R-linear mapping
h W N ! E.M/ such that the diagram

0 � M
iN � N

E.M/

iE.M/

�
h

�

is commutative, where iN and iE.M/ are canonical injections. First, h is an injection
for if x 2M \Ker h, then x D iE.M/.x/ D hiN .x/ D h.x/ D 0. Hence, Ker h D 0,
since M is essential in N . The next step is to show that h.N / is a rational extension
of M . Clearly M � h.N /, so let h.x/, h.y/ 2 h.N /, h.y/ ¤ 0, where x; y 2 N and
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y ¤ 0. Since N is a rational extension of M , there is an a 2 R such that xa 2 M
and ya ¤ 0. But h is the identity map on M , so we have h.x/a D h.xa/ D xa 2M
and h.y/a D h.ya/ ¤ 0. Thus, h.N / is a rational extension of M . But we have just
seen that 
.M/ contains every rational extension of M that is contained in E.M/.
Therefore, h.N / � 
.M/, so the diagram

0 � M
iN � N


.M/

i�.M/

�
h

�

is commutative.
Next, we show that the injective mapping h W N ! 
.M/ is unique. Suppose that

h0 W N ! 
.M/ also makes the diagram commute. Then .h � h0/.M/ D 0, so if
g W h0.N /! 
.M/ is such that g.h0.x// D h0.x/ � h.x/, then g.M/ D 0 and so (2)
of Lemma 8.4.2 shows that g D 0. Therefore, h0 D h and we have that h is unique.
Thus, 
.M/ is a maximal rational extension of M:

Corollary 8.4.6. If 
.M/ is a maximal rational extension of M , then 
.M/ is unique
up to isomorphism via an R-linear mapping that extends the identity on M .

Proof. This follows immediately since the existence of the unique R-linear map h W
N ! 
.M/ for each rational extension N of M shows that i�.M/ W M ! 
.M/,
where i�.M/ is the canonical injection, has the universal mapping property. So an
appropriate category can be constructed that has i�.M/ WM ! 
.M/ as a final object.

We can conclude from Proposition 8.4.5 and its corollary that every module has
a maximal rational extension that is unique up to isomorphism.

Remark. LetM be anR-module and suppose thatH D EndR.E.M//. ThenE.M/

is an .H;R/-bimodule and the maximal rational extension of M is given by 
.M/ D

annE.M/
r .annH

`
.M//. This follows since

annH` .M/ D ¹h 2 H j h.M/ D 0º; so

annE.M/
r .annH` .M// D ¹x 2 E.M/ j h.x/ D 0 for all h 2 annH` .M/º

D
\

�

Ker h; where � D ¹h 2 H j h.M/ D 0º;

D 
.M/:
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Definition 8.4.7. If D is a right ideal of R and if R is a rational extension of D as an
R-module, then we say thatD is a dense right ideal ofR. IfR is a subring of a ringQ,
then Q is said to be a general right ring of quotients of R if Q is a rational extension
of R as an R-module. The modifier “right” will be omitted with the understanding
that general ring of quotients means a general right ring of quotients.

Examples

3. If ¹R˛º� is an arbitrary family of rings, then
L
�R˛ is a dense left ideal and

a dense right ideal of the ring direct product
Q
�R˛.

4. An ideal I of R is a dense right ideal of R if and only if ann`.I / D 0. With

this in mind it is easy to show that the ideal I D
� Œ0� Œ4�Z8
Œ0� Z8

�
of the matrix ring

R D
�Z8 Œ4�Z8
Œ0� Z8

�
is not a dense right ideal of R.

Lemma 8.4.8. The following hold in any ring R.

(1) If D is a dense right ideal of R, then D is essential in R.

(2) If ¹DºniD2 is a family of dense right ideals of R, then
Tn
iD2Di is a dense right

ideal of R for each integer n 	 2.

(3) If Q is a general ring of quotients of R, then .R W q/ D ¹a 2 R j qa 2 Rº is
a dense right ideal of R for each q 2 Q.

(4) If Z.RR/ D 0 and A is essential in R, then A is dense in R.

Proof. .1/ Let D be dense in R and suppose that A is a nonzero right ideal of R. If
a 2 A, a ¤ 0, then, since R is a rational extension of D, there is a b 2 R such that
ab 2 D, ab ¤ 0. Hence, 0 ¤ ab 2 D \ A.
.2/ If n D 2, then we need to show thatD1\D2 is dense inR. If a; a0 2 R, a0 ¤ 0,

then since D1 is dense in R, there is a b 2 R such that ab 2 D1 and a0b ¤ 0. But
D2 is also dense in R, so there is a c 2 R such that abc 2 D2 and a0bc ¤ 0. Hence,
we have found an element bc 2 R such that a.bc/ 2 D1 \ D2 and a0.bc/ ¤ 0,
so D1 \ D2 is dense in R. Now suppose that

Tn
iD2Di is dense in R and consider

TnC1
iD2 Di . Since

TnC1
iD2 Di D .

Tn
iD2Di /\DnC1, it follows from the case for n D 2

that
TnC1
iD2 Di is dense in R. Hence, the result follows by induction.

.3/ Suppose that Q is a general ring of quotients of R. If q 2 Q, then we need
to show that .R W q/ is dense in R. If a; b 2 R, b ¤ 0, then qa; b 2 Q, so there is
a c 2 R such that qac 2 R and bc ¤ 0. Hence, ac 2 .R W q/ and bc ¤ 0.
.4/ Suppose that Z.RR/ D 0 and let A be an essential right ideal of R. If a; b 2 R,

b ¤ 0, then .A W a/ is essential inR. However, annr.b/ cannot be essential in R since
Z.RR/ D 0. It follows that .A W a/ ª annr.b/, so there is an c 2 .A W a/ such that
c … annr.b/. Hence, ac 2 A and bc ¤ 0, so R is a rational extension of A:

Parts (1) and (4) of the proposition above show that for a right nonsingular ring, the
notions of “essential” and “dense” are equivalent.
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Example

5. If S is a right denominator set in R and R is S -torsion free, then Example 2
shows that RS�1 is a general ring of quotients of R as is Qrcl.R/ when R is
a right Ore ring.

Remark. If Q is a general ring of quotients of R, note that the elements of Q may
not be fractions in the same sense that the elements a=s 2 RS�1 are fractions.

We saw in the opening remarks of Section 6.5 that if M is an R-module and
H D EndR.M/, then M is an .H;R/-bimodule and there is a canonical ring homo-
morphism ' W R ! EndH .M/ given by '.a/ D fa, where fa W HM ! HM is
such that .x/fa D xa for all x 2M . Moreover, ' is an injective ring homomorphism
when M is faithful. So since E.RR/ is a faithful R-module, we have an embedding
' W R! EndH .E.RR//.

We promised earlier to develop a maximal general ring of quotients. This begins
with the next proposition.

Proposition 8.4.9. There is a ring Q and a canonical ring embedding ' W R ! Q

such that if R is identified with its image in Q, then QR is a maximal rational exten-
sion of RR.

Proof. LetE.R/ be an injective envelope ofRR, suppose thatH D EndR.E.R// and
let Q D EndH .E.R//. Then E.R/ is an .H;R/-bimodule and an .H;Q/-bimodule.
The remarks immediately proceeding the statement of the proposition show that the
canonical ring homomorphism ' W R ! Q is an embedding, so we can consider R
to be a subring of Q. The proof will be complete if we can show that Q Š 
.R/ as
R-modules. First, note that if q 2 Q, then .1R/q 2 E.R/, so let � W Q ! E.R/

be given by �.q/ D .1R/q. We claim that � is an isomorphism from Q to 
.R/.
This map is clearly well defined and R-linear, so it remains only to show that it is
a bijection.
� is an injection: If x 2 E.R/, then gx W R ! E.R/ such that gx.a/ D xa is an

R-linear mapping that can be extended to anR-linear mapping hx 2 H . If q 2 Ker�,
then .1R/q D 0, so 0 D hx..1R/q/ D .hx.1R//q D .x/q. Since this is true for each
x 2 E.R/, we have q D 0 and so Ker� D 0.

Im� � 
.R/: From the Remark immediately following Corollary 8.4.6, the max-
imal rational extension 
.R/ of R is given by 
.R/ D annE.R/r .annH

`
.R//. Now let

.1R/q 2 Im� and note that h 2 annH
`
.R/ if and only if h.R/ D 0 which in turn is

true if and only if h.1R/ D 0. For such an h, we see that 0 D .h.1R//q D h..1R/q/,
so .1R/q 2 annE.R/r .annH

`
.R// D 
.R/.

� is surjective: If Nx 2 
.R/, then we need to find a q 2 Q such that �.q/ D
.1R/q D Nx. Define q W HE.R/ ! HE.R/ by .h.1R//q D h. Nx/. The domain of q
is E.R/ since we have previously seen that for each x 2 E.R/, there is an hx 2 H
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such that hx.1R/ D x. Furthermore, the map q is clearly H -linear. Note also that
h.1R/ D 0 implies that h.R/ D 0 which in turn gives h.
.R// D 0 since 
.R/ is a
rational extension of R. Hence, h. Nx/ D 0; so q is well defined. If h D idE.R/, then it
follows that .1R/q D Nx, so � is surjective.

Definition 8.4.10. The ringQ D EndH .E.R// is a maximal general ring of quotients
of R that will be denoted by Qrmax.R/. We will refer to Qrmax.R/ as a complete ring
of quotients of R.

The following proposition shows that ' W R! Qrmax.R/ has the universal mapping
property.

Proposition 8.4.11. If Q is a general ring of quotients of R, then there is a unique
injective ring homomorphism h W Q! Qrmax.R/ such that the diagram

Q

R

iQ �

Qrmax.R/

h

�'
�

is commutative, where iQ and ' are the canonical ring embeddings.

Proof. Note first that iQ and ' are R-linear mappings. SinceQrmax.R/R is a maximal
rational extension of RR, there is a unique R-linear injection h W Q! Qrmax.R/ that
will render the diagram

Q

R

iQ �

Qrmax.R/

h

�'
�

commutative. We claim that h is a ring homomorphism. Let q; q0 2 Q and
consider the R-linear mapping g W Qrmax.R/ ! Qrmax.R/ given by g.x/ D

.h.qq0/ � h.q/h.q0//x. If a 2 .R W q0/ D ¹a 2 R j q0a 2 Rº, then

g.a/ D h.qq0/a � h.q/h.q0/a

D h.qq0a/ � h.q/h.q0a/

D h.q/q0a � h.q/h.1R/q
0a

D h.q/q0a � h.q/q0a

D 0:
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ButQ is a rational extension ofR, so by (3) of Lemma 8.4.8, R is a rational extension
of .R W q0/. This means that g.R/ D 0 which in turn gives g D 0. In particular,
g.1R/ D 0, so h.qq0/ D h.q/h.q0/.

Corollary 8.4.12. The complete ring of quotients Qrmax.R/ of R is unique up to ring
isomorphism via a ring homomorphism that extends the identity map on R.

Proof. It is easy to show that ' W R ! Qrmax.R/ is a final object in an appropriately
defined category.

Corollary 8.4.13. If Qrcl.R/ exists, then there is a unique injective ring homomorph-
ism f W Qrcl.R/! Qrmax.R/ such that f jR D idR.

Example

6. If S is a right denominator set in R and R is S -torsion free, then RS�1 is
a general ring of quotients of R, so RS�1 embeds in Qrmax.R/. If we identify
RS�1 with its image in Qrmax.R/, then we can consider RS�1 to be a subring
of Qrmax.R/. In particular, if R is a right Ore ring, then Qrcl.R/ can be viewed
as a subring of Qrmax.R/.

A complete left ring of quotients of R, denoted by Q`max.R/, can be developed in
a similar fashion by beginning with the injective envelope of the left R-module RR.

There is a connection between right nonsingular rings and rings that have a regu-
lar complete ring of quotients. To establish this connection, we need the following
proposition. Recall that J.R/ denotes the Jacobson radical of a ring R.

Proposition 8.4.14. If M is an injective R-module and H D EndR.M/, then

(1) J.H/ D ¹h 2 H j Ker h is an essential submodule of M º,

(2) H=J.H/ is a regular ring, and

(3) idempotents of H=J.H/ can be lifted to H .

Proof. First, we prove .1/ and .2/. Let I D ¹h 2 H j Ker h is an essential submodule
of M º. If h 2 H , then we claim there is an element f 2 H such that h � hf h 2 I .
If Kc is a complement of Ker h, then Kerh ˚ Kc is an essential submodule of M .
Consider the mapping g W h.Kc/ ! Kc defined by g.h.x// D x. If h.x/ D h.y/,
x; y 2 Kc , then x � y 2 Ker h \ Kc D 0, so x D y. Thus, g is a well-defined
mapping that is easily shown to be R-linear. Hence, g can be extended to an R-linear
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mapping f 2 H . If x C y 2 Ker h˚Kc , then

.h � hf h/.x C y/ D h.x C y/ � hf h.x C y/

D h.y/ � hf h.y/

D h.y/ � h.y/

D 0:

Therefore, h � hf h 2 I since Ker h˚Kc is an essential submodule of M .
The proof of .1/ and .2/ will be complete if we can show that J.H/ D I . If

h 2 I and f 2 H , then Ker h � Ker f h, so Kerf h is an essential submodule of M .
But Ker f h \ Ker.idM � f h/ D 0 and so we have Ker.idM � f h/ D 0. Hence,
idM � f h is an injective mapping and the injectivity of M can be used to produce
a left inverse of idM � f h in H . Therefore, by (3) of Proposition 6.1.8, h 2 J.H/
and so I � J.H/.

Conversely, if h 2 J.H/, then we have seen in the first paragraph of this proof
that there is an f 2 H such that h � hf h 2 I . But J.H/ is an ideal of H , so
hf 2 J.H/. Part (3) of Proposition 6.1.7 indicates that idM � hf has an inverse
in H , so .idM � hf /�1.h � hf h/ D .idM � hf /�1.idM � hf /h D h. If I is a left
ideal of H , then h 2 I and we will have J.H/ � I . But I is a left ideal of H , since
if h; h0 2 I and f 2 H , then

Ker.hC h0/ � Ker h \ Ker h0 and Ker.f h/ � Ker h:

Therefore, I D J.H/ and so

hC J.H/ D hf hC J.H/ D .hC J.H//.f C J.H//.hC J.H//:

Thus, H=J.H/ is a regular ring.
.3/ Suppose that e C J.H/ is an idempotent of H=J.H/. Then e � e2 2 J.H/,

so K D Ker.e � e2/ is an essential submodule of M . Since E.eK/ embeds in M ,
we can consider E.eK/ to be a submodule of M , so that E.eK/ is a direct summand
of M . Thus, there is an idempotent endomorphism h 2 H such that hM D E.eK/.
Since h is the identity map on eK, we see that .he � e/K D 0. But this gives K �
Ker.he � e/ and so it follows that he � e 2 J.H/. Hence, heC J.H/ D eC J.H/.
If f D hC he.idM � h/, then hf D f , f h D h and f 2 D f . In particular, f is an
idempotent in H .

Finally, letK0 D .idM �h/M C eK. ThenK 0 is an essential submodule ofM and
.f � he/K 0 D 0, so Ker.f � he/ is essential in M . Therefore, f � he 2 J.H/ and
we have f C J.H/ D he C J.H/ D e C J.H/. Hence, f lifts e C J.H/ to H .
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Proposition 8.4.15. The following are equivalent for any ring R.

(1) R is right nonsingular.

(2) H D EndR.E.R// is Jacobson semisimple.

(3) Qrmax.R/ is a regular ring.

Proof. .1/ , .2/. Suppose that Z.RR/ D 0 and let h 2 J.H/. Then, by Propo-
sition 8.4.14, Ker h is an essential submodule of E.R/. But Z.RR/ D 0 and Lem-
ma 8.3.4 shows that Z.E.R// D 0. Hence, E.R/ is a rational extension of Kerh.
Since h.Ker h/ D 0, (2) of Lemma 8.4.2 gives h D 0. Therefore, J.H/ D 0, so H is
Jacobson semisimple. Conversely, suppose that J.H/ D 0 and let a 2 Z.RR/, a ¤ 0.
Then annr .a/ is an essential right ideal ofR. TheR-linear mapping f W R! R given
by f .b/ D ab can be extended to an R-linear mapping h W E.R/ ! E.R/. Since
annr.a/ D Ker f � Ker h, Ker h is an essential submodule ofE.R/. Thus, by Propo-
sition 8.4.14, h 2 J.H/ D 0, so we see that annr.a/ D 0, a contradiction. Hence,
Z.RR/ D 0.
.2/ ) .3/. If J.H/ D 0, then because of the equivalence of .1/ and .2/,

Z.RR/ D 0. But this gives Z.E.R// D 0, so it follows that E.R/ is a rational
extension of R. Thus, there is an injective R-linear mapping f W E.R/ ! Qrmax.R/

that extends the identity mapping on R. Hence, R � f .E.R// � Qrmax.R/. But
f .E.R// is an injective R-module, so there is an R-submodule N of Qrmax.R/ such
that N ˚ f .E.R// D Qrmax.R/. Since R is an essential R-submodule of Qrmax.R/

and since R\N D 0, we have N D 0. Therefore, f .E.R// D Qrmax.R/ and we can
identify the R-modules E.R/ and f .E.R//, so that RR � E.R/R D Qrmax.R/R.
It follows that the ring operations on Qrmax.R/ induce ring operations on E.R/ that
extend the ring operations on R. Hence, E.R/ is a complete ring of quotients of R
when Z.RR/ D 0.

Finally, we claim thatH and E.R/ are isomorphic rings. As in the proof of Propo-
sition 8.4.9, for each x 2 E.R/, there is an hx 2 H such that hx.1R/ D x. If h 2 H
is also such that h.1R/ D x, then .h � hx/.1R/ D 0 implies that .h � hx/.R/ D 0.
But E.R/ is a rational extension of R, so h D hx . Thus, hx is uniquely determined
by x. Now define  W E.R/ ! H by  .x/ D hx . It is easy to show that  is
an R-linear isomorphism, so H is also a complete ring of quotients R. Part (2) of
Proposition 8.4.14 indicates that Qrmax.R/ is a regular ring.
.3/) .1/. Suppose that Qrmax.R/ is a regular ring. For each a 2 R � Qrmax.R/,

a ¤ 0, there is an q 2 Qrmax.R/ such that a D aqa, so e D qa is a nonzero

idempotent element of Qrmax.R/. Now ann
Qrmax.R/
r .e/ D .1Qrmax.R/

� e/Qrmax.R/ and

R \ ann
Qrmax.R/
r .e/ D annRr .e/. Since RR is an essential submodule of Qrmax.R/R,

we have R \ .eQrmax.R// ¤ 0. This gives

R \ .eQrmax.R// \ annRr .e/ � eQ
r
max.R/ \ .1Qrmax.R/

� e/Qrmax.R/ D 0;
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so annRr .e/ is not an essential right ideal of R. Since annRr .a/ � annRr .e/, we have
a … Z.RR/, so Z.RR/ D 0:

Goldie’s theorem gives the necessary and sufficient conditions on R that will en-
sure that Qrcl.R/ exists and that Qrcl.R/ is a semisimple ring. We will now develop
a condition on R that is sufficient to give Qrcl.R/ D Qrmax.R/, whenever Qrcl.R/

exists.

Proposition 8.4.16. If R is a right Ore ring and every dense right ideal of R contains
a regular element of R, then Qrcl.R/ D Q

r
max.R/.

Proof. It suffices to show that if q 2 Qrmax.R/, then q D a=s for some a in R and
some regular element s of R. Since RR is dense in Qrmax.R/R, we have, by (3) of
Lemma 8.4.8, that .R W q/ is a dense right ideal of R. Therefore, .R W q/ contains
a regular element of R, say s. If a D qs, then q D a=s 2 Qrcl.R/, so we have the
result.

Corollary 8.4.17. If R is a semiprime right Goldie ring, then Qrmax.R/ is a semisim-
ple ring and, in fact, Qrmax.R/ D Q

r
cl.R/.

Proof. If R is a semiprime right Goldie ring, then in view of the proposition and (2)
of Goldie’s theorem, Proposition 8.3.8, we have Qrcl.R/ D Qrmax.R/ . The fact that
Qrmax.R/ is a semisimple ring is .3/ of Goldie’s theorem.

Goldie’s theorem gives necessary and sufficient conditions forR to have a semisim-
ple classical quotient ring. Our goal now is to develop necessary and sufficient con-
ditions on R in order for Qrmax.R/ to be semisimple even if Qrcl.R/ fails to exist. For
this we need the concept of a uniform module.

Definition 8.4.18. A nonzeroR-moduleM with the property that every nonzero sub-
module is essential in M is said to be a uniform module.

Recall that an R-module M is indecomposable if M cannot be written as a direct
sum of nonzero submodules. It follows easily that the following implications hold for
an R-module M .

simple ) uniform ) indecomposable

and

injective C indecomposable ) uniform.
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We now need the following lemma.

Lemma 8.4.19. The following are equivalent for any R-module M .

(1) M is uniform.

(2) Any two nonzero submodules of M have nonzero intersection.

(3) The injective envelope of M is indecomposable.

(4) Every nonzero submodule of M is indecomposable.

Proof. The equivalence of .1/ and .2/ is a direct consequence of the definition of
a uniform module.
.2/ ) .3/. Let E.M/ be an injective envelope of M . If E1 and E2 are nonzero

submodules of E.M/ such that E.M/ D E1 ˚ E2, then N1 D M \ E1 ¤ 0 and
N2 D M \ E2 ¤ 0, since M is an essential submodule of E.M/. But this gives
N1 \N2 D 0 which contradicts .2/.
.3/) .4/. Let N be a nonzero submodule of M that has nonzero submodules N1

and N2 such that N D N1 ˚ N1. If Nc is a complement of N in M , then N ˚ Nc
is an essential submodule of M , so, by Proposition 7.1.5, E.M/ D E.N ˚ Nc/ D

E.N/ ˚ E.Nc/. Therefore, E.Nc/ D 0, since E.M/ is indecomposable. But this
gives Nc D 0 and so we have E.M/ D E.N/ D E.N1/ ˚ E.N2/. Hence, either
E.N1/ or E.N2/ is zero, so either N1 or N2 is zero, and we have that N is indecom-
posable.
.4/ ) .2/. If (2) does not hold, then there exist nonzero submodules N1 and N2

of M such that N1 \ N2 D 0. But then the nonzero submodule N1 ˚ N2 is not
indecomposable, a contradiction.

Lemma 8.4.20. If M is a finite dimensional nonzero R-module, then M contains
a uniform submodule.

Proof. Suppose thatM does not contain a uniform submodule. Then ifN is a nonzero
submodule of M , then N is not uniform, so there must exist nonzero submodules
N1 and N 02 of N such that N1 \ N 02 D 0. Thus, we have a direct sum N1 ˚ N

0
2

and N 02 cannot be uniform. If N2 and N 03 are nonzero submodules of N 02 such that
N2 \N

0
3 D 0, then we have a direct sum N1 ˚N2 ˚N

0
3 and N 03 cannot be uniform.

Continuing in this way, we can construct an infinite direct sum N1 ˚N2 ˚N3 ˚ � � �

which implies that M is not finite dimensional.

Proposition 8.4.21. The following are equivalent for an R-module M .

(1) M is finite dimensional.

(2) M contains an essential submodule of the form N1 ˚ N2 ˚ � � � ˚ Nn, where
each Ni is uniform.

(3) The injective envelope ofM is a direct sum of a finite number of indecomposable
R-modules.
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Proof. .1/) .2/. By Lemma 8.4.20, M contains a uniform submodule N1. If N1 is
essential inM , then we are done. If N1 is not essential inM , let Nc be a complement
of N1 in M . Then N1 ˚ Nc is essential in M , so if Nc is uniform, then we are
finished. If Nc is not uniform, then Nc contains a uniform submodule, say N2. If
N1 ˚ N2 is essential in M , then the proof is complete. If N1 ˚ N2 is not essential
in M , let N 0c be a complement in M of N1 ˚ N2. Then N1 ˚ N2 ˚ N 0c is essential
in M . If N 0c is uniform, then N1 ˚N2 ˚N 0c is the desired submodule of M . If N 0c is
not uniform, then N 0c contains a uniform submodule N3 and the sum N1 ˚N2 ˚N3
is direct. Since M is finite dimensional, this process cannot be continued forever, so
we must eventually arrive at a submodule N1˚N2˚ � � � ˚Nn that is essential in M ,
where each Nk is uniform.
.2/) .3/. Let N1˚N2˚ � � � ˚Nn be an essential submodule ofM such that Nk

is uniform for k D 1; 2; : : : ; n. Then in view of of Proposition 7.1.5, it follows that

E.M/ D E.N1 ˚N2 ˚ � � � ˚Nn/ D E.N1/˚E.N2/˚ � � � ˚E.Nn/:

Furthermore, since each Nk is uniform, Lemma 8.4.19 shows that each E.Nk/ is
indecomposable.
.3/ ) .1/. Suppose that E.M/ D

Ln
kD1Ek , where each Ek is an indecom-

posable (and necessarily injective) R-module. If M is not finite dimensional, then
there is an infinite family ¹N˛º� of nonzero submodules of M whose sum is direct.
Clearly we can assume that � D N. Moreover, we can assume that

L
N Nk is essen-

tial in M . If not and Nc is a complement in M of
L

N Nk , then Nc ˚ .
L

N Nk/ is
essential in M , so by reindexing we can produce a collection of nonzero submodules
of M such that

L
N N

0
k

is essential in M . Proposition 7.1.5 now gives

M

N

E.Nk/ � E.
M

N

Nk/ D

nM

kD1

Ek :

Therefore, the injective R-module E.Nk/ is a direct summand of
Ln
kD1Ek , for k D

1; 2; 3; : : : . But each Ek is indecomposable, so it follows that each E.Nk/ is a direct
sum of some of the Ek . Hence, only a finite number of the E.Nk/ can be distinct.
Since the sum

L
N E.Nk/ is direct, this means that E.Nk/ D 0 for almost all k and

this in turn gives Nk D 0 for almost all k. This contradiction means that M must be
finite dimensional.

Recall that a nonzero idempotent e of R is said to be a primitive idempotent if e
cannot be written as e D f C g, where f and g are nonzero orthogonal idempotents
of R and that an idempotent e of R is a local idempotent if eRe is a local ring. We
have previously seen that (1) if e is a local idempotent of R, then e is primitive and
(2) if e is a primitive idempotent of R, then e C I is primitive in R=I for any ideal I
of R such that I � J.R/.
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Remark. If R is a regular ring and e is a primitive idempotent of R, then eR is
a minimal right ideal of R. To see this, suppose that A � eR, where A is a right
ideal of R. If a 2 A, a ¤ 0, then since R is a regular ring, there is an idempotent
f 2 R such that fR D aR � eR: Now R D fR ˚ .1 � f /R, so the modular law
(Example 10 in Section 1.4) gives eR D fR˚ ŒeR\ .1�f /R�. But e is primitive, so
eR is indecomposable. Hence, eR\ .1�f /R D 0 and so eR D fR. Thus, A D eR;
so eR is a minimal right ideal of R.

To prove the next proposition, we need the following lemma.

Lemma 8.4.22. If M is an indecomposable injective R-module, then EndR.M/ is
a local ring.

Proof. Let f 2 EndR.M/ be a nonunit in EndR.M/. If Ker f D 0; then f .M/  
M and f .M/ Š M indicates that f .M/ is an injective submodule of M . Hence,
M D f .M/ ˚ N for some submodule N of M . But M is indecomposable and
so N D 0. Thus, M D f .M/ which means that f is a bijection and so f unit in
EndR.M/, a contradiction. Thus, Ker f ¤ 0. Likewise, if g 2 EndR.M/ is also
a nonunit in EndR.M/, then Kerg ¤ 0. Since M is injective and indecomposable,
M is uniform. Hence, we have 0 ¤ Ker f \ Kerg � Ker.f C g/ and so f C g is
not a unit in HomR.M/. With this at hand, Proposition 7.2.11 shows that EndR.M/

is a division ring. Consequently, EndR.M/ is a local ring.

Proposition 8.4.23. If M is a finite dimensional injective R-module, then H D

EndR.M/ is a semiperfect ring.

Proof. If M is finite dimensional, then, by Proposition 8.4.21, we see that M DLn
kD1Ek , where each Ek is an indecomposable injective R-module. It follows

that H Š
Ln
kD1 EndR.Ek/ and since each Ek is injective and indecomposable,

Lemma 8.4.22 shows that each EndR.Ek/ is a local ring. Hence, there is a set ¹ekºnkD1
of local idempotents ofH such that idH D e1C e2C� � �C en. But local idempotents
are primitive, so each ek is primitive and each ek C J.H/ is primitive in H=J.H/.
Thus, idH C J.H/ D e1 C J.H/C e2 C J.H/C � � � C en C J.H/ and it follows
that H=J.H/ is a direct sum of a finite number of indecomposable right ideals in
H=J.H/. But Proposition 8.4.14 indicates that H=J.H/ is a regular ring, so, by
the preceding Remark, these right ideals must be minimal right ideals of H=J.H/.
Hence, H=J.H/ is a semisimple ring. Proposition 8.4.14 also shows that idempo-
tents of H=J.H/ can be lifted to H , so we have, by Proposition 7.2.23, that H is
a semiperfect ring.

Remark. One can actually show that if M is a finite dimensional R-module and if
N1 ˚ N2 ˚ � � � ˚ Nn and N 01 ˚ N 02 ˚ � � � ˚ N 0m are essential submodules of M
with uniform summands, then n D m. For such a module, the Goldie dimension
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of M , denoted by G: dimM , is defined to be the unique integer n. If M is not finite
dimensional, then G: dimM is defined to be 1. Additional information on Goldie
dimension can be found in [2], [13] and [26].

We conclude this chapter by fulfilling an earlier promise to develop conditions onR
that are necessary and sufficient for Qrmax.R/ to be a semisimple ring.

Proposition 8.4.24. The following are equivalent for any ring R.

(1) R is a finite dimensional, right nonsingular ring.

(2) Qrmax.R/ is a semisimple ring.

Proof. .1/) .2/. If R is finite dimensional, then we know from Proposition 8.4.23
that H D EndR.E.R// is a semiperfect ring. Hence, by Bass’ theorem, Proposi-
tion 7.2.23, H=J.H/ is a semisimple ring. But R is right nonsingular and so Propo-
sition 8.4.15 gives J.H/ D 0. Thus, H is semisimple. Moreover, as we have seen in
the proof of Proposition 8.4.15, Qrmax.R/ Š H , so Qrmax.R/ is a semisimple ring.
.2/) .1/. IfQrmax.R/ is a semisimple ring, then by Proposition 6.6.2 we have that

Qrmax.R/ is a regular ring, so Proposition 8.4.15 indicates thatR is a right nonsingular
ring. Since R is right nonsingular, then, as before, we see that Qrmax.R/ Š H . Thus,
there is a complete set ¹eiºniD1 of orthogonal primitive idempotents of H such that
idH D e1 C e2 C � � � C en. It follows that E.R/ D

Ln
iD1 eiE.R/, where each

eiE.R/ is an indecomposable R-module. Proposition 8.4.21 shows that R is finite
dimensional.

Problem Set 8.4

1. (a) If D is a dense right ideal of R, show that .D W a/ is dense in R for each
a 2 R.

(b) If f W R ! R is an R-linear mapping and D is a dense right ideal of R,
prove that f �1.D/ is dense in R.

(c) If D is a dense right ideal of R, show that .D W q/ is dense in R for each
q 2 Qrmax.R/.

(d) IfD is a dense right ideal of R and q 2 Qrmax.R/ is such that qD D 0, show
that q D 0.

2. Verify Examples 3 and 4.

3. (a) If N is a rational extension of M , show that M is an essential submodule
of N .

(b) If M is an essential submodule of N and Z.M/ D 0, show that N is a ra-
tional extension of M .

(c) If N is a rational extension of M , show that for any submodule N 0 of N ,
N is a rational extension of N 0 \M .
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(d) If N 0 is a rational extension of N and N is a rational extension of M , prove
that N 0 is a rational extension of M .

(e) Construct a category C such that the maximal rational extension
.
.M/; i�.M// is a final object in C .

4. Prove Lemma 8.4.4.

5. A right R-module M is said to be rationally complete if M D 
.M/.

(a) Prove that 
.M/ is rationally complete.

(b) If R is an integral domain, prove that RR is rationally complete if and only
if R is a field.

(c) If M is a nonsingular R-module, show that 
.M/ is an injective envelope
of M . [Hint: Use (b) of Exercise 3.] Conclude that if M is a nonsingular R-
module that is rationally complete, then M is an injective R-module. Note that
an injective R-moduleM is rationally complete regardless of whether or notM
is nonsingular.

(d) If ¹M˛º� is a family of R-modules each of which is rationally complete,
then is

Q
�M˛ (

L
�M˛) rationally complete?

6. An element x of an R-moduleM is said to be left fixed by an R-linear mapping
h W M ! M if h.x/ D x. Show that 
.M/ is the set of all elements of E.M/

that are left fixed by all h 2 EndR.E.M// that leave each element of M fixed.

7. Let S be a right denominator set inR and set t .R/ D ¹a 2 R j as D 0 for some
s 2 Sº.

(a) Show that NS D ¹sCt .R/ j s 2 Sº is a right denominator set in NR D R=t.R/:

(b) Prove that NR NS�1 embeds in Qrmax.R=t.R// as a ring.

Conclude that if R is S -torsion free, then RS�1 embeds in Qrmax.R/ as a ring
and that if R is a right Ore ring, then Qrmax.R/ contains a copy of Qrcl.R/.

8. Fill in the details of the proof of Corollary 8.4.6 and of Corollary 8.4.12.

9. Let D be the collection of all dense right ideals of R and consider the setS
D HomR.D;R/.

(a) If f 2
S

D HomR.D;R/, then the dense right ideal of R that is the domain
of f will be denoted by Df . Define the relation � on

S
D HomR.D;R/ by

f � g if and only if f and g agree onDf \Dg . Prove that� is an equivalence
relation on

S
D HomR.D;R/.

(b) Let Q denote the set of equivalence classes Œf � in
S

D HomR.D;R/ deter-
mined by �. Prove that Q is a ring if addition and multiplication are defined
on Q by

Œf �C Œg� D Œf C g�; where DfCg D Df \Dg and

Œf �Œg� D Œfg�; where Dfg D g
�1.Df /:
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(c) Prove that Q Š Qrmax.R/. [Hint: If Œf � 2 Q and f W Df ! R, let
hf W E.R/! E.R/ be an R-linear mapping such that hf jDf D f . Consider
Œf � 7! hf .]

10. For any a 2 R, prove that the inner derivation ıa defined on R by ıa.b/ D
ab � ba for each b 2 R has a unique extension to Qrmax.R/. Use this fact to
show that if R is commutative, then so is Qrmax.R/. [Hint: See Example 9 in
Section 1.1 and Exercise 3 in Problem Set 1.1.]



Chapter 9

Graded Rings and Modules

In this chapter we begin an investigation of graded rings and modules. One use of
rings and modules with gradings is in describing certain topics in algebraic geometry.
We will touch upon several concepts presented in the previous chapters, but they will
now be reformulated for graded rings and modules and studied in this “new” setting.
Proofs of the lemmas and theorems involving these reformulated concepts are often
similar to the proofs of the ungraded results, so they may be left as exercises. Graded
topics corresponding to ungraded concepts may also appear in the exercises.

Graded rings and modules can be defined with a group G as the set of degrees. The
group G can be written either additively or multiplicatively and G may or may not
be commutative. We have chosen to limit our discussion to an introduction to graded
rings and module with the additive abelian group Z as the set of degrees. A complete
development of graded rings and modules with a group G as the set of degrees would
warrant a text in itself. The interested reader can consult [35] and [36] for a more
extensive account of this subject.

9.1 Graded Rings and Modules

Graded Rings

As a way of introducing graded rings, consider the polynomial ring RŒX�. For each
n 2 Z, let XnR D ¹Xna j a 2 Rº, where XnR D 0 for each n < 0 and X0 D 1.
Then each XnR is a subgroup of the additive group of RŒX� and it follows easily
RŒX� D

L
ZX

nR. Thus, each p.X/ D a0 C Xa1 C X2a2 C � � � C Xnan in
RŒX� can be written uniquely as a finite sum of elements in the set of subgroups
¹XnRºZ and each summand Xkak 2 XkR in p.X/ is a homogeneous polynomial
of degree k. Finally, we see that .XmR/.XnR/ � XmCnR for each m; n 2 Z.
These observations regarding the polynomial ring RŒX� provide the motivation for
the following definition.

Definition 9.1.1. A graded ring is a ringR together with a set ¹RnºZ of subgroups of
the additive group of R such that R D

L
ZRn and such that RmRn � RmCn for all

m; n 2 Z. The family of subgroups ¹RnºZ is said to be a grading of R. Such a ring
R is said to have Z as its set of degrees. A nonzero element a 2 Rn is referred to as
a homogeneous element of R of degree n, denoted deg.a/ D n. If deg.a/ D n, then
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we will often write an for a to indicate that a 2 Rn. Also, if ¹RnºZ is a grading of R,
then not all of the Rn need be nonzero. If RmRn D RmCn for allm; n 2 Z, then R is
said to be strongly graded by ¹RnºZ. A graded ring R is positively graded if Rn D 0
for all n < 0. In this case, the zero subgroups Rn, n < 0, are suppressed and we write
¹Rnºn�0 for the grading of R. Similarly, R is negatively graded if Rn D 0 for all
n > 0 and, in this case, we express the grading of R by ¹Rnºn�0.

If S is a subring of a graded ring R and if Sn D S \ Rn for each n 2 Z, then S is
said to be a graded subring of R, if S D

L
Z Sn: A right ideal (A left ideal, An ideal)

A of a graded ring R is a graded right ideal .graded left ideal, graded ideal) of R, if
A D

L
ZAn; where An D A \Rn for each n 2 Z.

If R is a graded ring and S is a graded subring of R, then .S \ Rm/.S \ Rn/ �
S \ RmCn for all m; n 2 Z. Hence, a graded subring S of R is a graded ring.
Moreover, if R is a graded ring, then each nonzero a 2 R has a unique expression as
a finite sum of nonzero homogeneous elements of R. If a D

P
Z an, then each an is

said to be a homogeneous component of a. Note also that if A is a graded right ideal,
then each a 2 A can be written as a finite sum of nonzero homogeneous components
of R, each belonging to A.

Remark. If R is a graded ring, then 0 2 Rn for each n 2 Z, so no degree is assigned
to 0. Furthermore, the zero ideal is to be viewed as a graded ideal ofR that is a graded
subideal of every graded right or graded left ideal of R.

Examples

1. Trivial Grading. IfR0 D R andRn D 0 for all n ¤ 0, then ¹RnºZ is a grading
of R called the trivial grading of R. Thus, every ring can be viewed as a graded
ring.

From this point forward, if we say thatR is a graded ring, then we mean,
unless stated otherwise, that the grading ¹RnºZ of R is nontrivial.

2. Polynomial Rings. As we saw in the opening remarks of this section, every
polynomial ring RŒX� is positively graded with grading ¹XnRºn�0. More gen-
erally, if p.X1; X2; : : : ; Xk/ is a polynomial in RŒX1; X2; : : : ; Xk �, then a term
X
j1
1 X

j2
2 � � �X

jk
k
a of p.X1; X2; : : : ; Xk/ is said to have degree n if j1 C j2 C

� � � jk D n. A polynomial p.X1; X2; : : : ; Xk/ in RŒX1; X2; : : : ; Xk � is said to
be a homogeneous polynomial of degree n if every term of p.X1; X2; : : : ; Xk/
has degree n. If n 	 0 and Pn is the set of all homogeneous polynomials of
RŒX1; X2; : : : ; Xk � of degree n together with the zero polynomial, then Pn is
a subgroup of the additive group of RŒX1; X2; : : : ; Xn�. Moreover, RŒX1; X2;
: : : ; Xn� D

L
n�0 Pn, so RŒX1; X2; : : : Xk� is a positively graded ring.
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3. Not every right ideal of a graded ring must be graded. Consider the posi-
tively graded ring RŒX� with grading ¹XnRºn�0. Since 1CX 2 .1CX/RŒX�
and 1 … .1 C X/RŒX�, 1 C X cannot be written as a sum of homogeneous
elements of .1 C X/RŒX�. Thus, the right ideal .1 C X/RŒX� of RŒX� is not
graded.

4. Laurent Polynomials. Let R be a commutative ring and consider the poly-
nomial ring RŒX�. If S D ¹Xn j n D 0; 1; 2; : : :º, then S is a multiplicative
system and elements of RŒX�S�1 look like

a0 CXa1 CX
2a2 C � � � CX

nan

Xm
; m; n D 0; 1; 2; : : : :

Thus, with a change of notation, we see that elements of RŒX�S�1 are “polyno-
mials” of the form

p.X/ D X�ma�m C � � � CX
�1a�1 C a0 CXa1 C � � � CX

nan;

m; n D 0; 1; 2; : : : :

Each p.X/ in RŒX�S�1 is called a Laurent polynomial and RŒX�S�1 is re-
ferred to as the ring of Laurent polynomials, usually denoted by RŒX;X�1�.
RŒX;X�1� is a graded ring graded by the subgroups ¹XnRºZ, where XnR D
¹Xna j a 2 Rº for each n 2 Z. Since

a0 CXa1 CX
2a2 C � � � CX

nan

1
D a0 CXa1 CX

2a2 C � � � CX
nan;

RŒX� can be viewed as a graded subring of RŒX;X�1�.

5. Z2 as a set of degrees. In the opening remarks of this chapter, it was indicated
that a ring can be graded using an arbitrary group as a set of degrees. For
instance, if S DM3.R/ is the ring of 3 � 3 matrices over a ring R, then

SŒ0� D

0

@
R R 0

R R 0

0 0 R

1

A ; SŒ1� D

0

@
0 0 R

0 0 R

R R 0

1

A ;

is a grading of S with the group Z2 D ¹Œ0�; Œ1�º as the set of degrees.

Recall that U.R/ denotes the multiplicative group of units of a ring R.

Proposition 9.1.2. If R is a graded ring, then

(1) R0 is a subring of R,

(2) if an 2 Rn \ U.R/, then a�1n 2 R�n \ U.R/, and

(3) R is strongly graded if and only if 1 2 RnR�n for each n 2 Z.
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Proof. (1) Since R0R0 � R0, we need only show that 1 2 R0. Let 1 D
P

Z en
be the unique decomposition of 1 into its homogeneous components. If am 2 Rm,
then am D

P
Z enam. Now each term on the left side of am D

P
Z enam must

correspond to a term on the right side of am D
P

Z enam with the same degree.
Since deg.enam/ D nCm for each n 2 Z, it follows that the only possibility is that
am D e0am. Similarly, am D ame0, so e0 acts as an identity element for Rm for each
m 2 Z. But if this is the case, then e0 acts as an identity for all elements of R and so
1 D e0 2 R0.

(2) Suppose that an 2 Rn \ U.R/. If a�1n D
P

Z bm, then 1 D ana
�1
n DP

Z anbm. Now deg.1/ D 0, so by comparing degrees on the left and the right
side of 1 D

P
Z anbm, it follows that it must be the case that bm D 0 for allm ¤ �n.

Hence, a�1n D b�n 2 R�n.
(3) If R is strongly graded, then RmRn D RmCn for all m; n 2 Z. In particular,

1 2 R0 D RnR�n. Conversely, suppose that 1 2 RnR�n for each n 2 Z. Since
RmRn � RmCn, it suffices to show that RmCn � RmRn for all m; n 2 Z. Now
1 2 RmR�m gives R0 D RmR�m, so

RmCn D R0RmCn D .RmR�m/RmCn D Rm.R�mRmCn/ � RmRn:

Corollary 9.1.3. If R is a graded ring, then Rn is a left and a right R0-module for
each n 2 Z.

Definition 9.1.4. IfR and S are graded rings, then a ring homomorphism f W R! S

is a graded ring homomorphism if f .Rn/ � Sn for each n 2 Z. IfR and S are graded
rings, then R Šgr S will indicate that there is a graded ring isomorphism f W R! S .

Clearly, if R; S and T are graded rings and if f W R ! S and g W S ! T are
graded ring homomorphisms, then gf W R ! T is a graded ring homomorphism.
It follows that we can form the category Gr-Ring of graded rings whose objects are
graded rings and whose morphisms are graded ring homomorphisms.

Proposition 9.1.5. If R is a positively graded ring, then

(1) RC D
L
n�1Rn is an ideal of R and

(2) R=RC and R0 are isomorphic rings.

Proof. .1/RC is clearly closed under addition, so let
P
n�1 an 2 RC and suppose

that
P
n�0 bn 2 R. Then .

P
n�1 an/bk D

P
n�1 anbk and anbk 2 RnCk for n 	 1

and k 	 0. Thus, .
P
n�1 an/bk 2

L
n�1RnCk � RC for each k 	 0, so it follows

that .
P
n�1 an/.

P
n�0 bn/ 2 RC. Similarly, for .

P
n�0 bn/.

P
n�1 an/.

.2/ By Proposition 9.1.2, R0 is a ring and the obvious surjective ring homomorph-
ism R! R0 has kernel RC.
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We can now prove an analog for graded rings that corresponds to parts of Proposi-
tions 1.3.3 and 1.3.5. For the proof, we will need the following lemma.

Lemma 9.1.6. If R is a graded ring and I , I ¤ R, is a graded ideal of R, then R=I
is a graded ring with grading ¹.I C Rn/=I ºZ and the natural map � W R ! R=I is
a surjective graded ring homomorphism.

Proof. If ¹RnºZ is the grading of R and if � W R ! R=I is the canonical ring
homomorphism, then R=I D �.R/ D �.

P
ZRn/ D

P
Z �.Rn/ D

P
Z.I C Rn/=I:

If
P

Z.an C I / 2
P

Z.I C Rn/=I , where an 2 Rn for each n 2 Z, and
P

Z.an C

I / D 0, then .
P

Z an/ C I D 0. Hence,
P

Z an 2 I D
L

Z.I \ Rn/ D
L

Z In,
so it follows that an 2 In for each n 2 Z. Thus, an C I D 0 for each n 2 Z and so
the sum

P
Z.I C Rn/=I is direct. Thus, R=I is graded by ¹.I C Rn/=I ºZ. Since

we clearly have �.Rn/ � .I C Rn/=I , � W R ! R=I is a surjective graded ring
homomorphism.

The ring R=I with grading ¹.I C Rn/=I ºZ is referred to as a graded factor ring
of R. Now for the proposition.

Proposition 9.1.7. The following hold for a nonzero graded ring homomorphism f W

R! S .

(1) Im f is a graded subring of S .

(2) K D Ker f is a graded ideal of R.

(3) The induced map Nf W R=K ! Imf such that Nf .a C K/ D f .a/ is a graded
ring isomorphism.

Proof. Let ¹RnºZ and ¹SnºZ be gradings of R and S , respectively.
.1/ Set Tn D Imf \ Sn for each n 2 Z. Let f .a/ 2 Im f and suppose that

a D
P

Z an, where an 2 Rn for each n 2 Z. Then f .a/ D
P

Z f .an/ and f .an/ 2
Im f \ f .Rn/ � Im f \ Sn D Tn for each n 2 Z. Thus, Imf �

P
Z Tn. On the

other hand, if b 2
P

Z Tn and b D
P

Z bn, where bn 2 Tn D Imf \ Sn, then for
each n there is an a0 2 R such that f .a0/ D bn. If a0 D

P
Z a
0
n, where a0n 2 Rn for

each n 2 Z, then f .a0/ D
P

Z f .a
0
n/. But deg.f .a0// D n and deg.f .a0

k
/ D k

for each k 2 Z. Hence, it follows that f .a0/ D f .a0n/, so there is an Nan 2 Rn such
that f . Nan/ D bn for each n. If Na D

P
Z Nan, then f . Na/ D

P
Z f . Nan/ D

P
Z bn D b,

so
P

Z Tn � Imf . Thus, Imf D
P

Z Tn.
.2/ Suppose that Kn D Rn \ K for each n 2 Z. Clearly

P
ZKn � K, and if

a 2 K, then a 2 R, so a D
P

Z an, where an 2 Rn for each n 2 Z. Hence,P
Z f .an/ D f .a/ D 0, so it follows that f .an/ D 0 for each n. Thus, an 2 Kn for

each n and we have a 2
P

ZKn. Therefore, K D
P

ZKn.
.3/ We know from Lemma 9.1.6 that R=K is a graded ring with grading ¹.K C

Rn/=K/ºZ. The induced map Nf W M=K ! Imf is an isomorphism, so we need
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only show that Nf is graded. Since Nf ..K C Rn/=K/ D f .Rn/ � Sn, it follows from
the proof of .1/ that Nf ..K CRn/=K/ � Tn.

Graded Modules

Definition 9.1.8. If R is a graded ring, then an R-module M is said to be a graded
R-module if there is a family ¹MnºZ of subgroups of M such that M D

L
ZMn

and MmRn � MmCn for all m; n 2 Z. If M is a graded R-module and if N is
a submodule of M , then N is a graded submodule of M , if N D

L
ZNn, where

Nn D N \Mn for each n 2 Z. The additive abelian group Z is said to be the set
of degrees of M . If M is a graded R-module, then M is said to be positively graded
if Mn D 0 for all n < 0. Similarly, M is negatively graded if Mn D 0 for all
n > 0. A nonzero element x 2 Mn is referred to as a homogeneous element of M of
degree n, denoted by deg.x/ D n. We often write xn for x to indicate that x 2Mn.

If M is a graded R-module and N is a graded submodule of M , then .N \
Mm/Rn � N \ MmCn for all m; n 2 Z. Hence, N is a graded R-module with
grading ¹N \MnºZ: Also, each nonzero element x of a graded R-module M can be
expressed uniquely as a finite sum x D

P
Z xn of nonzero homogeneous elements

of M and each summand is referred to as a homogeneous component of x. Clearly,
if M is a graded R-module, then each Mn is an R0-module and if R has the trivial
grading, then each Mn is an R-submodule of M . It is also easy to see that if R is a
graded ring, then R is a graded R-module. Furthermore, if A is a right ideal of R,
then A is a graded right ideal of R if and only if A is a graded submodule of RR.

Remark.

(1) If M D
L

ZMn is a graded R-module, then 0 2 Mn for every n 2 Z, so no
degree is assigned to 0. Moreover, the zero submodule is considered to be a
graded submodule of every graded module. As with rings, if x 2M and x ¤ 0,
then when x is written as a finite sum of its homogeneous components, 0 is not
a member of this decomposition of x.

(2) If M is a graded R-module, then M has a set of homogeneous generators. If
¹x˛º� is a set of generators of M in ModR, then x˛ can be written as a finite
sum x˛ D

P
Z x˛;n, where x˛;n 2 Mn for each ˛ 2 � and each n 2 Z.

If ¹x˛;nº.˛;n/2��Z is the set of homogeneous components of the set ¹x˛º� of
generators of M , then ¹x˛;nº.˛;n/2��Z is a set of homogeneous generators of
M . Furthermore, ifM is finitely generated, then ¹x˛;nº.˛;n/2��Z contains only
a finite number of nonzero homogeneous elements, so in this case,M is finitely
generated by homogeneous elements.

(3) If R is a trivially graded ring, then an R-moduleM is said to be trivially graded
by ¹MnºZ if M0 D M and Mn D 0 for each n 2 Z, n ¤ 0. However, if R
is not trivially graded, then M should not be viewed as trivially graded. For if
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¹RnºZ is a nontrivial grading of R and M is trivially graded, then for Rk ¤ 0

we would have MRk D M0Rk � Mk D 0. However, in general, MRk ¤ 0

for an R-module M .

If M is a graded R-module, we now assume, unless stated otherwise, that
the grading ¹RnºZ of R and the grading ¹MnºZ of M are nontrivial.

Proposition 9.1.9. If M is a graded R-module and if N is a submodule of M , then
the following are equivalent.

(1) N is a graded submodule of M .

(2) The homogeneous components in M of elements of N belong to N .

(3) N has a set of homogeneous generators.

Proof. Suppose that N is a graded submodule of M . If x 2 N , then we can write
x D

P
Z xn 2

L
ZMn, where xn 2 Mn for each n 2 Z. Now N D

P
Z.N \Mn/,

so x D
P

Z yn 2
P

Z.N \Mn/, where yn 2 N \Mn for each n. Thus,
P

Z xn DP
Z yn, so it follows that xn D yn 2 N for each n, so we have that .1/ ) .2/.

The fact that .2/ ) .3/ is obvious, so the proof will be complete if we can show
that .3/ ) .1/. If ¹x˛º� is a set of nonzero homogeneous generators of N , then
¹x˛º� � N and every x 2 N can be expressed as x D

P
� x˛a˛, where a˛ 2 R

and a˛ D 0 for almost all ˛ 2 �. For each ˛ 2 �, let a˛ D
P

Z a˛;m 2
L

ZRm,
where a˛;m is the homogeneous component of a˛ of degree m. Thus, we have x DP
� x˛a˛ D

P
�.
P

Z x˛a˛;m/. Now deg.x˛a˛;m/ D deg.x˛/Cm, so if we collect
the terms of

P
� x˛.

P
Z a˛;m/ that have degree n for each n 2 Z, then

x D
X

�

x˛

�X

Z

a˛;m

�
D
X

Z

� X

�;deg.x˛/CmDn

x˛a˛;m

�
2
M

Z

.N \Mn/:

Hence,N �
L

Z.N \Mn/ and soN D
L

Z.N \Mn/. Consequently,N is a graded
submodule of M .

Definition 9.1.10. If M and N are graded R-modules and f W M ! N is an R-
linear mapping, then f is said to be a graded R-module homomorphism of degree
k, if f .Mn/ � NnCk for each n 2 Z. An injective (A surjective, A bijective)
graded module homomorphism of degree zero is a graded module monomorphism
(graded module epimorphism, graded module isomorphism). If M and N are graded
R-modules and if there exists a graded module isomorphism f W M ! N of degree
zero, then we write M Šgr N . Graded homomorphisms without an indication of
degree are understood to have degree zero.
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As with graded rings and graded ring homomorphisms, we can form the category
GrR of graded R-modules whose objects are graded R-modules and whose mor-
phisms are graded module homomorphisms (of degree zero). If M and N are objects
in GrR, then HomGrR.M;N / will denote the additive abelian group of morphisms
in GrR from M to N . Note that if M is an R-module with gradings ¹MnºZ and
¹M 0nºZ, then the graded module M with grading ¹MnºZ and the graded module M
with grading ¹M 0nºZ are distinct objects in GrR. Note also that the definitions and
the results obtained previously in this chapter hold for left R-modules. Thus, we can
also form the category RGr of graded left R-modules. This observation also holds
for subsequent definitions and results concerning graded R-modules when applied to
graded left R-modules.

Examples

6. If M is a graded R-module and a 2 cent.R/, the center of R, is homogeneous
of degree k, then f W M ! M such that f .x/ D xa is a graded module
homomorphism of degree k.

7. If f W M ! M 0 and g W M 0 ! M 00 are graded module homomorphisms
with degrees k1 and k2, respectively, then gf W M ! M 00 is a graded module
homomorphism of degree k1 C k2.

8. Let M be a graded R-module with grading ¹MnºZ and k a fixed integer. If
Mn.k/ D MnCk for each n 2 Z, then M D

L
ZMn.k/ and ¹Mn.k/ºZ is

a grading of M . The grading ¹Mn.k/ºZ is said to be obtained by shifting the
grading ¹MnºZ by a factor of k.

A graded R-module M with the grading of M shifted by a factor
of k will be denoted by M.k/.

If N D
L

ZNn is a graded R-module, then, as above, N.k/ is graded by
¹Nn.k/ºZ. Consequently, if f W M ! N is a graded module homomorphism
of degree k, then f .Mn/ � NnCk D Nn.k/, so f W M ! N.k/ is a graded
R-module homomorphism of degree zero. Conversely, if f W M ! N.k/ is
a graded module homomorphism of degree zero, then f can be considered to
be a graded module homomorphism f WM ! N of degree k.

9. By definition, M Šgr N if and only if there is a bijective graded module homo-
morphism f W M ! N . If f W M ! N is a bijective graded module homo-
morphism of degree k, then we do not writeM Šgr N since f shifts the grading
of N by a factor of k and N and N.k/ are distinct objects in GrR. However, it
does follow that M Šgr N.k/ since f gives a bijective graded module homo-
morphism f WM ! N.k/ of degree zero.
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The proofs of the following lemma and proposition are left as exercises. The proofs
are similar to the corresponding results for graded rings given in Lemma 9.1.6 and
Proposition 9.1.7.

Lemma 9.1.11. If M is a graded R-module and N is a graded submodule of M ,
then M=N is a graded R-module with grading ¹.N C Mn/=N ºZ and the natural
map � WM !M=N is a graded module epimorphism.

Proposition 9.1.12. If f WM ! N is a graded module homomorphism, then

(1) Im f is a graded submodule of N ,

(2) K D Ker f is a graded submodule of M , and

(3) The induced map Nf W M=K ! Imf such that Nf .x CK/ D f .x/ is a graded
module isomorphism.

The R-module M=N with grading ¹.N CMn/=N ºZ is said to be a graded factor
module of M .

Schur’s lemma indicates that if S is a simpleR-module, then EndR.S/ is a division
ring. There is an analog to Schur’s lemma for graded simple modules. For this we
need the following definition.

Definition 9.1.13. A graded nonzero R-module S is said to be a graded simple R-
module (or a simple object in GrR/, if the only graded submodules of S are 0 and S .
A graded ring D is said to be a graded division ring if every nonzero homogeneous
element of D is a unit in D. If a graded division ring is commutative, then it is
a graded field.

Example

10. If KŒX;X�1� is the ring of Laurent polynomials of Example 4, where K is
a field, then KŒX;X�1� is a graded field, since it follows easily that each non-
zero homogeneous element ofKŒX;X�1� is a unit. However,KŒX;X�1� is not
a field, so a graded field need not be a field.

If M and N are graded R-modules and if we let HOMR.M;N /k be the set of
graded module homomorphisms from M to N of degree k, then HOMR.M;N /k , is
a subgroup of the additive abelian HomR.M;N /. Furthermore,

HOMR.M;N /0 D HomGrR.M;N / and

HOMR.M;N /k D HOMR.M;N.k//0 D HomGrR.M;N.k//

D HOMR.M.�k/;N /0 D HomGrR.M.�k/;N /:

Next, let HOMR.M;N / D
L

Z HOMR.M;N /k . Then HOMR.M;N / is a graded
Z-module with grading ¹HOMR.M;N /kºZ and HOMR.M;N / is a subgroup of
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HomR.M;N /. Moreover, ENDR.M/ D
L

Z ENDR.M/k is a graded ring and
ENDR.M/ is a subring of EndR.M/.

The following lemma is a restatement of Schur’s lemma (Lemma 6.4.13) in the
setting of graded rings and modules. Note that if S is a graded simpleR-module, then
so is S.k/ for each k 2 Z. (See Exercise 9.)

Lemma 9.1.14 (Schur’s lemma for graded modules). Let M be a nonzero graded
R-module and suppose that S is a graded simple R-module.

(1) If f W S ! M is a nonzero graded module homomorphism, then f is a mono-
morphism.

(2) If f W M ! S is a nonzero graded module homomorphism, then f is an
epimorphism.

(3) ENDR.S/ D
L

Z ENDR.S/k is a graded division ring.

Proof. If f W S ! M is a nonzero graded module homomorphism, then Ker f ¤ S
and, by .2/ of the previous proposition, Kerf is a graded submodule of S . Hence,
Ker f D 0, so f is a monomorphism and therefore .1/ holds. If f W M ! S is
a nonzero graded module homomorphism, then f .M/ is, by .1/ of the proposition
above, a nonzero graded submodule of S . Hence, f .M/ D S and we have .2/. To
prove .3/, it suffices to show that each nonzero element of ENDR.S/k has an inverse
in ENDR.S/�k . If f 2 ENDR.S/k , f ¤ 0, then by shifting the grading of S by
a factor of k gives a graded R-module homomorphism f W S ! S.k/ of degree zero.
So since S.k/ is also a graded simple R-module, it follows from .1/ and .2/ that
f W S ! S.k/ is a graded isomorphism. This gives a graded module isomorphism,
f �1 W S.k/ ! S such that f �1f D idS and ff �1 D idS.k/. But f �1 can be
viewed as a map S ! S of degree �k, so f has an inverse in ENDR.S/�k .

Definition 9.1.15. If M is a graded R-module, then a graded submodule N of M is
said to be a maximal graded submodule of M , if M=N is a graded simple module.
A right ideal of a graded ring R is said to be maximal graded right ideal if it is
a maximal graded submodule of RR.

The proof of the following lemma is an exercise.

Lemma 9.1.16. The following hold for a gradedR-moduleM and a graded submod-
ule N of M .

(1) N is a maximal graded submodule of M if and only if N ¤ M and N C
xR DM for each homogeneous element x 2M �N .

(2) IfN is a maximal graded submodule ofM , thenN is a maximal element among
the graded submodules of M .
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Previously we have seen that S is a simple R-module if and only if there is a maxi-
mal right ideal m in R such that R=m Š S . The following proposition links maximal
graded right ideals in a graded ring R to graded simple R-modules.

Proposition 9.1.17. The following hold for a graded simple R-module S .

(1) For each n 2 Z such that Sn ¤ 0, Sn is a simple R0-module.

(2) There is at least one integer k such that R=mk Š
gr S.k/, where mk is a maxi-

mal graded right ideal of R.

Proof. .1/ Suppose that Sn ¤ 0 and let xn 2 Sn, xn ¤ 0. Then xnR is a nonzero
submodule of S with a homogeneous generator. Thus, Proposition 9.1.9 shows that
xnR is a graded submodule of S , so xnR D S . If yn 2 Sn, yn ¤ 0, then yn 2 S D
xnR. Consequently, if yn D xna D xn

P
Z ak D

P
Z xnak , where each ak is in

Rk and ak D 0 for almost all k 2 Z, then, by comparing degrees on the left and the
right side of yn D

P
xnak , we see that xnak D 0 if k ¤ 0. Hence, yn D xna0.

Therefore, Sn � xnR0, so xnR0 D Sn. Finally, if N is a nonzero R0-submodule
of Sn and xn 2 N , xn ¤ 0, then xn 2 Sn and as above xnR0 D Sn. Therefore, if
yn 2 Sn, then yn D xna0 for some a0 2 R0, so yn 2 N . Hence, Sn � N and so
N D Sn. Thus, Sn is a simple R0-module.
.2/ Let x 2 S , x ¤ 0, and suppose that deg.x/ D k. Then f W R ! S de-

fined by f .a/ D xa is such that Im.f / D xR D S . Moreover, f .Rn/ � SnCk ,
so f is a nonzero graded module homomorphism of degree k. Shifting the grading
of S by a factor of k gives a nonzero graded module homomorphism f W R ! S.k/

of degree zero. Hence, Proposition 9.1.12 indicates that mk D Ker f is a graded
right ideal of R. Using Proposition 9.1.12 again, we see that Nf W R=mk ! S.k/

such that Nf .a C mk/ D f .a/ is a graded isomorphism. Hence, R=mk Š
gr S.k/

and since S.k/ is a graded simple R-module, mk is a maximal graded right ideal
of R.

Corollary 9.1.18. If S is a graded simpleR-module, then S is a semisimpleR0-mod-
ule.

Example

11. A submodule of a graded R-module of M may be a maximal graded sub-
module of M and yet not be a maximal submodule of M . For example, if
R D KŒX;X�1� is the graded ring of Example 10, then the zero submodule
of the module RR is a maximal graded submodule of RR and yet zero is not
a maximal submodule of RR.
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Problem Set 9.1

1. If R is a graded ring and U gr.R/ D
S

Z.U.R/\Rn/, then U gr.R/ is the set of
units of R that are homogeneous. Prove each of the following.

(a) U gr.R/ is a subgroup of U.R/.

(b) The map d W U gr.R/ ! Z defined by d.x/ D deg.x/ is a group homo-
morphism from the multiplicative group U gr.R/ to the additive group Z. More-
over, Ker.d/ D U.R0/.

(c) d is an epimorphism if and only if U.R/ \Rn ¤ 0 for each n 2 Z.

2. Let R be a graded ring graded by ¹RnºZ. Prove that ¹RnŒX�ºZ is a grading of
the polynomial ring RŒX�. Show also that if R is strongly graded, then RŒX� is
strongly graded by ¹RnŒX�ºZ.

3. Show that the only possible grading of the ring Z is the trivial grading. [Hint:
Show that deg.1/ D 0.]

4. Let M be an .R; S/-bimodule and N an .S;R/-bimodule and consider M D�
R M
N S

�
. Then M is a ring, if addition of matrices is defined in the usual fashion

and multiplication is defined by

�
r1 m1
n1 s1

��
r2 m2
n2 s2

�

D

�
r1r2 r1m2 Cm1s2

n1r2 C s1n2 s1s2

�

:

(a) Show that M is a graded ring with grading

M�1 D

�
0 0

N 0

�

; M0 D

�
R 0

0 S

�

; M1 D

�
0 M

0 0

�

and

Mn D

�
0 0

0 0

�

if n ¤ �1; 0; 1:

(b) Prove that
�
A M 0

N 0 B

�
is a graded right ideal of M, whereM 0 is an R-submod-

ule ofM , N 0 is an S -submodule of N and A and B are right ideals of R and S ,
respectively, such that AM �M 0 and BN � N 0.

5. (a) Verify Examples 2, 4 and 5.

(b) Verify Examples 8 and 9.

6. Suppose that N is a graded R-module, that L is a graded submodule of M and
that M is a graded submodule of N . Is L a graded submodule of N‹ That is,
decide if “graded submodule” is a transitive concept.

7. Prove Lemma 9.1.11. [Hint: Lemma 9.1.6.]

8. Prove Proposition 9.1.12. [Hint: Proposition 9.1.7.]
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9. (a) If S is a graded simple R-module, prove that S.k/ is graded simple for each
k 2 Z.

(b) If D is a division ring and if DŒX;X�1� is graded by ¹XnDºZ, then is
DŒX;X�1� a graded division ring?

(c) If R is a graded division ring, prove that R has no divisors of zero and that
R0 is a field.

10. Prove that the following are equivalent for a graded ring R.

(a) R has no proper nonzero graded right ideals.

(b) R has no proper nonzero graded left ideals.

(c) R is a graded division ring.

11. (a) If K is a field with grading K D
L

ZKn, prove that ¹KnºZ is the trivial
grading of K. [Hint: Suppose that ¹KnºZ is a nontrivial grading of K and let
x 2 Kn, x ¤ 0 and n > 0. Consider y D .1Cx/�1 D

P
Z yk , where

P
Z yk is

the homogeneous decomposition of y, and show that this gives a contradiction.]

(b) Show that KŒX;X�1� is a graded field, but that KŒX;X�1� is not a field.

Conclude from (a) and (b) that, in general, a graded field and a field that is
graded are distinct graded objects.

12. Prove Lemma 9.1.16.

13. Let M be a graded R-module and suppose that N is a not necessarily graded
submodule of M . Prove that

P
Z.N \Mn/ is a graded submodule of M .

14. Let f W R ! S be a ring homomorphism and view S as an R-module by
pullback along f . Prove that if R and S are graded rings, then f W R ! S

is a graded ring homomorphism if and only if the grading of S is an R-module
grading.

15. (a) Let f W M ! N be a morphism in GrR and suppose that X is a graded
R-module. If

HomGrR.f;X/ D f
� W HomGrR.N;X/! HomGrR.M;X/

is such that f �.g/ D gf , show that HomGrR.�; X/ is a left exact contravariant
functor from GrR to Ab. Prove also that if

HomGrR.X; f / D f� W HomGrR.X;M/! HomGrR.X;N /

and f�.g/ D fg, then HomGrR.X;�/ is a left exact covariant functor from
GrR to Ab.

(b) Define HOMR.�; X/ and HOMR.X;�/ as in (a) and (b) for a graded R-
module X and a morphism f WM ! N in GrR. Show that HOMR.�; X/ and
HOMR.X;�/ are left exact contravariant and covariant functors, respectively,
from GrR to GrZ.
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16. (a) If ¹N˛º� is a family of graded submodules of M , prove that
T
�N˛ andP

�N˛ are graded submodules of M . [Hint: If ¹N˛;nºZ is the grading of N˛
for each ˛ 2 �, consider .

T
�N˛/n D

T
�N˛;n and .

P
�N˛/n D

P
�N˛;n,

respectively, for each n 2 Z.]
(b) If x is a homogeneous element of a graded R-moduleM , show that annr.x/
is a graded right ideal of R.
(c) IfN is a graded submodule of a gradedR-moduleM , prove that .N WM/ D

¹a 2 R jMa � N º is a graded ideal of R.
(d) If N is a graded submodule of a graded R-module M , prove that annr.N /
is a graded ideal of R.

17. Let M be a graded R-module and suppose that N is a submodule of M , N not
necessarily graded.
(a) Prove that there is a largest graded submoduleN gr ofM such thatN gr � N .
[Hint: Use (a) of Exercise 16.]
(b) Prove that there is a smallest graded submodule Ngr of M such that N �
Ngr. [Hint: Use (a) of Exercise 16.]
Conclude that N is graded if and only if N gr D N D Ngr.

18. (a) Let R be a graded ring and suppose that a is a homogeneous element of R.
Prove that Ca.R/ D ¹b 2 R j ab D baº is a graded subring of R.
(b) Let R be a graded ring and suppose that S is a graded subring of R. Show
that cent.S/, the center of S , is a graded subring of R.

19. If M is a graded R-module and I is a graded ideal of R, prove that MI is
a graded submodule of M and that M=MI is a graded R=I -module.

20. If ¹M˛º� is a family of graded R-modules, decide which, if any, of the follow-
ing hold.

(a) HomGrR

�M

�

M˛; N
�
Š
Y

�

HomGrR.M˛; N /

(b) HomGrR

�
N;
Y

�

M˛

�
Š
Y

�

HomGrR.N;M˛/

(c) HOMR

�M

�

M˛; N
�
Š
Y

�

HOMR.M˛; N /

(d) HOMR

�
N;
Y

�

M˛

�
Š
Y

�

HOMR.N;M˛/

for a graded R-module N . [Hint: Proposition 2.1.12.]

21. Nakayama’s Graded Lemma. Let R be a positively graded ring. Prove that
each of the following hold for a finitely generated positively graded R-module
M . [Hint: Lemma 6.1.10 and Proposition 9.1.5.]
(a) If MRC DM , then M D 0.
(b) If N CMRC DM for a graded submodule N of M , then N DM .
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22. Recall that if S is a multiplicative system in R, then S is a right denominator
set if the following two conditions are satisfied.

D1 If .a; s/ 2 R � S , then there is a .b; t/ 2 R � S such that at D sb.

D2 If .a; s/ 2 R � S is such that sa D 0, then there is a t 2 S such that
at D 0.

If R is a graded ring, let h.R/ denote the set of homogeneous elements of R.
Suppose also that S � h.R/ is a multiplicatively system that satisfies the fol-
lowing two conditions.

Dgr
1 If .a; s/ 2 h.R/�S , then there is a .b; t/ 2 h.R/�S such that at D sb.

Dgr
2 If .a; s/ 2 h.R/ � S is such that sa D 0, then there is a t 2 S such that

at D 0.

Prove that if R is a graded ring and S � h.R/ is a multiplicative system in R,
then D1 and D2 hold if and only if Dgr

1 and Dgr
2 hold. Conclude that S is a right

denominator set in R if and only if Dgr
1 and Dgr

2 are satisfied.

23. Let R be a graded ring and suppose that S � h.R/ is a right denominator set
in R.

(a) Prove that .RS�1/n D ¹a=s j a 2 h.R/ and deg.a/ � deg.s/ D nº is
a subgroup of the additive group of RS�1 for each n 2 Z and that RS�1 is
a graded ring with grading ¹.RS�1/nºZ.[Hint: If a=s and b=t are in .RS�1/n,
then by Exercise 22 there is a pair .c; u/ 2 h.R/ � S such that a=s C b=t D
.au C bc/=su, where su D tc. Thus, deg.a=s C b=t/ D deg.au C bc/=su.
Now show that deg.au/ D nC deg.su/ and deg.bc/ D nC deg.tc/.]

(b) Let .MS�1/n D ¹x=s j x 2 h.M/ and deg.x/ � deg.s/ D nº for each
n 2 Z, where M is a graded R-module and h.M/ is the set of homoge-
neous elements of M . Show that each .MS�1/n is a subgroup of the addi-
tive group of MS�1 and that MS�1 is a graded RS�1-module with grading
¹.MS�1/nºZ.[Hint: Similar to the proof of (a).] If MS�1 is viewed as an
R-module by pullback along the canonical map a 7! a=1 from R to RS�1,
then is MS�1 graded as an R-module?

9.2 Fundamental Concepts

In Chapter 2 we gave several fundamental constructions for rings and modules. In this
section these same constructions are reformulated in the setting of graded rings and
modules.
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Graded Direct Products and Sums

Suppose that ¹M˛º� is a family of gradedR-modules and let ¹M˛;nºZ be the grading
ofM˛ for each ˛ 2 �. If Pn D

Q
�M˛;n, then Pn is a subgroup of

Q
�M˛ for each

n 2 Z and

Y

�

M˛ D
Y

�

M

Z

M˛;n D
M

Z

Y

�

M˛;n D
M

Z

Pn:

Hence,
Q
�M˛ is a graded R-module graded by ¹PnºZ. Now let Sn D

L
�M˛;n.

Then

M

�

M˛ D
M

�

M

Z

M˛;n D
M

Z

M

�

M˛;n D
M

Z

Sn;

so
L
�M˛ is a gradedR-module graded by the subgroups ¹SnºZ. These observations

lead to the following definition.

Definition 9.2.1. If ¹M˛º� is a family of graded R-modules, then the R-moduleQ
�M˛, graded by the family of subgroups ¹PnºZ, where Pn D

Q
�M˛;n for each

n 2 Z, is said to be the graded direct product (or a direct product in GrR/ of the
family ¹M˛º�. The notation

Qgr
�M˛ will indicate that the R-module

Q
�M˛ is

being considered as a module in GrR with the grading ¹PnºZ. Likewise,
Lgr
�
M˛

indicates that
L
�M˛ is being viewed as a module in GrR with grading ¹SnºZ,

where Sn D
L
�M˛;n for each n 2 Z. The graded module

Lgr
�M˛ will be referred

to as the graded direct sum (or a direct sum in GrR/ of ¹M˛º�. Finally, if M is
a graded R-module, then a graded submodule N of M is said to be a graded direct
summand of M (or a direct summand of M in GrR/ if there is a graded submodule
N 0 ofM such thatM D N˚grN 0. Note that if ¹NnºZ is the grading ofN and ¹N 0nºZ
is the grading of N 0, then M is graded by ¹Nn ˚N 0nºZ.

Remark.

(1) Let U W GrR ! ModR be such that U.M/ D M , where M is the R-module
M with the grading of M forgotten. If f W M ! N is a morphism in GrR,
then U.f / D f , where f W M ! N is such that f .x/ D f .x/ for each
x 2 M . It’s easy to show that U is a (forgetful) functor, called the ungrading
functor. In what follows, if M is a graded R-module, then M will indicate that
the grading of M has been forgotten. Similarly, if f W M ! N is a a graded
module homomorphism, then f WM ! N will be as above.

(2) If R is a graded ring, then we will often write R rather than R, leaving it to the
reader to determine whetherR is being considered as a graded or as an ungraded
ring. For example, if M is a graded R-module, then we will say that M is an
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R-module rather than M is an R-module. Moreover, if R is a graded ring then
ModR will continue to denote the category of R-modules as opposed to ModR.

(3) The notation M D N ˚gr N 0 will indicate that the direct sum is taking place in
GrR while M D N ˚N 0 will mean that the direct sum is formed in ModR.

The following proposition points out the connection between direct summands of
GrR and those in ModR.

Proposition 9.2.2. If M is a graded R-module and N is a graded submodule of M ,
then N is a direct summand of M in GrR if and only N is a direct summand of M in
ModR.

Proof. If N is a direct summand of M in GrR, then there is a graded submodule N 0

of M such that M D N ˚gr N 0. It follows from the definition of a graded direct sum
that M D N ˚ N 0. Conversely, suppose that N is a graded submodule of a graded
R-module M such that there is a submodule X of M such that M D N ˚ X . We
claim that there is a graded submodule N 0 of M such that M D N ˚gr N 0. If
¹Nn D N \MnºZ is the grading of N , let Yn be the subgroup

L
k¤nNk and set

N 0n D .Yn C X/ \Mn for each n 2 Z. Then as groups M D Nn ˚ Yn ˚ X and
Nn �Mn. The modular law of Example 10 in Section 1.4 gives

Mn DM \Mn D .Nn ˚ Yn ˚X/ \Mn

D Nn ˚ ..Yn ˚X/ \Mn/

D Nn ˚N
0
n:

Thus, if we set N 0 D
L

ZN
0
n, then M D N ˚ N 0 in ModZ. Moreover, YmRn �

YmCn, so N 0mRn � N 0mCn. It follows that N 0 is a submodule of M that is in fact
a graded submodule of M such that M D N ˚gr N 0.

Corollary 9.2.3. A short exact sequence 0! M1

f
�! M

g
�! M2 ! 0 in GrR splits

if and only if one of the following two equivalent conditions holds.

(1) There is a graded R-module homomorphism f 0 W M ! M1 such that f 0f D
idM1 :

(2) There is a graded R-module homomorphism g0 W M2 ! M such that gg0 D
idM2 :

Corollary 9.2.4. A short exact sequence 0! M1

f
�! M

g
�! M2 ! 0 in GrR splits

in GrR if and only if one of the following three equivalent conditions holds.

(1) Imf is a graded direct summand of M .

(2) Kerg is a graded direct summand of M .

(3) M Šgr M1 ˚
gr M2.
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Graded Tensor Products

LetM be a gradedR-module with grading ¹MiºZ andN a graded leftR-module with
grading ¹Nj ºZ. Consider the abelian group M ˝R N . Since each Mi and each Nj
is a Z-module and since Corollary 2.3.8 shows that tensor products and direct sums
commute, it follows that as a Z-module we have

M ˝R N D
�M

i2Z

Mi

�
˝Z

�M

j2Z

Nj

�
Š
M

i2Z

�
Mi ˝Z

�M

j2Z

Nj

��

Š
M

i2Z

M

j2Z

.Mi ˝Z Nj / Š
M

n2Z

h M

iCjDn

Mi ˝Z Nj

i

D
M

Z

.M ˝Z N/n;

where .M ˝Z N/n D
L
iCjDnMi ˝Z Nj for each n 2 Z. Hence, if the ring

Z is given the trivial grading, then M ˝R N is a graded Z-module with grading
¹.M ˝Z N/nºZ. (Note that we have seen in Exercise 3 in Problem Set 9.1 that the
only possible grading of the ring Z is the trivial grading.)

Definition 9.2.5. If M is a graded R-module and N is a graded left R-module, then
the object M ˝R N in GrZ with grading ¹.M ˝Z N/nºZ will be referred to as the
graded tensor product of M and N (or the tensor product of M and N in GrR) and
denoted by M ˝gr

R
N .

If f W M ! N is a morphism in GrR and g W M 0 ! N 0 is a morphism in RGr;
then Proposition 2.3.5 shows that there is a unique group homomorphism f ˝ g W

M ˝R N !M 0 ˝R N
0 defined on generators by .f ˝ g/.x ˝ y/ D f .x/˝ g.y/.

We claim that f ˝ g is a morphism in GrZ. This follows easily since f .Mi / � M
0
i

and g.Nj / � N 0j gives .f ˝ g/.Mi ˝Z Nj / � M
0
i ˝Z N

0
j . So if i C j D n, then

it follows that .f ˝ g/..M ˝Z N/n/ � .M 0 ˝Z N
0/n and we have that f ˝ g is

a morphism in GrZ.

Proposition 9.2.6. If M is a graded left R-module, then R ˝gr
R
M Šgr M and if M

is a graded R-module, then M ˝gr
R
R Šgr M .

Proof. If f W R ˝R M ! M is such that f .a ˝ x/ D ax, then we have seen in
the proof of Proposition 2.3.4 that f is a well-defined R-linear isomorphism. Hence,
R ˝R M Š M in RMod. If Ri and Mj are subgroups in the grading of R and M ,
respectively, then f .Ri˝ZMj / � RiMj �MiCj . If iCj D n, then it follows that
f ..R˝ZM/n/ � Mn, so f is a graded isomorphism. Therefore, R˝gr

R
M Šgr M .

Similarly, M ˝gr
R R Š

gr M .

The following proposition follows from Proposition 3.3.4. The proof is left as an
exercise.
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Proposition 9.2.7. If M1

f
�! M

g
�! M2 ! 0 is an exact sequence in GrR, then for

any graded left R-module X , the sequence

(1) M1 ˝
gr
R
X

f˝idX
�����!M ˝

gr
R
X

g˝idX
����!M2 ˝

gr
R
X ! 0

is exact in GrZ. Similarly, if M1

f
�! M

g
�! M2 ! 0 is an exact sequence in RGr,

then for any graded R-module X , the sequence

(2) X ˝
gr
R
M1

idX˝f
�����! X ˝

gr
R
M

idX˝g
����! X ˝

gr
R
M2 ! 0

is exact in GrZ.

Graded Free Modules

Definition 9.2.8. A graded R-module F is called a graded free module (or a free
module in GrR/ if F has a basis consisting of homogeneous elements.

Example

1. Let ¹k˛º� be a set of distinct integers, suppose that R D
L

ZRn is a graded
ring and let R0n D Rn.�k˛/ D Rn�k˛ for each ˛ 2 �. Then R.�k˛/ DL

ZR
0
n D R for each ˛ 2 � and a 2 R0n is such that deg.a/ D n with respect

to the grading ¹R0nºZ of R. Thus, 1 2 R0 D R0
k˛

, so deg.1/ D k˛ in this
context and we write 1k˛ to indicate that 1 2 R0

k˛
. NowRn D 1k˛R

0
n and so we

have R.�k˛/ D R D
L

ZRn D
L

Z 1k˛R
0
n D 1k˛

L
ZR
0
n D 1k˛R for each

˛ 2 �. Therefore,
Lgr
�R.�k˛/ D

L
� 1k˛R, so ¹1k˛º� is a homogeneous

basis for
Lgr
�R.�k˛/. We will refer to ¹1k˛º� as the canonical basis for the

free R-module
Lgr
�
R.�k˛/.

Remark. A graded freeR-module is clearly a freeR-module. However, the converse
need not hold. For example, form the ring direct product R D Z � Z and let R have
the trivial grading. Consider the R-module M D Z � Z with grading M0 D Z � 0,
M1 D 0�Z and Mn D 0 if n ¤ 0; 1. Then M is a free R-module with basis ¹.1; 1/º
butM is not graded free. For this, suppose that ¹.x; 0/; .0; y/º is a homogeneous basis
for M . Then for any .0; a/; .b; 0/ 2 R, with .a; b/ ¤ .0; 0/, we have .x; 0/.0; a/C
.0; y/.b; 0/ D .0; 0/, a contradiction. Thus,M cannot have a homogeneous basis and
so M is not a graded free R-module.

We know that every R-module is the homomorphic image of a free R-module and
that F is a freeR-module if and only if there is a set� such that F Š

L
�R˛, where

R˛ is a copy of R for each ˛ 2 �. Similar results hold for graded modules.



Section 9.2 Fundamental Concepts 313

Proposition 9.2.9. The following hold in GrR.

(1) F D
L

Z Fn is a graded free R-module if and only if there is a set ¹k˛º� of
integers such that

Lgr
�
R.�k˛/ Š

gr F .

(2) Every graded R-module M is a graded homomorphic image of a graded free
module F . Furthermore, if M is finitely generated, then F can be selected to
be finitely generated.

Proof. .1/ Let F D
L

Z Fn be a graded free module with homogeneous basis
¹xk˛º˛2�, where deg.xk˛ / D k˛ for each ˛ 2 � and Fn D

P
� xk˛Rn.�k˛/

for each n. We have seen in Example 1 that ¹1k˛º is a homogeneous basis forLgr
�R.�k˛/, so if f W ¹1k˛º ! ¹xk˛º� is such that f .1k˛ / D xk˛ for each ˛ 2 �

and f is extended linearly to f W
Lgr
�R.�k˛/! F , then f is a bijective R-module

homomorphism. If we can show that f is graded, then
Lgr
�
R.�k˛/ Š

gr F . Now

grM

�

R.�k˛/ D
M

�

M

Z

Rn.�k˛/ D
M

Z

M

�

Rn.�k˛/ D
M

Z

Sn;

where Sn D
L
�Rn.�k˛/ for each n, so if x D

P
� 1k˛an�k˛ 2 Sn, then f .x/ DP

� f .1k˛/an�k˛ D
P
� xk˛an�k˛ 2 Fn. Hence, f .Sn/ � Fn; so f is graded.

Conversely, if f W
Lgr
�R.�k˛/! F is a graded isomorphism and f .1kk / D xk˛

for each ˛ 2 �, then ¹xk˛º� is a homogeneous basis for F: Thus, F is a graded free
module.
.2/ LetM be a graded R-module and suppose that ¹xk˛º� is a set of homogeneous

generators of M . Then f W
Lgr
�R.�k˛/ ! M such that f .1k˛/ D xk˛ gives

a graded R-module epimorphism. Finally, if M is finitely generated, then M has
a finite set of homogeneous generators, so � can be selected to be a finite set. In this
case,

Lgr
�R.�k˛/ will have a finite basis ¹1k˛º�.

Problem Set 9.2

1. Suppose that M is a graded R-module and that there is a family ¹M˛º� of
graded R-modules such that M Šgr Lgr

�M˛. Is there is a family ¹N˛º� of
graded submodules of M such that M D

Lgr
�N˛‹

2. Prove Corollary 9.2.3. [Hint: Proposition 3.2.6.]

3. Prove Corollary 9.2.4. [Hint: Proposition 3.2.7.]

4. Prove Proposition 9.2.7. [Hint: Proposition 3.3.4.]

5. Let M be a graded R-module and suppose that N is a graded left R-module.
Prove that M.m/˝gr

R N.n/ Š
gr .M ˝

gr
R N/.mC n/ for any m; n 2 Z.
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6. A short exact sequence 0!M1 !M !M2 ! 0 in GrR is said to be graded
pure if for each graded left R-module N ,

0!M1 ˝
gr
R N !M ˝

gr
R N !M2 ˝

gr
R N ! 0

is exact in GrR. Show that a short exact sequence in GrR is graded pure if and
only the corresponding ungraded sequence is pure in ModR. [Hint: Exercise 6
in Problem Set 5.3.]

7. Proposition 2.3.6 indicates that if M is an R-module and ¹N˛º� is a family
of left R-modules, then ' W M ˝R .

L
�N˛/ !

L
�.M ˝R N˛/ such that

'Œx ˝ .y˛/� D .x ˝ y˛/ is an isomorphism in ModZ. If M is a graded R-
module and if ¹N˛º� is a family of graded left R-modules, then is there an
isomorphism ' WM ˝

gr
R .
Lgr
�N˛/!

Lgr
�.M ˝

gr
R N˛/ in GrZ?

9.3 Graded Projective, Graded Injective and Graded Flat
Modules

Graded Projective and Graded Injective Modules

Definition 9.3.1. A graded R-module M is said to be a graded projective module (or
a projective module in GrR/ if every row exact diagram

M

L
g �

h

�...
....

....
....

....
...

N

f

�
� 0

of graded R-modules and graded R-module homomorphisms can be completed com-
mutatively by a graded R-module homomorphism h WM ! L.

Modules that are projective in GrR are closely connected to projective modules in
ModR. To establish this connection we need the following lemma.

Lemma 9.3.2. Suppose that L;M and N are graded R-modules.

(1) Let f W M ! N and g W L ! N be graded R-module homomorphisms and
consider the diagram

M

L
g � N

f

�
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If h WM ! L is an R-linear mapping such that f D gh, then there is a graded
R-module homomorphism h0 WM ! L such that the diagram

M

L
g �

h0

�
N

f

�

is commutative.

(2) Let f W N ! M and g W N ! L be graded R-module homomorphisms and
consider the diagram

N
g � L

M

f

�

If h W L!M is an R-linear mapping such that f D hg, then there is a graded
R-module homomorphism h0 W L!M such that the diagram

N
g � L

M

f

�
h0

�

is commutative.

Proof. We prove .1/ and leave the proof of .2/ as an exercise. If xn 2 Mn, then
f .xn/ 2 Nn, so gh.xn/ D f .xn/ 2 Nn. Now h.xn/ 2 L, so if h.xn/ D

P
Z yn,

where yn 2Ln for each n 2Z, then each yn is unique and gh.xn/D
P

Z g.yn/ 2Nn.
But g.yn/ D g.yn/ for each n 2 Z, so it must be the case that g.yk/ D 0 for
k ¤ n. Hence, if xn 2 Mn, then gh.xn/ D g.yn/. Next, define h0 W M ! L

by h0.
P

Z xn/ D
P

Z yn, where, for each n, yn is that unique yn 2 Ln, such that
gh.xn/ D g.yn/. It follows that h0 is a well-defined graded R-module homomorph-
ism such that f D gh0.

The following proposition is easily recognizable as a reformulation in GrR of re-
sults previously presented in an ungraded setting.

Proposition 9.3.3. The following hold in the category GrR.

(1) A graded direct sum of a family ¹M˛º� of graded R-modules is a graded pro-
jective R-module if and only if each M˛ is a graded projective R-module.

(2) If R is a graded ring, then R.k/ is a graded projective R-module for each
k 2 Z.
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(3) Graded free R-modules are graded projective.

(4) A graded R-module M is graded projective if and only if M is graded isomor-
phic to a graded direct summand of a graded free R-module.

Proof. We prove (4) and leave the proofs of (1), (2) and (3) as exercises. First, let
M be a graded projective R-module. Then Proposition 9.2.9 gives a graded R-mod-
ule epimorphism f W F ! M , where F is a graded free R-module. Since M is
graded projective, we have a splitting map g W M ! F in GrR such that fg D idM .
But g is a graded monomorphism, so we have M Šgr g.M/. Moreover, Kerf is a
graded submodule of F , so it follows that F D g.M/˚gr Ker f . Therefore, a graded
projective R-module is isomorphic to a graded direct summand of a graded free R-
module. The converse follows from .1/ and .3/ and from the fact that if M Šgr N ,
then M is graded projective if and only if N is graded projective.

Proposition 9.3.4. A graded R-module M is a projective module in GrR if and only
if M is a projective module in ModR.

Proof. Let M be a graded R-module and suppose that M is a projective module in
ModR. A row exact diagram

M

L
g � N

f

�
� 0

in GrR gives a row exact commutative diagram

M

L
g �

h

�
N

f

�
� 0

in ModR, where the R-linear mapping h WM ! L is given by the projectivity of M .
The fact that M is a graded projective module now follows from (1) of Lemma 9.3.2.

Conversely, if M is a graded projective R-module, then, by (4) of the previous
proposition, M is a direct summand in GrR of a graded free R-module F . But F is
a free R-module, so M is a direct summand in ModR of a free R-module. But free
R-modules are projective and direct summands of projective modules are projective,
so M is a projective R-module.
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Definition 9.3.5. A gradedR-moduleM is said to be graded injective (or an injective
module in GrR/ if every row exact diagram

0 � N
g � L

M

f

�
h

�...
....

....
....

....
...

of graded R-modules and graded R-module homomorphisms can be completed com-
mutatively by a graded R-module homomorphism h W L!M .

The following proposition is an analogue of Baer’s criteria for ungraded injective
modules given in Section 5.1.

Proposition 9.3.6 (Baer’s Criteria for Graded Modules). The following are equiva-
lent.

(1) M is a graded injective R-module.

(2) If A is a graded right ideal of R and f W A ! M is a graded R-module
homomorphism, there is a graded R-module homomorphism g W R ! M such
that gjA D f .

(3) If A is a graded right ideal of R and f W A ! M is a graded R-module
homomorphism, there is an x 2M such that f .a/ D xa for all a 2 A.

Proof. The implications .1/ ) .2/ ) .3/ are obvious. The proof of .3/ ) .1/ is
a modification of the proof of .3/) .1/ in Proposition 5.1.3.

Proposition 9.3.7. If M is a graded R-module such that M is an injective module in
ModR, then M is an injective module in GrR.

Proof. Use (2) of Lemma 9.3.2.

The converse of the proposition above fails as shown by the following example.

Example

1. If K is a field and R D KŒX;X�1� is the ring of Laurent polynomials of Ex-
ample 10 in Section 9.1, then R is a graded field. Hence, the only graded ideals
of R are 0 and R. It follows from Baer’s criteria for graded modules that RR is
graded injective. However, RR is not an injective module in ModR.
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Graded Flat Modules

It has just been established in Chapter 5 that projective modules are flat. A similar
result holds for graded projective modules.

Definition 9.3.8. A graded R-module M is said to be graded flat (or a flat module
in GrR/ if

0!M ˝
gr
R N1

idM˝f
�����!M ˝

gr
R N2

is exact in GrZ whenever 0! N1
f
�! N2 is an exact sequence in RGr.

Proposition 9.3.9. A graded R-module M is graded flat if and only if M is a flat
R-module.

Proof. Let M be a graded R-module, suppose that M is flat in ModR and let f W
N1 ! N2 be a graded R-module monomorphism, where N1 and N2 are graded left
R-modules graded by ¹N1;nºZ and ¹N2;nºZ, respectively. Then

0!M ˝R N 1

idM˝f
�����!M ˝R N 2

is exact in ModZ, so let Mi and N1;j be such that i C j D n. Now idM .Mi / D Mi

and f .N1;j / � N2;j , so .idM ˝ f /.Mi ˝Z N1;j / D idM .Mi / ˝Z f .N1;j / �

Mi ˝Z N2;j . Hence, .idM ˝ f /..M ˝R N1/n/ � .M ˝R N2/n. Therefore,

idM ˝ f WM ˝R N1 !M ˝R N2

is a graded R-module monomorphism, soM is graded flat. One proof of the converse
uses the concept of an inductive limit, a concept not covered in this text. We outline
such a proof and leave it to the interested reader to consult [10], [12] or [43] for the
details on inductive limits. If M is graded flat, then M is an inductive limit of graded
free R-modules. But if F is a graded free R-module, then F free, so F is a flat
R-module. Thus, M is an inductive limit of flat R-modules and so M is flat.

Corollary 9.3.10. Graded projective modules and graded free modules are graded
flat modules.

Proof. According to Proposition 9.3.4, a graded projective R-module is projective
and a projective R-module is flat. Hence the proposition shows that graded projective
R-modules are graded flat. From (3) of Proposition 9.3.3, we see that graded free
R-modules are graded projective, so graded free R-modules are also graded flat.
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Problem Set 9.3

1. Prove (2) of Lemma 9.3.2. [Hint: Dualize the proof of (1).]

2. Prove (1), (2) and (3) of Proposition 9.3.3. [(1), Hint: Proposition 5.2.3.] [(3),
Hint: Propositions 5.2.6 and 9.3.4.]

3. If ¹M˛º� is a family of graded R-modules, prove that
Lgr
�
M˛ is a graded

submodule of
Qgr
�M˛.

4. If M is a graded R-module, prove that the functors HomGrR.M;�/ and
HOMR.M;�/ are exact if and only if M is a graded projective module. [Hint:
Exercise 15 in Problem Set 9.1 and Propositions 3.3.2 and 5.2.11.]

5. Prove .3/) .1/ in Proposition 9.3.6. [Hint: Proposition 5.1.3.]

6. Prove Proposition 9.3.7. [Hint: (2) of Lemma 9.3.2.]

7. Verify Example 1.

8. IfM is a gradedR-module, show thatM is graded injective if and only ifM.n/
is graded injective for each n 2 Z.

9. Let M and N be graded R-modules and suppose that N is a graded submodule
of M . If N is graded injective, show that N is a graded direct summand of M .
[Hint: Corollary 9.2.4.]

10. Prove that each of the functors HomGrR.�;M/ and HOMR.�;M/ is exact if
and only if M is a graded injective R-module. [Hint: Exercise 15 in Problem
Set 9.1 and Propositions 3.3.2 and 5.1.11.]

11. If 0! M1

f
�! M

g
�! M2 ! 0 is a split short exact sequence in GrR and X is

a graded R-module, then are

0! HomGrR.M2; X/
g�

��! HomGrR.M;X/
f �

��! HomGrR.M1; X/! 0 and

0! HomGrR.X;M1/
f�
�! HomGrR.X;M/

g�
�! HomGrR.X;M2/! 0

split short exact sequences in Ab?

12. IfR and S are graded rings and RXS is an .R; S/-bimodule, thenX is a graded
.R; S/-bimodule if RX is an object in RGr and XS is an object in GrS and
RiXjSk � XiCjCk for all i; j; k 2 Z. Note also that if M is a graded R-mod-
ule and if X is a graded .R; S/-bimodule, then M ˝gr

R
X is a graded S -module

under the operation .x ˝ y/s D x ˝ ys.

(a) Let R and S be graded rings and suppose that NS is an object in GrS . If X
is a graded .R; S/-bimodule, show that HOMS .X;N / is a graded R-module.
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(b) Adjoint Associativity. Let R and S be graded rings and suppose that MR

and NS are objects in GrR and GrS , respectively. If X is a graded .R; S/-
bimodule, prove that there a graded isomorphism

�MN W HOMS .M ˝
gr
R
X;N/! HOMR.M;HOMS .X;N //

of graded abelian groups that is natural in MR and NS . In particular, show that

HomGrS .M ˝
gr
R X;N/ Š

gr HomGrR.M;HOMS .X;N //:

[Hint: Proposition 3.4.5.]

9.4 Graded Modules with Chain Conditions

A graded module can also satisfy chain conditions with respect to its submodules.
Many classical results of modules with chain conditions can be reformulated and stud-
ied in the setting of graded modules.

Graded Noetherian and Graded Artinian Modules

Definition 9.4.1. A graded R-module M is said to be graded noetherian (graded
artinian) or a noetherian (an artinian) module in GrR if every ascending (descending)
chain of graded submodules of M terminates. If RR is a graded noetherian (graded
artinian) R-module, then we will say that R is a right graded noetherian ring (right
graded artinian ring).

The proofs of the following two propositions are similar to the proofs of Proposi-
tion 4.2.3, Proposition 4.2.4 and Exercise 8 in Problem Set 4.2.

Proposition 9.4.2. The following are equivalent for a graded R-module M .

(1) M is graded noetherian.

(2) Every nonempty collection of graded submodules ofM has a maximal element.

(3) Every graded submodule of M is finitely generated.

Proposition 9.4.3. The following are equivalent for a graded R-module M .

(1) M is graded artinian.

(2) Every nonempty collection of graded submodules of M has a minimal element.

(3) If ¹M˛º� is a family of graded submodules of M , there is a finite subset ± of �
such that

T
±M˛ D

T
�M˛.
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Remark. LetM be a gradedR-module. The notation xn indicating that xn 2Mn and
deg.xn/ D n is convenient is some places and cumbersome in others. Consequently,
we will sometimes write x D x1Cx2C� � �Cxp for the homogeneous decomposition
of x, where the subscript no longer denotes the degree of the xi . The context of the
discussion will indicate which notation is being used.

LetM be a graded R-module and suppose thatN is a submodule ofM . Then each
x 2 N can be expressed uniquely as x D x1 C x2 C � � � C xp , where each xi is
a homogeneous component in M of x and

deg.x1/ < deg.x2/ < � � � < deg.xp/:

Form the set ¹xpºx2N and let N # be the submodule of M generated by ¹xpºx2N .
That is, N # is the submodule of M generated by the components of highest degree
in the homogeneous decomposition of the x 2 N . Likewise, N# will denote the
submodule of M generated by the components of lowest degree in the homogeneous
decomposition of the x 2 N . Note thatN # andN# are graded submodules ofM since
they are generated by homogeneous elements.

We now need the following notation. If R is a graded ring and M is a graded
R-module, then for each n0 2 Z let Rn�n0 D

L
n�n0

Rn, Rn�n0 D
L
n�n0

Rn,
Mn�n0 D

L
n�n0

Mn and Mn�n0 D
L
n�n0

Mn. The notation Rn>n0 , Rn<n0 ,
Mn>n0 , Mn<n0 will have the obvious meaning.

Lemma 9.4.4. Let M be a graded R-module and suppose that n0 2 Z. If X and Y
are submodules of M such that X � Y , then the following are equivalent.

(1) X D Y .

(2) X# D Y # and X \Mn<n0 D Y \Mn<n0 .

(3) X# D Y# and X \Mn>n0 D Y \Mn>n0 .

Proof. .1/ ) .2/ is obvious, so we show .2/ ) .1/. Suppose that y 2 Y and let
y D y1 C y2 C � � � C yp1 be the homogeneous decomposition of y in M , where
deg.y1/ < deg.y2/ < � � � < deg.yp1/. If deg.yp1/ < n0, then y 2 Y \Mn<n0 D

X \Mn<n0 , so y 2 X . If deg.yp1/ D k 	 n0, then yp1 2 Y
# D X# so there is an

x1 2 X such that x1 D x11 C x
1
2 C � � � C x

1
m1
C yp1 , where deg.x11/ < deg.x12/ <

� � � < deg.x1m1/ < k. Thus,

y � x1 D y1 C y2 C � � � C yp1�1 � .x
1
1 C x

1
2 C � � � C x

1
m1
/;

and the degree of each term in

y1 C y2 C � � � C yp1�1 � .x
1
1 C x

1
2 C � � � C x

1
m1
/

is at most k � 1. Hence, y � x1 has a homogeneous decomposition such that the
degree of each component is at most k � 1. Now x1 2 X � Y and y � x1 2 Y , so
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suppose that y � x1 D y01 C y
0
2 C � � � C y

0
p2

is such that deg.y0p2/ � k � 1. Then
y 0p2 2 Y

# D X#, so there is an x2 2 X such that x2 D x21 C x
2
2 C � � � C x

2
m2
C y0p2 ,

where deg.x21/ < deg.x22/ < � � � < deg.x2m2/ < k � 1 and

y � .x1 C x2/ D y01 C y
0
2 C � � � C y

0
p2�1

� .x21 C x
2
2 C � � � C x

2
m2
/:

Furthermore, the degree of each term in

y01 C y
0
2 C � � � C y

0
p2�1

� .x21 C x
2
2 C � � � C x

2
m2
/

can be at most k � 2. Now let s be the positive integer for which k � s D n0 � 1.
If this process is repeated s times, then we arrive at

y � .x1 C x2 C � � � C xs/ D y1 C y2 C � � � C yps�1 � .x
s
1 C x

s
2 C � � � C x

s
ms
/;

where the degree of each term of

y1 C y2 C � � � C yps�1 � .x
s
1 C x

s
2 C � � � C x

s
ms
/

is at most n0� 1. Thus, y � .x1C x2C � � � C xs/ has a homogeneous decomposition
inMn<n0 . Now x1Cx2C� � �Cxs 2 X � Y , so y�.x1Cx2C� � �Cxs/ 2 Y . Hence,
y � .x1C x2C � � � C xs/ 2 Y \Mn<n0 D X \Mn<n0 gives y 2 X . Consequently,
X D Y .

The proof of the equivalence of .1/ and .3/ is similar.

Corollary 9.4.5. Let R be a positively graded ring (negatively graded ring) and
suppose that M is a positively graded R-module (negatively graded R-module). If
X and Y are submodules of M , such that X � Y , then X D Y if and only if
X # D Y #.X# D Y#/.

Lemma 9.4.6. Suppose that M is a graded R-module and let ¹x˛º� be a set of
homogeneous generators of MnR. If x is a homogeneous element of Mn, then x can
be written as x D

P
� x˛a˛, where each a˛ 2 R is homogeneous and a˛ D 0 for

almost all ˛ 2 �.

Proof. Let x be a homogeneous element of Mn. Then there are a˛ 2 R, ˛ 2 �,
such that x D

P
� x˛a˛, where a˛ D 0 for almost all ˛ 2 �. Since deg.x/ D n;

by comparing degrees we see that deg.x˛a˛/ D n for each ˛ 2 �. Suppose that
a˛ D

P
Z a˛;k is the homogeneous decomposition in R of a˛ for each ˛ 2 � with

deg.a˛;k/ D k. Then x D
P
� x˛

P
Z a˛;k D

P
�

P
Z x˛a˛;k and it follows that

deg.x˛a˛;k/ D n for each ˛ 2 � and each k 2 Z. If ˛ is fixed and if deg.x˛/ D m,
then deg.a˛;k/ D n � m for each k. Hence, a˛ D

P
Z a˛;k 2 Rn�m, so each a˛ is

homogeneous.
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The proof of the following lemma is an exercise.

Lemma 9.4.7. The following hold for a graded R-module M .

(1) Rn�0 and Rn�0 are graded subrings of R.

(2) Mn�0 is a graded Rn�0-module and Mn�0 is a graded Rn�0-module.

Proposition 9.4.8. The following hold for a graded noetherian R-module M .

(1) For each n 2 Z, Mn is a noetherian R0-module.

(2) Mn�0 is a noetherian Rn�0-module.

(3) Mn�0 is a noetherian Rn�0-module.

Conversely, ifMn�0 andMn�0 are noetherianRn�0 andRn�0 modules, respectively,
then M is a graded noetherian R-module.

Proof. (1) Lemma 9.4.7 indicates thatMn�0 is a gradedRn�0-module and thatMn�0

is a graded Rn�0-module. Moreover, each Mn is clearly an R0-module, so we need
only be concerned with proving that Mn is noetherian as an R0-module.

Let N be an R0-submodule of Mn. Since NR D
L

Z.NR\Mj /, NR is a graded
submodule of M . Hence, NR is finitely generated, so NR is finitely generated by
homogeneous elements. Suppose that ¹x1; x2; : : : ; xsº is a set of homogeneous gen-
erators of NR. Now xk 2 NR for k D 1; 2; : : : ; s, so each xk can be written as
xk D

Pp
iD1 xikaik , where xik 2 N and aik 2 Rik for i D 1; 2; : : : ; p with p

depending on k. Hence, if x 2 NR, then there are a1; a2; : : : ; as 2 R such that
x D

Ps
kD1 xkak , so x D

Ps
kD1

Pn
iD1 xik .aikak/. Thus, NR is generated by the

homogeneous elements xik with each xik belonging to N . Next, simplify notation
and let ¹x01; x

0
2; : : : ; x

0
tº be a set of homogeneous generators of NR with x0i belonging

to N for i D 1; 2; : : : ; t . If y 2 N , then, by Lemma 9.4.6, there exist homogeneous
elements b1; b2; : : : ; bt 2 R such that y D

Pt
iD1 x

0
ibi . Since the deg.y/ D n and

deg.x0i / D n for i D 1; 2; : : : ; t , the degree of each bi must be zero. Thus, each bi is
an element of R0, so N is generated as an R0-module by x01; x

0
2; : : : ; x

0
t . Therefore,

Mn is a noetherian R0-module.
(2) Let N D

L
n�0Nn be a graded Rn�0-submodule of Mn�0. Now NR DL

Z.NR\Mj /, soNR is a graded submodule ofM . Hence,NR is finitely generated.
It follows as in the proof of .1/ that NR is generated by a set ¹x1; x2; : : : ; xsº of
homogeneous elements of N . Thus, NR D x1R C x2R C � � � xsR, where 0 �
deg.x1/ < deg.x2/ < � � � < deg.xs/. Let n0 D deg.xs/. If y 2 N is homogeneous
and deg.y/ > n0, then there are homogeneous elements a1; a2; : : : ; as 2 R such that
y D x1a1 C x2a2 C � � � C xsas and deg.ai / 	 0 for i D 1; 2; : : : ; s. Hence, each ai
is in Rn�0, so Nn�n0 is a finitely generated Rn�0-module. Because of .1/, each Mn

is a noetherian R0-module, so M0 ˚M1 ˚ � � � ˚Mn0�1 is a noetherian R0-module.
Thus, N0 ˚N1 ˚ � � � ˚Nn0�1 is a finitely generated R0-module. If ¹y1; y2; : : : ; ytº
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is a set of generators of N0˚N1˚� � �˚Nn0�1, then ¹x1; x2; : : : ; xs ; y1; y2; : : : ; ytº
is a set of generators of N as an Rn�0-module. Therefore, Mn�0 is a noetherian
Rn�0-module.

(3) Similar to the proof of (2).
For the converse, suppose that Mn�0 and Mn�0 are noetherian Rn�0 and Rn�0

modules, respectively, and let X1 � X2 � X3 � � � � be an ascending chain of graded
submodules of M . Then

.X1/n�0 � .X2/n�0 � .X3/n�0 � � � � and

.X1/n�0 � .X2/n�0 � .X3/n�0 � � � �

are ascending chains of graded submodules of Mn�0 and Mn�0, respectively. Since
Mn�0 and Mn�0 are noetherian Rn�0 and Rn�0 modules, respectively, then Mn�0

andMn�0 are graded noetherian Rn�0 and Rn�0 modules. Hence, there is an integer
n0 	 0 such that .Xk/n�0 D .Xn0/n�0 and .Xk/n�0 D .Xn0/n�0 for all k 	 n0.
But this gives Xk D Xn0 for all k 	 n0, so M is a graded noetherian R-module.

Proposition 9.4.9. If M is a graded R-module, then M is graded noetherian if and
only if M is a noetherian R-module.

Proof. Let M be a graded R-module. If M is a noetherian R-module, then it is obvi-
ous thatM is a graded noetherian R-module, so suppose thatM is graded noetherian.
If X1 � X2 � X3 � � � � is an ascending chain of submodules of M , then Exercise 8
shows that

.X1/
# � .X2/

# � .X3/
# � � � �

is an ascending chain of graded submodules of M . Hence, there is an integer n0 such
that .Xk/# D .Xn0/

# for all k 	 n0. We also have that

X1 \Mn�0 � X2 \Mn�0 � X3 \Mn�0 � � � �

is an ascending chain of graded submodules of M , so there is an integer n1 such that
Xk\Mn�0 D Xn1\Mn�0 for all k 	 n1. Ifm D max¹n0; n1º, then .Xk/# D .Xm/#

andXk\Mn�0 D Xm\Mn�0 for all k 	 m. But in view of Lemma 9.4.4 this means
that Xk D Xm for all k 	 m, so M is a noetherian R-module.

IfM is a graded R-module and ifM is an artinian R-module, then it follows easily
that M is graded artinian. However, the converse does not hold. For example, the
Laurent polynomial ring R D KŒX;X�1�, K a field, is a graded artinian R-module
that is not artinian when the grading of R is forgotten.
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Problem Set 9.4

1. Prove Proposition 9.4.2. [Hint: Proposition 4.2.3.]

2. Prove Proposition 9.4.3. [Hint: Proposition 4.2.4 and Exercise 8 in Problem
Set 4.2.]

3. Prove the equivalence of (1) and (3) of Lemma 9.4.4.

4. Prove Corollary 9.4.5.

5. Prove Lemma 9.4.7.

6. Recall that direct sums of families of injective modules are injective if and only
if R is a right noetherian ring. Does the graded version of this also hold?

7. In the proof of (2) of Proposition 9.4.8 it was pointed out that if M is a graded
R-module and if N D

L
n�0Nn is a graded Rn�0-submodule of Mn�0, then

NR D
L

Z.NR \Mj / so that NR is a graded submodule of M . Show that it
is actually the case that NR D

L
Z.NR \Mj /.

8. Prove that each of the following hold for a gradedR-moduleM and submodules
X and Y of M .

(a) X# and X# are graded submodules of M .

(b) X D X# D X# if and only if X is a graded submodule of M .

(c) If X � Y , then X# � Y # and X# � Y#.

(d) If N is a graded submodule of M , then .M=N/n�0 Šgr Mn�0=Nn�0
and .M=N/n�0 Šgr Mn�0=Nn�0. [Hint: M=N D

L
Z.N C Mn=N/, so

.M=N/n�0 D
L
n�0.N CMn=N/ Š

L
n�0Mn=.Mn \N/.]

9. Show that the Laurent polynomial ring R D KŒX;X�1�, K a field, is not ar-
tinian as an ungraded R-module.

9.5 More on Graded Rings

The Graded Jacobson Radical

Definition 9.5.1. If M is a graded R-module, then the graded Jacobson radical of
M , denoted by Radgr.M/, is the intersection of the maximal graded submodules of
M . IfM fails to have maximal graded submodules, then we set Radgr.M/ DM . The
graded Jacobson radical of the graded module RR.RR/ will be denoted by J gr.RR/

(J gr.RR/).

Lemma 9.5.2. If M is a finitely generated nonzero graded R-module, then M has at
least one maximal graded submodule.
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Proof. Let ¹x1; x2; : : : ; xnº be a minimal set of homogeneous generators ofM . Then

N D x2RC x3RC � � � C xnR

is a proper graded submodule of M . Let S be the set of proper graded submodules
N 0 of M that contain N . If C is a chain in S , then

[

C

N 0 D
[

C

�M

Z

.N
0

\Mn/
�
D
M

Z

��[

C

N 0
�
\Mn

�
;

so
S

C N
0 is a graded submodule of M and

S
C N

0 ¤ M , since x1 …
S

C N
0.

Hence, S is inductive, so Zorn’s lemma indicates that S has a maximal element, say
N �. Thus, N � N �   M . It follows that M=N � is a graded simple module, so N �

is a maximal graded submodule of M .

The proof of the following proposition closely follows that of the ungraded case.

Proposition 9.5.3. The following hold for a nonzero graded R-module M .

(1) If M is finitely generated, then Radgr.M/  M .

(2) Radgr.M/ D
\
¹Ker f j f 2 HomGrR.M; S/; S a simple module in GrRº

D
\
¹Ker f j f 2 Hom

RGr.M; S/; S a simple module in RGrº.

(3) J gr.RR/ D
\
¹annr .S/ j S a simple module in GrRº

D
\
¹ann`.S/ j S a simple module in RGrº.

(4) J gr.RR/ is a graded ideal of R and J gr.RR/ D J
gr.RR/.

(5) If M and N are graded R-modules and f 2 HOMR.M;N /, then

f .Radgr.M// � Radgr.N /:

(6) J gr.R/ is the largest graded proper ideal of R such that if a is a homogeneous
element of R and aC J gr.R/ is a unit in R=J gr.R/, then a is a unit in R.

Proof. The proof of .1/ follows immediately from Lemma 9.5.2 and the proofs of .2/
through .5/ are similar to the proofs of the classical results. We prove .6/ and leave
the proofs of .2/ through .5/ as exercises.

(6) Let a be a homogeneous element of R such that a C J gr.R/ is a unit in
R=J gr.R/. Since a is homogeneous, aR is a graded right ideal of R, so if aR ¤ R,
then Zorn’s lemma gives a maximal graded right ideal m ofR such that aR � m   R.
If b C J gr.R/ is the inverse of a C J gr.R/ in R=J gr.R/, then .a C J gr.R//.b C

J gr.R// D 1C J gr.R/. Hence, 1� ab 2 J gr.R/ � m and ab 2 m, so 1 2 m. Thus,
m D R, a contradiction. Therefore, aR D R, so there is a c 2 R such that ac D 1.
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Similarly, the assumption that Ra ¤ R leads to a contradiction, so there is a c0 2 R
such that c0a D 1. Hence, c0 D c and so a is a unit in R.

Finally, we claim that J gr.R/ is the largest graded proper ideal of R with this prop-
erty. Suppose that I is a proper graded ideal ofR with the property that a homogenous
element a 2 R is a unit in R whenever a C I is a unit in R=I . If I ª J gr.R/, then
there is a maximal graded right ideal m of R such that I ª m, so I Cm D R. Let
a 2 I and b 2 m be such that aC b D 1 with b … I . If a D

P
Z an and b D

P
Z bn,

where an; bn 2 Rn for each n 2 Z, then
P

Z.an C bn/ D 1. Now deg.1/ D 0, so
an C bn D 0 if n ¤ 0 and a0 C b0 D 1 with b0 … I . Thus, we see that we can
select homogeneous elements a 2 I and b 2 m such that a C b D 1 with b … I .
Consequently, 1C I D b C I , so b C I is a unit in R=I: Therefore, b is a unit in R,
so m D R, a contradiction. Hence, I � J gr.R/ and we are done.

Because of .4/ in the proposition above, we can unambiguously write J gr.R/ for
the graded Jacobson radical of R.

Graded Wedderburn–Artin Theory

Definition 9.5.4. If R is a graded ring, then R is said to be a right (left) graded
semisimple ring if R is a direct sum of minimal graded right (left) ideals of R. Like-
wise, a graded (left) R-module M is said to be a graded semisimple module (or
a graded completely reducible module) if M is a direct sum of graded simple sub-
modules of M . If every module in GrR (RGr) is graded semisimple, then we will
refer to GrR (RGr) as a semisimple category.

A development of graded semisimple rings can be carried out using methods that
are similar to those used to investigate semisimple rings. Due to space limitations, we
provide, without proof, the main results of such a development. For the reader who
wishes to consider the details, we cite[35] and [36] as references.

Proposition 9.5.5. The following are equivalent for a ring R.

(1) R is a right graded semisimple ring.

(2) R has a decomposition R D A1 ˚ A2 ˚ � � � ˚ An, where each Ai is a minimal
graded right ideal of R and there exist idempotents ei 2 R such that Ai D eiR
for i D 1; 2; : : : ; n.

(3) GrR is a semisimple category.

Proposition 9.5.6. A ring R is right graded semisimple if and only if R is left graded
semisimple.

Due to the proposition above, a right or left graded semisimple ring can be referred
to simply as a graded semisimple ring.
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Proposition 9.5.7. If R is a graded semisimple ring, then R is a left and a right
graded noetherian ring and a left and a right graded artinian ring.

Definition 9.5.8. A graded semisimple ring R D A1 ˚ A2 ˚ � � � ˚ An is said to
be graded simple if HOMR.Ai ; Aj / ¤ 0 for each pair of integers .i; j / with 1 �
i; j � n. That is, if there is an integer nij such that Aj Šgr Ai .nij / whenever
1 � i; j � n.

Proposition 9.5.9. The following hold for a graded semisimple ring R D A1˚A2˚
� � � ˚ An.

(1) For each Ai , let Ai D
P
Aj , where Aj is such that Aj Šgr Ai .nij / for some

integer nij . Then Ai is a graded ideal of R, for i D 1; 2; : : : ; t , with t � n.

(2) R D A1 ˚ A2 ˚ � � � ˚ At and each Ai is a graded simple ring.

Thus, we see that a graded semisimple ring is a finite direct product of graded
simple rings. A graded simple ring can be expressed in the form of a graded matrix
ring with entries from a graded division ring. To see, this let Mn.R/ be the ring of
n � n matrices over a graded ring R and suppose that m D .m1; m2; : : : ; mn/ is an
n-tuple of integers. If

Mn.Rk/.m/ D

0

B
B
B
B
B
@

Rk RkCm2�m1 RkCm3�m1 � � � RkCmn�m1
RkCm1�m2 Rk RkCm3�m2 � � � RkCmn�m2
RkCm1�m3 RkCm2�m3 Rk � � � RkCmn�m3

:::
:::

:::
: : :

:::

RkCm1�mn RkCm2�mn RkCm3�mn � � � Rk

1

C
C
C
C
C
A

;

then we obtain a graded ring Mn.R/.m/ with grading ¹Mn.Rk/.m/ºk2Z. Conse-
quently, there are an infinite number of distinct gradings of the n � n matrix ring
Mn.R/. With this notation in mind, we have the following proposition and corollary.

Proposition 9.5.10. If R is a graded ring, then R is a graded simple ring if and only
if there is a graded division ring D and an n-tuple of integers m such that R Šgr

Mn.D/.m/.

Corollary 9.5.11. R is a graded semisimple ring if and only if there are graded divi-
sion rings D1;D2; : : : ;Dt and ni -tuples of integers mi such that

R Šgr Mn1.D1/.m1/ �Mn2.D2/.m2/ � � � � �Mnt .Dt /.mt /:

The following graded version of a result of Hopkins, Corollary 6.6.6, also holds.

Proposition 9.5.12. If R is a right graded artinian ring, then R is right graded
noetherian.
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Problem Set 9.5

1. In the proof of Lemma 9.5.2 it was pointed out that if C is a chain of graded
submodules N of a graded R-module M , then

S
C N is a graded submodule of

M . Prove that this is the case by showing that
S

C N D
S

C .
L

Z.N \Mn// DL
Z..

S
C N/ \Mn/.

2. Prove .2/ through .5/ of Proposition 9.5.3. [Hint: Consider the corresponding
results for the ungraded cases given in Section 6.1.]

3. If R is a graded ring, prove that if A is a graded right ideal of R, then there is
a maximal graded right ideal m of R that contains A. [Hint: Exercise 1.]

4. For a ring R, we know that J.R=J.R// D 0. Is it the case that
J gr.R=J gr.R// D 0whenR is a graded ring? [Hint: If f is a graded epimorph-
ism and Kerf � Rad.M/, is there is a one-to-one correspondence among the
maximal graded submodules of N and the maximal graded submodules of M
that contain Ker f ?]

5. If R is a graded semisimple ring, show that J gr.R/ D 0.

6. Let Mn.R/ be the ring of n� n matrices over a graded ring R and suppose that
m D .m1; m2; : : : ; mn/ is an n-tuple of integers. If

Mn.Rk/.m/ D

0

B
B
B
B
B
@

Rk RkCm2�m1 RkCm3�m1 � � � RkCmn�m1
RkCm1�m2 Rk RkCm3�m2 � � � RkCmn�m2
RkCm1�m3 RkCm2�m3 Rk � � � RkCmn�m3

:::
:::

:::
: : :

:::

RkCm1�mn RkCm2�mn RkCm3�mn � � � Rk

1

C
C
C
C
C
A

;

verify that we obtain a graded ring Mn.R/.m/with grading ¹Mn.Rk/.m/ºk2Z.
[Hint: Verify this for, say n D 3, and then generalize.]

7. A proper graded ideal p of a graded ring R is said to be a graded prime ideal of
R if whenever A and B are graded ideals of R such that AB � p; then either
A � p or B � p:

(a) Prove that a proper graded ideal p is a graded prime ideal of R if and only
if whenever a and b are homogeneous elements of R such that aRb � p, then
either a 2 p or b 2 p: If 0 is a graded prime ideal of R, then R is said to be a
graded prime ring.

(b) A graded prime ideal of R is said to be a minimal graded prime ideal of R
if it is a minimal element among the graded prime ideals of R. Prove that every
graded prime ideal of R contains a minimal graded prime ideal of R.
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(c) Let radgr.R/ denote the intersection of the graded prime ideals ofR. radgr.R/

is called the graded prime radical of R. Prove that radgr.R/ is the intersection
of the minimal prime graded ideals of R and that radgr.R/ � J gr.R/.

(d) If radgr.R/D 0, prove thatR has no nilpotent graded ideals. If radgr.R/D 0,
then R is said to be a graded semiprime ring.

[Hint: Solutions for the parts of Exercise 7 can be modeled after the correspond-
ing results given in Section 6.2.]



Chapter 10

More on Rings and Modules

Reflexive modules (defined below) arise in several areas of mathematics. In particu-
lar, in functional analysis, where the modules under consideration are usually vector
spaces. As we will see, vector spaces are reflexive if and only if they are finite dimen-
sional. If we pass from vector spaces to modules over an arbitrary ring, then finitely
generated projective modules are reflexive. However, reflexivity often fails for finitely
generated modules if the module is not projective. Our goal is to find conditions on
a ring R that will ensure that reflexivity holds for finitely generated modules. To do
this, we introduce a special class of rings known as quasi-Frobenius rings.

We begin our discussion of reflexive modules with definitions and basic concepts.
Let M be an R-module and set

M� D HomR.MR; RR/:

Thus, if f 2 M� and we define .af /.x/ D af .x/ for x 2 M and a 2 R, then
af 2M � and M� is a left R-module. Likewise, we can form

M�� D HomR.RM
�;RR/;

so if .fa/.g/ D f .g/a for f 2 M ��, g 2 M � and a 2 R, then fa 2 M�� and
this makes M�� into an R-module. If x 2 M and fx W M � ! R is such that
fx.g/ D g.x/ for each g 2M�, then fx 2M ��, so let

'M WM !M�� be such that 'M .x/ D fx:

If x; y 2M and a 2 R, then it follows easily that fxCy D fx C fy and fxa D fxa,
so 'M is R-linear. If f WM ! N is an R-linear mapping of R-modules, then

f � W HomR.NR; RR/! HomR.MR; RR/

such that f �.h/ D hf is an R-linear mapping of left R-modules and

f �� W HomR.RM
�;RR/! HomR.RN

�;RR/

given by f ��.h/ D hf � is an R-linear mapping of R-modules. This produces dia-
grams

M
'M� M�� x � fx

and

N

h

�
'N� N ��

h��

�
h.x/

�
� fh.x/

�
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where x 2M . Note that h��.fx/ D fxh�, so if g 2M�, then

h��.fx/.g/ D fxh
�.g/ D fx.gh/ D gh.x/ D fh.x/.g/:

Hence, h��.fx/ D fh.x/ and so the diagrams are commutative.
If M is an R-module, then the left R-module M� is said to be the dual of M

and the R-module M�� is the double dual of M . The left exact contravariant functor
.�/� D HomR.�; R/ is often referred to as the duality functor. TheR-linear mapping
'M is said to be the canonical map from M to M ��. If 'M is a monomorphism,
then we say that M is a torsionless module and if 'M is an isomorphism, then M is
reflexive. IfM is a leftR-module, then the preceding observations and definitions can
easily be adapted toM . In this case,M � is anR-module andM �� is a leftR-module.

Remark. If F is a free R-module with basis B D ¹x˛º�, ¹a˛º� is any set of ele-
ments of R and

f W B ! R such that f .x˛/ D a˛ for each ˛ 2 �

is extended linearly to F , then f W F ! R is an R-linear mapping belonging to the
left R-module F �. In particular, if

x�˛ W B ! R is such that x�˛.xˇ / D ı˛ˇ ; where

ı W � ��! R is the Kronecker delta function,

and each x�˛ is extended linearly to F , then B� D ¹x�˛º� is a linearly independent
set of elements of F �. Indeed, if

P
� a˛x

�
˛ D 0 in F �, where a˛ D 0 for almost all

˛ 2 �, then 0 D .
P
� a˛x

�
˛/.xˇ / D

P
� a˛x

�
˛.xˇ / D aˇ for all ˇ 2 �. As we

will see, B� may not be a basis for F �, so, in general,
L
�Rx

�
˛   F �. However,

if it turns out that ¹x�˛º� is a basis for F �, then this process can be repeated and we
can, for each ˛ 2 �, set x��˛ .x

�
ˇ
/ D ı˛ˇ for all ˇ 2 � and then extend x��˛ linearly

to F ��. In this case, B�� D ¹x��˛ º � F
�� and we have

'F .x˛/.x
�
ˇ / D fx˛ .x

�
ˇ / D x

�
ˇ .x˛/ D x

��
˛ .x�ˇ /; so 'F .x˛/ D fx˛ D x

��
˛ :

If B D ¹x˛º� is a basis for F and B� D ¹x�˛º� is a basis of F �, then B� is said
to be the basis dual to B or the dual basis of B.

10.1 Reflexivity and Vector Spaces

Proposition 10.1.1. If V be a finite dimensional vector space over a division ring D,
then V � and V �� are finite dimensional vector spaces with bases B� and B��, re-
spectively. Furthermore, dim.V / D dim.V �/ D dim.V ��/ and V is reflexive.
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Proof. It follows as in the Remark above that B� D ¹x�i º
n
iD1 is a set of linearly

independent vectors in V �. We claim that B� spans V �. Let f 2 V � and x 2 V .
If x D x1b1 C x2b2 C � � � C xnbn is a representation of x with elements of B, then
f .x/ D f .x1/b1Cf .x2/b2C� � �Cf .xn/bn. If f .xi / D ai for i D 1; 2; : : : ; n, then
f .x/ D a1b1C a2b2C � � � C anbn. We claim that f D a1x�1 C a2x

�
2 C � � � C anx

�
n .

If g D a1x�1 C a2x
�
2 C � � � C anx

�
n , then

g.x/ D .a1x
�
1 C a2x

�
2 C � � � C anx

�
n/.x/

D .a1x
�
1 C a2x

�
2 C � � � C anx

�
n/.x1b1 C x2b2 C � � � C xnbn/

D a1b1 C a2b2 C � � � C anbn

D f .x/:

Hence, f D a1x
�
1 C a2x

�
2 C � � � C anx

�
n and so B� is a basis for V �. Since B� is

a basis for V �, a similar proof shows that B�� D ¹x��i º
n
iD1 is a basis for V �� and so

dim.V / D dim.V �/ D dim.V ��/ D n. Finally, the canonical map 'V W V ! V �� is
such that 'V .xi / D x��i for i D 1; 2; : : : ; n, so 'V is an isomorphism. Hence, V is
reflexive.

Proposition 10.1.2. A vector space over a division ringD is reflexive if and only it is
finite dimensional.

Proof. We have just seen in the previous proposition that if a vector space V over
a division ring D is finite dimensional, then V is reflexive. So it remains to show
that if V is reflexive, then V is finite dimensional. Suppose that V is an infinite
dimensional with basis B D ¹x˛º�. Then card.�/ 	 @0, so let � � � be such
that card.�/ 	 @0 and for each ˛ 2 � let a˛ be a nonzero element of D. Then
¹a˛º� is an infinite set of nonzero elements of D. Define f on elements of B� by
f .x�˛/ D a˛ for ˛ 2 � and f .x�˛/ D 0 when ˛ 2 � � � . If f is extended linearly
to V �, then f 2 V ��. If x is an arbitrary element of V , let x D

P
� xˇbˇ , where

bˇ D 0 for almost all ˇ 2 � and xˇ 2 B for each ˇ 2 �. Then 'V .x/ D fx and
fx.x

�
˛/ D x

�
˛.
P
� xˇbˇ / D b˛ for each ˛ 2 �, so fx.x�˛/ D 0 for almost all ˛ 2 �.

But f .x�˛/ D a˛ and a˛ ¤ 0 for an infinite number of ˛ 2 �, so there are ˛ 2 �
such that fx.x�˛/ ¤ f .x�˛/. Hence, it must be the case that 'V .x/ D fx ¤ f for
all x 2 V , so 'V is not surjective and 'V cannot be an isomorphism. Consequently,
if V is not finite dimensional, then V is not reflexive.

In the Remark given in the introduction to this chapter, it was pointed out that if
¹x˛º� is a basis for a freeR-module F , then ¹x�˛º� may not be a basis for F �. To see
this, suppose it is always the case that if ¹x˛º� is a basis for a free R-module F , then
¹x�˛º� is a basis for F �. If V is an infinite dimensional vector space over a field K,
then V is a free K-module, so, due to our assumption, if ¹x˛º� is a basis for V , then
¹x�˛º� is a basis for V �. Hence, V � is a free K-module with basis ¹x�˛º� and so
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V �� is a free K-module with basis ¹x��˛ º�. But this means that the canonical map
'V W V ! V ��, defined on basis elements by 'V .x˛/ D x��˛ for each ˛ 2 �,
is an isomorphism which indicates that V is reflexive. But this contradicts the fact
established in the previous proposition that V must be finite dimensional in order to
be reflexive. Hence, if ¹x˛º� is a basis for a free R-module F , then ¹x�˛º� need not
be a basis for F �.

Problem Set 10.1

1. Prove each of the following for a vector space V over a division ring D, where
U , U1 and U2 are subspaces of V , X , X1 and X2 are subspaces of V � and

annV
�

` .U / D ¹f 2 V � j f .x/ D 0 for all x 2 U º and

annVr .X/ D ¹x 2 V j f .x/ D 0 for all f 2 Xº:

(a) annV
�

`
.U / is a subspace of the left D-vector space V � and

annVr .X/ is a subspace of V .

(b) If U1 � U2, then annV
�

`
.U2/ � annV

�

`
.U1/ and

if X1 � X2, then annVr .X2/ � annVr .X1/.

(c) U � annVr .annV
�

`
.U // and

X � annV
�

`
.annVr .X//.

(d) annV
�

r .U / D annV
�

r .annV
`
.annV

�

r .U /// and

annVr .X/ D annVr .annV
�

`
.annVr .X///.

(e) annV
�

r .U1 C U2/ D annV
�

r .U1/ \ annV
�

r .U2/ and
annVr .X1 CX2/ D annVr .X1/ \ annVr .X2/.

2. Let V be a finite dimensional vector space over a division ring D. Prove that
each basis of V � is dual to some basis of V . [Hint: If ¹xiºniD1 is a basis for V �,
then ¹x�i º

n
iD1 is a basis for V �� and V Š V ��.]

3. Let V be an n dimensional vector space over a division ring D. If f; g 2 V �,
assume that f ¤ g, that neither f nor g is zero, and that Ker f ¤ Kerg.
Compute the dimensions of each of the following.

(a) Ker f and Kerg

(b) Ker f \ Kerg.

(c) Ker f C Kerg.

4. Consider the R-vector space R3. Show that B D ¹x1 D .1; 0; 1/, x2 D
.�1; 1; 0/, x3 D .0; 1; 2/º is a basis for R3 and compute B�. [Hint: Show
that the representation of the vector .x; y; z/ relative to this basis is x1.2x C
2y � z/C x2.x C 2y � z/C x3.�x � y C z/.]
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10.2 Reflexivity and R-modules

Since only finitely generated vector spaces are reflexive, if we are to study reflexive
R-modules, it would appear that we will have to restrict our investigation to finitely
generated free modules. However, if the module is finitely generated and projective,
then we can show that it is reflexive.

Lemma 10.2.1. A finitely generated free R-module is reflexive.

Proof. If F is a finitely generated free R-module, then F has a finite basis, so there is
a positive integer n such that F Š .RR/

.n/. This gives F � Š .RR/
.n/ which in turn

shows that F �� Š .RR/.n/ Š F .

Proposition 10.2.2. Let M be a projective R-module generated by n elements. Then

(1) M � is a projective left R-module generated by n elements, and

(2) M is reflexive.

Proof. .1/ If M is a finitely generated projective R-module, then there is a split short

exact sequence 0 ! N
f
�! F

g
�! M ! 0, where F is a free R-module with a finite

basis. Now 0 ! M �
g�

��! F �
f �

��! N � ! 0 is split exact, since the contravariant
functor HomR.�; R/ preserves split short exact sequences. Since there is an integer n
such that F Š .RR/.n/, F � Š .RR/.n/, so F � is a free left R-module with a basis of
n elements. Now F � ŠM �˚N �, so if ¹x1; x2; : : : ; xnº is a basis forM �˚N �, then
each xi can be written as xi D .xM�

i
; xN�

i
/, where xM�

i
2 M� and xN�

i
2 N � for

i D 1; 2; : : : ; n. It follows that ¹xM�1 ; xM�2 ; : : : ; xM�n º is a set of generates for M�,
so M � is generated by n elements. Since M� is isomorphic to a direct summand of
the projective left R-module F �, M� is projective.

.2/ As in (1) there is a split short exact sequence 0 ! N
f
�! F

g
�! M ! 0, so

F ŠM ˚N . It follows that F �� ŠM ��˚N ��. Moreover, we have a commutative
diagram

M ˚N
'F� M�� ˚N ��

M

�

�
'M � M��

���

�

where � WM ˚N !M is the canonical projection. Now F is finitely generated and
free, so by Lemma 10.2.1, F is reflexive. Since 'F jM D 'M , it follows that 'M is
an isomorphism.
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Observe that the proof of (2) of Proposition 10.2.2 shows that a direct summand
of a reflexive module is reflexive. If the condition that the module is projective is
removed from the preceding proposition, then the proposition, in general, fails. Recall
that over a principal ideal domain a module is projective if and only if it is free.
(See Proposition 5.2.16.) A simple cardinality argument shows that Zn, n 	 2, as
a Z-module is not free and hence cannot be projective. Moreover, Z�n D Z��n D 0,
so in this case, Proposition 10.2.2 does, in fact, fail. Thus, if the projective condition
is to be removed, and if finitely generated modules are to remain reflexive, then the
class of rings under consideration will have to be restricted. Toward this end, we
investigate self-injective rings, rings that contain a copy of every simple R-module,
and semiprimary rings.

Self-injective Rings

Definition 10.2.3. A ring R is said to be right self-injective if RR is an injective
R-module. Left self-injective rings are defined similarly.

Lemma 10.2.4. The following properties of a ring R are equivalent.

(1) If A is a finitely generated right ideal of R and f W A ! R is an R-linear
mapping, then there is an x 2 R such that f .a/ D xa for all a 2 A.

(2) (a) If ¹AiºniD1 is a family of finitely generated right ideals of R, then
ann`.

Tn
iD1Ai / D

Pn
iD1 ann`.Ai / and

(b) for any a 2 R, ann`.annr.Ra// D Ra.

Proof. .1/ ) .2a/. If A and B are right ideals of R, then ann`.A/ C ann`.B/ �
ann`.A \ B/. So suppose that A and B are finitely generated, that c 2 ann`.A \ B/
and let f W AC B ! R be such that

f .a/ D a if a 2 A and f .b/ D .1C c/b if b 2 B:

(Since the two expressions for f agree on A \ B , this map is well defined and R-
linear.) Due to (1) there is an x 2 R such that f .r/ D xr for all r 2 ACB . If a 2 A,
then xa D a, so .x � 1/a D 0. Hence, x � 1 2 ann`.A/. If b 2 B , then

.1C c � x/b D .1C c/b � xb D f .b/ � xb D xb � xb D 0;

so 1C c � x 2 ann`.B/. Thus,

c D .x � 1/C .1C c � x/ 2 ann`.A/C ann`.B/

and we have ann`.A \ B/ � ann`.A/C ann`.B/. Therefore,

ann`.A \ B/ D ann`.A/C ann`.B/:
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It now follows by induction that ann`.
Tn
iD1Ai / D

Pn
iD1 ann`.A/ for any family

¹Aiº
n
iD1 of finitely generated right ideals of R.

.1/) .2b/. If a 2 R, then we immediately have Ra � ann`.annr.Ra//. On the
other hand, if b 2 ann`.annr .Ra//, then f W aR! bR � R such that f .ar/ D br is
a well-defined R-linear map. By (1), there is an x 2 R such that f .ar/ D xar for all
ar 2 aR. Hence, br D xar for all r 2 R. In particular, for r D 1, we have b D xa

and this gives b 2 Ra. Hence, ann`.annr.a// � Ra, so

ann`.annr.Ra// D Ra:

.2/ ) .1/. Let A be a finitely generated right ideal of R and suppose that f W
A ! R is R-linear. We proceed by induction on n; the number of generators of A.
If n D 1, then A D aR, so suppose that f W aR ! R is a module homomorphism
and let c D f .a/. Then c � annr .Ra/ D 0, so (b) gives c 2 ann`.annr.Ra// D Ra.
Hence, c D xa for some x 2 R and the map f W aR! R given by f .ar/ D xar for
all ar 2 aR is a well-defined module homomorphism. Next, let A D a1R C a2R C
� � � C anR and make the induction hypothesis that .1/ holds for all finitely generated
right ideals of R with k generators, where 1 � k < n. If f W A ! R is an R-linear
mapping, then there are x0; x00 2 R such that f .a/ D x0a if a 2 A0 D a1RC a2RC
� � �Can�1Rand f .a/ D x00a if a 2 anR. If a 2 A0\anR, then .x0�x00/a D 0, so it
follows from (2a) that x0 � x00 2 ann`.A0 \ anR/ D ann`.A0/C ann`.anR/. Hence,
x0�x00 D b0�b00, where b0A0 D 0 and b00anR D 0 and so x0�b0 D x00�b00. From this
we see that if a D cCanr 2 A0CanR, then .x0�b0/.cCanr/ D .x00�b00/.cCanr/.
Hence, if we let x D x0 � b0, then f .a/ D xa for all a 2 A and we have .1/:

Proposition 10.2.5. If R is a right self-injective ring, then

(1) if ¹AºniD1 is a family of right ideals of R, then ann`.
Tn
iD1Ai / DPn

iD1 ann`.Ai / and

(2) if A is a finitely generated left ideal of R, then ann`.annr.A// D A.

Conversely, if .1/ and .2/ hold andR is right noetherian, thenR is right self-injective.

Proof. If R is right self-injective, then the proof of .1/) .2a/ of Lemma 10.2.4 with
the finitely generated condition removed works and so .1/. For the proof of .2/, let
A D Ra1CRa2C � � � CRan be a finitely generated left ideal of R. It follows easily
that annr .

Pn
iD1Rai / D

Tn
iD1 annr.Rai / and so

ann`.annr.A// D ann`
�

annr
� nX

iD1

Rai

��
D ann`

� n\

iD1

annr .Rai /
�
:

Now ¹annr .Rai /ºniD1 is a family of right ideals of R, so .1/ gives

ann`
� n\

iD1

annr.Rai /
�
D

nX

iD1

ann`.annr.Rai //
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and (2b) of Proposition 10.2.4 shows that ann`.annr .Rai // D Rai for i D 1; 2;

: : : ; n. Hence,

ann`.annr.A// D Ra1 CRa2 C � � � CRan D A:

Conversely, if R is right noetherian, then Lemma 10.2.4 and Baer’s criteria show
that R is right self-injective.

Proposition 10.2.6. A right noetherian right self-injective ring is left noetherian.

Proof. Let J D J.R/. Since R is right self-injective, Proposition 8.4.14 shows that
R=J is a regular ring. We also see that R=J is right noetherian since R is, and so it
follows from Proposition 6.6.2 that R=J is a semisimple ring. Also since R is right
self-injective, Proposition 8.4.14 indicates that

J D ¹a 2 R j annr .a/ is an essential right ideal of Rº:

We claim that J is nilpotent. Consider the descending chain

J � J 2 � J 3 � � � � :

Since R is right noetherian, the ascending chain

annr.J / � annr.J
2/ � annr.J

3/ � � � �

of right ideals of R terminates. If

annr.J
n/ D annr.J

nC1/ D � � � ;

then we claim that J n D 0. Assume that J n ¤ 0, let

A D ¹annr.y/ j y 2 R and J ny ¤ 0º

and choose a maximal element annr.x/ from A. Then J nx ¤ 0. If a 2 J , then
annr.a/ \ xR ¤ 0, so axy D 0 for some y 2 R with xy ¤ 0. Now annr.x/  
annr.ax/, so the maximality of annr.x/ means that J nax D 0. Since this holds
for each a 2 J , we see that J nC1x D 0. Hence, x 2 annr .J nC1/ D annr.J n/.
Therefore, J nx D 0, so we have a contradiction. Thus, J n D 0.

Hence, we have a decreasing chain

R � J � J 2 � � � � � J n�1 � J n D 0

and sinceR=J is semisimple each factor module J i�1=J i , i D 1; 2; : : : ; n, is a direct
sum of simple R=J -modules. But this sum is finite by Lemma 6.6.4, so each factor
module J i�1=J i has a composition series. Thus, it follows that J i�1=J i is right
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artinian for i D 1; 2 : : : ; n. It also follows, exactly as in the proof of Proposition 6.6.5,
that R is right artinian.

Finally, let

A1 � A2 � A3 � � � �

be an ascending chain of finitely generated left ideals of R. Then

annr.A1/ � annr.A2/ � annr.A3/ � � � �

is a descending chain of right ideals which terminates, since R is right artinian. If

annr.An/ D annr.AnC1/ D � � � ; then

ann`.annr.An// D ann`.annr.AnC1// D � � � :

But by Proposition 10.2.5, An D AnC1 D � � � and so R satisfies the ascending chain
condition of finitely generated left ideals. It is straightforward to show that a ring R
that satisfies this condition on finitely generated left ideals is R is left noetherian.

Kasch Rings and Injective Cogenerators

Definition 10.2.7. A ring R is said to be a right (left) Kasch ring if R contains a copy
of each simple (left) R-module. A left and right Kasch ring is referred to simply as
a Kasch ring. An injective R-module M is an injective cogenerator for ModR if
every R-module is cogenerated by M . Injective cogenerators for RMod are defined
in the obvious way.

We now develop several conditions that will ensure that a right self-injective ring
will be a cogenerator for ModR. Left and right self-injective cogenerator rings are
important in our investigation of rings over which every finitely generated (left) R-
module is reflexive.

Lemma 10.2.8. The following are equivalent for a maximal right (left) ideal m of R.

(1) R=m embeds in R.

(2) m D annr.x/ (m D ann`.x/) for some x 2 R, x ¤ 0.

(3) ann`.m/ ¤ 0 (annr.m/ ¤ 0).

(4) m D annr.ann`.m// (m D ann`.annr.m//).

(5) If y 2 R and .m W y/ D ¹a 2 R j ya 2 mº (.m W y/ D ¹a 2 R j ay 2 mº),
then there is a y 2 R such that ann`..m W y// ¤ 0 (ann`..m W y// ¤ 0).

Proof. .1/ ) .2/. If f W R=m ! R is an R-linear embedding and f .1 C m/ D

x ¤ 0, then annr.x/ D m.
.2/) .3/. Since xm D x annr.x/ D 0, 0 ¤ x 2 ann`.m/.
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.3/) .4/. Since ann`.m/ ¤ 0, we see that m � annr.ann`.m//   R. Hence, the
maximality of m gives m D annr.ann`.m//.
.4/ ) .5/. If ann`..m W y// D 0 for all y 2 R; then ann`..m W 1// D

ann`.m/ D 0. But then annr.ann`.m// D R and this contradicts .4/.
.5/) .1/. Let y 2 R be such that ann`..m W y// ¤ 0. If 0 ¤ x 2 ann`..m W y//

and if f W R=.m W y/ ! R and g W R=.m W y/ ! R=m are such that f .a C
.m W y// D xa and g.a C .m W y// D .y Cm/a, then f and g are well-defined R-
linear mappings. If g.aC .m W y// D 0, then 0 D .yCm/a D yaCm, so ya 2 m.
Hence, a 2 .m W y/, so aC .m W y/ D 0. Thus, g is an injection. Since .m W y/ ¤ R,
R=.m W y/ ¤ 0, so g ¤ 0. Consequently, g must be an isomorphism since R=m
is a simple R-module and since Im.g/ is a nonzero submodule of R=m. Finally, we
can write R=m D.y Cm/R, so fg�1 W R=m! R is such that fg�1..y Cm/a/ D

f .a C .m W y// D xa. Hence, if fg�1 D 0, then xa D 0 for each a 2 R. In
particular, we have x D 0, when a D 1. But this contradicts the fact that x ¤ 0

and so fg�1 ¤ 0. Hence, Ker.fg�1/ is a proper submodule of the simple R-module
R=m, so Ker.fg�1/ D 0. Therefore, fg�1 W R=m ! R is an embedding and we
have .1/.

The left-hand version of the proposition has a similar proof.

Proposition 10.2.9. The following are equivalent for a right (left) self-injective
ring R.

(1) R is a right .left/ Kasch ring.

(2) RR (RR) is a cogenerator for ModR (RMod).

(3) HomR.M;R/ ¤ 0 for every nonzero cyclic (left) R-module M .

(4) HomR.M;R/ ¤ 0 for every nonzero (left) R-module M .

(5) ann`.A/ ¤ 0 (annr.A/ ¤ 0) for every proper right (left) ideal A of R.

(6) annr.ann`.A// D A (ann`.annr.A// D A) for every right (left) ideal A of R.

Proof. .1/) .2/. Suppose thatR is a right Kasch ring. IfM is a nonzeroR-module,
let x 2 M , x ¤ 0. Since xR is finitely generated, by considering Proposition 6.1.2,
we see that xR has a maximal submodule, say Nx . The composition of the maps

xR
�x
��! xR=Nx

fx
��! R, where �x is the natural surjection and fx is an embedding

of the simple R-module xR=Nx into R, gives an R-linear map gx W xR ! R with
kernel Nx such that gx.x/ ¤ 0. For each x 2 M , x ¤ 0, choose exactly one such
gx W xR ! R. If H is this set of homomorphisms, then � W M ! RH such
that �.x/ D .gx.x// for each x 2 M is an R-linear mapping and we claim that
Ker� D

T
H Kergx D 0. If z 2

T
H Kergx , z ¤ 0, then z 2

T
x2M Nx . In

particular, z 2 Nz which means that gz.z/ D 0, a contradiction. Hence, Ker� D 0,
so R is a cogenerator for ModR.
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.2/ ) .3/. If M D xR is a nonzero cyclic R-module, then as in .1/ ) .2/, the

composition map xR
�x
��! xR=N

fx
��! R shows that HomR.M;R/ ¤ 0.

.3/) .4/. If M is a nonzero R-module and x 2 M , x ¤ 0, then HomR.xR;R/
¤ 0. Since R is right self-injective, any nonzero map in HomR.xR;R/ extends to
a nonzero map in HomR.M;R/.
.4/ ) .5/. If A is a proper right ideal of R, then R=A is a cyclic R-module with

generator 1C A. If 0 ¤ f 2 HomR.R=A;R/ and f .1C A/ D x, then x ¤ 0 and
f .r C A/ D xr for all r C A 2 R=A. Since xA D 0, x 2 ann`.A/, so ann`.A/ ¤ 0.
.5/ ) .1/ If m is a maximal right ideal of R, then ann`.m/ ¤ 0. Hence, we see

from Lemma 10.2.8 that R=m embeds in R. Thus, R contains a copy of each simple
R-module, so R is a right Kasch ring.
.2/ ) .6/. Let f W R=A ! R� be an embedding. If f .1 C A/ D .a˛/, then

A D annr..a˛//, so

annr.ann`.A// D annr.ann`.annr..a˛/// D annr..a˛// D A:

.6/) .1/ follows from Lemma 10.2.8.
The left-hand version of the proposition follows by symmetry.

Semiprimary Rings

We now prove two propositions that establish properties of rings that will be required
in our investigation of rings over which every finitely generated module is reflexive.
J continues to denote the Jacobson radical of R.

Definition 10.2.10. A ring R is said to be semiprimary if J is nilpotent and R=J is
a semisimple ring.

Proposition 10.2.11. If R is a semiprimary ring, then an R-module is artinian if and
only if it is noetherian.

Proof. A technique similar to that used in the proof of Proposition 6.6.5 can be used
to prove the proposition, so this is left as an exercise.

Proposition 10.2.12. A ring R is right artinian if and only if it is semiprimary and
right noetherian.

Proof. If R is semiprimary and right noetherian, then R is right artinian by the pre-
ceding Proposition.

Conversely, if R is right artinian, then Corollary 6.6.6 shows that R is right noethe-
rian and Proposition 6.3.1 indicates that J is nilpotent. Since R=J is right artinian
and Jacobson semisimple, Proposition 6.6.2 shows that R=J is semisimple. Thus,
R is semiprimary.
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Quasi-Frobenius Rings

Finally, we are in a position to investigate rings over which every finitely generated
R-module is reflexive. Previously, we called a ring artinian (noetherian) if it was left
and right artinian (left and right noetherian). The left and right modifiers will now be
added for clarity and emphasis.

Definition 10.2.13. A ringR is said to be a quasi-Frobenius ring or simply a QF-ring
if R is left and right artinian and

(a) annr.ann`.A// D A for all right ideals A of R and

(b) ann`.annr .A// D A for all left ideals A of R.

There are various conditions on a ring that will render it a QF-ring.

Proposition 10.2.14. The following are equivalent for a ring R.

(1) R is a QF-ring.

(2) R is a right (left) noetherian ring that satisfies the conditions

(a) annr.ann`.A// D A for all right ideals A of R and

(b) ann`.annr.A// D A for all left ideals A of R.

(3) R is right (left) noetherian and right (left) self-injective.

(4) R is left (right) noetherian and right (left) self-injective.

Proof. .1/ ) .2/. Since R is right artinian, Corollary 6.6.6 shows that R is right
noetherian.
.2/) .3/. To show that R is right self-injective, let A and B be right ideals of R.

Then using (2a) we have

annr.ann`.A/C ann`.B// D annr.ann`.A// \ annr.ann`.B// D A \ B;

so by taking left annihilators and using (2b), we get

ann`.A/C ann`.B/ D ann`.A \ B/:

Induction and Proposition 10.2.5 shows that R is right self-injective.
.3/) .4/. This is Proposition 10.2.6.
.4/) .1/. This proof will be divided into several parts. For each part we assume

that R is left noetherian and right self-injective.
Part I. Part (2) of Proposition 10.2.5 gives ann`.annr.A// D A for each finitely

generated left ideal A of R. Since R is left noetherian, we have

ann`.annr .A// D A for each left ideal A of R:
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Part II. Note first that R=J is left noetherian and since R is right self-injective,
R=J is a regular ring due to Proposition 8.4.14. Hence, the left-hand version of
Proposition 6.6.2 shows that R=J is semisimple. We claim that J is nilpotent. Con-
sider the descending chain J � J 2 � J 3 � � � � of ideals of R. Then annr .J / �
annr.J 2/ � annr.J 3/ � � � � is an ascending chain of ideals of R which terminates,
sinceR is left noetherian. If annr.J n/ D annr.J nC1/ D � � � , then ann`.annr.J n// D
ann`.annr.J nC1//, so by Part I, J n D J nC1. Hence, Nakayama’s lemma (Lem-
ma 6.1.10) gives J n D 0. Thus, R is a semiprimary ring and the left-hand version of
Proposition 10.2.11 shows that

R is left artinian.

Part III. If we can show that R is a right Kasch ring, then Proposition 10.2.9 will
give

annr.ann`.A// D A for each right ideal A of R:

For this, first note that as in Part II, J is nilpotent. So Lemma 8.3.7 indicates that
ann`.J / is an essential right ideal of R. If H1;H2; : : : ;Hn are the homogeneous
components of Soc.RR/, then the Hi are ideals of R and Ai D ann`.J /\Hi ¤ 0 is
an ideal of R for i D 1; 2; : : : ; n. From Part II we see that R=J is a semisimple ring,
so since Proposition 6.1.7 gives AiJ D 0, each Ai is a semisimple R=J -module.
Thus, Ai contains a simple R=J -module Si which is also a simple R-module. If S is
a simple R-module, then SJ D 0, so S is a simple R=J -module. Thus, S Š Si for
some i , 1 � i � n, so R contains a copy of each simple R-module, and R is therefore
a right Kasch ring.

Part IV. Finally, we need to show that R is right artinian. If

A1 � A2 � A3 � � � �

is a decreasing chain of right ideals of R, then

ann`.A1/ � ann`.A2/ � ann`.A3/ � � � �

is an ascending chain of left ideals of R. This latter chain terminates since R is
left noetherian. If ann`.An/ D ann`.AnC1/ D � � � , then annr.ann`.An// D
annr.ann`.AnC1// D � � � . But Part III gives An D AnC1 D � � � ; so

R is right artinian

and the proof is complete. (A QF-ring is left-right symmetric, so the parenthetical
versions of the proposition also hold.)

Remark. Corollary 6.6.6 shows that if a ring is right (left) artinian, then it is right
(left) noetherian. It follows that a ring R is a QF-ring if and only if R is left and right
noetherian and left and right self-injective.
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Examples

1. If K is a field, then K is a QF-ring.

2. If R is a principal ideal domain, then R=.a/ is a QF-ring for each nonzero
nonunit a 2 R. Hence, Zn is a QF-ring for each integer n 	 2. Note Z is not
self-injective, so Z is not a QF-ring.

3. If R D
Qn
iD1Ri , then R is a QF-ring if and only if each Ri is a QF-ring.

We have one more proposition to prove before we can consider finitely generated
modules over a QF-ring. One result of the following proposition is that over a QF-ring
the class of projective modules and the class of injective modules coincide.

Proposition 10.2.15. If R is a QF-ring, then the following are equivalent for an R-
module M .

(1) M is injective.

(2) There is a family ¹e˛º� of idempotents of R such that M Š
L
� e˛R.

(3) M is projective.

Proof. .1/ ) .2/. Since R is right noetherian and M is injective, it follows from
Proposition 4.2.10 and Corollary 5.1.14 that M D

L
�E˛, where each E˛ is an

indecomposable injective R-module. Let x 2 E˛, x ¤ 0, and consider the R-
linear mapping f W R ! E˛ given by f .a/ D xa and the induced embedding
R=Ker f ! E˛. If ¹A˛º� is the family of right ideals of R that properly contain
Ker f , then, since R is right artinian, ¹A˛º� has a minimal element, say A. But
then A=Ker f is a simple R-module, so we see that each E˛ contains a simple sub-
module S˛. But S˛ is essential in its injective envelope E.S˛/, so E.S˛/ embeds
in E˛ . It follows that E˛ Š E.S˛/, since E˛ is indecomposable. Now R is a right
Kasch ring, so S˛ is isomorphic to a minimal right ideal of R, and since R is right
self-injective, E˛ embeds in R. Thus, E˛ Š e˛R for some idempotent e˛ of R.
.2/ ) .3/. Each e˛R is a direct summand of R and so is projective. But direct

sums of projectives are projective and this gives .3/.
.3/) .1/. Since R is right noetherian, direct sums of injectives are injective. (See

Proposition 7.1.6.) Hence, every free R-module is injective since RR is injective. But
every projective R-module is a direct summand of a free R-module, so it follows that
M is injective.

We can now address reflexivity of finitely generated modules.

Proposition 10.2.16. The following hold for a QF-ring R.

(1) Every (left) R-module is torsionless.

(2) Every finitely generated (left) R-module is reflexive.

(3) A right (left) R-module M is finitely generated if and only if the left (right)
R-module M � is finitely generated.
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Proof. (1) Every R-module is the homomorphic image of a free R-module, so there
is a free R-module F and an epimorphism f W F ! E.M/, where E.M/ is the
injective envelope of M . Since the preceding proposition indicates that E.M/ is
projective, there is an R-linear mapping g W E.M/ ! F such that fg D idE.M/. It
follows that g is a monomorphism, so we can assume thatE.M/ is a submodule of F .
Hence, M � E.M/ � F . But Exercise 3 indicates that free modules are torsionless
and submodules of torsionless modules are torsionless, so M is torsionless. A similar
result holds for a left R-module, so over a QF-ring every left and right R-module is
torsionless.

(2) Suppose that M is a finitely generated R-module. Then we have a short exact

sequence 0 ! N ! F
f
�! M ! 0, where F is a finitely generated free R-module.

Since R is left and right self-injective, Corollary 5.1.12 shows that the contravariant
functors HomR.�; RR/ and HomR.�;RR/ are exact. Hence, we have a commutative
diagram

0 � N � F
f � M � 0

0 � N ��

'N

�
� F ��

'F

�
f ��� M��

'M

�
� 0

and Proposition 10.2.2 indicates that 'F is an isomorphism. But .1/ indicates that
M is torsionless, so 'M is an injection. Furthermore, f �� is an epimorphism and
a simple diagram chase shows that 'M is also an epimorphism. Hence, 'M is an
isomorphism and so M is reflexive. Symmetry gives the same result for left R-mod-
ules.

(3) If M is a finitely generated R-module, then we have a surjective mapping
.RR/

.n/ ! M for some integer n 	 1. So as in (1), we have an injective map-
ping M � ! .RR/

.n/� Š .RR/
.n/. But R is left noetherian so it follows that M�

is finitely generated. Conversely, suppose that M� is finitely generated. What we
have just proved also holds for left R-modules, so if the left R-module M � is finitely
generated, then M �� is a finitely generated R-module. Now .1/ indicates that M is
torsionless, so 'M W M ! M �� is an injection. Since R is right noetherian, we see
that M is finitely generated.

Therefore, over a quasi-Frobenius ring every finitely generated left and right R-
module is reflexive. It is also the case that if R is a left and a right noetherian ring and
if every finitely generated left and right R-module is reflexive, then R is a QF-ring.
A proof of this fact will be delayed until Chapter 12 where a proof will given using
homological methods.

Remark. We also point out a nice result on quasi-Frobenius rings obtained by Faith
and Walker. They proved that a ring R is quasi-Frobenius if and only if every pro-
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jective R-module is injective if and only if every injective R-module is projective.
Details can be found in [14]. Also, recent results as well as open problems on QF-
rings and related rings can be found in [56].

Problem Set 10.2

1. Show that the following are equivalent for an injective R-module E.

(a) E is a cogenerator for ModR.

(b) HomR.S;E/ ¤ 0 for every simple R-module.

(c) Every simple R-module embeds in E.

(d) E cogenerates very simple R-module.

[(b)) (a), Hint: Let M be a right R-modules and suppose that x is a nonzero
element ofM . Then xR is finitely generated, so Proposition 6.1.2 indicates that
xR contains a maximal submodule, say N . Thus, xR=N is a simple R-module
and (b) gives HomR.xR=N;E/ ¤ 0. Consider the commutative diagram

0 � xR � M

xR=N
�

E
��

and Exercise 3 in Problem Set 4.1.]

2. Verify Examples 1, 2 and 3. [2, Hint: Exercise 14 in Problem Set 5.1.] [3, Hint:
Show that R is right noetherian if and only each Ri is right noetherian and that
R is right self-injective if and only if each .Ri /R is injective if and only if each
.Ri /Ri is injective.]

3. Answer each of the following questions or prove the given statement.

(a) Are free modules are torsionless?

(b) Submodules of torsionless modules are torsionless. [Hint: Let N be a sub-
module of the torsionless R-module M , let iN W N ! M be the canonical
injection and consider the commutative diagram

N
'N� N ��

M

iN

�
'N� M��

iN
��

�
�

(c) Factor modules of torsionless modules need not be torsionless.

(d) If ¹Miº
n
iD1 is a family of reflexive modules, then is

Ln
iD1Mi reflexive?
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4. (a) Let R be an integral domain and suppose that M is an R-module. If t .M/

denotes the torsion submodule of M and � W M ! M=t.M/ is the canonical
surjection, prove that �� W .M=t.M//� !M � is an isomorphism.

(b) If R is a principal ideal domain and M is a finitely generated R-module,
prove that M �� and M=t.M/ are isomorphic.

5. If R is a ring without zero divisors, prove that R is right self-injective if and
only if R is a division ring.

6. Prove each of the following for an integer n 	 1.

(a) .RR/.n/� Š .RR/.n/ and .RR/.n/�� Š .RR/.n/.

(b) .RR/.n/� Š .RR/.n/ and .RR/.n/�� Š .RR/.n/.

7. Prove Proposition 10.2.11. [Hint: Proposition 6.6.5.]

8. (a) Show that an R-module M is torsionless if and only if for each x 2 M ,
x ¤ 0, there is an f 2 M � such that f .x/ ¤ 0. [Hint: 'M W M ! M�� must
be an injection.]

(b) If R is an integral domain, prove that if M is a finitely generated torsionless
R-module, then M is torsion free. [Hint: Use (a).]

9. If D is a division ring, show that the ring R D
�
D D
0 D

�
is not a QF-ring. [Hint:

Consider the right ideal m D
�
0 D
0 D

�
of R and compute annr.ann`.m//.]

10. Suppose that R is a commutative ring and let M and N be R-modules.

(a) Show that � WM �˝RN ! HomR.M;N / such that �.f ˝y/.z/ D f .z/y
is an R-linear mapping.

(b) If M and N are free R-modules of rank m and n, respectively, show that
M � ˝R N and HomR.M;N / are free R-modules of rank mn. Conclude that
M� ˝R N and HomR.M;N / are isomorphic R-modules. In particular, show
that �, as defined in (a), is an isomorphism.



Chapter 11

Introduction to Homological Algebra

We know that every module is the homomorphic image of a projective module and that
every module can be embedded in an injective module. These observations provide
the tools necessary to build projective and injective resolutions that play a central role
in homological algebra and in the theory of derived functors. We continue with the
assumption from Chapter 3 that the term “functor” means covariant functor.

11.1 Chain and Cochain Complexes

A sequence M D ¹Mn; ˛nºZ of R-modules and R-module homomorphisms, also
denoted by

M W � � � !MnC1

˛nC1
���!Mn

˛n
��!Mn�1

˛n�1
���!Mn�2 ! � � � ;

is said to be a chain complex if ˛n˛nC1 D 0 for each n 2 Z. Each mapping ˛n W
Mn ! Mn�1 is said to be a boundary mapping (or a differential operator). Note
that for a chain complex the subscripts decrease from left to right and the subscript on
each boundary map agrees with the subscript on its domain. A chain complex M is
said to be exact at Mn if Im.˛nC1/ D Ker.˛n/ and M is exact if it is exact at Mn for
each n 2 Z. A chain complex of the form

M W � � � !Mn
˛n
��!Mn�1 ! � � � !M1

˛1
�!M0 ! 0;

where the additional zeroes to the right have been omitted, is said to be positive. Sim-
ilarly, a sequence M D ¹M n; ˛nºZ of R-modules and R-module homomorphisms,
also denoted by

M W � � � !M n�1 ˛n�1

���!Mn ˛n

��!MnC1 ˛nC1

���!MnC2 ! � � � ;

such that ˛nC1˛n D 0 for all n 2 Z, is a cochain complex. For a cochain complex,
the superscripts increase from left to right and the superscripts on the boundary maps
agree with the superscripts on their domains. A cochain complex M is exact at M n if
Im.˛n�1/ D Ker.˛n/ and it is exact if it is exact at Mn for each n 2 Z. A cochain
complex M is said to be positive if M n D 0 for all n < 0, that is, if M is of the form

M W 0!M 0 ˛0

�!M 1 ! � � � !M n�1 ˛n�1

���!Mn ! � � � ;
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where the additional zeroes to the left have been suppressed. Using descending
subscripts for chain complexes and ascending superscripts for cochain complexes
cannot always be strictly adhered to. For example, if F W ModR ! ModS is
an additive contravariant functor and M D ¹Mn; ˛nºZ is a chain complex, then
F .M/ D ¹F .Mn/;F .˛n/ºZ is a cochain complex

F .M/ W � � � ! F .Mn�2/
F .˛n�1/
������! F .Mn�1/

F .˛n/
����! F .Mn/! � � �

with lower indices. Moreover, the subscripts on the mappings F .˛n/, n 2 Z, no
longer agree with the subscripts on their domains. Both of these notational anomalies
could be easily corrected by a change in notation, but such a change would only
introduce additional notation. It is more efficient to forgo any notational change and
to simply interpret the notation correctly from the context of the discussion.

Finally, if M D ¹Mn; ˛nºZ is a chain complex, then M can be converted to
a cochain complex N D ¹N n; ˇnºZ by raising indices, that is, by setting N n DM�n
and ˇn D ˛�n for all n 2 Z. Similarly, a cochain complex can be converted to
a chain complex by lowering indices. Thus, we see that the only difference between
a chain complex and a cochain complex is in the notation used. For this reason, a re-
sult obtained for a chain complex can often be obtained for a cochain complex simply
by raising indices and conversely.

Definition 11.1.1. If M is a chain complex, then Hn.M/ D Ker˛n= Im˛nC1 is
called the nth homology module of M and if M is a chain complex of abelian groups,
then we call Hn.M/ the nth homology group of M. Similarly, if M is a cochain
complex, then Hn.M/ D Ker˛n= Im˛n�1 is the nth cohomology module of M.

Another important concept in homological algebra is that of a (co)chain map.

Definition 11.1.2. If M and N are chain complexes, then a chain map f W M! N of
degree k is a family f D ¹fn W Mn ! NnCkºZ of R-linear mappings such that the
diagram

� � �
˛nC1 � Mn

˛n � Mn�1
˛n�1� � � �

� � �
ˇnCkC1� NnCk

fn

� ˇnCk� NnCk�1

fn�1

� ˇnCk�1� � � �

is commutative for each n 2 Z. Cochain maps f D ¹f n W Mn ! N nCkºZ and the
degree of a cochain map are defined in the obvious way. If f W M! N is a (co)chain
map and no degree is specified, then it will be assumed that f has degree zero. If
a (co)chain map f is such that fn (f n) is a monomorphism (an epimorphism, an
isomorphism) for each n 2 Z, then we will refer to f as a monomorphism (an epi-
morphism, an isomorphism).
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If M is a chain complex, then it is obvious that M is exact at Mn if and only if
Hn.M/ D 0. A similar observation holds if M is a cochain complex.

Remark. Whenever possible the notation for boundary maps will be in matching
alphabetical order with the order of the (co)chain complexes. For example, if L;M
and N are chain complexes, then the boundary maps for these complexes will be
denoted by ˛n; ˇn and 	n, respectively.

If M and N are chain complexes and f WM! N is a chain map, then for each n 2 Z
there is an induced nth homology mapping Hn.f/ W Hn.M/! Hn.N/ established by
the following proposition.

Proposition 11.1.3. If f W M ! N is a chain map, then for each n 2 Z there is an
R-linear mapping Hn.f/ W Hn.M/! Hn.N/ defined by

Hn.f/.x C Im˛nC1/ D fn.x/C ImˇnC1

for all x C Im˛nC1 2 Hn.M/.

Proof. For each n 2 Z, we have a commutative diagram

� � �
˛nC1� Mn

˛n� Mn�1
˛n�1� � � �

� � �
ˇnC1� Nn

fn

�
ˇn� Nn�1

fn�1

�
ˇn�1� � � �

so let Hn.f/ be as stated in the proposition. If x 2 Ker˛n, then

ˇnfn.x/ D fn�1˛n.x/ D 0;

so fn.x/ 2 Kerˇn. Hence, Hn.f/ maps Ker˛n= Im˛nC1 to Kerˇn= ImˇnC1 as
required. Next, let x; x0 2 Ker˛n and suppose that x C Im˛nC1 D x0 C Im˛nC1.
Then x � x0 2 Im˛nC1, so there is a y 2MnC1 such that ˛nC1.y/ D x � x0. Thus,

fn.x/ � fn.x
0/ D fn.x � x

0/ D fn˛nC1.y/ D ˇnC1fnC1.y/;

so fn.x/ � fn.x0/ 2 ImˇnC1. Therefore, Hn.f/ is well defined. It is immediate that
Hn.f/ is R-linear since fn is, so the proof is complete.

There is also an nth cohomology mapping Hn.f/ W Hn.M/! Hn.N/ defined by

Hn.f/.x C Im˛n�1/ D f n.x/C Imˇn�1

for all x C Im˛n�1 2 Hn.M/, where f WM! N is any cochain map.
An important question in homological algebra is, “When do two (co)chain maps

f; g W M ! N induce the same nth (co)homology map from the nth (co)homology
module of M to the nth (co)homology module of N‹” To answer this question, we
need the following definition.
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Definition 11.1.4. If f; g W M ! N are chain maps, then a homotopy ' from f to g,
denoted by ' W f! g, is a chain map ' D ¹'n W Mn ! NnC1ºZ of degree C1 such
that fn�gn D ˇnC1'nC'n�1˛n for each n 2 Z. The following diagram illustrates
a homotopy for chain maps.

� � � � MnC1
˛nC1� Mn

˛n � Mn�1
� � � �

�
' n

�
' n
�

1

� � � � NnC1

fnC1

�
gnC1

� ˇnC1� Nn

fn

�
gn

� ˇn � Nn�1

fn�1

�
gn�1

�
� � � �

If there is a homotopy ' W f! g, then f and g are said to be homotopic chain maps. If
f and g are cochain maps, then a homotopy ' W f! g is a cochain map of degree �1
such that f n � gn D ˇn�1'n C 'nC1˛n for each n 2 Z. A cochain homotopy is
illustrated in the following diagram.

� � � � M n�1 ˛n�1� M n ˛n � M nC1 � � � �

�
'
n

�
'
n
C

1

� � � � N n�1

f n�1

�
gn�1

�
ˇ
n�1

� N n

f n

�
gn

�
ˇ
n

� N nC1

f nC1

�
gnC1

�
� � � �

The notation f � g will indicate that f and g are homotopic (co)chain maps. Two
(co)chain complexes M and N are said to be of the same homotopy type if there exist
(co)chain maps f W M ! N and g W N ! M such that gf � idM and fg � idN,
where idM and idN are the identity (co)chain maps on M and N, respectively. Such a
(co)chain map f (or g/ is called a homotopy equivalence.

Remark. The diagrams of Definition 11.1.4 are no longer commutative. For exam-
ple, in the first diagram of the definition, there is no reason to expect that the triangle
formed by the maps 'n; ˇnC1 and fn is commutative.

Proposition 11.1.5. If f; g W M ! N are homotopic chain maps, then Hn.f/ D
Hn.g/ for each n 2 Z.

Proof. If ' is a homotopy from f to g, then fn � gn D ˇnC1'n C 'n�1˛n for each
n 2 Z. If x C Im˛nC1 2 Hn.M/, where x 2 Ker˛n, then we see that fn.x/ �
gn.x/ D ˇnC1'n.x/C 'n�1˛n.x/ D ˇnC1'n.x/ 2 ImˇnC1. Therefore, fn.x/C
ImˇnC1 D gn.x/C ImˇnC1. The fact that fn.x/ and gn.x/ are elements of Kerˇn
was demonstrated in the proof of Proposition 11.1.3. Hence, Hn.f/ D Hn.g/:

If f; g W M ! N are homotopic cochain maps, then it follows by an argument
similar to that given in the proof of Proposition 11.1.5 that Hn.f/ D Hn.g/.

Chain complexes and chain maps form an additive category that we denote by
ChainR. If f W L ! M and g W M ! N are chain maps, then gf is defined in
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ChainR by gf D ¹gnfn W Ln ! NnºZ. Furthermore, if f; g W L ! M are chain
maps, then fC g W L!M is also a chain map if fC g is defined in the obvious way.

The following proposition presents a useful relation among chain maps.

Proposition 11.1.6. Let M and N be chain complexes. Then the relation � on
Mor.M;N/ given by f � g if there is a homotopy ' W f ! g is an equivalence
relation on Mor.M;N/ in ChainR:

Proof. � is reflexive. If f is a chain map in Mor.M;N/, then the zero homotopy
0 W f! f shows that f � f.
� is symmetric. Suppose that f and g are chain maps in Mor.M;N/ such that

f � g: If ' W f ! g is a homotopy, then fn � gn D ˇnC1'n C 'n�1˛n implies
that gn � fn D ˇnC1.�'n/ C .�'n�1/˛n for each n 2 Z. This gives a homotopy
' W g! f, so g � f.
� is transitive. Let f; g and h be chain maps in Mor.M;N/ and suppose that f � g

and g � h. If ' W f! g and  W g! h are homotopies, then for each n 2 Z we have

fn � gn D ˇnC1'n C 'n�1˛n and

gn � hn D ˇnC1 n C  n�1˛n:

So

fn � hn D ˇnC1.'n C  n/C .'n�1 C  n�1/˛n

gives a homotopy 'C W f! h and we have f � h.

If f W M! N is a chain map in ChainR, then the equivalence class Œf� determined
by the equivalence relation of Proposition 11.1.6 is called the homotopy class of f.

The proofs of the following two propositions are straightforward and are left as
exercises.

Proposition 11.1.7. For each n 2 Z, Hn W ChainR !ModR is an additive functor.

If we form the category CochainR of cochain complexes and cochain maps, then
Hn W CochainR ! ModR is also an additive functor. The functors Hn and Hn are
called the nth homology functor and the nth cohomology functor, respectively.

Proposition 11.1.8. Suppose that F WModR !ModS is an additive functor.

(1) If M is a chain complex in ChainR, then F .M/ is a chain complex in ChainS .

(2) If f WM! N is a chain map of degree k in ChainR, then

F .f/ W F .M/! F .N/

is a chain map of degree k in ChainS .
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(3) If f; g WM! N are homotopic chain maps in ChainR, then

F .f/;F .g/ W F .M/! F .N/

are homotopic in ChainS .

(4) If f; g WM! N are homotopic chain maps in ChainR, then

Hn.F .f// D Hn.F .g// W Hn.F .M//! Hn.F .N//

in ModS for each n 2 Z.

Clearly there is a dual version of Proposition 11.1.8 that holds for cochain com-
plexes and cochain maps. Part (4) of the preceding proposition shows that each ho-
motopy class Œf� of a chain map f WM! N in ChainR produces exactly one homology
mapping from Hn.F .M// to Hn.F .N//.

Homology and Cohomology Sequences

The category ChainR of chain complexes and chain maps enjoys many of the prop-

erties of the category ModR. For example, we can form a sequence L
f
�! M

g
�! N of

chain complexes and chain maps, we can form subchains of chain complexes, and we
can form factor chains of chain complexes. (These constructions will be addressed in

the exercises.) A sequence L
f
�! M

g
�! N of chain complexes and chain maps is said

to be exact if L
fn
�! M

gn
�! N is exact for each n 2 Z. A short exact sequence of

chain complexes 0 ! L
f
�! M

g
�! N ! 0 is actually a 2-dimensional commutative

diagram

:::
:::

:::

0 � LnC1

�
fnC1� MnC1

�
gnC1� NnC1

�
� 0

0 � Ln

˛nC1

�
fn � Mn

ˇnC1

�
gn � Nn

�nC1

�
� 0

0 � Ln�1

˛n

�
fn�1� Mn�1

ˇn

�
gn�1� Nn�1

�n

�
� 0

:::

�
:::

�
:::

�
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of R-modules and R-module homomorphisms, where the columns are chain com-

plexes and 0! Ln
fn
�!Mn

gn
�! Nn ! 0 is a short exact sequence in ModR for each

n 2 Z.

Corresponding to each short exact sequence of chain complexes 0 ! L
f
�! M

g
�!

N! 0, there is a long exact sequence

� � �
ˆnC1
����! Hn.L/

Hn.f/
����! Hn.M/

Hn.g/
����! Hn.N/

ˆn
��!

ˆn
��! Hn�1.L/

Hn�1.f/
�����! Hn�1.M/

Hn�1.g/
������! Hn�1.N/

ˆn�1
����! � � �

of homology modules. The mappingˆn is said to be a connecting homomorphism for
each n 2 Z.

To establish the existence of the long exact sequence in homology, we begin with
the following lemma. But first note that if the diagram

0 � Ker˛ � M1
˛� M2

� Coker˛ � 0

0 � Kerˇ

Nf

�

...........
� N1

f

�
ˇ � N2

g

�
� Cokerˇ

Ng

�

...........
� 0

of R-modules and R-module homomorphisms is commutative, then there are induced
mappings Nf W Ker˛ ! Kerˇ and Ng W Coker˛ ! Cokerˇ. Indeed, let Nf .x/ D f .x/
for each x 2 Ker˛ and Ng.x C Im˛/ D g.x/C Imˇ for all x C Im˛ 2 Coker˛.

Lemma 11.1.9 (Snake Lemma). Let

M1
f1� M

g1� M2
� 0

0 � N1

˛

�
f2� N

ˇ

�
g2� N2

�

�

be a row exact commutative diagram of R-modules and R-module homomorphisms.
Then there is an R-linear mapping ˆ W Ker 	 ! Coker˛ such that the sequence

Ker˛
Nf1
�! Kerˇ

Ng1
�! Ker 	

ˆ
�! Coker˛

Nf2
�! Cokerˇ

Ng2
�! Coker 	

is exact.

Proof. It is not difficult to show that each of the sequences

Ker˛
Nf1
�! Kerˇ

Ng1
�! Ker 	 and

Coker˛
Nf2
�! Cokerˇ

Ng2
�! Coker 	
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formed from the induced maps is exact. So it only remains to establish the existence
of ˆ and to show that the sequence is exact at Ker 	 and at Coker˛.

The map ˆ W Ker 	 ! Coker˛ is defined as follows. If z 2 Ker 	 , let x 2 M be
such that g1.x/ D z. Then 	g1.x/ D 0, so g2ˇ.x/ D 0. Hence, ˇ.x/ 2 Kerg2 D
Imf2. Since f2 is an injection, there is a unique y 2 N1 such that f2.y/ D ˇ.x/.
Now define ˆ by ˆ.z/ D yC Im˛. To show that ˆ is well defined, we need to show
that the definition of ˆ is independent of the choice of x. Let x0 be another element
of M such that g1.x0/ D z and suppose that y0 2 N1 is such that f2.y0/ D ˇ.x0/.
Then x � x0 2 Kerg1 D Im f1, so there is a w 2 M1 such that f1.w/ D x � x0.
We now have f2.y/ � f2.y0/ D ˇ.x/ � ˇ.x0/ D ˇf1.w/ D f2˛.w/ which gives
y � y 0 � ˛.w/ 2 Ker f2 D 0. Hence, y � y0 D ˛.w/ 2 Im˛ and so y C Im˛ D

y0 C Im˛. Each mapping involved in the construction of ˆ is R-linear, so a direct
computation will verify that ˆ is also R-linear. Thus, we have an R-linear mapping
ˆ W Ker 	 ! Coker˛.

Next, let us show that the sequence is exact at Ker 	 . Let z 2 Ker 	 be such that
z 2 Kerˆ and suppose that x 2 M and y 2 N1 are as above. Then 0 D ˆ.z/ D

y C Im˛, so y 2 Im˛. Hence, there is a u 2 M1 such that ˛.u/ D y. Thus,
ˇf1.u/ D f2˛.u/ D f2.y/ D ˇ.x/, so we have x � f1.u/ 2 Kerˇ. If x � f1.u/ D
w 2 Kerˇ, then z D g1.x/ D g1.x/ � g1f1.u/ D g1.w/. Therefore, z 2 Im Ng1,
so Kerˆ � Im Ng1. Conversely, let z 2 Ker 	 be such that z 2 Im Ng1 � Img1. Then
there is an x 2 Kerˇ such that g1.x/ D z and a y 2 N1 such that f2.y/ D ˇ.x/ D 0.
Thus, y D 0 since f2 is injective and this gives ˆ.z/ D y C Im˛ D 0. Hence,
Im Ng1 � Kerˆ and we have Im Ng1 D Kerˆ.

The proof that sequence is exact at Coker˛ is an exercise.

We also need the following lemma.

Lemma 11.1.10. If M is a chain complex, then the map ˛n W Mn ! Mn�1 induces
an R-linear mapping N̨ n W Coker˛nC1 ! Ker˛n�1. Moreover, Hn.M/ D Ker N̨ n
and Hn�1.M/ D Coker N̨ n.

Proof. Im˛nC1 � Ker˛n gives an epimorphism ˛n W Mn= Im˛nC1 ! Mn=Ker˛n
such that x C Im˛nC1 7! x C Ker˛n. But Mn=Ker˛n Š Im˛n � Ker˛n�1,
so we have an R-linear mapping N̨ n W Coker˛nC1 ! Ker˛n�1. The proofs that
Hn.M/ D Ker N̨ n and Hn�1.M/ D Coker N̨n are straightforward computations.

In the Snake Lemma, if f1 is injective and g2 is surjective, then Nf1 is injective

and Ng2 is surjective. Thus, if 0 ! L
f
�! M

g
�! N ! 0 is a short exact sequence of

chain complexes, then for each n 2 Z we have a row and column exact commutative
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diagram

0 0 0

0 � Ker˛n
�

� Kerˇn
�

� Ker 	n
�

� 0

0 � Ln

�
� Mn

�
� Nn

�
� 0

0 � Ln�1

˛n

�
� Mn�1

ˇn

�
� Nn�1

�n

�
� 0

0 � Coker˛n
�

� Cokerˇn
�

� Coker 	n
�

� 0

0
�

0
�

0
�

Using this diagram and Lemma 11.1.10, we get a commutative diagram

Hn.N/

Ker N	n

wwwwww

Coker˛nC1 � CokerˇnC1 � Coker 	nC1
�

� 0

0 � Ker˛n�1

N̨n

�
� Kerˇn�1

Ň
n

�
� Ker 	n�1

N�n

�

Coker N̨n
�

Hn�1.L/

wwwwww

for each n 2 Z. Hence, for each n 2 Z, the Snake Lemma gives a connecting
homomorphism ˆn W Hn.N/! Hn�1.L/ and so we have the following proposition.
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Proposition 11.1.11. Corresponding to each short exact sequence 0 ! L
f
�! M

g
�!

N! 0 of chain complexes, there is a long exact sequence in homology

� � �
ˆnC1
����! Hn.L/

Hn.f/
����! Hn.M/

Hn.g/
����! Hn.N/

ˆn
��!

ˆn
��! Hn�1.L/

Hn�1.f/
�����! Hn�1.M/

Hn�1.g/
������! Hn�1.N/

ˆn�1
����! � � � ;

where ˆn is a connecting homomorphism for each n 2 Z.

There is also a long exact sequence in cohomology that corresponds to each short
exact sequence of cochain complexes.

Proposition 11.1.12. Corresponding to each short exact sequence of cochain com-

plexes 0! L
f
�!M

g
�! N! 0, there is a long exact sequence in cohomology

� � �
ˆn�1

����! Hn.L/
Hn.f/
����! Hn.M/

Hn.g/
����! Hn.N/

ˆn

��!

ˆn

��! HnC1.L/
HnC1.f/
������! HnC1.M/

HnC1.g/
������! HnC1.N/

ˆnC1

����! � � � ;

where ˆn is a connecting homomorphism for each n 2 Z.

Problem Set 11.1

1. The nth cohomology mappingHn.f/ W Hn.M/! Hn.N/, where f WM! N is
a cochain map, is defined by Hn.f/.x C Im˛n�1/ D f n.x/C Imˇn�1 for all
x C Im˛n�1 2 Hn.M/. Prove that Hn.f/ is a well-defined R-linear mapping
for all n 2 Z.

2. If f; g W M ! N are homotopic cochain maps, show that Hn.f/ D Hn.g/ for
each n 2 Z.

3. (a) If M D ¹Mn; ˛nºZ is a chain complex, deduce that ˛n can be changed to
�˛n in M for any integer n and the result will remain a chain complex. Show
that the same is true for a cochain complex.
(b) Let M D ¹Mn; ˛nºZ be a chain complex. If ˛n is changed to �˛n in M and
N is the resulting complex, compare Hn.M/ and Hn.N/.
(c) If M D ¹Mn; ˛nºZ.M D ¹M n; ˛nºZ/ is a chain complex (cochain com-
plex), verify that M can be converted to a cochain complex (chain complex) by
lowering (raising) indices.

4. Let M
0
�! N denote the zero mapping. If ¹MnºZ is any family of R-modules,

verify that

� � � !MnC1
0
�!Mn

0
�!Mn�1 ! � � �

is a chain complex and compute Hn.Mn/.
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5. Verify that ChainR and CochainR are additive categories and prove Proposi-
tion 11.1.7.

6. (a) Prove Proposition 11.1.8.
(b) State the analogue of Proposition 11.1.8 for chain complexes and an additive
contravariant functor F WModR !ModS .
(c) State the analogue of Proposition 11.1.8 for cochain complexes and an addi-
tive functor F .

7. Show that each of the following hold in the category ChainR.
(a) If f; f0 W L ! M are homotopic chain maps and g W M ! N is any chain
map, then gf � gf0. [Hint: If ' D ¹'n W Ln ! MnC1ºZ is a homotopy from f
to f0, show that � D ¹gnC1'n W Ln ! NnC1ºZ is a homotopy from gf to gf0.]
Likewise, if h W L! M is a chain map and f; f0 W M! N are homotopic chain
maps, then fh � f0h.
(b) If f; f0 W L ! M and g; g0 W M ! N are chain maps such that f � f0 and
g � g0, then gf � g0f0.

8. If

M W � � � !MnC1

˛nC1
���!Mn

˛n
��!Mn�1 ! � � �

is a chain complex, then a subchain of M is a chain complex

N W � � � ! NnC1
ˇnC1
����! Nn

ˇn
��! Nn�1 ! � � �

such that Nn is a submodule of Mn and ˇn D ˛njNn for each n 2 Z. If N is
a subchain of M, then the factor (or quotient) chain of M by N is given by

M=N W � � � !MnC1=NnC1
N̨nC1
���!Mn=Nn

N̨n
��!Mn�1=Nn�1 ! � � � ;

where N̨ n.x CNn/ D ˛n.x/CNn�1 for all x CNn and n 2 Z.
(a) If f WM! N is a chain map, define the subchains Ker f and Im f.
(b) If f W M ! N is a chain map, prove that there is a chain isomorphism from
M=Ker f to Im f. Can we write M=Ker f Š Im f in the category ChainR‹
Observe that all of the definitions given in this exercise can be dualized to
cochain complexes and cochain maps. Does the dual of (b) hold for cochain
maps?

9. Prove that each of the following hold for the Snake Lemma.
(a) The connecting homomorphism ˆ is an R-linear mapping.
(b) The sequences

Ker˛
Nf1
�! Kerˇ

Ng1
�! Ker 	 and

Coker˛
Nf2
�! Cokerˇ

Ng2
�! Coker 	

are exact.
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(c) The sequence given in the lemma is exact at Coker˛.
(d) If f1 is injective, then the map Nf1 W Ker˛ ! Kerˇ is also injective.
(e) If g2 is surjective, then so is Ng2 W Cokerˇ ! Coker 	 .

10. Let F W ModR ! ModS be an additive functor. Prove that F is an exact
functor if and only if for each chain complex M of R-modules and R-module
homomorphisms F .Hn.M// D Hn.F .M// for each n 2 Z.

11. Let

0 � L � M � N � 0

0 � L0

f

�
� M0

g

�
� N0

h

�
� 0

be a commutative diagram of short exact sequences of chain complexes, where
f; g and h are chain maps.
(a) Prove that there is a chain map from the long exact sequence of homology
modules arising from

0! L!M! N! 0

to the long exact sequence of homology modules arising from

0! L0 !M0 ! N0 ! 0

and that the resulting diagram is commutative.
(b) Show that if any two of the chain maps induce isomorphisms in homology,
then so does the third.

11.2 Projective and Injective Resolutions

We now lay the groundwork to investigate the left and right derived functors of an
additive (contravariant) functor F . Central to the development of these functors are
projective and injective resolutions of a module.

If C is the positive chain complex

C W � � � !Mn !Mn�1 ! � � � !M1 !M0 !M ! 0;

then CM will denote the chain complex

CM W � � � !Mn !Mn�1 ! � � � !M1 !M0 ! 0;

where M has been removed from C. Similarly, given a positive cochain complex

C W 0!M !M 0 !M 1 ! � � � !M n�1 !Mn ! � � � ;
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CM will denote the cochain complex

CM W 0!M 0 !M 1 ! � � � !M n�1 !M n ! � � �

with M removed.

Definition 11.2.1. An exact positive chain complex

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0

is said to be a projective resolution of M if Pn is a projective module for n D
0; 1; 2; : : : . If P is a projective resolution of M , then PM is said to be a deleted
projective resolution of M . Dually, an exact positive cochain complex

E W 0!M
˛�1

��! E0
˛0

�! E1 ! � � � ! En�1
˛n�1

���! En ! � � � ;

where each En is an injective R-module, is an injective resolution of M . If E is an
injective resolution of M , then EM is a deleted injective resolution of M .

Proposition 11.2.2. Every R-module M has a projective and an injective resolution.

Proof. If M is an R-module, then we know that there is a projective module P0 and

an epimorphism ˛0 W P0 ! M . Hence, we have an exact sequence 0 ! K0
i0
�!

P0
˛0
�! M ! 0, where K0 is the kernel of ˛0 and i0 is the canonical injection. Con-

tinuing in this fashion, there are short exact sequences of R-modules and R-module
homomorphisms

0! K0
i0
�! P0

˛0
�!M ! 0

0! K1
i1
�! P1

p1
�! K0 ! 0

0! K2
i2
�! P2

p2
�! K1 ! 0

:::

0! Kn
in
�! Pn

pn
��! Kn�1 ! 0

:::

where Pn is projective, Kn is the kernel of ˛n and in is the canonical injection, for
n D 0; 1; 2; : : : with p0 D ˛0. If these short exact sequences are spliced together as
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shown in the following diagram

� � � � Pn
˛n � Pn�1 � � � � � P1

˛1 � P0
˛0� M � 0

Kn�1
in�1

�
pn

�

K0

i0

�
p1

�

0

�

0

�

0

�

0

�

by letting ˛n D in�1pn for n D 1; 2; 3: : : : , then Im˛n D Ker˛n�1 D Kn�1 for
n D 1; 2; 3; : : : and

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0

is a projective resolution of M .
An injective resolution

0 � M
˛�1� E0

˛0 � E1 � � � � � En
˛n � EnC1 � � � �

C 0

�
�

C n

�
�

0

�

0

�

0

�

0

�

of M can be constructed by using the fact that every module can be embedded in an
injective module and by using cokernels C n in a manner dual to how kernels were
used in the development of a projective resolution of M . If

E W 0!M
˛�1

��! E0
˛0

�! E1 ! � � � ! En
˛n

��! EnC1 ! � � �

is such an injective resolution of M , then Im˛n�1 D Ker˛n D C n for n D
0; 1; 2; : : : :

Remark. If

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0

is a projective resolution of M , then

PM W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0 ! 0

and H0.PM / D Ker.P0 ! 0/= Im˛1 D P0= Im˛1 D P0=Ker˛0 Š M . Similarly,
if E is an injective resolution of M , then H 0.EM / Š M . Thus, there is essentially
no loss of information when M is deleted from a projective resolution or from an
injective resolution since M can be recovered, up to isomorphism, by forming the 0th
homology or the 0th cohomology module of PM or EM , respectively.
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Examples

1. � � � ! Z4
˛n
��! Z4

˛n�1
���! Z4 ! � � � ! Z4

˛0
�! Z2 ! 0 is a projective resolu-

tion of the Z4-module Z2, where ˛n.Œa�/ D Œ2a� for n 	 1 and ˛0.Œa�/ D Œa�.

2. � � � ! 0 ! 0 ! Z
˛1
�! Z

˛0
�! Zk ! 0 is a projective resolution of the

Z-module Zk , where k 	 2 and ˛1.a/ D ka and ˛0.a/ D Œa� for all a 2 Z.

3. 0 ! Z
˛�1

��! Q
˛0

�! Q=Z ! 0 ! 0 ! � � � is an injective resolution of the Z-
module Z, where ˛�1 is the canonical injection and ˛0 is the natural mapping.

Our goal now is to show that any two projective resolutions of a module are of the
same homotopy type. For this, we need the following two lemmas.

Lemma 11.2.3. Let

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0

be a chain complex such that Pn is projective for n D 0; 1; 2; : : : and suppose that

Q W � � � ! Nn
ˇn
��! Nn�1 ! � � � ! N1

ˇ1
��! N0

ˇ0
��! N ! 0

is exact. Then for any R-linear mapping f WM ! N there is a chain map f W PM !
QN such that the diagram

� � � � Pn
˛n� Pn�1

˛n�1� � � �
˛1� P0

˛0� M � 0

� � � � Nn

fn

�
ˇn� Nn�1

fn�1

�
ˇn�1� � � �

ˇ1� N0

f0

�
ˇ0� N

f

�
� 0

is commutative.

Proof. Since P0 is projective and since we have an R-linear mapping P0
f ˛0
���! N ,

then the fact that ˇ0 is an epimorphism ensures that there is an R-linear mapping
f0 W P0 ! N0 such that the diagram

P0
˛0� M

N0

f0

�
ˇ0� N

f

�
� 0
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is commutative. Now suppose thatR-linear mappings f0; f1; f2; : : : ; fn�1 have been
found such that the diagram

� � � � Pn
˛n� Pn�1

˛n�1� Pn�2
˛n�2� � � �

˛1� P0
˛0� M � 0

� � � � Nn

fn

�

...........
ˇn� Nn�1

fn�1

�
ˇn�1� Nn�2

fn�2

�
ˇn�2� � � �

ˇ1� N0

f0

�
ˇ0� N

f

�
� 0

is commutative. If we can produce an R-linear mapping fn W Pn ! Nn such that
ˇnfn D fn�1˛n, then the proposition will follow by induction. From the last dia-
gram above, ˇn�1fn�1 D fn�2˛n�1, so ˇn�1fn�1˛n D fn�2˛n�1˛n D 0 gives
Imfn�1˛n � Kerˇn�1 D Imˇn. Since Pn is projective, we have a diagram

Pn

Nn
ˇn�

fn

�...
.....

.....
.....

....

Imˇn

fn�1˛n

�
� 0

that can be completed commutatively by an R-linear map fn W Pn ! Nn:

We will now refer to the chain map f W PM ! QN produced in Lemma 11.2.3 as
a chain map generated by f W M ! N . There is no assurance that such a chain map
is unique. However, any two chain maps generated by f are homotopic.

Lemma 11.2.4. Let P and Q be as in Lemma 11.2.3. If f W M ! N is an R-lin-
ear mapping, then any pair of chain maps f; g W PM ! QN generated by f are
homotopic.

Proof. Suppose that f; g W PM ! QN are chain maps generated by f . We need
to produce a family ' D ¹'n W Pn ! NnC1ºZ of R-linear mappings such that
fn � gn D ˇnC1'n C 'n�1˛n for each n 2 Z. Since PM is positive, we can let
'n D 0 for all n < 0. Thus, in the 0th position we need to find '0 W P0 ! N1 such
that f0 � g0 D ˇ1'0. For this consider the diagram

P1
˛1� P0

˛0� M � 0

N1

f1

�
g1

�
ˇ1�

�...
....
' 0

....
...

N0

f0

�
g0

�
ˇ0� N

f

�
� 0

Since ˇ0.f0�g0/ D f .˛0�˛0/ D 0, Im.f0�g0/ � Kerˇ0 D Imˇ1. It follows that
the projectivity of P0 gives an R-linear mapping '0 W P0 ! N1 such that f0 � g0 D
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ˇ1'0. Next, suppose that R-linear maps 'k W Pk ! NkC1 have been found such that
fk � gk D ˇkC1'k C 'k�1˛k , for k D 0; 1; 2; : : : ; n � 1, and consider the diagram

� � � � PnC1
˛nC1� Pn

˛n � Pn�1 � � � �

�...
....
' n

....
...

�
' n
�

1

� � � � NnC1

fnC1

�
gnC1

� ˇnC1� Nn

fn

�
gn

� ˇn � Nn�1

fn�1

�
gn�1

�
� � � �

Since fn�1 � gn�1 � ˇn'n�1 D 'n�2˛n�1, we have

ˇn.fn � gn � 'n�1˛n/ D ˇnfn � ˇngn � ˇn'n�1˛n

D fn�1˛n � gn�1˛n � ˇn'n�1˛n

D .fn�1 � gn�1 � ˇn'n�1/˛n

D 'n�2˛n�1˛n D 0:

Hence, Im.fn � gn � 'n�1˛n/ � Kerˇn D ImˇnC1 and so since Pn is projective,
there is an R-linear mapping 'n W Pn ! NnC1 that completes the diagram

Pn

NnC1
ˇnC1�

'n

�
ImˇnC1

fn�gn�'n�1˛n

�
� 0

commutatively. Therefore, fn�gn D ˇnC1'nC'n�1˛n, so the proposition follows
by induction.

Proposition 11.2.5. If P and Q are projective resolutions of M , then PM and QM
are of the same homotopy type.

Proof. Suppose that the identity map idM WM !M generates chain maps f W PM !
QM and g W QM ! PM . The proposition follows from the fact that Lemma 11.2.4
gives gf � idPM and fg � idQM , where idPM W PM ! PM and idQM W QM ! QM
are the identity chain maps on PM and QM , respectively. Thus, PM and QM are of
the same homotopy type.

The dual versions of Lemma 11.2.3, Lemma 11.2.4 and Proposition 11.2.5 are Ex-
ercises 2 and 3 in the following problem set.
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Problem Set 11.2

1. Verify Examples 1, 2 and 3. [3, Hint: Proposition 5.1.9.]

2. Let

D W 0! N ! N 0 ! N 1 ! � � � ! N n�1 ! N n ! � � �

be an exact cochain complex and suppose that

E W 0!M ! E0 ! E1 ! � � � ! En�1 ! En ! � � �

is a cochain complex such that En is injective for n D 0; 1; 2; : : : .

(a) Show that for any R-linear mapping f W N ! M , there is a cochain map
f W DN ! EM such that the diagram

0 � N
ˇ�1� N 0 ˇ0� � � �

ˇn�1� N n ˇn� N nC1 � � � �

0 � M

f

�
˛�1� E0

f 0

�
˛0� � � �

˛n�1� En

f n

�
˛n� EnC1

f nC1

�
� � � �

is commutative.

(b) Deduce that any pair of cochain maps f; g W DN ! EM generated by f are
homotopic.

(c) If D and E are injective resolutions of M , prove that DM and EM are of the
same homotopy type.

[Hint: The proofs of (a), (b) and (c) are duals of the proofs of results in this
section.]

3. Let M be a chain complex and suppose that idM and 0M are the identity and zero
chain maps from M to M, respectively. Prove that if idM and 0M are homotopic,
then M is exact.

4. IfR is a right noetherian ring andM is a finitely generatedR-module, show that
M has a projective resolution in which the projective modules and the kernels
of the boundary maps are finitely generated.

5. Exercise 11 in Problem Set 5.1 and Exercise 7 in Problem Set 5.2 gave Scha-
nuel’s lemma for injectives and projectives, respectively. Prove the following
long versions of Schanuel’s lemmas.

(a) If

0! Kn ! Pn ! Pn�1 ! � � � ! P0
˛
�!M ! 0 and

0! K 0n ! Qn ! Qn�1 ! � � � ! Q0
ˇ
�!M ! 0
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are exact and Pk and Qk are projective for k D 0; 1; 2; : : : ; n, then

Kn ˚Qn ˚ Pn�1 ˚Qn�2 � � � Š K
0
n ˚ Pn ˚Qn�1 ˚ Pn�2 � � � :

[Hint: If K˛ D Ker˛ and Kˇ D Kerˇ, then Schanuel’s lemma for projectives
gives Q0 ˚K˛ Š P0 ˚Kˇ . Show that we have exact sequences

0! Kn ! Pn ! Pn�1 ! � � � ! P2 ! Q0 ˚ P1 ! Q0 ˚K˛ ! 0 and

0! K 0n ! Qn ! Qn�1 ! � � � ! Q2 ! P0 ˚Q1 ! P0 ˚Kˇ ! 0

and use induction.

(b) If

0!M
˛
�! D0 ! � � � ! Dn�1 ! Dn ! C n ! 0 and

0!M
ˇ
�! E0 ! � � � ! En�1 ! En ! C n0 ! 0

are exact and Dk and Ek are injective for k D 0; 1; 2; : : : ; n, then

C n ˚En ˚Dn�1 ˚En�2 ˚ � � � Š C n0 ˚Dn ˚En�1 ˚Dn�2 ˚ � � � :

6. (a) If P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�! M ! 0 is a

projective resolution of M such that Ker˛n is a projective R-module, prove

that if Q W � � � ! Qn
ˇn
��! Qn�1 ! � � � ! Q1

ˇ1
��! Q0

ˇ0
��! M ! 0 is a

projective resolution of M , then Kerˇn is also projective.

(b) If 0 ! M
˛�1

��! D0
˛0

�! � � � ! Dn
˛n

��! DnC1 ! � � � is an injective reso-

lution of M such that Im˛n is injective, deduce that if 0 ! M
ˇ
�1

���! E0
ˇ0

��!

� � � ! En
ˇn

��! EnC1 ! � � � is an injective resolution of M , then Imˇn is
injective as well.

7. If PM is a deleted projective resolution of an R-module M , then we have seen
that there is exactly one homotopy class of deleted projective resolutions of M ,
denoted by ŒPM �. Let PM and QN be deleted projective resolutions of M
and N , respectively, suppose that f W M ! N is an R-linear mapping and
let Œf� denote the homotopy class of f, where f W PM ! QN is a chain map
generated by f . Next, let C be the possible category whose objects are ŒPM �
and whose morphism sets are Œf� 2 Mor.ŒPM �; ŒQN �/ for each pair of R-mod-
ules M and N . If composition is defined in C in the obvious way, then is C

a (an additive) category?
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11.3 Derived Functors

A central theme of homological algebra is that of left and right derived functors. Since
we are primarily interested in the left and right derived functors that can be developed
from Hom and ˝ in their first and second variables and since these functors take
ModR to Ab or RMod to Ab, we will provide a general treatment for an additive
functor F W ModR ! Ab. The parallel but dual case for an additive contravariant
functor can be obtained from the covariant case simply by reversing the arrows and
making dual arguments.

Recall that if

P W � � � ! Pn
˛n
��! Pn�1 ! � � �

˛1
�! P0

˛0
�!M ! 0

is a projective resolution ofM and F WModR ! Ab is a functor, then F .P/ denotes
the sequence

F .P/ W � � � ! F .Pn/
F .˛n/
����! F .Pn�1/! � � �

F .˛1/
����! F .P0/

F .˛0/
����! F .M/! 0

of abelian groups and group homomorphisms. If F is also additive, then

F .˛n/F .˛nC1/ D 0;

so F .P/ is a chain complex in Ab. However, F .P/ may not be exact and there is no
reason to expect that each F .Pn/ is projective. Similar observations hold for F .E/
if E is an injective resolution of M and for F .P/ and F .E/ when F is an additive
contravariant functor.

If P and Q are projective resolutions of M and N , respectively, and f W M ! N

is an R-linear mapping, then there is a commutative diagram

� � � � PnC1
˛nC1� Pn

˛n� Pn�1 � � � �
˛1� P0

˛0� M � 0

� � � � QnC1

fnC1

� ˇnC1� Qn

fn

�
ˇn� Qn�1

fn�1

�
� � � �

ˇ1� Q0

f0

�
ˇ0� N

f

�
� 0

where f W PM ! QN is a chain map generated by f . So if F W ModR ! Ab is an
additive functor, then we get a commutative diagram

� � � � F .PnC1/
F .˛nC1/� F .Pn/

F .˛n/� F .Pn�1/ � � � �
F .˛1/� F .P0/ � 0

� � � � F .QnC1/

F .fnC1/

�
F .ˇnC1/� F .Qn/

F .fn/

�
F .ˇn/� F .Qn�1/

F .fn�1/

�
� � � �

F .ˇ1/� F .Q0/

F .f0/

�
� 0
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where the top and bottom row are chain complexes. Hence, for n D 0; 1; 2; : : : , there
is a homology mapping Hn.F .f// that maps the nth homology group of F .PM / to
the nth homology group of F .QN /. If F is additive and contravariant, then the ar-
rows reverse in the preceding diagram and, for each n, there is an nth cohomology
mappingHn.F .f// taking the nth cohomology group of F .QN / to the nth cohomol-
ogy group of F .PM /.

Proposition 11.3.1. Let F WModR ! Ab be an additive functor.

(1) If P and Q are projective resolutions of M , then for n 	 0 the nth homology
group of F .PM / is isomorphic to the nth homology group of F .QM /. More-
over, if f W M ! N is an R-linear mapping and P and Q are projective
resolutions of M and N , respectively, then for n 	 0 the group homomorphism
Hn.F .f// W Hn.F .PM // ! Hn.F .QN // does not depend on the choice of
the chain map f W PM ! QN generated by f .

(2) If D and E are injective resolutions of M , then for n 	 0 the nth cohomology
group of F .DM / is isomorphic to the nth cohomology group of F .EM /. If
f W M ! N is an R-linear mapping and D and E are injective resolutions of
M and N , respectively, then for n 	 0 the group homomorphism Hn.F .f// W
Hn.F .DM // ! Hn.F .EN // does not depend on the choice of the cochain
map f W DM ! EN generated by f .

Proof. We prove (1) and omit the proof of (2) since it is similar. If P and Q are
projective resolutions of M and if the identity map idM W M ! M generates chain
maps f W PM ! QM and g W QM ! PM , then Lemma 11.2.5 indicates that gf and fg
are homotopic to the chain maps idPM and idQM , respectively. It follows from (3) of
Proposition 11.1.8 that F .gf/ and F .fg/ are homotopic to F .idPM / D idF .PM / and
F .idQM / D idF .QM /, respectively. By applying (4) of Proposition 11.1.8 and using
properties of the functors Hn and F , we see that

Hn.F .g//Hn.F .f// D Hn.F .g/F .f//

D Hn.F .gf// D Hn.F .idPM //

D Hn.idF .PM // D idHn.F .PM //:

Similarly, Hn.F .f//Hn.F .g// D idHn.F .QM //, so

Hn.F .f// W Hn.F .PM //! Hn.F .QM //

is an isomorphism.
Finally, suppose that f; g W PM ! QN are chain maps generated by f W M ! N .

Then f and g are homotopic, so by (3) of Proposition 11.1.8 we see that F .f/;F .g/ W
F .PM / ! F .QN / are homotopic as well. Hence, (4) of Proposition 11.1.8 shows
that

Hn.F .f// D Hn.F .g// W Hn.F .PM //! Hn.F .QN //:
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Proposition 11.3.1 provides the tools necessary to establish nth left and nth right
derived functors. The development of these functors proceeds as follows for an addi-
tive functor F WModR ! Ab.

1. The Functor LnF W ModR ! Ab. Choose and fix a projective resolution of
each R-module. If

P W � � � ! Pn ! Pn�1 ! � � � ! P0 !M ! 0

is the chosen projective resolution of M , then

F .P/ W � � � ! F .Pn/! F .Pn�1/! � � � ! F .P0/! F .M/! 0

is a chain complex in Ab. Form the homology groups Hn.F .PM //, that is,
take homology and set LnF .M/ D Hn.F .PM //. For an R-linear mapping
f W M ! N , let Hn.F .f// W Hn.F .PM //! Hn.F .QN // be the nth homol-
ogy map, where Q is the chosen projective resolutions of N and f W PM ! QN
is a chain map generated by f . Part (1) of Proposition 11.3.1 shows that
Hn.F .f// depends only on f and not on the chain map f generated by f . If we
let LnF .f / D Hn.F .f//, then

LnF .f / W LnF .M/! LnF .N /

and we have an additive functor LnF W ModR ! Ab for each integer n 	 0.
However, LnF is not unique since its construction depends on the projective
resolutions chosen for the modules. If the projective resolutions are chosen
again and perhaps in a different way, then we obtain a second functor LnF W

ModR ! Ab constructed in exactly the same fashion as LnF . The functors
LnF and LnF are, in general, distinct but the important point is that they are
naturally equivalent. From this we can conclude that LnF and LnF can be
interchanged via isomorphisms.

2. The Functor RnF W ModR ! Ab. Choose and fix an injective resolution of
each R-module. If

D W 0!M ! D0 ! � � � ! Dn�1 ! Dn ! � � �

is the chosen injective resolution of M , then

F .D/ W 0! F .M/! F .D0/! � � � ! F .Dn�1/! F .Dn/! � � �

is a cochain complex in Ab. Take cohomology, that is, form the cohomology
groups in F .DM / and let RnF .M/ D Hn.F .DM //. For anR-linear mapping
f W M ! N , let Hn.F .f// W Hn.F .DM //! Hn.F .EN // be the nth coho-
mology map, where E is the chosen injective resolution ofN and f W DM ! EN
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is a cochain map generated by f . Part (2) of Proposition 11.3.1 indicates that
Hn.F .f// does not depend on the cochain map f generated by f . Hence, if we
let RnF .f / D Hn.F .f//, then

RnF .f / W RnF .M/! RnF .N /

which establishes an additive functor RnF WModR ! Ab, for n D 0; 1; 2; : : : .
It follows that if injective resolutions of the modules are chosen in a different
way, then a functor R

n
F W ModR ! Ab can be formed exactly in the same

manner as the functor RnF and the functors RnF and R
n
F are naturally

equivalent.

Proposition 11.3.2. If F W ModR ! Ab is an additive functor, then the functors
LnF and LnF are naturally equivalent as are RnF and R

n
F .

Proof. If P and P0 are projective resolutions of M , then by (1) of Proposition 11.3.1
we see that Hn.PM / and Hn.P0M / are isomorphic and in fact the isomorphism is
given by Hn.F .f//, where f is any chain map generated by idM WM !M . Further-
more, (4) of Proposition 11.1.8 shows that the isomorphism Hn.F .f// is unique, so
let �M D Hn.F .f//. Next, suppose that Q and Q0 are projective resolutions of N . If
f WM ! N is an R-linear mapping, then we have a commutative diagram

Hn.F .PM //
�M� Hn.F .P0M //

Hn.F .QN //

Hn.F .f//

�
�N� Hn.F .Q0N //

Hn.F .g//

�

where f W PM ! QN and g W P0M ! Q0N are chain maps generated by f . Thus,
we have a natural isomorphism � W LnF ! LnF , so LnF and LnF are naturally
equivalent functors.

The proof that RnF and R
n
F are naturally equivalent is just as straightforward.

Hence, the functors LnF and RnF do not depend on the projective and injective
resolution chosen for their development. This fact underlies the construction of the
right derived functors of Hom and the construction of the left derived functors of˝.

Definition 11.3.3. If F W ModR ! Ab is an additive functor, then LnF and RnF

are called the nth left derived functor of F and the nth right derived functor of F ,
respectively, for n D 0; 1; 2; : : : .

To complete the development of left and right derived functors, we note that there
are nth left and right derived functors that correspond to an additive contravariant
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functor both of which are unique up to natural isomorphism. If F W ModR ! Ab is
an additive contravariant functor, then

(1) LnF is constructed using injective resolutions and

(2) RnF is constructed using projective resolutions.

One useful and general result is that if F W ModR ! Ab is a right exact additive
functor, then L0F and F are naturally equivalent with a similar result holding when
F is left exact and additive.

Proposition 11.3.4. Let F WModR ! Ab be an additive functor.

(1) If F is right exact, then L0F .M/ Š F .M/, for each R-module M , so that
L0F and F are naturally equivalent functors and if P is a projective R-mod-
ule, then LnF .P / D 0, for n D 1; 2; 3; : : : .

(2) If F is left exact, then R0F .M/ Š F .M/, for each R-module M , so that
R0F and F are naturally equivalent functors and if E is an injective R-mod-
ule, then RnF .E/ D 0, for n D 1; 2; 3; : : : .

Proof. If P is a projective resolution of M , then

P1
˛1
�! P0

˛0
�!M ! 0

is exact. Since F is right exact, it follows that

F .P1/
F .˛1/
����! F .P0/

F .˛0/
����! F .M/! 0

is exact. By considering

F .P1/
F .˛1/
����! F .P0/! 0;

we see that

L0F .M/ D H0.F .PM // D Ker.F .P0/! 0/= Im F .˛1/

D F .P0/=Ker F .˛0/ Š F .M/:

Thus, there is an isomorphism �M W L0F .M/ ! F .M/. We claim that the family
¹�M W L0F .M/! F .M/º of these isomorphisms produces a natural isomorphism
� W L0F ! F . Let f W M ! N be an R-linear mapping and suppose that Q is
a projective resolution of N . If f W PM ! QN is a chain map generated by f , then
we have a commutative diagram

L0F .M/
�M� F .M/

L0F .N /

L0F .f/

�
�N� F .N /

F .f /

�
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where �M and �N are isomorphisms. Thus, L0F and F are naturally equivalent
functors as asserted.

If P is a projective R-module, then

P W � � � ! 0! P
idP
��! P ! 0

is a projective resolution of P . This gives the chain complex

F .PP / W � � � ! 0! F .P /! 0

and it follows immediately that LnF .P / D 0, for n D 1; 2; 3; : : : .
The proof of .2/ is similar.

The proof of the following proposition is an exercise.

Proposition 11.3.5. Let F WModR ! Ab be an additive contravariant functor.

(1) If F is left exact, then R0F .M/ Š F .M/, for each R-module M , so that
R0F and F are naturally equivalent functors and if P is a projective R-mod-
ule, then RnF .P / D 0, for n D 1; 2; 3; : : : .

(2) If F is right exact, then L0F .M/ Š F .M/, for each R-module M , so that
L0F and F are naturally equivalent functors and if E is an injective R-mod-
ule, then LnF .E/ D 0, for n D 1; 2; 3; : : : .

Problem Set 11.3

1. Let F WModR ! Ab be an additive contravariant functor.

(a) If P and Q are projective resolutions of M , show that the nth cohomology
group of F .PM / is isomorphic to the nth cohomology group of F .QM /. Also
if f W M ! N is an R-linear mapping and P and Q are projective resolutions
of M and N , respectively, prove that the group homomorphism Hn.F .f// W
Hn.F .QN //! Hn.F .PM // does not depend on the choice of the chain map
f W PM ! QN generated by f .

(b) If D and E are injective resolutions ofM , prove that the nth homology group
of F .DM / is isomorphic to the nth homology group of F .EM /. Furthermore,
if f W M ! N is an R-linear mapping and D and E are injective resolutions
of M and N , respectively, show that the group homomorphism Hn.F .f// W
Hn.F .EN //! Hn.F .DM // does not depend on the choice of the chain map
f W DM ! EN generated by f .

2. Outline the development of the left and right derived functors LnF and RnF

of F ; if F WModR ! Ab is an additive contravariant functor.
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3. (a) Let F W ModR ! Ab be an additive functor. Prove that the functors LnF

and RnF are additive. [Hint: Proposition 11.1.7.]

(b) Let F W ModR ! Ab be an additive contravariant functor. Show that the
functors LnF and RnF are additive.

4. Prove Proposition 11.3.5. [Hint: Dualize the proof of Proposition 11.3.4.]

11.4 Extension Functors

If X is a fixed R-module, then HomR.�; X/ W ModR ! Ab is a left exact addi-
tive contravariant functor. Indeed, if f W M ! N is an R-linear mapping, then
HomR.f;X/ W HomR.N;X/ ! HomR.M;X/ is such that if g; h 2 HomR.N;X/,
then

HomR.f;X/.g C h/ D f
�.g C h/ D .g C h/f

D gf C hf D f �.g/C f �.h/

D HomR.f;X/.g/C HomR.f;X/.h/:

HomR.�; X/ is clearly contravariant and we saw in Chapter 3 that HomR.�; X/ is
left exact. Likewise, HomR.X;�/ is a left exact additive functor from ModR to Ab.

Right Derived Functors of HomR.�;X/

If P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0 is a projective resolution

of an R-module M , then for a fixed R-module X , we have a cochain complex

HomR.PM ; X/ W 0! HomR.P0; X/
˛�
1
��! � � �

˛�n
��! HomR.Pn; X/

˛�
nC1

���! � � � :

Take cohomology in Ab and let

ExtnR.M;X/ D H
n.HomR.PM ; X//:

Next, for an R-linear mapping f WM ! N and a projective resolution Q of N , let

ExtnR.f;X/ D H
n.HomR.f; X//;

where f W PM ! QN is a chain map generated by f . Thus, we have

ExtnR.f;X/ W ExtnR.N;X/! ExtnR.M;X/

and so for each n 	 0

ExtnR.�; X/ WModR ! Ab
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is an additive contravariant functor. By construction, ExtnR.�; X/DRnHomR.�; X/
is the nth right derived functor of HomR.�; X/. One immediate observation is that
for any R-module M the group ExtnR.M;X/ depends only on M and X and not on
the projective resolution chosen for M . It also follows that ExtnR.�; X/ is additive
since HomR.�; X/ and Hn are additive.

Definition 11.4.1. The contravariant functor ExtnR.�; X/ W ModR ! Ab is called
the nth extension functor of HomR.�; X/, for n D 0; 1; 2; : : : .

Remark. The name “extension functor” comes from the fact that it is possible to turn
equivalence classes of n-fold extensions of M by X into an additive abelian group
isomorphic to ExtnR.M;X/. (An exact sequence of the form

0! X !Mn ! � � � !M1 !M ! 0

is said to be an n-fold extension of M by X:/ Such a development of ExtnR.�; X/ is
not required for our purposes, so we only mention it in passing. Additional details can
be found in [8], [18] and [30].

For each short exact sequence 0! L!M ! N ! 0 ofR-modules andR-mod-
ule homomorphisms, there is a long exact sequence in cohomology corresponding to
the contravariant functor ExtnR.�; X/. To establish the existence of this sequence, we
need the following lemma.

Lemma 11.4.2 (Horse Shoe Lemma for Projectives). Consider the diagram

:::
:::

P1

˛2

�
R1

�2

�

P0

˛1

�
R0

�1

�

0 � L

˛0

�
f � M

g � N

�0

�
� 0

0
�

0
�
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where the bottom row is exact and P and R are projective resolutions of L and N ,
respectively. Then there is a projective resolution Q of M and chain maps f W PL !
QM and g W QM ! RN such that

:::
:::

:::

0 � P1

˛2

�
f1� Q1

ˇ2

�
g1� R1

�2

�
� 0

0 � P0

˛1

�
f0� Q0

ˇ1

�
g0� R0

�1

�
� 0

0 � L

˛0

�
f � M

ˇ0

�
g � N

�0

�
� 0

0
�

0
�

0
�

is a commutative row exact diagram. Furthermore, Qn D Pn ˚Rn for each n 	 0.

Proof. Consider the diagram

P0 R0

0 � L

˛0

�
f � M

g � N

�0

�
� 0

0
�

0
�

and letQ0 D P0˚R0. Since R0 is projective, there is an R-linear map h W R0 !M

such that gh D 	0. So if f0 D i0 W P0 ! Q0 is the canonical injection and
g0 D �2 W Q0 ! R0 is the canonical projection, let ˇ0 W Q0 ! M be defined by
ˇ0.x; y/ D f ˛0.x/ C h.y/. We claim that ˇ0 is an epimorphism. If z 2 M , then
g.z/ 2 N , so there is a y 2 R0 such that 	0.y/ D g.z/. Now g.z�h.y// D 0 and so
z � h.y/ 2 Kerg D Im f . Hence, there is an x 2 P0 such that f ˛0.x/ D z � h.y/.
Thus, ˇ0.x; y/ D z and so ˇ0 is an epimorphism as asserted. Furthermore, the

sequence 0 ! P0
f0
�! Q0

g0
�! R0 ! 0 is exact. Hence, we have a row and column
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exact diagram

0 � P0
f0 � Q0

g0 � R0 � 0

0 � L

˛0

�
f � M

ˇ0

�
g � N

�0

�
� 0

0
�

0
�

0
�

and a simple diagram chase shows that this latter diagram is commutative. Now sup-
pose that the first n components

Qn�1 D Pn�1 ˚Rn�1
ˇn�1
���! � � � ! Q D P0 ˚R0

ˇ0
��!M ! 0

of a projective resolution Q ofM andR-linear mappings f0; f1; : : : ; fn�1 and g0; g1;
: : : ; gn�1 have been found such that the diagram formed by filling in the middle col-
umn and rows of the original diagram with these components results in a commutative
row and column exact diagram. At the nth position this gives a row and column exact
diagram

Pn Rn

0 � Ker˛n�1

p˛n

� Nfn�1� Kerˇn�1
Ngn�1� Ker 	n�1

p
�
n

�
� 0

0
�

0
�

with p˛n D ˛n W Pn ! Im˛n D Ker˛n�1 and p�n D 	n W Rn ! Im 	n D

Ker 	n�1 and where Nfn�1 and Ngn�1 are the restrictions of fn�1 W Pn�1 ! Qn�1
and gn�1 W Qn�1 ! Rn�1 to Ker˛n�1 and Kerˇn�1, respectively. An epimorphism

p
ˇ
n W Qn D Pn ˚ Rn ! Kerˇn�1 and maps 0! Pn

fn
�! Qn and Qn

gn
�! Rn ! 0

can now be constructed exactly as ˇ0, f0 and g0 were constructed and this gives a row
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and column exact commutative diagram

0 � Pn
fn � Qn

gn � Rn � 0

0 � Ker˛n�1

p˛n

� Nfn�1� Kerˇn�1

p
ˇ
n

�
Ngn�1� Ker 	n�1

p
�
n

�
� 0

0
�

0
�

0
�

If i˛n�1 W Ker˛n�1 ! Pn�1, iˇn�1 W Kerˇn�1 ! Qn�1 and i�n�1 W Ker 	n�1 !

Rn�1 are canonical injections, then ˛n D i˛n�1p
˛
n , ˇn D i

ˇ
n�1p

ˇ
n and 	n D i

�
n�1p

�
n .

Hence, the row and column exact diagram

0 � Pn
fn� Qn

gn� Rn � 0

0 � Pn�1

˛n
�

fn�1� Qn�1

ˇn
�

gn�1� Rn�1

�n
�

� 0

:::
� :::

� :::
�

0 � L
�

f � M
�

g � N
�

� 0

0
�

0
�

0
�

is commutative and so the lemma follows by induction.

Proposition 11.4.3. If 0 ! L
f
�! M

g
�! N ! 0 is an exact sequence of R-mod-

ules and R-module homomorphisms, then for any R-module X , there is a long exact
cohomology sequence

0! HomR.N;X/
g�

��! HomR.M;X/
f �

��! HomR.L;X/
ˆ0

��!

ˆ0

��! Ext1R.N;X/
Ext1R.g;X/
�������! Ext1R.M;X/

Ext1R.f;X/
�������! Ext1R.L;X/

ˆ1

��! � � �

� � �
ˆn�1

����! ExtnR.N;X/
ExtnR.g;X/
�������! ExtnR.M;X/

ExtnR.f;X/
�������! ExtnR.L;X/

ˆn

��! � � �

where ˆn is a connecting homomorphism for each n 	 0.
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Proof. If P is a projective resolution of L and R is a projective resolution of N , then
The Horse Shoe Lemma shows that there is a projective resolution Q of M and chain

maps f W P ! Q and g W Q ! R such that 0 ! P
f
�! Q

g
�! R ! 0 is a short

exact sequence of chain complexes. From the way Q was constructed in the Horse

Shoe Lemma, 0 ! Pn
fn
�! Qn

gn
�! Rn ! 0 is a split short exact sequence with

Qn D Pn ˚ Rn for each n 	 0. Since HomR.�; X/ preserves split short exact
sequences, it follows that we have a commutative diagram

0 0 0

0 � HomR.R0; X/
�

��1 � HomR.R1; X/
�

��2 � HomR.R2; X/
�

� � � �

0 � HomR.P0˚R0; X/

g�0

�
ˇ�1� HomR.P1˚R1; X/

g�1

�
ˇ�2� HomR.P2˚R2; X/

g�2

�
� � � �

0 � HomR.P0; X/

f �0

�
˛�1 � HomR.P1; X/

f �1

�
˛�1 � HomR.P2; X/

f �2

�
� � � �

0
�

0
�

0
�

where the columns are exact and the rows give ExtnR.N;X/, ExtnR.M;X/ and
ExtnR.L;X/ for each n 	 0. Thus,

0! HomR.RN ; X/
g�
�! HomR.QM ; X/

f�
�! HomR.PL; X/! 0

is an exact sequence of cochain complexes. Since the contravariant functor
HomR.�; X/ is left exact and additive, (2) of Proposition 11.3.5 shows that we have

Ext0R.N;X/ D H
0.HomR.PN ; X// D HomR.N;X/;

Ext0R.M;X/ D H
0.HomR.QM ; X// D HomR.M;X/ and

Ext0R.L;X/ D H
0.HomR.RL; X// D HomR.L;X/:

This, together with Proposition 11.1.12, gives the result.

The sequence given in Proposition 11.4.3 is called the long exact Ext-sequence in
the first variable. There is also a long exact Ext-sequence in the second variable.

To see this, suppose that 0 ! L
f
�! M

g
�! N ! 0 is a short exact sequence of
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R-modules and R-module homomorphisms. Let P be a projective resolution of X
and recall that if P is a projective R-module, then HomR.P;�/ preserves short exact
sequences. So for each n 	 0, the sequence

0! HomR.Pn; L/
f�
�! HomR.Pn;M/

g�
�! HomR.Pn; N /! 0

is exact which leads to the short exact sequence of cochain complexes

0! HomR.PX ; L/
f�
�! HomR.PX ;M/

g�
�! HomR.PX ; N /! 0:

Taking cohomology in this sequence and applying Propositions 11.1.12 and 11.3.5
establishes the following proposition.

Proposition 11.4.4. If 0 ! L
f
�! M

g
�! N ! 0 is an exact sequence of R-mod-

ules and R-module homomorphisms, then for any R-module X , there is an exact
cohomology sequence

0! HomR.X;L/
f�
�! HomR.X;M/

g�
�! HomR.X;N /

ˆ0

��!

ˆ0

��! Ext1R.X;L/
Ext1R.X;f /
�������! Ext1R.X;M/

Ext1R.X;g/
�������! Ext1R.X;N /

ˆ1

��! � � �

� � �
ˆn�1

����! ExtnR.X;L/
ExtnR.X;f /
�������! ExtnR.X;M/

ExtnR.X;g/
�������! ExtnR.X;N /

ˆn

��! � � � ;

where ˆn is a connecting homomorphism for each n 	 0.

Thus, we have a contravariant functor and a covariant functor

ExtnR.�; X/ and ExtnR.X;�/

from ModR to Ab, respectively, for each n 	 0.

Proposition 11.4.5. The following are equivalent for an R-module P .

(1) P is projective.

(2) ExtnR.P;X/ D 0 for each R-module X and every integer n 	 1.

(3) Ext1R.P;X/ D 0 for every R-module X .

Proof. .1/ ) .2/. Suppose that P is projective. Since HomR.�; X/ is a left exact
additive contravariant functor, it follows immediately from (1) of Proposition 11.3.5
that ExtnR.P;X/ D 0 for every integer n 	 1.
.2/) .3/ is obvious.
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.3/ ) .1/. If Ext1R.P;X/ D 0 for each R-module X , then the long exact Ext-
sequence in the second variable shows that

0! HomR.P;L/! HomR.P;M/! HomR.P;N /! 0

is exact for each short exact sequence

0! L!M ! N ! 0

of R-modules and R-module homomorphisms. Thus, we have by Corollary 5.2.12
that P is projective.

Proposition 11.4.6. The following are equivalent for an R-module E.

(1) E is injective.

(2) ExtnR.X;E/ D 0 for each R-module X and every integer n 	 1.

(3) Ext1R.X;E/ D 0 for every R-module X .

(4) Ext1R.X;E/ D 0 for every cyclic R-module X .

(5) Ext1R.R=A;E/ D 0 for every right ideal A of R.

Proof. .1/) .2/. Suppose that E is injective and let

P W � � � ! PnC1
˛nC1
���! Pn

˛n
��! Pn�1 ! � � � ! P0

˛0
�! X ! 0

be a projective resolution of X . Since E is injective, Corollary 5.1.12 shows that
the functor HomR.�; E/ preserves short exact sequences and so it follows that
HomR.PX ; E/ is exact. Hence, ExtnR.X;E/ D H

n.HomR.PX ; E// D 0 for n 	 1.
.2/) .3/, .3/) .4/ and .4/) .5/ are obvious.
.5/) .1/. If A is a right ideal of R, then the short exact sequence 0! A! R!

R=A! 0 gives rise to the long exact Ext-sequence

0! HomR.R=A;E/! HomR.R;E/! HomR.A;E/! Ext1R.R=A;E/! � � � :

But .5/ gives Ext1R.R=A;E/D 0 and this indicates that HomR.R;E/!HomR.A;E/
is an epimorphism. Thus, Baer’s criteria shows that E is injective.

The derived functors of Hom can be used to gain information about rings and mod-
ules. To foretell things to come, we will see in the next chapter that the functors
ExtnR.�; X/ can be used to define a projective dimension of an R-module. This di-
mension will in some sense measure “how far” a module is from being projective.
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Right Derived Functors of HomR.X;�/

A parallel development to that of ExtnR.�; X/ can be carried out using injective resolu-
tions rather than projective resolutions. The result is a functor Ext

n

R.X;�/ WModR !
Ab for each n 	 0. We begin with a brief outline of a development of Ext

n

R. Proofs
will be omitted since they are analogous to the proofs of propositions already given in
the development of the functor ExtnR.�; X/.

Let X and M be R-modules and suppose D is an injective resolution of M . Con-
sider the cochain complex

HomR.X;DM / W 0! HomR.X;D
0/

˛0
�

��! � � �
˛n�1
�

���! HomR.X;D
n/

˛n
�

��! � � � :

Take cohomology in Ab and let

Ext
n

R.X;M/ D Hn.HomR.X;DM //

for n 	 0. Next, for an R-linear mapping f W M ! N and an injective resolution E
of N , let Ext

n

R.X; f / D Hn.HomR.X; f//, where f W DM ! EN is a cochain map
generated by f . Then

Ext
n

R.X; f / W Ext
n

R.X;M/! Ext
n

R.X;N /;

so Ext
n

R.X;�/ W ModR ! Ab is a right derived functor of HomR.X;�/ which is
additive and covariant.

Definition 11.4.7. The covariant functor Ext
n

R.X;�/ W ModR ! Ab is (also) called
the nth extension functor of HomR.X;�/, for n D 0; 1; 2; : : : .

Proposition 11.4.8 (Horse Shoe Lemma for Injectives). If

0! L
f
�!M

g
�! N ! 0

is a short exact sequence of R-modules and R-module homomorphisms and D and F
are injective resolutions of L and N , respectively, then there is an injective resolu-
tion E of M and cochain maps f W DL ! EM and g W EM ! FN such that

0! D
f
�! E

g
�! F! 0

is a short exact sequence of cochain complexes, where En D Dn ˚ F n for each
n 	 0.

Applying HomR.X;�/ to the short exact sequence

0! D
f
�! E

g
�! F! 0

of cochain complexes of injective resolutions of L,M and N and taking cohomology
establishes the following proposition.
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Proposition 11.4.9. Corresponding to each short exact sequence 0 ! L
f
�! M

g
�!

N ! 0 of R-modules and R-module homomorphisms, there is a long exact cohomol-
ogy sequence

0! HomR.X;L/
f�
�! HomR.X;M/

g�
�! HomR.X;N /

N̂ 0

��!

N̂ 0

��! Ext
1

R.X;L/
Ext
1

R.X;f /
�������! Ext

1

R.X;M/
Ext
1

R.X;g/
�������! Ext

1

R.X;N /
N̂ 1

��! � � �

� � �
N̂ n�1

����! Ext
n

R.X;L/
Ext

n

R.X;f /
�������! Ext

n

R.X;M/
Ext

n

R.X;g/
�������! Ext

n

R.X;N /
N̂ n

��! � � � ;

where N̂ n is a connecting homomorphism for each n 	 0.

There is also a long exact Ext-sequence in the first variable corresponding to each

short exact sequence 0 ! L
f
�! M

g
�! N ! 0 of R-modules and R-module homo-

morphisms. If X is an R-module and E is an injective resolution of X , then since En

is injective, HomR.�; En/ preserves short exact sequences. Therefore, the sequence

0! HomR.N;E
n/

g�

��! HomR.M;E
n/

f �

��! HomR.L;E
n/! 0

is exact for each n 	 0, so we have a short exact sequence

0! HomR.N;EX /
g�
�! HomR.M;EX /

f�
�! HomR.L;EX /! 0

of cochain complexes. Taking cohomology leads to the long exact cohomology se-
quence

0! HomR.N;X/
g�

��! HomR.M;X/
f �

��! HomR.L;X/
N̂ 0

��!

N̂ 0

��! Ext
1

R.N;X/
Ext
1

R.g;X/
�������! Ext

1

R.M;X/
Ext
1

R.f;X/
�������! Ext

1

R.L;X/
N̂ 1

��! � � �

� � �
N̂ n�1

����! Ext
n

R.N;X/
Ext

n

R.g;X/
�������! Ext

n

R.M;X/
Ext

n

R.f;X/
�������! Ext

n

R.L;X/
N̂ n

��! � � � :

It can also be verified that Ext
n

R.�; X/ WModR ! Ab is a contravariant functor, so

Ext
n

R.�; X/ and Ext
n

R.X;�/

are contravariant and covariant functors from ModR to Ab, respectively, for each
n 	 0.
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Proposition 11.4.5 shows that an R-module P is projective if and only if
ExtnR.P;X/ D 0 for every R-module X and every n 	 1. There is a similar re-
sult for injective modules. The implication .5/) .1/ in the following proposition is
a result of Baer’s criteria and the long exact Ext-sequence in the first variable.

Proposition 11.4.10. The following are equivalent for an R-module E.

(1) E is injective.

(2) Ext
n

R.X;E/ D 0 for each R-module X and every n 	 1.

(3) Ext
1

R.X;E/ D 0 for every R-module X .

(4) Ext
1

R.X;E/ D 0 for every cyclic R-module X .

(5) Ext
1

R.R=A;E/ D 0 for every right ideal A of R.

Proposition 11.4.11. The following are equivalent for an R-module P .

(1) P is projective.

(2) Ext
n

R.P;X/ D 0 for each R-module X and every n 	 1.

(3) Ext
1

R.P;X/ D 0 for every R-module X .

Properties of the bifunctors ExtnR and Ext
n

R are strikingly similar. Actually, these
functors are naturally equivalent. After this has been established, the distinction be-
tween these two functors can be ignored since they can be interchanged through the
use of isomorphisms. No loss of generality will result if both functors are denoted
by ExtnR.

Proposition 11.4.12. The bifunctors ExtnR and Ext
n

R are naturally equivalent for
n 	 0.

Proof. The proof is by induction. If M is a fixed R-module and n D 0, then we

have seen that Ext0R.M;N / D Ext
0

R.M;N / D HomR.M;N /, for each R-moduleN .
Hence, we need only let

�0MN W Ext0R.M;N /! Ext
0

R.M;N /

be the identity map on HomR.M;N / to establish that Ext0R.M;�/ and Ext
0

R.M;�/

are naturally equivalent functors. Next, let the short exact sequence 0! N
u
�! E

p
�!

C ! 0 represent an embedding ofN into an injectiveR-moduleE. Then Proposition
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11.4.4 gives the long exact Ext-sequence

0! HomR.M;N /
u�
��! HomR.M;E/

p�
��! HomR.M;C /

ˆ0

��! (11.1)

ˆ0

��! Ext1R.M;N /
Ext1R.M;u/
�������! Ext1R.M;E/

Ext1R.M;p/
�������! Ext1R.M;C /

ˆ1

��! � � �

� � �
ˆn�1

����! ExtnR.M;N /
ExtnR.M;u/
�������! ExtnR.M;E/

ExtnR.M;p/
�������! ExtnR.M;C /

ˆn

��! � � �

and from Proposition 11.4.9 we get the long exact Ext-sequence

0! HomR.M;N /
u�
��! HomR.M;E/

p�
��! HomR.M;C /

N̂ 0

��! (11.2)

N̂ 0

��! Ext
1

R.M;N /
Ext
1

R.M;u/
�������! Ext

1

R.M;E/
Ext
1

R.M;p/
�������! Ext

1

R.M;C /
N̂ 1
��! � � �

� � �
N̂ n�1

����! Ext
n

R.M;N /
Ext

n

R.M;u/
�������! Ext

n

R.M;E/
Ext

n

R.M;p/
�������! Ext

n

R.M;C /
N̂ n

��! � � � :

In view of Propositions 11.4.6 and 11.4.10, ExtnR.M;E/ D Ext
n

R.M;E/ D 0 for
n D 1; 2; 3; : : : , so we have a row exact commutative diagram

HomR.M;E/
p�� HomR.M;C /

ˆ0� Ext1R.M;N / � Ext1R.M;E/ D 0

HomR.M;E/

wwwwwwww
p�� HomR.M;C /

wwwwwwww
ˆ
0

� Ext
1

R.M;N /

�1MN

�
� Ext

1

R.M;E/ D 0:

From this we see that there is a group isomorphism

�1MN W Ext1R.M;N /! Ext
1

R.M;N /

for each R-module N . If the short exact sequence 0 ! N 0
u0

�! E 0
p0

�! C 0 ! 0

also represents an embedding of an R-module N 0 into an injective module E 0, then
we also have long exact sequences such as (11.1) and (11.2) with N;E;C; u and p
replaced by N 0; E 0; C 0; u0 and p0, respectively. This gives a copy of the last row
exact commutative diagram immediately above, but with primes in the appropriate
places. If f W N ! N 0 is an R-linear mapping, then by using the injectivity of E 0,
we see that there is an induced map g W C ! C 0. We have now established the
groundwork necessary to show that �1

MN is not only a group isomorphism but also
a natural transformation for each R-module N . The discussion to this point yields the
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diagram

HomR.M;C /
g� � HomR.M;C

0/

HomR.M;C /
g� �

�0MC

�

HomR.M;C
0/

�0
MC 0

�

Ext1R.M;N /

ˆ0

�
ExtR.M;f /� Ext1R.M;N

0/

ˆ00

�

Ext
1

R.M;N /

ˆ
0

�
Ext
1

R.M;f /�

�1MN

�

Ext
1

R.M;N
0/

ˆ0
0

�

�1MN 0

�

It follows that the top face of the diagram is commutative, as are the four faces on the
sides. Since the mapˆ0 is an epimorphism, Exercise 6 in the Problem Set given in the
chapter on preliminaries to the text shows that the bottom face is also commutative.
Hence, we have that �1MN is a natural isomorphism for each R-module N , so the

functors Ext1R.M;�/ and Ext
1

R.M;�/ are naturally equivalent.
Finally, suppose that natural isomorphisms �0MN ; �

1
MN ; : : : ; �

n�1
MN have been found

that fit the requirements of the proposition. Considering the sequences (11.1) and
(11.2) again, we see that there is a row exact commutative diagram

0 D Extn�1R .M;E/ � Extn�1R .M;C /
ˆn� ExtnR.M;N / � ExtnR.M;E/ D 0

0 D Ext
n�1

R .M;E/ � Ext
n�1

R .M;C /

�n�1MC

�
ˆ
n

� Ext
n

R.M;N /

�nMN

�
� Ext

n

R.M;E/ D 0

An argument parallel to that given for �1MN shows that �nMN is a natural isomorphism

for each R-module N , so it follows by induction that ExtnR.M;�/ and Ext
n

R.M;�/

are naturally equivalent functors for each n 	 0. A similar argument can used to show
that ExtnR.�; N / and Ext

n

R.�; N / are naturally equivalent contravariant functors for
each n 	 0. Therefore, the bifunctors ExtnR and Ext

n

R are naturally equivalent for each
n 	 0.

One result of Proposition 11.4.12 is that ExtnR.M;N / can be computed either by
using a projective resolution of M or by using an injective resolution of N . For this
reason, ExtnR is said to be a balanced bifunctor.
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Example

4. Consider the projective resolution

� � � ! 0! 0! Z
˛1
�! Z

˛0
�! Zk ! 0

of the Z-module Zk , where k 	 2 and ˛1.a/ D ka and ˛0.a/ D Œa� for all
a 2 Z. Let M be a Z-module and form

0! HomZ.Z;M/
˛�1
��! HomZ.Z;M/! 0! 0! � � �

using the deleted projective resolution of Zk . Since ' W HomZ.Z;M/ ! M

defined by '.f / D f .1/ is an isomorphism, the diagram

0 � HomZ.Z;M/
˛�1� HomZ.Z;M/ � 0 � 0 � � � �

0 � M

'

�
� � M

'

�
� 0

�
� 0

�
� � � �

is commutative, where 
.x/ D kx for each x 2 M . It follows that
Ext0Z.Zk ;M/ Š Ker 
 and that Ext1Z.Zk ;M/ ŠM=kM .

Since E is an injective R-module if and only if ExtnR.X;E/ D 0 for every R-mod-
ule X and all n 	 1, we will see in the next chapter that ExtnR in the second variable
can be used to define an injective dimension for a module that will in some sense
measure “how far” the module is from being injective.

Finally, one might inquire as to why the left derived functors of Hom in the first and
second variable were not investigated. The answer is simply because the development
of these functors would provide no useful information about Hom. We have seen
that if F D HomR.�; X/ or if F D HomR.X;�/, then R0F and F are naturally
equivalent functors. Because of this, HomR.�; X/ and HomR.X;�/ are linked to the
long exact Ext-sequences. However, Exercise 6 shows that if F is an additive functor,
then L0F is right exact. Hence, it cannot be the case that L0F and F are naturally
equivalent when F D HomR.X;�/, since HomR.X;�/ is not generally right exact.
Similarly, L0F and F cannot be naturally equivalent when F D HomR.�; X/.
Thus, the left derived functors of Hom are not connected to Hom as are its right
derived functors.

Problem Set 11.4

1. Choose an injective resolution of each R-module, develop Ext
n

R.X;�/ and then
choose another injective resolution of eachR-module and construct fExtnR.X;�/.

Prove that fExtnR.X;�/ and Ext
n

R.X;�/ are naturally equivalent.
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2. Prove the Horse Shoe Lemma for Injectives. That is, given a column exact
diagram

0

0 � L
�

˛�1� D0
˛0� D1

˛1� D2
˛2� � � �

0 � M

f

�

0 � N

g

�
��1� F 0

�0� F 1
�1� F 2

�2� � � �

0
�

where the rows are injective resolutions of L and N respectively, show that
there is an injective resolution E of M and cochain maps f W DL ! EM and
g W EM ! FN such that the column exact diagram

0 0 0 0

0 � L
�

˛�1� D0
�

˛0� D1
�

˛1� D2
�

˛2� � � �

0 � M

f

�
ˇ�1� E0

f0

�
ˇ0� E1

f1

�
ˇ1� E2

f2

�
ˇ2� � � �

0 � N

g

�
��1� F 0

g0

�
�0� F 1

g1

�
�1� F 2

g2

�
�2� � � �

0
�

0
�

0
�

0
�

is commutative, where En D Dn ˚ F n for each n 	 0. [Hint: Dualize the
proof of the Horse Shoe Lemma for Projectives.]

3. Prove Proposition 11.4.10. [.1/) .2/, Hint: Proposition 11.3.4.] [.5/) .1/,
Hint: Baer’s criteria.]
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4. Prove Proposition 11.4.11. [Hint: Proposition 11.3.5.]

5. (a) Show that ExtnR.�;�/ is additive in each variable.

(b) Suppose that 0! M1 ! P ! M ! 0 and 0! N ! E ! N1 ! 0 are
short exact sequences where P and E are projective and injective R-modules,
respectively. Prove that Ext1R.M1; N / and Ext1R.M;N1/ are isomorphic. [Hint:
Use the long exact Ext-sequences.]

6. If F is an additive functor, show that L0F is right exact. [Hint: Let 0! L
f
�!

M
g
�! N ! 0 be an exact sequence of R-modules and suppose that P and R

are projective resolutions of L and N , respectively. Then, by the Horse Shoe
Lemma for Projectives, there is a projective resolution Q of M and chain maps

f W PL ! QM and g W QM ! RN such that 0 ! PL
f
�! QM

g
�! RN ! 0 is

exact, where Qn D Pn ˚Rn for each n 	 0. This gives a long exact sequence

� � � ! Hn.F .PL//
Hn.F .f//
������! Hn.F .QM //

Hn.F .g//
�������! Hn.F .RN //! � � � :

Show that this in turn gives

� � � ! LnF .L/
LnF .f /
�����! LnF .M/

LnF .g/
�����! LnF .N /

ˆn
�! Ln�1F .L/! � � �

� � �
ˆ1
�! L0F .L/

L0F .f /
������! L0F .M/

L0F .g/
������! L0F .N /! 0:�

7. Show that if Ext1R.M;N / D 0, then every short exact sequence of the form 0!

N
f
�! X

g
�! M ! 0 splits. [Hint: 0! HomR.M;N /

g�

��! HomR.X;N /
f �

��!

HomR.N;N /! Ext1R.M;N /.]

8. Prove that if 0 ! L ! M ! N ! 0 is a split short exact sequence of
R-modules and R-module homomorphisms, then

0! ExtnR.N;X/! ExtnR.M;X/! ExtnR.L;X/! 0 and

0! ExtnR.X;L/! ExtnR.X;M/! ExtnR.X;N /! 0

are split short exact sequences for any R-module X and any n 	 0.

9. If 0 ! K
f
�! P

g
�! M ! 0 is a short exact sequence with P projective, then

the sequence

0! HomR.M;N /
g�

��! HomR.P;N /
f �

��! HomR.K;N /

is exact. Show that Ext1R.M;N / D Coker f �.
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10. Prove each of the following for an R-module N and a family of R-modules
¹M˛º�.

(a) For any n 	 0, ExtnR.
L
�M˛; N / Š

Q
� ExtnR.M˛; N /. [Hint: Use in-

duction. The case for n D 0 is Proposition 2.1.12. For each ˛ 2 �, let
0 ! K˛ ! P˛ ! M˛ ! 0 be a short exact sequence with P˛ projective
and consider the diagram

HomR
�M

�

P˛;N
�

� HomR
�M

�

K˛;N
�

� Ext1R

�M

�

M˛;N
�

� Ext1R

�M

�

P˛;N
�

Y

�

HomR.P˛; N /

˛

�
�
Y

�

HomR.K˛; N /

ˇ

�
�
Y

�

Ext1R.M˛; N /

�

�

.......
�
Y

�

Ext1R.P˛ ; N /

Show that the diagram is commutative, where ˛ and ˇ are isomorphisms, and
then chase the diagram to establish that 	 is an isomorphism. This establishes
the case for n D 1.]

(b) For any n 	 0, ExtnR.N;
Q
�M˛/ Š

Q
� ExtnR.N;M˛/.

11. Prove that the following are equivalent.

(a) ExtnC1
R

.M;N / D 0 for every R-module N .

(b) There is a projective resolution of M of the form

P W � � � ! 0! 0! Pn ! � � � ! P0 !M ! 0:

(c) For every projective resolution

Q W � � � ! Qn
ˇn
��! Qn�1 ! � � � ! Q0 !M ! 0

of M , Kerˇn�1 is projective.

12. Prove that the following are equivalent.

(a) ExtnC1
R .M;N / D 0 for every R-module M .

(b) There is an injective resolution of N of the form

E W 0! N ! E0 ! � � � ! En ! 0! 0! � � � :

(c) For every injective resolution

D W 0! N ! D0 ! � � � ! Dn�1
˛n�1

���! Dn ! � � �

of N , Im˛n�1 is injective.
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11.5 Torsion Functors

Left Derived Functors of �˝R X and X ˝R �

We outline a development of the left derived functors of ˝ in both variables with the
details left as exercises.

Let X be a left R-module and suppose that

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P1

˛1
�! P0

˛0
�!M ! 0

is a projective resolution of an R-module M . Then we have a chain complex

PM ˝R X W � � � ! Pn ˝R X
˛n˝idX
�����! Pn�1 ˝R X ! � � �

˛1˝idX
�����! P0 ˝R X ! 0:

Next, let N be an R-module and suppose that Q is a projective resolution of N . If
f WM ! N is an R-linear mapping, then we have a commutative diagram

� � � � Pn ˝R X
˛n˝idX� Pn�1 ˝R X � � � �

˛1˝idX� P0 ˝R X � 0

� � � � Qn ˝R X

fn˝idX

�
ˇn˝idX� Qn�1 ˝R X

fn�1˝idX

�
� � � �

ˇ1˝idX� Q0 ˝R X

f0˝idX

�
� 0

of chain complexes, where f W PM ! QN is a chain map generated by f . If we let
TorRn .M;X/ D Hn.PM ˝R X/ and TorRn .f;X/ D Hn.f˝ idX /, then

TorRn .f;X/ W TorRn .M;X/! TorRn .N;X/;

so we have a right exact additive functor TorRn .�; X/ W ModR ! Ab such that
TorR0 .�; X/ D �˝R X .

If 0! L
f
�!M

g
�! N ! 0 is a short exact sequence of R-modules and R-module

homomorphisms, then there is a short exact sequence

0! PL
f
�! QM

g
�! RN ! 0

in ChainR; where P, Q and R are projective resolutions of L,M andN , respectively.
This gives a sequence

0! PM ˝R X
f˝idX
����! QM ˝R X

g˝idX
����! RN ˝R X ! 0
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in ChainZ, so taking homology produces a long exact Tor-sequence in the first vari-
able

� � � ! TorRn .L;X/
TorRn .f;X/
�������! TorRn .M;X/

TorRn .g;X/
�������! TorRn .N;X/

ˆn
��! � � �

� � �
ˆ2
��! TorR1 .L;X/

TorR1 .f;X/
�������! TorR1 .M;X/

TorR1 .g;X/
�������! TorR1 .N;X/

ˆ1
��!

ˆ1
��! L˝R X

f˝idX
�����!M ˝R X

g˝idX
����! N ˝R X ! 0;

where ˆn is a connecting homomorphism for each n 	 1. There is also a long exact
Tor-sequence in the second variable. For this, let P be a projective resolution ofX and

suppose that 0 ! L
f
�! M

g
�! N ! 0 is a short exact sequence of left R-modules

and left R-module homomorphisms. Since each Pn is projective and hence flat,

0! Pn ˝R L
idPn˝f
�����! Pn ˝RM

idPn˝g
�����! Pn ˝R N ! 0

is exact for each n 	 0. Thus, we have a short exact sequence

0! PX ˝R L
idPX˝f
������! PX ˝RM

idPX˝g
�����! PX ˝R N ! 0

of chain complexes, so by taking homology we have a long exact Tor-sequence

� � � ! TorRn .X;L/
TorRn .X;f /
�������! TorRn .X;M/

TorRn .X;g/
�������! TorRn .X;N /

ˆn
��! � � �

� � �
ˆ2
��! TorR1 .X;L/

TorR1 .X;f /
�������! TorR1 .X;M/

TorR1 .X;g/
�������! TorR1 .X;N /

ˆ1
��!

ˆ1
��! X ˝R L

idX˝f
�����! X ˝RM

idX˝f
�����! X ˝R N ! 0

in the second variable, where each ˆn is a connecting homomorphism:
It is not difficult to show that TorRn .X;�/ WR Mod ! Ab is an additive functor,

where we let TorR0 .X;�/ D X ˝R �. Hence, we have right exact additive functors

TorRn .�; X/ WModR ! Ab and TorRn .X;�/ WR Mod! Ab

for each n 	 0. Furthermore, the bifunctor TorRn is balanced, that is, TorRn .M;N /
can be computed by taking a projective resolution of M or by taking a projective
resolution of N .
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Example

1. Consider the Z4-module Z2. Then

� � � ! Z4
˛n
��! Z4

˛n�1
���! Z4 ! � � � ! Z4

˛0
�! Z2 ! 0

is a projective resolution of Z2, where ˛n.Œa�/ D Œ2a� for each n 	 1 and
˛0.Œa�/ D Œa�. Tensoring Z2 with the deleted projective resolution of Z2 gives

� � � ! Z4 ˝Z4 Z2
˛n˝idZ2
������! Z4 ˝Z4 Z2 ! � � � ! Z4 ˝Z4 Z2 ! 0:

It follows that this sequence can be replaced by

� � � ! Z2
0
�! Z2

0
�! Z2 ! � � � ! Z2

0
�! Z2 ! 0

and so TorZ4n .Z2;Z2/ Š Z2 for n 	 1.

Remark. If G is an additive abelian group and if t .G/ is the torsion subgroup of G,
then one can show that TorZ1 .Q=Z; G/ Š t .G/. Hence, the name torsion functors and
the notation Tor for these functors.

Finally, we wish to point out that there is an important connection among the Tor
functors and flat modules. To establish this connection, we need the following lemma.

Lemma 11.5.1. If P is a projective left R-module, then TorRn .M;P / D 0 for every
R-module M and all n 	 1.

Proof. Part (1) of Proposition 11.3.4 proves the lemma.

Now for the connection of flat modules to the Tor functors.

Proposition 11.5.2. The following are equivalent for an R-module F .

(1) F is flat.

(2) TorR1 .F;N / D 0 for every left R-module N .

(3) TorRn .F;N / D 0 for every left R-module N and all n 	 1.

Proof. It is obvious that .3/) .2/, so suppose that

0! L!M ! N ! 0

is a short exact sequence of leftR-modules and leftR-module homomorphisms. Then
the long exact Tor-sequence in the second variable gives the exact sequence

� � � ! TorR1 .F;M/! TorR1 .F;N /! F ˝R L! F ˝RM ! F ˝R N ! 0:
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If TorR1 .F;N / D 0 for every left R-module N , then

0! F ˝R L! F ˝RM ! F ˝R N ! 0

is exact, so F is flat. Hence, .2/ ) .1/. Finally, we need to show that .1/ ) .3/.
Let F be a flat R-module and suppose that N is a left R-module. Then there is a
short exact sequence 0 ! K ! P ! N ! 0 of left R-modules and left R-module
homomorphisms with P projective. For n D 1, we have the exact sequence

0 D TorR1 .F; P /! TorR1 .F;N /! F ˝R K ! F ˝R P;

where TorR1 .F; P / D 0 is given by Lemma 11.5.1. But F is flat, so F ˝R K !
F ˝R P is an injective map. Hence, TorR1 .F;N / D 0. Now make the induction
hypothesis that TorR

k
.F;N / D 0 for k D 1; 2; : : : ; n � 1 and for every left R-mod-

ule N . Then the long exact Tor-sequence in the second variable gives

� � � ! TorRn .F; P /! TorRn .F;N /! TorRn�1.F;K/! � � � :

Using Lemma 11.5.1 again shows that TorRn .F; P / D 0 and the induction hypothesis
gives TorRn�1.F;K/ D 0. Hence, TorRn .F;N / D 0 and the fact that .1/ ) .3/

follows by induction.

Proposition 11.5.2 is obviously symmetric, that is, F is a flat left R-module if
and only if TorRn .M;F / D 0 for every R-module M and all n 	 1. It was previously
mentioned that the functors ExtnR will be used in the following chapter to define a pro-
jective and an injective dimension of an R-module. A similar use will be made of the
functors TorRn with regard to flat modules.

We close with the following two propositions. The first is an immediate result due
to the preceding proposition and Proposition 5.3.16, while the second follows directly
from the preceding proposition and Proposition 5.3.18.

Proposition 11.5.3. The following are equivalent for a ring R and all n 	 1.

(1) R is left coherent.

(2) TorRn .
Q
� F˛; N / D 0 for every family ¹F˛º� of flat R-modules and every left

R-module N .

(3) TorRn .R
�; N / D 0 for every left R-module N and every set �.

Proposition 11.5.4. The following are equivalent for a ring R and all n 	 1.

(1) R is a regular ring.

(2) TorRn .M;N / D 0 for every R-module M and every left R-module N .

(3) TorRn .M;N / D 0 for every cyclic R-module M and every left R-module N .
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Problem Set 11.5

1. Prove that F is a flat R-module if and only if TorR1 .F;R=A/ D 0 for every
finitely generated left ideal A of R. [Hint: Proposition 5.3.7.]

2. Show that TorRn is additive in each variable for each n 	 0:

3. Let M and N be R-modules and suppose that f W M ! N is an R-linear
mapping. If X is a left R-module, show that

TorRn .f;X/ W TorRn .M;X/! TorRn .N;X/

is independent of the chain map generated by f . [Hint: Exercise 2 and Propo-
sition 11.3.1.]

4. Prove that we can let TorR0 .�; N / D �˝RN for any left R-module N and that
we can set TorR0 .M;�/ D M ˝R � for each R-module M . [Hint: Exercise 2
and Proposition 11.3.4.]

5. Choose a projective resolution P of each R-moduleM and develop the functors
TorRn .�; X/ for a fixed left R-module X . Now choose a projective resolution

P0 for each R-module M and develop the functors Tor
R

n .�; X/. Show that the

functors TorRn .�; X/ and Tor
R

n .�; X/ are naturally equivalent for each n 	 0.
[Hint: Exercise 2 and Proposition 11.3.2.]

6. Use the projective resolution � � � ! 0 ! 0 ! Z
˛1
�! Z

˛0
�! Zk ! 0 of Zk of

Example 2 in Section 11.2 to compute TorZ0 .M;Zk/ and TorZ1 .M;Zk/, where
M is a Z-module and k is a positive integer.

7. Let M be an R-module and suppose that N is a left R-module. Prove each of
the following.
(a) M ˝R N Š N ˝Rop M .
(b) If � � � ! Pn ! � � � ! P1 ! P0 ! M ! 0, is a projective resolution of
M , then Hn.PM ˝R N/ Š Hn.N ˝Rop PM / for all n 	 0. [(a) and (b), Hint:
Show that there are group isomorphisms Pn ˝R N ! N ˝Rop Pn defined by
xn˝ y 7! y ˝ xn for each n 	 0 and that when n 	 1 these maps give a chain
map PM ˝R N ! N ˝Rop PM .]
(c) TorRn .M;N / Š TorR

op

n .N;M/ for all n 	 0. Conclude that if R is commu-
tative, then TorRn .M;N / Š TorRn .N;M/ for all n 	 0 and all R-modules M
and N .

8. Show that for any family ¹N˛º� of left R-modules and any family ¹M˛º� of
R-modules that

(1) TorRn
�
M;

M

�

N˛

�
Š
M

�

TorRn .M;N˛/ for all n 	 0 and

(2) TorRn
�M

�

M˛; N
�
Š
M

�

TorRn .M˛; N / for all n 	 0:
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Homological Methods

In the previous chapter it was pointed out that the extension and torsion functors can
be used to define a projective dimension, an injective dimension and a flat dimension
of modules that will, in some sense, measure “how far” a module is from being pro-
jective, injective or flat. The purpose of this chapter is to establish these dimensions
and to show how homological methods can be used to gain information about various
rings.

12.1 Projective and Injective Dimension

Definition 12.1.1. The projective dimension of anR-moduleM , denoted by pd-M , is
the smallest integer n 	 0 such that ExtnC1

R .M;N / D 0 for every R-module N . If no
such integer exists, then pd-M D1. Likewise, the injective dimension of anR-mod-
ule N , denoted by id-N , is the smallest integer n 	 0 such that ExtnC1R .M;N / D 0

for every R-module M; and we set id-N D 1 if no such integer n exists. The right
global projective dimension of R is defined as

r.gl.pd-R D sup¹pd-M jM an R-moduleº

and the right global injective dimension of R is given by

r.gl.id-R D sup¹id-N j N an R-moduleº:

If an R-module M has a projective resolution of the form

P W 0! Pn ! Pn�1 ! � � � ! P0 !M ! 0;

then we say that M has a projective resolution of length n. (Additional zeroes to
the left in P have been suppressed.) If no shorter projective resolution of M exists,
then P is said to be of minimal length. Similarly, if an R-module N has an injective
resolution of the form

E W 0! N ! E0 ! � � � ! En�1 ! En ! 0;

then N is said to have an injective resolution of length n. If no shorter injective
resolution of M exists, then E is of minimal length. Definitions analogous to those
above, but for left R-modules, can be given so that l.gl.pd-R and l.gl.id-R will have
the obvious meanings. Of course, if R is commutative, the prefixes r. and l. can be
omitted.
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Part (2) of the following lemma relates the projective dimension of an R-module to
the kernel of a particular boundary map of a projective resolution of the module. The
lemma will be used to show that any projective resolution can be used to compute the
projective dimension of a module.

Lemma 12.1.2 (Dimension Shifting). Suppose that

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0

˛0
�!M ! 0 and

Q W � � � ! Qn
ˇn
��! Qn�1 ! � � � ! Q0

ˇ0
��!M ! 0

are projective resolutions of anR-moduleM and let Ker˛n D KP
n and Kerˇn D K

Q
n

for n D 0; 1; 2; : : : . Then for any R-module N

(1) ExtnR.K
P
n ; N / Š ExtnR.K

Q
n ; N / and

(2) Ext1R.K
P
n�1; N / Š ExtnC1R .M;N /, where KP

�1 DM .

Proof. .1/ Using the long form of Schanuel’s lemma for projectives, we have

KP
n ˚Qn ˚ Pn�1 ˚Qn�2 ˚ � � � Š K

Q
n ˚ Pn ˚Qn�1 ˚ Pn�2 � � � :

But ExtnR.�; N / commutes with direct sums and, by Proposition 11.4.5,
ExtnR.X;N / D 0 for all n 	 1 whenever X is a projective R-module. Hence, we

have ExtnR.K
P
n ; N / Š ExtnR.K

Q
n ; N /.

.2/ Since Im˛nC1 D Ker˛n for n D 0; 1; 2; : : : , P can be “decomposed” into
short exact sequences

0! KP
0 ! P0 !M ! 0

0! KP
1 ! P1 ! KP

0 ! 0

:::

0! KP
n ! Pn ! KP

n�1 ! 0

:::

If ExtkR.�; N / is applied to 0! KP
j ! Pj ! KP

j�1 ! 0, for j D 0; 1; 2; : : : , then
by selecting the appropriate sections of the resulting long exact Ext-sequence in the
first variable, we see that

ExtkR.Pj ; N /! ExtkR.K
P
j ; N /

ˆk

��! ExtkC1R .KP
j�1; N /! ExtkC1R .Pj ; N /

is exact for k 	 0 and j D 0; 1; 2; : : : , where each ˆk is a connecting homomorph-
ism. Since Pj is projective, ExtkR.Pj ; N / D ExtkC1R .Pj ; N / D 0, so the connecting
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homomorphism ˆk is an isomorphism for each k 	 0 and j D 0; 1; 2 : : : . Thus, for
the pairs .k; j / D .n; 0/; .n� 1; 1/; : : : ; .2; n� 2/; .1; n� 1/, we have isomorphisms

ExtnR.K
P
0 ; N /

ˆn

Š ExtnC1
R

.M;N /;

Extn�1R .KP
1 ; N /

ˆn�1

Š ExtnR.K
P
0 ; N /;

:::

Ext2R.K
P
n�2; N /

ˆ2

Š Ext3R.K
P
n�3; N /; and

Ext1R.K
P
n�1; N /

ˆ1

Š Ext2R.K
P
n�2; N /:

Hence,

ˆnˆn�1 � � �ˆ2ˆ1 W Ext1R.K
P
n�1; N /! ExtnC1R .M;N /

is an isomorphism.

We also have a dimension shifting lemma for injective resolutions whose proof
is similar to that of the preceding dimension shifting lemma. The proof of (1) of
this lemma can be effected by using the long form of Schanuel’s lemma for injective
modules.

Lemma 12.1.3 (Dimension Shifting). Suppose that

D W 0! N
˛�1

��! D0
˛0

�! D1 ! � � � ! Dn
˛n

��! DnC1 ! � � � and

E W 0! N
ˇ�1

���! E0
ˇ
0

��! E1 ! � � � ! En
ˇ
n

��! EnC1 ! � � �

are injective resolutions of an R-moduleN and let Im˛n D C nD and Imˇn D C nE for
n D 0; 1; 2; : : : . Then for any R-module M

(1) ExtnR.M;C
n
D / Š ExtnR.M;C

n
E / and

(2) Ext1R.M;C
n�1
D / Š ExtnC1R .M;N /, where C�1D D N .

Using the shifting lemmas, we can now provide a sharpening of the tools that can
be used to compute the projective dimension and the injective dimension of a module.
A proof is offered for the first of the following two propositions while the proof of the
second is left as an exercise.

Proposition 12.1.4. The following are equivalent for an R-module M .

(1) pd-M D n.

(2) M has a projective resolution P of minimal length n.
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(3) If Q W � � � ! Qn
ˇn
��! Qn�1 ! � � � ! Q0 !M ! 0 is a projective resolution

of M , then Kn�1 D Kerˇn�1 is projective and

Q0 W 0! Kn�1 ! Qn�1 ! � � � ! Q0 !M ! 0

is a projective resolution of M of minimal length n.

(4) ExtkR.M;N / D 0 for every R-module N and all integers k > n, but
ExtnR.M;N / ¤ 0 for some R-module N .

Proof. .1/) .2/. Let

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0 !M ! 0

be a projective resolution of M . Part (2) of Lemma 12.1.2 gives Ext1R.K
P
n�1; N / Š

ExtnC1
R .M;N / D 0, so we see that KP

n�1 D Ker˛n�1 is projective. Thus,

P0 W 0! KP
n�1 ! Pn�1 ! � � � ! P0 !M ! 0

is a projective resolution ofM of length n. IfM has a projective resolution of shorter
length, then there is an integer k < n such that ExtkR.M;N / D 0, a clear contradiction
since pd-M D n.
.2/) .3/. Let

P W 0! Pn
˛n
��! Pn�1 ! � � � ! P0 !M ! 0

be the projective resolution of M of minimal length n. If

Q W � � � ! Qn
ˇn
��! Qn�1 ! � � � ! Q0 !M ! 0

is also a projective resolution of M , let KP
j D Ker˛j and KQ

j D Kerˇj . Then

(1) of Lemma 12.1.2 shows that KP
j is projective if and only if KQ

j is projective for

j D 0; 1; 2; : : : . But KP
n�1 D Pn is projective, so

Q0 W 0! K
Q
n�1 ! Qn�1 ! � � � ! Q0 !M ! 0

is a projective resolution of M which clearly must be of minimal length n.
.3/) .4/. If (3) holds, then M has a projective resolution P of minimal length n.

Using this projective resolution, it is obvious that ExtkR.M;N / D 0 for all k > n

and all R-modules N . Now suppose that ExtnR.M;N / D 0 for every R-module N .
Then .2/ of Lemma 12.1.2 shows that Ext1R.K

P
n�2; N / Š ExtnR.M;N / D 0, so

KP
n�2 D Ker˛n�2 is projective. But this implies that M has a projective resolution

of length n � 1, a contradiction. Hence, there must exist an R-module N such that
ExtnR.M;N / ¤ 0.
.4/) .1/. Clear.
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Proposition 12.1.5. The following are equivalent for an R-module M .

(1) id-N D n.

(2) N has an injective resolution D of minimal length n.

(3) If E W 0 ! N ! E0 ! � � � ! En�1
ˇn�1

���! En ! � � � is an injective
resolution of N , then C n�1 D Imˇn�1 is injective and n is the smallest integer
for which this is so.

(4) ExtkR.M;N / D 0 for every R-module M and all integers k > n, but
ExtnR.M;N / ¤ 0 for some R-module M .

Proposition 12.1.4 shows that if pd-M D n, then any projective resolution of M
can in effect be terminated at n. If pd-M D n and

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0 !M ! 0

is a projective resolution of M , then Ker˛n�1 is projective, so

P0 W 0! Ker˛n�1 ! Pn�1 ! � � � ! P0 !M ! 0

is a projective resolution of M . In view of Proposition 12.1.5, we see that similar
observations hold for injective dimension and injective resolutions. So pd-M (id-M/

is just the length of the shortest projective (injective) resolution of M . Thus, we can
think of pd-M (id-M/ as a measure of how far a module is from being projective
(injective).

There is also a connection between the projective dimensions of the modules L;M
and N in a short exact sequence 0 ! L ! M ! N ! 0. Since it will be required
later, we prove (2) of the following proposition and leave the proofs of the remaining
parts of the proposition as exercises.

Proposition 12.1.6. If 0! L!M ! N ! 0 is a short exact sequence of R-mod-
ules and R-module homomorphisms, then

(1) If pd-L < pd-M , then pd-N D pd-M ,

(2) If pd-L D pd-M , then pd-N � 1C pd-L, and

(3) If pd-L > pd-M , then pd-N D 1C pd-L.

Proof. .2/ If pd-L D pd-M D 1, then (2) clearly holds, so suppose that pd-L D
pd-M D n. The short exact sequence 0 ! L ! M ! N ! 0 and the long exact
Ext-sequence give

0 D ExtnC1
R .L;X/! ExtnC2R .N;X/! ExtnC2R .M;X/ D 0;

so ExtnC2R .N;X/ D 0 for every R-module X . Hence, pd-N is at most n C 1, so
pd-N � 1C pd-L.
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Example

1. Since Z is a free Z-module, Z is projective, so pd-Z D 0. However, 0! Z!
Q ! Q=Z ! 0 ! � � � is an injective resolution of Z of minimal length, so
id-Z D 1. Thus, pd-Z ¤ id-Z.

The example above shows that there are modules M such that pd-M ¤ id-M .
Since ExtnR is balanced, the value of ExtnR.M;N / can be computed by using a projec-
tive resolution of M or by using an injective resolution of N . This leads us to suspect
that r.gl.pd-R D r.gl.id-R and it turns out that this is the case even though there may
be modules such that pd-M ¤ id-M .

Proposition 12.1.7. For any ring R, r.gl.pd-R D r.gl.id-R.

Proof. If r.gl.pd-R D n, then ExtnC1R .M;N / D 0 for every R-module M . If E is
an injective resolution of N and Cn�1 D Imˇn�1, (2) of Lemma 12.1.3 shows that
Ext1R.M;C

n�1/ Š ExtnC1
R

.M;N / D 0. Since this holds for every R-module M , by
using Proposition 11.4.6, we see that C n�1 is injective. Thus, id-N is at most n, so
we have id-N � r.gl.pd-R for every R-module N . Hence, r.gl.id-R � r.gl.pd-R. The
reverse inequality follows by a similar argument.

Definition 12.1.8. Since r.gl.pd-R D r.gl.id-R for any ringR, this common value will
now be denoted by r.gl.hd-R and called the right global homological dimension of R.
The left global homological dimension of R has a similar definition.

We can now relate the right global homological dimension to specific rings.

Proposition 12.1.9. A ring R is semisimple if and only if r.gl.hd-R D 0.

Proof. Let N be any R-module. Then r.gl.pd-R D 0 if and only if Ext1R.M;N / D
0 for every R-module M which holds if and only if every R-module is projective.
Proposition 6.4.7 shows that this last condition is equivalent to R being semisimple.

Because of the left-right symmetry of semisimple rings, we see that l.gl.hd-R D 0

if and only if r.gl.hd-R D 0. However, there are rings for which l.gl.hd-R ¤ r.gl.hd-R.
For example, the matrix ring R D

�Z Q
0 Q

�
is such that r.gl.hd-R D 1 while l.gl.hd-

R D 2. The values of l.gl.hd-R and r.gl.hd-R measure how far R is from being
semisimple with both measures being zero when R is semisimple.

Recall that a ring R is right hereditary if every right ideal of R is projective. In
Proposition 5.2.15 it was established that a ring R is right hereditary if and only if
factor modules of injective modules are injective which in turn is true if and only
if submodules of projective modules are projective. Because of this, we have the
following proposition.
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Proposition 12.1.10. A ring R is right hereditary if and only if r.gl.hd-R � 1.

Proof. Let R be right hereditary and suppose that M is any R-module. If M is
embedded in the injective module E0, then

0!M ! E0 ! E0=M ! 0! � � �

is an injective resolution of M when M is not injective and

0!M !M ! 0! � � �

is an injective resolution of M when M is injective. Thus, id-M � 1 for every
R-module M , so we have r.gl.hd-R � 1.

Conversely, suppose that r.gl.hd-R � 1, let M be a projective R-module and let N
be a submodule of M . The assumption that r.gl.hd-R � 1 implies that pd-M=N D 0
or pd-M=N D 1. If pd-M=N D 0, then M=N is a projective R-module, so the short
exact sequence

0! N !M !M=N ! 0

splits. Hence, N is a direct summand of M and is therefore projective. Now suppose
that pd-M=N D 1. Since M is projective, M=N has a projective resolution of the
form

� � � ! P2 ! P1 !M
�
�!M=N ! 0;

where � is the canonical surjection. But the assumption that pd-M D 1 implies
that N D Ker � is projective. In either case, submodules of projective modules are
projective, so R is right hereditary.

Since a right hereditary ring is not necessarily semisimple, the inequality in Propo-
sition 12.1.10 may be strict. If R is right hereditary but not semisimple, then r.gl.hd-
R D 1.

Actually, we do not need to know the projective dimension of all R-modules in
order to determine r.gl.hd-R. In fact, it suffices to know the projective dimension
of the cyclic modules. Recall that an R-module M is cyclic if M D xR for some
x 2 M . This gives an epimorphism f W R! xR such that f .a/ D xa for all a 2 R
which in turn leads to an isomorphism R=A Š xR, where A D annr.x/. Hence, we
will know the projective dimension of all cyclic R-modules if we know the projective
dimension of R=A for each right ideal A of R. The following proposition is due to
Auslander [49].

Proposition 12.1.11 (Auslander). For any ring R,

r.gl.hd-R D sup¹pd-.R=A/ j A a right ideal of Rº:
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Proof. If

sup¹pd-.R=A/ j A a right ideal of Rº D 1;

then it is immediate that r.gl.hd-R D1 and we are done. So suppose that

sup¹pd-.R=A/ j A a right ideal of Rº D n:

Then pd-.R=A/ � n for every right ideal A of R. Hence, we see that
ExtnC1R .R=A;N / D 0 for every right R-module N . If E is an injective resolution
of N and Cn�1 D Im˛n�1, then Lemma 12.1.3 gives

Ext1R.R=A;C
n�1/ Š ExtnC1n .R=A;N / D 0:

Thus, we see by Propositions 11.4.10 and 11.4.12 that Cn�1 is injective, so we have
that id-N � n for every right R-module N . But

r.gl.hd-R D sup¹id-N j N an R-moduleº;

so

r.gl.hd-R � n D sup¹pd-.R=A/ j A a right ideal of Rº:

The reverse inequality follows from

¹pd-.R=A/ j A a right ideal of Rº � ¹pd-M jM an R-moduleº:

Problem Set 12.1

1. Let M be an R-module and suppose that pd-M D n. Show that the kth kernel,
k � n, in any projective resolution of M has projective dimension n � k.

2. (a) r.gl.hd-R D sup¹pd-M j M a cyclic R-moduleº. [Hint: If sup¹pd-M j M
a cyclic R-moduleº D n, then ExtnC1

R .M;N / D 0 for every R-module N and
all cyclic M . This gives ExtnC1R .M;N / D 0 for all R-modules M and N .]

(b) If r.gl.hd-R > 0, show that

r.gl.hd-R D 1C sup¹pd-A j A a right ideal of Rº:

[Hint: Since r.gl.hd-R 	 1, there is a cyclic R-module N such that pd-N ¤ 0.
Consider 0! A! R! N ! 0 and show that 1C pd-A D pd-N .]

3. If R is a principal ideal domain, deduce that gl.hd-R � 1.

4. Prove Proposition 12.1.5. [Hint: Dualize the proof of Proposition 12.1.4.]

5. Complete the proof of Proposition 12.1.7.
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6. Let 0 ! L ! M ! N ! 0 be a short exact sequence of R-modules and R-
module homomorphisms. Show that pd-M � max.pd-L,pd-N/ with equality
holding unless pd-N D 1C pd-L. [Hint: Use Proposition 12.1.6 and consider
the three cases pd-L � pd-M , pd-L D pd-M and pd-L 	 pd-M .]

7. Let ¹M˛º� be a family of R-modules. Prove each of the following.

(a) pd-.
L
�M˛/ D sup¹pd-M˛ j ˛ 2 �º. Use this to show that

L
�M˛ is

projective if and only if eachM˛ is projective. [Hint: For each ˛ 2 �, construct
an exact sequence

0! K˛;n ! P˛;n�1 ! � � � ! P˛;1 ! P˛;0 !M˛ ! 0

where P˛;k is projective for k D 0; 1; 2; : : : ; n�1. Consider the exact sequence

0!
M

�

K˛;n !
M

�

P˛;n�1 ! � � � !
M

�

P˛;1 !
M

�

P˛;0 !
M

�

M˛ ! 0

constructed in the obvious way.]

(b) id-.
Q
�M˛/ D sup¹id-M˛ j ˛ 2 �º. Use this result to prove that

Q
�M˛

is injective if and only if each M˛ is injective.

(c) If R is right noetherian, then id-.
L
�M˛/ D sup¹id-M˛ j ˛ 2 �º.

8. Show that r.gl.hd-R D 1 if and only if there is an R-module M such that
pd-M D 1. [Hint: If r.gl.hd-R D 1, then for every n 	 0, there is an R-
module M such that pd-M 	 n. If one of these modules has infinite projective
dimension, then we are done. If not, then for each n 	 0, there is an R-mod-
ule Mn such that pd-Mn D k with k 	 n.]

9. Recall that a Dedekind domain is an integral domain that is hereditary. Prove
that if R is a Dedekind domain with quotient field Q, then an R-module N is
injective if and only if Ext1R.Q=R;N / D 0.

12.2 Flat Dimension

We will now develop the flat dimension of an R-moduleM and the global flat dimen-
sion ofR. These concepts will be applied to specific rings and modules and compared
to the dimensions given in the preceding section.

Definition 12.2.1. The flat dimension of an R-module M , denoted by fd-M , is the
smallest integer n such that TorRnC1.M;N / D 0 for every leftR-moduleN . The right
global flat dimension of R, denoted by r.gl.fd-R, is given by

r.gl.fd-R D sup¹fd-M jM an R-moduleº:
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The flat dimension of M is also called the weak dimension of M and the right global
flat dimension of R is often referred to as the right weak global dimension of R. The
flat dimension of a left R-module and the left global flat dimension of R are defined
and denoted in the obvious way.

Since Proposition 11.5.2 shows that TorRn .M;N / D 0 for every left R-module N
and every n 	 1 if and only if M is a flat R-module, fd-M can be viewed as a mea-
sure of how far M is from being flat. Another result that follows immediately from
Proposition 11.5.4, is that a ring R is regular if and only if r.gl.fd-R D 0. Thus, the
right global flat dimension of R can be thought of as a measure of how far R is from
being a regular ring.

Proposition 12.2.2. For any ring R, l.gl.fd-R D r.gl.fd-R.

Proof. If r.gl.fd-R D 1, then we clearly have l.gl.fd-R � r.gl.fd-R. So suppose
that r.gl.fd-R D n. Then TorRnC1.M;N / D 0 for every R-module M and every left
R-moduleN . But for a given leftR-moduleN , TorRnC1.M;N / D 0 for everyR-mod-
ule M implies that fd-N is at most n. Since this is true for every left R-module N ,
we see that l.gl.fd-R � r.gl.fd-R. The reverse inequality follows by symmetry.

Because of Proposition 12.2.2 the prefixes l . and r . can be omitted from l.gl.fd-R
and r.gl.fd-R, respectively, and the common value can be denoted simply by gl.fd-R.
We will now refer to gl.fd-R as the global flat dimension of R.

The bifunctor TorRn W ModR �R Mod ! Ab was developed in Chapter 11 us-
ing projective resolutions. We now show how TorRn is related to flat resolutions of
modules.

Definition 12.2.3. An exact sequence of R-modules and R-module homomorphisms

F W � � � ! Fn
˛n
��! Fn�1 ! � � � ! F0

˛0
�!M ! 0

is said to be a flat resolution of M if Fn is a flat R-module for n D 0; 1; 2; : : : .

Since every projective module is flat and since every module has a projective res-
olution, we see that flat resolutions of modules do exist. However, there are flat res-
olutions that are not projective resolutions. For example, � � � ! 0 ! Z ! Q !
Q=Z! 0, where the maps are the obvious ones, is a flat resolution of the Z-module
Q=Z that is not a projective resolution of Q=Z. This follows since Z is free, hence
projective and therefore flat. Now Q is a flat Z-module, but Proposition 5.2.16 shows
that Q is not a projective Z-module since it is not free.

Proposition 12.2.4. The following are equivalent for an R-module M .

(1) fd-M D n.

(2) M has a flat resolution F of minimal length n.
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(3) If G W � � � ! Gn
ˇn
��! Gn�1 ! � � � ! G0 ! M ! 0 is a flat resolution of M ,

then Kn�1 D Kerˇn�1 is flat and

G0 W 0! Kn�1 ! Gn�1 ! � � � ! G0 !M ! 0

is a flat resolution of M of minimal length n.

(4) TorRk .M;N / D 0 for every R-module N and all integers k > n, but
TorRn .M;N / ¤ 0 for some R-module N .

Proof. .1/) .2/. Let

� � � � Fn � Fn�1 � � � � � F1 � F0 � M � 0

Kn�1

�
�

K0

�
�

0

�

0

�

0

�

0

�

be a flat resolution of M , where the K are the kernels of the boundary maps with
K�1 DM , and suppose that N is a left R-module. Then the long exact Tor-sequence
in the first variable applied to 0! Kj ! Fj ! Kj�1 ! 0 produces a sequence

TorRkC1.Fj ; N /! TorRkC1.Kj�1; N /
ˆkC1
����! TorRk .Kj ; N /! TorRk .Fj ; N /

for k 	 0 and n D 0; 1; 2; : : : , where each ˆkC1 is a connecting homomorph-
ism. Since Fj is flat, TorR

kC1.Fj ; N / D TorR
k
.Fj ; N / D 0, so ˆkC1 is an iso-

morphism for each k 	 0 and j D 0; 1; 2 : : : . Thus, for the pairs .k; j / D .n; 0/,
.n � 1; 1/; : : : ; .2; n � 2/; .1; n � 1/, we have isomorphisms

TorRnC1.M;N /
ˆnC1
Š TorRn .K0; N /;

TorRn .K0; N /
ˆn
Š TorRn�1.K1; N /;

:::

TorR3 .Kn�3; N /
ˆ3
Š TorR2 .Kn�2; N /; and

TorR2 .Kn�2; N /
ˆ2
Š TorR1 .Kn�1; N /:

Hence,

ˆ�1nC1 � � �ˆ
�1
3 ˆ�12 W TorR1 .Kn�1; N /! TorRnC1.M;N /
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is an isomorphism. If fd-M D n, then TorRnC1.M;N / D 0, so TorR1 .Kn�1; N / D 0

for every left R-module N . Thus, Proposition 11.5.2 shows that Kn�1 is flat. There-
fore, M has a flat resolution of length n. If M has a flat resolution

0! Fk ! Fk�1 ! � � � ! F0 !M ! 0

of length k, k < n, it follows that TorR
kC1.M;N / Š TorR1 .Fk ; N / D 0 for

every left R-module N , a contradiction since n is the smallest integer such that
TorRnC1.M;N / D 0 for every leftR-moduleN . SoM has a flat resolution of minimal
length n.
.2/) .3/. Left as an exercise.
The implications .3/) .4/ and .4/) .1/ follow easily.

If R is right perfect, then it follows from Proposition 7.2.29 that an R-module is
projective if and only if it is flat. Over these rings fd-M D pd-M for every R-module
M , so r.gl.hd-R D gl.fd-R. This leads to the more general question of how do gl.fd-R
and r.gl.hd-R compare in general?

Proposition 12.2.5. For any ring R,

gl.fd-R � min¹l.gl.hd-R; r.gl.hd-Rº:

Proof. If l.gl.hd-R D r.gl.hd-R D 1, there is nothing to prove, so suppose that
min¹l.gl.hd-R; r.gl.hd-Rº D n. If r.gl.hd-R D n and M is any R-module, then every
projective resolution of M has length at most n. If P is a projective resolution of M
of minimal length k � n; then P is a flat resolution of M , but as a flat resolution P
may not be of minimal length. Hence, fd-M � pd-M , so fd-M � n for every R-
moduleM . Thus, gl.fd-R � r.gl.hd-R. A similar argument works if l.g.hd-R D n, so
we also have gl.fd-R � l.gl.hd-R. Hence, gl.fd-R � min¹l.gl.hd-R; r.gl.hd-Rº:

We saw in the previous section that r.gl.hd-R can be computed using the cyclic
R-modules. The same is true for gl.fd-R.

Proposition 12.2.6. For any ring R

gl.fd-R D sup¹fd-.R=A/ j A a left ideal of Rº

D sup¹fd-.R=A/ j A a right ideal of Rº:

Proof. Since l.gl.fd-R D r.gl.fd-R D gl.fd-R, it suffices to show that

gl.fd-R D sup¹fd-.R=A/ j A a right ideal of Rº:

Using Exercise 3, the argument is similar to the proof of Proposition 12.1.11.

Proposition 12.2.7. If R is a right noetherian ring, then gl.fd-R D r.gl.hd-R.
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Proof. Propositions 12.1.11 and 12.2.6 show that gl.fd-R and r.gl.hd-R can be com-
puted using R=A as A varies through the right ideals of R. So it suffices to show that
if R is right noetherian, then fd-.R=A/ D pd-.R=A/. If R is right noetherian and
A is a right ideal of R, then the finitely generated R-module R=A has a projective
resolution

P W � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0 ! R=A! 0

where all the projective modules and all the kernels of the boundary maps are finitely
generated. So if fd-.R=A/ D n, then since P is also a flat resolution of R=A, we have
that Ker˛n�1 is finitely generated and flat. Also sinceR is right noetherian, Ker˛n�1
is easily shown to be finitely presented. So if 0 ! K ! F ! Ker˛n�1 ! 0 is a
finite presentation of Ker ˛n�1, then we can, without loss of generality, assume that
K is a submodule of F . Proposition 5.3.11 now shows that there is an R-linear map
f W F ! Ker˛n�1 such that f .xi / D xi for i D 1; 2; : : : ; n, where x1; x2; : : : ; xn
is a set of generators of Ker˛n�1. Thus, f is a splitting map for the canonical in-
jection Ker˛n�1 ! F and so the sequence 0 ! K ! F ! Ker˛n�1 ! 0

splits. Hence, Ker˛n�1 is projective, so pd-.R=A/ is at most n. Consequently,
pd-.R=A/ � fd-.R=A/ and since it is always the case that fd-.R=A/ � pd-.R=A/,
we have fd-.R=A/ D pd-.R=A/:

Clearly, if we switch sides in the proof of Proposition 12.2.7, we have that if R
is left noetherian, then gl.fd-R D l.gl.hd-R. Consequently, we have the following
proposition.

Proposition 12.2.8. If R is a noetherian ring, then gl.fd-R D l.gl.hd-R D r.gl.hd-R.

Problem Set 12.2

1. If

F W � � � ! Fn
˛n
��! Fn�1 ! � � � ! F0

˛0
�!M ! 0 and

G W � � � ! Gn
ˇn
��! Gn�1 ! � � � ! G0

ˇ0
��!M ! 0

are flat resolutions of M , prove that Ker˛n is flat if and only if Kerˇn is flat.
[Hint: Consider the functor .�/C W ModR ! RMod and recall that M is a flat
R-module if and only if MC is an injective left R-module.]

2. (a) Show that an analogue of Schanuel’s lemma does not hold for flat resolu-
tions, that is, find two flat resolutions

0! K1 ! F1 !M ! 0 and 0! K2 ! F2 !M ! 0
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of M such that K1 ˚ F2 © K2 ˚ F1. [Hint: Consider

0! Z! Q! Q=Z! 0 and 0! K ! F ! Q=Z! 0;

where F is a free Z-module.]

(b) Prove .2/) .3/ of Proposition 12.2.4.

3. Prove that the following are equivalent for an R-module M .

(a) M is a flat R-module.

(b) TorRn .M;R=A/ D 0 for every left ideal A of R and all n 	 1.

(c) TorR1 .M;R=A/ D 0 for every left ideal A of R.

(d) TorRn .M;R=A/ D 0 for every finitely generated left ideal A of R and all
n 	 1.

(e) TorR1 .M;R=A/ D 0 for every finitely generated left ideal A of R:

[Hint: Proposition 5.3.7.]

4. Complete the proof of Proposition 12.2.6. [Hint: Exercise 3 and Proposition
12.1.11.]

5. Show that for any ring R,

gl.fd-R D sup¹fd-.R=A/ j A a finitely generated left ideal of Rº

D sup¹fd-.R=A/ j A a finitely generated right ideal of Rº:

[Hint: Exercise 3 and Proposition 12.2.6.]

6. If gl.fd-R > 0, prove that

gl.fd-R D 1C sup¹fd-A j A a finitely generated left ideal of Rº

D 1C sup¹fd-A j A a finitely generated right ideal of Rº:

[Hint: Since r.gl.hd-R 	 1, Exercise 6 indicates that there is a finitely gener-
ated right ideal A of R such that fd-.R=A/ ¤ 0. Consider 0 ! A ! R !

R=A! 0 and show that 1C fd-A D fd-.R=A/.]

7. Show that gl.fd-R � 1 if and only if every finitely generated right (left) ideal of
R is flat.

8. Show that each of the following hold for a family of R-modules ¹M˛º�.

(a) fd-
L
�M˛ D sup¹fd-M˛ j ˛ 2 �º. [Hint: For each ˛ 2 �, construct an

exact sequence

0! K˛;n ! P˛;n�1 ! � � � ! P˛;1 ! P˛;0 !M˛ ! 0
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where P˛;k is projective for k D 0; 1; 2; : : : ; n�1. Consider the exact sequence

0!
M

�

K˛;n!
M

�

P˛;n�1! � � � !
M

�

P˛;1!
M

�

P˛;0!
M

�

M˛ ! 0

constructed in the obvious way.]

(b) If R is right noetherian, then fd-
Q
�M˛ D sup¹fd-M˛ j ˛ 2 �º.

9. In general, l.gl.hd-R ¤ r.gl.hd-R. If R is a perfect ring, decide whether or not
l.gl.hd-R D r.gl.hd-R.

12.3 Dimension of Polynomial Rings

We can now investigate the relation between the right global dimension of R and the
right global dimension of the polynomial ring RŒX1; X2; : : : ; Xn� in n commuting
indeterminates. In particular, we will show that

r.gl.hd-RŒX1; X2; : : : ; Xn� D nC r.gl.hd-R:

The technique used will be to show that r.gl.hd-RŒX� D 1Cr.gl.hd-R with the general
case following by induction. The following lemma will be useful in establishing this
result.

Lemma 12.3.1.

.1/ For any family ¹M˛º� of R-modules, pd-.
L
�M˛/ D sup¹pd-M˛ j ˛ 2 �º.

.2/ Let f W R ! S be a ring homomorphism and suppose that M is an S -module,
If M is made into an R-module by pullback along f , then pd-MR � pd-MS C

pd-SR.

Proof. .1/ For each ˛ 2 �, construct an exact sequence

0! K˛;n ! P˛;n�1 ! � � � ! P˛;1 ! P˛;0 !M˛ ! 0;

where each P˛;i is projective. This gives rise to an exact sequence

0!
M

�

K˛;n !
M

�

P˛;n�1 ! � � � !
M

�

P˛;1 !
M

�

P˛;0 !
M

�

M˛ ! 0

and
L
� P˛;i is projective if and only if P˛;i is projective for each ˛ 2 �. Hence,

pd-.
L
�M˛/ D n if and only if

L
�K˛;n is projective if and only if K˛;n is pro-

jective for each ˛ 2 �. But if K˛;n is projective for each ˛ 2 �, then pd-M˛ � n

for each ˛ 2 �, so sup¹pd-M˛ j ˛ 2 �º � n. Thus, sup¹pd-M˛ j ˛ 2 �º �

pd-.
L
�M˛/. A similar argument gives pd-.

L
�M˛/ � sup¹pd-M˛ j ˛ 2 �º, so

pd-.
L
�M˛/ D sup¹pd-M˛ j ˛ 2 �º.
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(2) If pd-MS D 1 or pd-SR D 1, then there is nothing to prove, so suppose
that both are finite and let pd-SR D m. We proceed by induction on pd-MS . If pd-
MS D 0, then MS is projective and a direct summand of a free S -module S .�/. It
follows thatMR is also a direct summand of S .�/ when S .�/ is viewed as an R-mod-
ule. If S .�/R DMR ˚NR, then using .1/, we have

pd-MR � pd-.MR ˚NR/ D pd-S .�/R D pd-SR D pd-MS C pd-SR:

Finally, suppose that pd-MR � pd-MS C pd-SR holds for all S -modules such that
pd-MS � n, n 	 0. If M is an S -module such that pd-MS D n C 1, then we can

construct an exact sequence 0! KS
f
�! FS !MS ! 0, where F is a free S -mod-

ule. If � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0

˛0
�! KS ! 0 is an S -projective resolution of

KS , then � � � ! Pn
˛n
��! Pn�1 ! � � � ! P0

f ˛0
���! FS ! MS ! 0 is an S -projective

resolution of MS . Since pd-MS D n C 1, Ker˛n is a projective S -module and so
pd-KS D n. Thus, by our induction hypothesis, pd-KR � pd-KS C pd-SR D nCm.
Now 0 ! KR ! FR ! MR ! 0 is exact and pd-FR D pd-S .�/

R
D pd-SR D m,

so pd-FR < pd-SR. Thus, we have an exact sequence 0! KR ! FR ! MR ! 0

such that pd-FR < pd-SR, so in view of Proposition 12.1.6 we have pd-MR D

1C pd-KR. Hence, pd-MR � 1C nCm D pd-MS C pd-SR and we are done.

As in [40], we call a 2 R normal if aR D Ra. Of course if a is in the center
of R, then a is normal. Unless stated otherwise, a will henceforth be a fixed normal
element of R that is neither a zero divisor nor a unit in R. The assumption that a is
normal in R means that aR is an ideal of R and thatMa is a submodule ofM for any
R-module M . We also have that aR is a projective R-module, since assuming that a
is not a zero divisor gives aR Š R.

The ring R=aR will now be denoted by S

and since a is a nonunit, we have S ¤ 0. Finally, if M is an S -module, then we can
view M as an R-module by pullback along the canonical map � W R! S .

Lemma 12.3.2. The following hold for the rings R and S .

(1) If M is a nonzero S -module, then M is not a projective R-module.

(2) If F is a nonzero free S -module, then pd-FR D 1.

Proof. .1/ Let M be a nonzero S -module. If M is projective as an R-module, then
there is an R-linear embedding f WM ! R.�/ for some set�. Suppose that x 2M ,
x ¤ 0, and let f .x/ D .a˛/. SinceMa D 0, we have 0 D f .xa/ D f .x/a D .a˛a/,
so a˛a D 0 for all ˛ 2 �. Hence, a˛ D 0 for all ˛ 2 � since a is not a zero divisor
inR. Thus, f .x/ D 0, so x D 0, a contradiction. Therefore,M cannot be a projective
R-module.
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.2/ Since R=aR is a nonzero S -module, (1) shows that R=aR is not a projective
R-module. Now aR Š R and 0 ! aR ! R ! S ! 0 is a projective resolution
of SR, so it follows that pd-SR D 1. Thus, we see from Lemma 12.3.1 that if F is
any free S -module, then pd-FR � 1. But from (1) we have pd-FR D 1.

To prove the next proposition we make use of the fact that if P is a projective R-
module, then P=Pa is a projective S -module. Indeed, if P is a projective R-module,
then there is a free R-module F Š R.�/ and an R-module Q such that F D P ˚Q.
Since Fa Š .aR/.�/, it follows that F=Fa Š .R=aR/.�/ D S .�/, so F=Fa is
a free S -module. Now Fa D Pa ˚Qa, so we see that F=Fa D P=Pa ˚Q=Qa.
Hence, P=Pa is a projective S -module, since direct summands of projective modules
are projective.

Proposition 12.3.3 (Change of Rings). If M is a nonzero right S -module such that
pd-MS D n, then pd-MR D 1C n.

Proof. The proof is by induction on n. If n D 0, then .2/ of Lemma 12.3.1 indicates
that pd-MR � pd-SR. Since SS is a free S -module, .2/ of Lemma 12.3.2 shows that
pd-SR D 1. Hence, pd-MR � 1. Moreover, by using (1) of the same lemma, we see
that pd-MR ¤ 0, so pd-MR D 1.

Next, make the induction hypothesis that if M is any nonzero S -module, such that
pd-MS D k, then pd-MR D k C 1 for all 0 � k < n. If pd-MS D n, then MS has
an S -projective resolution

0! Pn ! � � � ! P1 ! FS
˛0
�!MS ! 0

of minimal length n, where FS is a free S -module. If KS D Ker˛0, then pd-KS D
n � 1 since

0! Pn ! � � � ! P1 ! KS ! 0

is an S -projective resolution of KS which must be of minimal length. Thus, the
induction hypothesis gives pd-KR D n. If n > 1, we see that pd-KR > 1 D pd-FR,
where 1 D pd-FR is .2/ of Lemma 12.3.2. Hence, (3) of Proposition 12.1.6 gives
pd-MR D n C 1. Thus, it only remains to treat the case n D 1, so suppose that
pd-MS D 1. Then MS has a projective resolution of the form

0! KS ! FS !MS ! 0

in ModS , where F is a free S -module. Since pd-KS D 0, the induction hypothesis
gives pd-KR D 1 and, as before, pd-FR D 1. Hence, pd-KR D pd-FR, so we see
from (2) of Proposition 12.1.6 that pd-MR � 2. We claim that equality holds. If not,
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then pd-MR � 1 and we have already seen in (1) of Lemma 12.3.2 that pd-MR ¤ 0,
so pd-MR D 1. Hence, MR has a projective resolution of the form

0! K 0R ! F 0R !MR ! 0;

where F 0R a free R-module and K0R is a projective R-module. Since Ma D 0,
F 0a � K 0, so we have an exact sequence

0! K 0=F 0a! F 0=F 0a!M ! 0

in ModS . The observation given in the paragraph immediately preceding this propo-
sition shows that F 0=F 0a is a free S -module and the assumption that pd-MS D 1

means that that K 0=F 0a is a projective S -module. Therefore, the exact sequence

0! F 0a=K0a! K0=K0a! K0=F 0a! 0

splits in ModS . Since a is not a zero divisor in R, F 0=K 0 Š F 0a=K0a in ModR; so
the composition map M ! F 0=K0 ! .F 0a/=.K 0a/ produces an R-linear isomorph-
ism that is also S -linear. Hence, K 0=K 0a Š M ˚ K 0=F 0a. Using the observation
given in the paragraph preceding the proposition again, we see that K 0=K 0a is a pro-
jective S -module which indicates that M is a projective S -module. But this cannot
be the case since we are assuming that pd-MS D 1. Therefore, pd-MR ¤ 1, so
pd-MR D 2 and we are finished.

Corollary 12.3.4. If r.gl.hd-S D n, then r.gl.hd-R 	 1C n.

Proof. If r.gl.hd-S D n, then pd-MS � n for each right S -module M . Hence, by the
proposition, pd-MR � 1C n for each S -module M and so

r.gl.hd-R D sup¹pd-MR jM an R-moduleº

	 sup¹pd-MR jM an S -moduleº

D 1C n:

Corollary 12.3.5. If r.gl.hd-R D n, then

r.gl.hd-RŒX� 	 1C n:

Proof. Note that X is a nonzero normal element of RŒX� that is clearly neither a unit
nor a zero divisor in RŒX�. Moreover, RŒX�=XRŒX� Š R, so the result follows from
the preceding corollary.

The assumption that pd-MS < 1 in Proposition 12.3.3 cannot be eliminated. For
example, let R D Z and a D 4, so that S D R=aR D Z4. Now

� � � ! Z4
˛n
��! Z4

˛n�1
���! Z4 ! � � � ! Z4

˛0
�! Z2 ! 0
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is a Z4-projective resolution of Z2, where ˛n.Œa�/ D Œ2a� for n 	 1 and ˛0.Œa�/ D
Œa�. Since Ker˛n�1 D ¹Œ0�; Œ2�º is not a projective Z4-module for n 	 1, it follows
from Proposition 12.1.4 that pd-.Z2/Z4 D1. As a Z-module, Z2 has

0! Z
˛1
�! Z

˛0
�! Z2 ! 0

as a Z-projective resolution of minimal length, where ˛1.a/ D 2a and ˛0.a/ D Œa�

for each a 2 Z. Thus, pd-.Z2/Z D 1 and so we have pd-.Z2/Z ¤ 1C pd-.Z2/Z4 .

Definition 12.3.6. Suppose that X is an indeterminate that commutes with elements
of M and with elements of R. If M is an R-module, let MŒX� denote the set
of formal polynomials of the form pM .X/ D

P
N0 xiX

i , where xi D 0 for al-
most all i 2 N0. Since xi D 0 for almost all i 2 N0, pM .X/ D

P
N0
xiX

i

may also be written as pM .X/ D
Pn
iD0 xiX

i if additional clarity is required. If
these polynomials are added in the obvious way, then MŒX� is an additive abelian
group. Moreover, if pR.X/ D

P
N0
aiX

i is a polynomial in RŒX� and if we set
pM .X/pR.X/ D

P
N0 x

�
i X

i ,where x�i D xia0 C xi�1a1 C � � � C x0ai for each
i 2 N0, then MŒX� becomes an RŒX�-module. Note also that if f W M ! N

is an R-linear mapping and pM .X/ D
P

N0
xiX

i 2 MŒX�, then f .pM .X// DP
N0
f .xi /X

i is a polynomial inNŒX�. Thus, if F WModR !ModRŒX� is such that
F .M/ D MŒX� and F .f / W MŒX�! NŒX�, where F .f /.pM .X// D f .pM .X//

for each pM .X/ 2 MŒX�, then F is a functor called the polynomial functor from
ModR to ModRŒX�.

Lemma 12.3.7.

.1/ The polynomial functor F WModR !ModRŒX� is exact.

.2/ MŒX� ŠM ˝R RŒX� as RŒX�-modules, for any R-module M .

.3/ If F is a free R-module, then F ŒX� is a free RŒX�-module.

.4/ Every free RŒX�-module is a free R-module.

.5/ An R-module P is R-projective if and only if P ŒX� is RŒX�-projective.

Proof. (1) Left as an exercise.
(2) The map ' WMŒX�!M˝RRŒX� defined by '.

P
N0 xiX

i / D
P

N0.xi˝X
i /

is an RŒX�-linear mapping. Since the map M � RŒX�! MŒX� given by .x;X i/ 7!
xX i is R-balanced, the definition of a tensor product produces a group homomorph-
ism  W M ˝R RŒX� ! MŒX� such that  .

P
N0.xi ˝ X

i // D
P

N0 xiX
i . A rou-

tine calculation shows that ' and  are RŒX�-linear, that  ' D idMŒX� and that
' D idM˝RRŒX�. Hence, ' is an RŒX�-isomorphism.

(3) Suppose that F is a free R-module with basis ¹x˛º�, then each x˛ can be
viewed as a constant polynomial Nx˛ in F ŒX�. It follows that ¹ Nx˛º� is a basis for
F ŒX� as an RŒX�-module and so F ŒX� is a free RŒX�-module.
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(4) Since R is (isomorphic to) a subring of RŒX�, MŒX� can be viewed as an R-
module. Now suppose that F is a free RŒX�-module. Then FRŒX� Š .RŒX�/.�/ for
some set�. ButRŒX� is a freeR-module with basis ¹X iºN0 , so FR Š .R.N0//.�/ D
R.N0��/. Hence, F is also a free R-module.

(5) If P is a projective R-module, then there is a free R-module F such that F D
P ˚ Q for some R-module Q. Since the polynomial functor is exact, we see that
F ŒX� D P ŒX� ˚QŒX� and (3) indicates that F ŒX� is a free RŒX�-module. Hence,
P ŒX� is a projective RŒX�-module.

Conversely, suppose that P ŒX� is a projective RŒX�-module. Then there is a free
RŒX�-module F such that F D P ŒX� ˚ Q for some RŒX�-module Q. This gives
FR D P ŒX�R ˚ QR and .4/ shows that FR is a free R-module. Hence, P ŒX� is
a projective R-module. Now the map P ŒX�! P .N0/ defined by

P
N0
xiX

i 7! .xi /

is an isomorphism and so P .N0/ is a projective R-module. But a direct summand of
a projective R-module is projective, so P is R-projective.

Lemma 12.3.8. For any R-module M , pd-MR D pd-MŒX�RŒX�.

Proof. Suppose first that pd-MR D n. Then M has an R-projective resolution of the
form

0! Pn ! Pn�1 ! � � � ! P0 !M ! 0:

Since the polynomial functor is exact, the sequence

0! PnŒX�! Pn�1ŒX�! � � � ! P0ŒX�!MŒX�! 0

is exact in ModRŒX�. But each Pk is a projective R-module and (4) of the previous
lemma shows that Pk ŒX� is a projective RŒX�-module for k D 0; 1; 2; : : : ; n. But this
may not be the shortest RŒX�-projective resolution of MŒX� and so pd-MŒX�RŒX� �

pd-MR.
Conversely, if pd-MŒX�RŒX� D n, then there is an RŒX�-projective resolution of

MŒX� of the form

0! Qn ! Qn�1 ! � � � ! Q0 !MŒX�! 0:

Moreover, since R � RŒX�, each Qk can be viewed as an R-module. As indicated
earlier, RŒX� is a free left R-module, so RŒX� Š

L1
iD0Ri , where Ri D R for i D

0; 1; 2; : : : . But tensor products preserve isomorphisms and tensor products commute
with direct sums, so Qj ˝R RŒX� Š Qj ˝R .

L1
iD0Ri / Š

L1
iD0.Qj ˝R Ri / ŠL1

iD0Qj;i with Qj;i D Qj for each j . But each Qj is a projective RŒX�-module,
so
L1
iD0Qj;i and hence Qj ˝R RŒX� is a projective RŒX�-module. Part (5) of the

previous lemma gives Qj ŒX� Š Qj ˝R RŒX�, so Qj ŒX� is a projective RŒX�-mod-
ule for each j . Hence, (2) of the same lemma indicates that each Qj is a projective
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R-module. Now MŒX� ŠM .N0/, so we have an exact sequence

0! Qn ! Qn�1 ! � � � ! Q0 !M .N0/ ! 0

which is an R-projective resolution of M .N0/. Since this may not be the short-
est R-projective resolution of M .N0/, pd-.M .N0//R � pd-MŒX�RŒX�. But (1) of
Lemma 12.3.1 gives pd-.M .N0//R D pd-MR, so pd-MR � pd-MŒX�RŒX�. Hence,
pd-MR D pd-MŒX�RŒX�.

If either dimension is infinite, then it clearly must be the case that the other di-
mension is infinite as well. Indeed, if pd-MR D 1 and pd-MŒX�RŒX� is finite,
then, as above, we can show that pd-MR � pd-MŒX�RŒX�, a contradiction. Hence
if pd-MR D 1, then pd-MŒX�RŒX� D 1. Similarly, if pd-MŒX�RŒX� D 1, then
pd-MR D1 and this completes the proof.

The following proposition is a generalization of a well-known result of Hilbert.
Hilbert was the first to prove the proposition when the ring is a field.

Lemma 12.3.9. If M is an RŒX�-module, then there is an exact sequence 0 !
MŒX�!MŒX�!M ! 0 in ModRŒX�.

Proof. Due to the RŒX�-isomorphismMŒX� ŠM ˝RRŒX� of (2) in Lemma 12.3.7,
it suffices to show that if M is an RŒX�-module, then there is an exact sequence

0!M ˝R RŒX�!M ˝R RŒX�!M ! 0

in ModRŒX�.
If M is an RŒX�-module and � W M � RŒX�! M is defined by �.x;X i / D xX i ,

then � is R-balanced and it follows that we have an RŒX�-epimorphism f W M ˝R
RŒX�! M given by f .

Pn
iD0.xi ˝ X

i// D
Pn
iD1 xiX

i . Next, consider the RŒX�-
homomorphism g WM ˝R RŒX�!M ˝R RŒX� defined by

g
� nX

iD0

.xi ˝X
i /
�
D x0X ˝ 1C

nX

iD1

.xiX � xi�1/˝X
i � xn ˝X

nC1

and note that

f
�
x0X ˝ 1C

nX

iD1

.xiX � xi�1/˝X
i � xn ˝X

nC1
�

D x0X C

nX

iD1

.xiX � xi�1/X
i � xnX

nC1

D 0:

Hence Img � Ker f .
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We claim that Ker f � Img. If
Pn
iD0.yi ˝ X

i / 2 Ker f , then we need to findPn
iD0.xi ˝X

i / 2M ˝R RŒX� such that g.
Pn
iD0.xi ˝X

i // D
Pn
iD0.yi ˝X

i /. IfPn
iD0.xi ˝X

i / is such an element of M ˝R RŒX�, then we must have

x0X ˝ 1C

nX

iD1

.xiX � xi�1/˝X
i � xn ˝X

nC1 D

nX

iD0

.yi ˝X
i /:

If we set

y0 D x0X; y1 D x1X � x0; y2 D x2X � x1; : : : ;

yn D xnX � xn�1 and yn D �xn;

then these equations can be solved recursively to find the xi for which
Pn
iD0.xi ˝

X i / 2 M ˝R RŒX� is such that g.
Pn�1
iD0.xi ˝ X i // D

Pn
iD0.yi ˝ X i /. Thus,

Ker f � Img and so we have Im g D Ker f . Therefore, the sequence

M ˝R RŒX�
g
�!M ˝R RŒX�

f
�!M ! 0

is exact in ModRŒX�.
Finally, we claim that g is injective. If

Pn
iD0.xi ˝X

i / 2 Kerg, then

g
� nX

iD0

.xi ˝X
i /
�

D x0X ˝ 1C

nX

iD1

.xiX � xi�1/˝X
i � xn ˝X

nC1

D 0; so

f
�
x0X ˝ 1C

nX

iD1

.xiX � xi�1/˝X
i � xn ˝X

nC1
�

D x0X C

nX

iD1

.xiX � xi�1/X
i � xnX

nC1

D 0:

But this gives

xn D xnX � xn�1 D xn�1X � xn�2 D � � � D x1X � x0 D 0

and so it follows that xi D 0 for i D 0; 1; 2; : : : ; n. Therefore, g is injective, so the
sequence

0!M ˝R RŒX�
g
�!M ˝R RŒX�

f
�!M ! 0

is exact in ModRŒX�:
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Proposition 12.3.10. If R is any ring, then

r.gl.hd-RŒX� D 1C r.gl.hd-R:

Proof. Due to Lemma 12.3.8 we can assume that r.gl.hd-R and r.gl.hd-RŒX� are finite.
Also note that Corollary 12.3.5 indicates that r.gl.hd-RŒX� 	 1C r.gl.hd-R, so we are
only required to show that r.gl.hd-RŒX� � 1C r.gl.hd-R.

If M is an RŒX�-module, then Lemma 12.3.9 indicates that there is an exact se-
quence

0!MŒX�!MŒX�!M ! 0

in ModRŒX�. Furthermore, (2) of Proposition 12.1.6 shows that pd-MRŒX� � 1 C

pd-MŒx�RŒX�. But Lemma 12.3.8 indicates that pd-MR D pd-MRŒX� and so pd-
MRŒX� � 1C pd-MR � 1C r.gl.hd-R. Therefore, r.gl.hd-RŒX� � 1C r.gl.hd-R.

Corollary 12.3.11. If R is any ring, then

r.gl.hd-RŒX1; X2; : : : ; Xn� D nC r.gl.hd-R

for any n 	 1

Corollary 12.3.12 (Hilbert). If K is a field, then

r.gl.hd-KŒX1; X2; : : : ; Xn� D n:

Problem Set 12.3

1. Show that the polynomial functor F W ModR ! ModRŒX� is exact. [Hint: If
0 ! L ! M ! N ! 0 is exact in ModR, it suffices to show that 0 !
F .L/! F .M/! F .N /! 0 is exact in ModRŒX�:]

2. If F is a free R-module with basis ¹x˛º�, then each x˛ can be viewed as a
constant polynomial Nx˛ in F ŒX�. Show that ¹ Nx˛º� is a basis for F ŒX� as an
RŒX�-module.

3. Prove Corollaries 12.3.11 and 12.3.12.

12.4 Dimension of Matrix Rings

We now turn our attention to how the right global dimension of a ring R relates to the
right global dimension of the n � n matrix ring Mn.R/.

Let f W R!Mn.R/ be defined by f .a/ D Ia, where Ia is the n � n matrix with
a on the main diagonal and zeroes elsewhere. Since Ia C Ib D IaCb, IaIb D Iab
and I1 is the identity matrix of Mn.R/, f is an embedding, so we can consider R
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to be a subring of Mn.R/. Thus, any Mn.R/-module is also an R-module and any
Mn.R/-module homomorphism is an R-linear mapping. Observe also that ifM is an
R-module, then M .n/ is an Mn.R/-module with the Mn.R/-action on M .n/ given
by

.x1; x2; : : : ; xn/.aij / D
� nX

iD1

xiai1;

nX

iD1

xiai2; : : : ;

nX

iD1

xiain

�
:

Finally, we see that as R-modules Mn.R/ Š R
.n2/ via the map

.aij / 7! .r1; r2; : : : ; rn/;

where ri D .ai1; ai2; ai3; : : : ; ain/ for i D 1; 2; 3; : : : ; n.
With these observations in mind, we have the following.

Lemma 12.4.1. The following hold for any R-module M .

(1) If

0! L
f
�!M

g
�! N ! 0

is exact in ModR, then

0! L.n/
˚f
��!M .n/ ˚g��! N .n/ ! 0

is exact in ModMn.R/, where the map ˚f W M .n/ ! N .n/ is given by
˚f ..x1; x2; : : : ; xn// D .f .x1/; f .x2/; : : : ; f .xn//. The map ˚g is defined
similarly and .˚g/.˚f / D ˚gf .

(2) M is a projective R-module if and only if M .n/ is a projective Mn.R/-module.

(3) pd-M .n/
Mn.R/ D pd-MR.

Proof. .1/ Straightforward.
.2/ First, note that if F is a free R-module, then there is a set � such that F Š

R.�/. But then F .n
2/ Š .R.�//.n

2/ Š .R.n
2//.�/ Š Mn.R/

.�/, so F .n
2/ is a free

Mn.R/-module. Now suppose that M is a projective R-module. Then there is a free
R-module F such that the sequence 0! K ! F !M ! 0 is split exact in ModR.
It follows that 0 ! K.n

2/ ! F .n
2/ ! M .n2/ ! 0 is split exact in ModMn.R/.

But F .n
2/ is a free Mn.R/-module, so M .n2/ is a projective Mn.R/-module. Since

M .n/ is isomorphic to a direct summand ofM .n2/, it follows thatM .n/ is a projective
Mn.R/-module.
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Conversely, suppose that M .n/ is a projective Mn.R/-module. To show that M is
a projective R-module, it suffices to show that any row exact diagram

M

L
g �

h

�...
....

....
....

....
...

N

f

�
� 0

ofR-modules andR-module homomorphisms can be completed commutatively by an
R-linear mapping h WM ! L. Such a diagram gives rise to a row exact commutative
diagram

M .n/

L.n/
˚g�

h�

�
N .n/

˚f

�
� 0

of Mn.R/-modules and Mn.R/-module homomorphisms with h� given by the
Mn.R/-projectivity of M .n/. If h W M ! L is such that h D �1h

�i1, where
i1 W M ! M .n/ is the first canonical injection and �1 W L.n/ ! L is the first
canonical projection, respectively, then h is the required map. Thus,M is a projective
R-module whenever M .n/ is a projective Mn.R/-module.
.3/ If pd-MR D 1, then it is obvious that pd-M .n/

Mn.R/
� pd-MR, so suppose that

pd-MR D m. If

0! Pm ! Pm�1 ! � � � ! P0 !M ! 0

is a projective resolution of M , then because of (1) and (2)

0! .Pm/
.n/ ! .Pm�1/

.n/ ! � � � ! .P0/
.n/ !M .n/ ! 0

is an Mn.R/-projective resolution of M .n/. Thus, pd-M .n/
Mn.R/ is at most m, so

pd-M .n/
Mn.R/ � pd-MR. Next, we show that pd-.M .n//R � pd-M .n/

Mn.R/. Sup-
pose that pd-M .n/

Mn.R/ � m and let

0! Pm ! Pm�1 ! � � � ! P0 !M .n/ ! 0

be an Mn.R/-projective resolution of M .n/. Then it follows from (2) that Pk is
a projective R-module for k D 0; 1; 2; : : : ; m, so pd-.M .n//R is at most m. Hence,
pd-.M .n//R � pd-M .n/

Mn.R/. Part (1) of Lemma 12.3.1 gives pd-.M .n//R D

pd-MR and so we have pd-MR � pd-M .n/
Mn.R/. Thus, pd-MR D pd-M .n/

Mn.R/.
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Proposition 12.4.2. For any ring R, r.gl.hd-R D r.gl.hd-Mn.R/.

Proof. For each R-module M we have, by (3) of Lemma 12.4.1, that

pd-MR D pd-M .n/
Mn.R/ � r.gl.hd-Mn.R/;

so r.gl.hd-R � r.gl.hd-Mn.R/. For the reverse inequality, note that

pd-M .n/
Mn.R/ D pd-MR � r.gl.hd-R:

If M is an Mn.R/-module such that pd-MMn.R/ > r.gl.hd-R, then viewing M as an
R-module, we have

pd-M .n/
Mn.R/ D pd-MR � r.gl.hd-R:

But pd-MMn.R/ D pd-M .n/
Mn.R/, so pd-MMn.R/ � r.gl.hd-R, a contradiction.

Thus, no such Mn.R/-module can exist, so r.gl.hd-Mn.R/ � r.gl.hd-R.

Corollary 12.4.3. The following hold for any ring R.

(1) R is a semisimple ring if and only if Mn.R/ is a semisimple ring.

(2) R is a right hereditary ring if and only if Mn.R/ is right hereditary.

Remark. The results of this section are part of a theory known as Morita Theo-
ry [26], [31] that describes how the equivalence of module categories can arise. If
R and S are rings, recall that a functor F W ModR ! ModS is a category equiv-
alence, denoted by ModR � ModS , if there is a functor G W ModS ! ModR
such that GF � IdModR and F G �IdModS . If M is an R-module, then we have
seen that M .n/ is an Mn.R/-module and, moreover, if f W M ! N is an R-
linear mapping, then ˚f W M .n/ ! N .n/ defined by ˚f ..x1; x2; : : : ; xn// D
.f .x1/; f .x2/; : : : ; f .xn// is an Mn.R/-linear map. Hence, we have a functor F W

ModR ! ModMn.R/. We have also seen that if M is an Mn.R/-module, then M is
an R-module since R embeds in Mn.R/. So consider G WModMn.R/ !ModR such
that if M is a module in ModMn.R/, then G .M/ D ME11, where E11 is the matrix
unit with 1R is the first row and first column an zeroes elsewhere. Then for any a 2 R
it follows that ME11a D MaE11 for any a 2 R, so ME11 is also an R-module. If
f W M ! N is an Mn.R/-linear map, then f .ME11/ D f .M/E11 � NE11 and so
f induces an R-homomorphism G .f / W G .M/ ! G .N /. Thus, G W ModMn.R/ !
ModR is a functor and it follows that GF � IdModR and F G �IdModMn.R/ . Hence,
ModR � ModMn.R/. If F W ModR ! ModS is an equivalence of categories, then
a property P of R-modules M and R-module homomorphisms f in ModR is said to
be a Morita invariant for modules if P is also a property of the modules F .M/ and
S -module homomorphisms F .f / in ModS . The following are some of the Morita
invariants for modules: M is artinian, M is noetherian, M is finitely generated, M is
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projective and M has projective dimension n. If ModR � ModS , then R and S are

said to be Morita equivalent rings, denoted by R
M
� S . If P is a property of a ring R,

then P is said to be a Morita invariant for rings, if whenever R
M
� S , P is also

a property of S . Artinian, noetherian, prime, semiprime, semisimple, right hereditary

and r.gl.hd D n are Morita invariants for rings. Since R
M
� Mn.R/, Lemma 12.4.1,

Proposition 12.4.2 and Corollary 12.4.3 are just special case of the Morita Theory for
the equivalence of module categories.

Problem Set 12.4

1. Prove (1) of Lemma 12.4.1.

2. Prove that if 0! L
f
�!M

g
�! N ! 0 is a split short exact sequence in ModR,

then 0 ! L.n/
˚f
��! M .n/

˚g
��! N .n/ ! 0 splits in ModMn.R/ for any integer

n 	 1.

3. In the proof of .2/ of Lemma 12.4.1, it was indicated that M .n/ is isomorphic
to a direct summand of M .n2/. Deduce that this is the case.

4. Show that the map h D �1h
�i1 given in the proof of .2/ of Lemma 12.4.1

makes the diagram

M

L
g �

h

�
N

f

�
� 0

commute.

5. Verify the isomorphisms F .n
2/ Š .R.�//.n

2/ Š .R.n
2//.�/ Š Mn.R/

.�/

given in the proof of .2/ of Lemma 12.4.1.

12.5 Quasi-Frobenius Rings Revisited

We saw in Chapter 10 that if a ring R is quasi-Frobenius, then finitely generated left
and right R-modules are reflexive. Now that homological methods are at hand, we
will use these methods to show that the converse holds for rings that are left and right
noetherian. We continue with the notation and terminology established in Chapter 10.

More on Reflexive Modules

Before we can consider left and right noetherian rings over which finitely generated
left and right modules are reflexive, we need several results. We begin with the fol-
lowing proposition.
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Proposition 12.5.1. Suppose that M is an (a left) R-module and that 'M W M !

M �� is the canonical map. Then '�M W M
��� ! M � and 'M� W M

� ! M��� are
such that '�M'M� D idM� .

Proof. If g 2 M �, then '�M'M�.g/ D '�M .fg/ D fg'M . Hence, if x 2 M , then
Œ'�M'M�.g/�.x/D Œfg'M �.x/D fg.fx/D fx.g/D g.x/. Thus, '�M'M�.g/D g,
so '�M'M� D idM� :

The proof of the following corollary is left as an exercise.

Corollary 12.5.2. The following hold for each (left) R-module M .

(1) M � is torsionless.

(2) If M is reflexive, then so is M �.

Definition 12.5.3. A submoduleN of anR-moduleM is said to be a closed submod-
ule of M if N D annMr .annM

�

`
.N //.

We will need the following lemmas.

Lemma 12.5.4. The following are equivalent for an R-module M .

(1) M is torsionless.

(2) M is cogenerated by R.

Proof. .1/ ) .2/. If M is torsionless, then 'M W M ! M �� is an injection. Now
0 D Ker'M D

T
M� Kerg, so for each nonzero x 2M there is a g 2M� such that

g.x/ ¤ 0. If � W M !
Q
M� Rg , where Rg D R for each g 2 M �, is such that

�.x/ D .g.x//, then � is a monomorphism.
.2/ ) .1/. If M is cogenerated by R, then there is a monomorphism � W M !Q
�R˛, where R˛ D R for each ˛ 2 �. Let �˛ W

Q
�R˛ ! R˛ be the canonical

projection for each ˛ 2 �. Then �˛�.x/ ¤ 0 for at least one ˛ 2 � and �˛� 2M �.
Hence, if x 2 M , x ¤ 0, then 'M W M ! M�� is such that 'M .x/ D fx and
fx.�˛�/ D �˛�.x/ ¤ 0 for at least one ˛ 2 �. Hence, x ¤ 0 gives fx ¤ 0, so 'M
is an injection.

Corollary 12.5.5. RR is a cogenerator for ModR if and only if every R-module is
torsionless.

Clearly, Lemma 12.5.4 and its corollary holds for left R-modules.

Lemma 12.5.6. Let M
h
�! N be an epimorphism with kernel K and consider the

short exact sequence 0 ! K
i
�! M

h
�! N ! 0, where i is the canonical injection.

Then h�.N �/ D annM
�

`
.K/, where 0 ! N �

h�

�! M �
i�
�! K� is the exact sequence
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obtained by applying the duality functor .�/� D HomR.�; R/. Furthermore, N is
torsionless if and only if K is closed in M:

Proof. If h�.f / 2 h�.N �/, then h�.f /.K/D f h.K/D 0, so h�.N �/� annM
�

`
.K/.

Conversely, suppose that f 2 annM
�

`
.K/. Then f .K/ D 0, so let Nf W M=K ! R

be the map induced by f . If Nh is the isomorphism induced by h and h.x/ 2 N , then
Nh�1 W N ! M=K is such that Nh�1.h.x// D x CK. Thus, g D Nf Nh�1 2 N � and for
x 2 N we have

h�.g/.x/ D Nf Nh�1h.x/ D Nf .x CK/ D f .x/:

Hence, h�.g/ D f which shows that f 2 h�.N �/. Therefore, annM
�

`
.K/ �

h�.N �/, so h�.N �/ D annM
�

`
.K/, as asserted.

Suppose that N is torsionless and let x 2 annMr .annM
�

`
.K//. Since K �

annMr .annM
�

`
.K//, we need only show that x 2 K. If x … K, then h.x/ ¤ 0, so since

N is torsionless, Lemma 12.5.4 shows that there is an embedding � W N !
Q
�R˛,

where R˛ D R for each ˛ 2 �. Moreover, there is an f 2 N � such that h�.f /.x/ D
f h.x/ ¤ 0. But h�.f / 2 h�.N �/ D annM

�

`
.K/ and x 2 annMr .annM

�

`
.K//, so

h�.f /.x/ D 0. This contradiction shows that x 2 K and so K D annMr .annM
�

`
.K//

when N is torsionless.
Finally, suppose that K D annMr .annM

�

`
.K//. If y 2 N , y ¤ 0, let x 2 M

be such that h.x/ D y. Then x … K, so x … annMr .annM
�

`
.K//. Thus, there is

an f 2 annM
�

`
.K/ such that f .x/ ¤ 0. But h�.N �/ D annM

�

`
.K/, so there is

a g 2 N � such that h�.g/ D f . Hence, gh.x/ ¤ 0 and so g.y/ ¤ 0. It follows that
� W N !

Q
N� Rg defined by �.y/ D .g.y// is an embedding, so Lemma 12.5.4

shows that N is torsionless.

Lemma 12.5.7. IfM
h
�! N ! 0 is an exact sequence of R-modules, then in the dual

sequence 0! N �
h�

�!M�, h�.N �/ is a closed submodule of M�.

Proof. IfK D Ker h, then 0! K
i
�!M

h
�! N ! 0 is exact, where i is the canonical

injection, so 0 ! N �
h�

�! M�
i�

�! Im i� ! 0 is exact. The result will follow from
the preceding lemma if we can show that Im i� � K� is torsionless. Corollary 12.5.2
indicates thatK� is torsionless and submodules of torsionless modules are torsionless,
so we are done.

Remark. If M and N are R-modules, then HomR.M;N / is a left R-module via
.af /.x/ D f .xa/ for each f 2 HomR.M;N / and all x 2 M and a 2 R. It
follows that if 0! L! M ! N ! 0 is a short exact sequence of R-modules and
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R-module homomorphisms, then the long exact Ext-sequence

0! HomR.N;X/! HomR.M;X/! HomR.L;X/

! Ext1R.N;X/! Ext1R.M;X/! Ext1R.L;X/! � � �

is a sequence of leftR-modules and leftR-module homomorphisms. Similarly, a short
exact sequence 0 ! L ! M ! N ! 0 of left R-modules and left R-module
homomorphisms yields a long exact Ext-sequence of R-modules.

Proposition 12.5.8. If M is a finitely generated torsionless R-module, then there is
a finitely generated torsionless leftR-moduleN such that the following sequences are
exact.

(1) 0!M
'M
��!M�� ! Ext1R.N;R/! 0

(2) 0! N
'N
��! N �� ! Ext1R.M;R/! 0

Proof. .1/ Since M is a finitely generated R-module, there is a finitely generated
projective R-module P and an epimorphism f W P ! M . If K D Ker f , then we
have an exact sequence

0! K ! P !M ! 0:

Taking duals, we see that 0!M �
f �

��! P � is exact and P � is, by Proposition 10.2.2,
a finitely generated projective left R-module. Hence, if N D Coker f �, then we have
a finitely generated left R-module N and an exact sequence

0!M �
f �

��! P �
�
�! N ! 0; (12.1)

where � is the natural surjection. Lemma 12.5.7 shows that f �.M �/ is a closed
submodule of P �, so it follows from Lemma 12.5.6 that N is torsionless. Using the
short exact sequence (12.1), we get an exact sequence

0! N �
��

�! P ��
f ��

���!M �� ! Ext1R.N;R/! Ext1R.P
�; R/! � � � :

But P � is projective, so Ext1R.P
�; R/ D 0. Thus, we have the exact sequence

0! N �
��

�! P ��
f ��

���!M �� ! Ext1R.N;R/! 0: (12.2)

Next, consider the commutative diagram

P
f � M

P ��

'P

�
f ��� M��

'M

�
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Since P is finitely generated and projective, Proposition 10.2.2 indicates that P is
reflexive, so 'P is an isomorphism. Now M is torsionless, so 'M is a monomorph-
ism and M is isomorphic to 'M .M/ D Imf ��. But (12.2) gives Coker f �� Š
Ext1R.N;R/, so we have the exact sequence

0!M
'M
��!M�� ! Ext1R.N;R/! 0 (12.3)

which proves .1/.
For the proof of .2/, use (12.2) to form the exact sequence

0! N �
��

�! P ��
f ��

���! Im f �� ! 0

which can be replaced by

0! N �
��

�! P ��
f ��

���!M ! 0 (12.4)

since, as we have seen, M Š Imf ��. Next, let X D Imf �. Then (12.1) gives the
exact sequence

0! X ! P �
�
�! N ! 0; (12.5)

so we can now repeat the proof of .1/ with (12.5) in place of the original sequence
0 ! K ! P ! M ! 0. With this done, .12:4/ shows that M can be used to play
the role previously played by N . Under these changes (12.3) becomes

0! N
'N
��! N �� ! Ext1R.M;R/! 0

and we have .2/.

We are now in a position to prove the main result of this section.

Proposition 12.5.9. If R is a left and right noetherian ring, then the following are
equivalent.

(1) R is left and right self-injective.

(2) Every finitely generated left and right R-module is reflexive.

Proof. Since R is left and right noetherian, if R is also left and right self-injective,
then, in view of Proposition 10.2.14, R is a QF-ring. Hence, .1/ ) .2/ is Proposi-
tion 10.2.16, so we are only required to show .2/) .1/. If M is a finitely generated
R-module, then M is, by hypothesis, reflexive, so M is finitely generated and tor-
sionless. Therefore, by Proposition 12.5.8, there is a finitely generated torsionless left
R-module N and an exact sequence

0! N
'N
��! N �� ! Ext1R.M;R/! 0:
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But we are assuming that every finitely generated left and right R-module is reflex-
ive. Hence, 'N is an isomorphism and so Ext1R.M;R/ D 0. Since this holds for
every finitely generated R-module, it holds for every cyclic R-module. Thus, Propo-
sition 11.4.6 shows that R is right self-injective. A similar proof shows that R is left
self-injective, so .2/) .1/:

Corollary 12.5.10. The following are equivalent.

(1) R is a QF-ring.

(2) R is left and right noetherian and finitely generated left and right R-modules
are reflexive.

(3) R is left and right noetherian and left and right self-injective.

Proof. .1/) .2/ follows from the definition of a QF-ring and Proposition 10.2.16.
.2/) .3/ is Proposition 12.5.9.
.3/) .1/ follows from Proposition 10.2.14.

We now know conditions under which finitely generated left and right R-modules
are reflexive. The following proposition gives information concerning when finitely
generated torsionless R-modules are reflexive. To prove the proposition we need the
following lemma.

Lemma 12.5.11. If 0 ! M1 ! P ! M ! 0 and 0 ! N ! E ! N1 ! 0

are short exact sequences where P and E are projective and injective R-modules,
respectively, then Ext1R.M1; N / and Ext1R.M;N1/ are isomorphic.

Proof. The long exact Ext-sequences give

� � � ! Ext1R.P;N /! Ext1R.M1; N /! Ext2R.M;N /! Ext2R.P;N /! � � �

and

� � � ! Ext1R.M;E/! Ext1R.M;N1/! Ext2R.M;N /! Ext2R.M;E/! � � � :

But

Ext1R.P;N / D Ext2R.P;N / D Ext1R.M;E/ D Ext2R.M;E/ D 0; so

Ext1R.M1; N / Š Ext2R.M;N / Š Ext1R.M;N1/:

Proposition 12.5.12. If R is a left and right noetherian ring, then the following are
equivalent.

(1) id-RR � 1.

(2) Every finitely generated torsionless R-module is reflexive.
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Proof. .1/ ) .2/. Let M be a finitely generated torsionless R-module. Then by
Proposition 12.5.8 there is a finitely generated torsionless left R-module N such that
the sequence

0!M
'M
��!M�� ! Ext1R.N;R/! 0

is exact. Since id-RR � 1, R as a left R-module has an injective resolution of the
form 0! R! E0 ! E1 ! 0. We also see that since N is a finitely generated and
torsionless leftR-module,N can be viewed as a submodule of a finitely generated free
left R-module F . Hence, we also have an exact sequence 0! N ! F ! F=N !

0. Now Lemma 12.5.11 shows that Ext1R.N;R/ and Ext1R.F=N;E
1/ are isomorphic

and Proposition 11.4.6 shows that Ext1R.F=N;E
1/ D 0. Thus, Ext1R.N;R/ D 0, so

'M is an isomorphism and, consequently, M is reflexive.
.2/ ) .1/. Let N be a finitely generated left R-module. Then we have an exact

sequence 0 ! K ! P ! N ! 0, where P is a finitely generated projective left
R-module. Note that K is also finitely generated since R is left noetherian and since
P is reflexive, P is torsionless, so K is torsionless. Hence, by .2/ of the left-hand
version of Proposition 12.5.8, we have an exact sequence

0!M
'M
��!M�� ! Ext1R.K;R/! 0;

where M is a finitely generated torsionless R-module. But we are assuming that all
suchR-modules are reflexive and so 'M is an isomorphism. Therefore, Ext1R.K;R/ D
0. Next, construct a short exact sequence of left R-modules 0! R! E ! X ! 0,
where E is injective. We will have id-RR � 1, if we can show that X is an injective
left R-module. By considering the short exact sequences

0! K ! P ! N ! 0 and 0! R! E ! X ! 0

and invoking the left-hand version of Proposition 12.5.11, we have

Ext1R.N;X/ Š Ext1R.K;R/:

Hence, Ext1R.N;X/ D 0 for every finitely generated left R-module N . But then
Ext1R.R=A;X/ D 0 for all left ideals A of R and so, by the left-hand versions of
Propositions 11.4.10 and 11.4.12,X is an injective leftR-module. Hence, id-RR � 1.

In conclusion, we offer, without proof, the following characterization of QF-rings.
A proof can be found in [14].

Proposition 12.5.13. The following are equivalent.

(1) R is a QF-ring.

(2) Every projective R-module is injective.

(3) Every injective R-module is projective.
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Problem Set 12.5

1. Prove Corollary 12.5.2.

2. Prove each of the following.

(a) If 'M WM !M�� is the canonical map, then Ker'M D
T
g2M� Kerg.

(b) Submodules of torsionless modules are torsionless.

(c) A direct product of torsionless modules is torsionless. Conclude from (b)
and (c) that a direct sum of torsionless modules is torsionless.

3. In the proof of Proposition 12.5.12, we used the fact that if N is finitely gen-
erated and torsionless, then N can be viewed as a submodule of a finitely gen-
erated free R-module F . Given the conditions Proposition 12.5.12, prove that
this is the case. [Hint: Lemma 12.5.4.]

4. Is a direct summand of a reflexive R-module reflexive?

5. Prove that the exact sequence 0 ! M �
'M�
���! M��� ! Coker 'M� ! 0

splits.

6. Prove that the following are equivalent.

(a) Torsionless R-modules are reflexive.

(b) Ext1R.M;R/ D 0 for all torsionless left R-modules M .

(c) Ext2R.M;R/ D 0 for all left R-modules M .

(d) id-RR � 1.



Appendix A

Ordinal and Cardinal Numbers

Ordinal Numbers

IfX is a well-ordered set with “enough elements”, thenX has a first element, a second
element, a third element and so on. Ordinal numbers can be viewed as numbers that
represent the position of an element in a well-ordered set. When defining ordinal
numbers, one goal is to capture this sense of position.

Let X be a well-ordered set. A subset S � X is said to be a segment of X if
x, x0 2 X and x0 � x, then x 2 S implies that x0 2 S . If S   X and x is
the first element of X � S , then Sx D ¹x0 2 X j x0 < xº is a segment of X
referred to as an initial segment. If X and Y are well-ordered sets, then a bijective
function f W X ! Y is said to be an order isomorphism if x � x0 in X implies that
f .x/ � f .x0/ in Y . Two well-ordered sets X and Y are called order isomorphic if
there is an order isomorphism f W X ! Y . If X and Y are order isomorphic, then
we write X � Y . The notation X < Y will indicate that X is order isomorphic to an
initial segment of Y and X � Y will mean that X < Y or X � Y .

If the integers are defined by the sets

0 D ¿
1 D ¹0º

2 D ¹0; 1º

3 D ¹0; 1; 2º

:::

n D ¹0; 1; 2; : : : ; n � 1º

:::

then the ordering

0   ¹0º   ¹0; 1º   ¹0; 1; 2º   � � �   ¹0; 1; 2; : : : ; n � 1º   � � �

can be used to define the usual order

0 < 1 < 2 < � � � < n < � � �
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on the set N0. Under this ordering, the set n is well ordered for n D 0; 1; 2; : : : . Next,
consider the set n and let

S0 D ¹x 2 n j x < 0º D ¿ D 0
S1 D ¹x 2 n j x < 1º D ¹0º D 1

S2 D ¹x 2 n j x < 2º D ¹0; 1º D 2

:::

Sn�1 D ¹x 2 n j x < n � 1º D ¹0; 1; 2; : : : ; n � 2º D n � 1:

Then n is a well-ordered set such that k D Sk for each k 2 n. This observation
motivates the following definition.

Definition. A well-ordered set ˛ is said to be an ordinal number if x D Sx for each
x 2 ˛. Furthermore, if X is a well-ordered set such that X � ˛, then we say that X
has ordinal number ˛ and write ord.X/ D ˛. If ord.X/ D ˛ and X is a finite set,
then ˛ is a finite ordinal number. Otherwise, ˛ is an infinite ordinal number.

Each of the sets n is an ordinal number and if N0 D ¹0; 1; 2; : : : º is given the usual
order, then

! will denote the ordinal number of N0:

Also, if X is a well-ordered set and x 2 X is such that Sx � n, then x occupies the
.nC 1/th position in X , for n D 0; 1; 2; : : : . For example, if X D ¹a; b; c; d; : : : º is
a well-ordered set, where a < b < c < d < � � � , then Sa is order isomorphic to 0,
so a occupies the first position in X , Sb is order isomorphic to 1, so b occupies the
second position in X and so on. It follows that if X and Y are well-ordered sets that
are order isomorphic, then x 2 X occupies the same position in X as y 2 Y occupies
in Y if Sx � Sy . Furthermore, if X is a well-ordered set, then there is a unique
ordinal number ˛ such that ord.X/ D ˛ or, more briefly,

Every well-ordered set has a unique ordinal number.

With this in mind, addition, multiplication and exponentiation of ordinal numbers can
be defined as follows.

1. Ordinal Number Addition. If ˛ and ˇ are ordinal numbers, then the well
orderings on ˛ and ˇ can be used to establish a well ordering of the set .˛ �
¹1º/ [ .ˇ � ¹2º/. If .x; 1/ and .x0; 1/ are in ˛ � ¹1º, let .x; 1/ � .x0; 1/ if
x � x0 in ˛. Similarly, for .y; 2/ and .y0; 2/ in ˇ � ¹2º. Finally, if we set
.x; 1/ � .y; 2/ for all .x; 1/ 2 ˛ � ¹1º and .y; 2/ 2 ˇ � ¹2º, then � is a well
ordering of .˛ � ¹1º/ [ .ˇ � ¹2º/. With this ordering of .˛ � ¹1º/ [ .ˇ � ¹2º/,
˛ C ˇ is defined as ˛ C ˇ D ord..X � ¹1º/ [ .Y � ¹2º//.
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2. Ordinal Number Multiplication. If ˛ and ˇ are ordinal numbers, define the
order � on ˛�ˇ as follows: .x; y/ � .x0; y0/ if and only if .x; y/ D .x0; y0/ or
.x; y/ < .x 0; y0/. The order .x; y/ < .x0; y0/means that .x; y/ < .x0; y0/ when
y < y 0 and if y D y0, then .x; y/ < .x0; y0/ if x < x0. It follows that ˛ � ˇ is
well ordered under this ordering and ˛ˇ is defined as ˛ˇ D ord.˛ � ˇ/.

3. Ordinal Number Exponentiation. For this definition, we need the concept
of a limit ordinal. If ˇ is an ordinal number that does not have a last element,
ˇ is said to be a limit ordinal. For example, ! D ord.¹0; 1; 2; : : : º/ is a limit
ordinal. Thus, if ˇ is a limit ordinal, then ˇ ¤ ˛ C 1 for any ordinal number ˛.
If ˛ and ˇ are ordinal numbers and ˇ is not a limit ordinal, then ˛ˇ is defined
by ˛0 D 1; ˛1 D ˛ and ˛ˇC1 D ˛ˇ˛ for all ordinal numbers ˇ 	 1. If ˇ is
a limit ordinal, then ˛ˇ D sup¹˛ı j ı is an ordinal number such that ı < ˇº.

Proposition. The trichotomy property holds for the class of ordinal numbers. That is,
if ˛ and ˇ are ordinal numbers, then exactly one of ˛ < ˇ, ˛ D ˇ and ˇ > ˛ holds.

Ordinal addition shows that the ordinal numbers of the following well-ordered sets
(each ordered in the obvious manner) are distinct

! D ord.¹0; 1; 2; : : : º/

! C 1 D ord.¹0; 1; 2; � � � I 00º/

! C 2 D ord.¹0; 1; 2; : : : I 00; 10º/

:::

! C n D ord.¹0; 1; 2; : : : I 00; 10; : : : ; n � 10º/

:::

! C ! D !2 D ord¹0; 1; 2; : : : I 00; 10; 20; : : : º

!2C 1 D ord¹0; 1; 2; : : : I 00; 10; 20; : : : I 000º

:::

Hence, the class of ordinal numbers forms a chain with a “front end” that looks like

0 < 1 < 2 < � � � < ! < ! C 1 < � � � < !2 < !2C 1 < � � � :

The first limit ordinal in the chain is !, !2 is the second and so on. Moreover, the
ordering � of N0 as a set of ordinal numbers agrees with the usual ordering � of N0.

If Ord denotes the class of ordinal numbers, then since any set can be well ordered,
the assumption that Ord is a set will lead to a contradiction. So Ord is a proper class
that is linearly ordered by �. Also, a class can be linearly ordered by a given order
and yet not be well ordered by this ordering as is pointed out by the usual ordering
on R. However, Ord is well ordered by �.
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Proposition. The proper class Ord is well ordered by �, that is, every nonempty
class of ordinal numbers has a first element.

Proof. Suppose that O is a nonempty class of ordinal numbers. If ˛ 2 O and ˛ is the
first element of O, then there is nothing to prove. If ˛ is not the first element of O, let
B D ¹ˇ 2 O j ˇ < ˛º and suppose that � W B ! ˛ is such that �.ˇ/ D x, where
x 2 ˛ is such that ˇ � Sx D S�.ˇ/. Then ¹�.ˇ/ j ˇ 2 Bº is a nonempty subset of ˛
and ˛ is well ordered by an ordering �. Hence, ¹�.ˇ/ j ˇ 2 Bº has a first element,
say �.ı/. If ˇ 2 B, then �.ı/ � �.ˇ/ and S�.ı/ and S�.ˇ/ are initial segments of ˛
such that S�.ı/ � S�.ˇ/. If S�.ı/ D S�.ˇ/, then ı D ˇ and if S�.ı/   S�.ˇ/, then it
follows that S�.ı/ is an initial segment of S�.ˇ/ which means, of course, that ı < ˇ.
Thus, ı � ˇ for each ˇ 2 B. But O is linearly ordered, so we have ı � 	 for each
	 2 O. Therefore, ı is the first element of O.

Corollary. The set N0 is well ordered under the usual ordering on N0.

Neither addition nor multiplication of ordinal numbers is commutative. For exam-
ple, 2! ¤ !2 and ! ¤ ! C 1 but 1 C ! D !. Moreover, the familiar laws of
exponentiation may not hold. If ˛; ˇ and 	 are ordinal numbers, then .˛ˇ/� may be
different from ˛�ˇ� . For instance, .2 � 2/! D 4! D ! and 2!2! D !! D !2.

Finally, if X is any nonempty set, then X can be well ordered, so X can be viewed
as a set of ordinal numbers ¹0; 1; 2; : : : ; !; ! C 1; : : : º such that ˛ 2 ¹0; 1; 2; : : : ; !;
! C 1; : : : º if and only if ˛ < ord.X/. That is, there is an order preserving bijection
¹0; 1; 2; : : : ; !; ! C 1; : : : º ! X . Indeed, if ˛0 is the first element of X , map 0 to ˛0
and if ˛1 is the first element of X � ¹˛0º, map 1 to ˛1 and so on.

One important aspect of ordinal numbers is that these numbers allow us to extend
induction as practiced with the integers to the ordinal numbers, a process known as
transfinite induction.

Proposition (The Principle of Transfinite Induction). Suppose that X is a well-or-
dered class and let S.x/ be a statement that is either true or false for each x 2 X . If
S.y/ true for each y < x implies that S.x/ is true, then S.x/ is true for each x 2 X .

Proof. LetX and S.x/ be as in the statement of the proposition and suppose that S.y/
true for each y < x implies that S.x/ is true. We claim that this means that S.x/ is
true for each x 2 X . Indeed, if there is an element x 2 X such that S.x/ is false, let
F D ¹x 2 X j S.x/ is falseº. Then F is nonempty and so has a first element, say
x0. Consequently, S.y/ is true for each y < x0. But our assumption now implies that
S.x0/ is true and we have a contradiction. Therefore, an x 2 X cannot exist such that
S.x/ is false, so S.x/ is true for all x 2 X .

Since Ord is well ordered by �, the Principle of Transfinite Induction holds over
Ord.
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(1) Principle of Transfinite Induction over Ord. Let S.ˇ/ be a statement that is
either true or false for each ˇ 2 Ord. If S.˛/ true for each ˛ 2 Ord such that
˛ < ˇ implies that S.ˇ/ is true, then S.ˇ/ is true for each ˇ 2 Ord.

In particular, the Principle of Transfinite Induction holds for the well-ordered set of
ordinal numbers N0 and the result is the familiar induction as practiced with the inte-
gers. Since N0 � Ord and since the ordering � on Ord induces the usual order � on
N0, transfinite induction can be viewed as extending induction as practiced with the
integers to the class of ordinal numbers.

It is well known that the following are equivalent:

(2) Let S.n/ be a statement that is either true or false for each n 2 N0. If S.0/ is
true and if S.k/ true implies that S.k C 1/ is true for each k 2 N0, then S.n/
is true for each n 2 N0.

(3) Let S.n/ be a statement that is either true or false for each n 2 N0. If S.j / true
for all 0 � j < k implies that S.k/ is true, then S.n/ is true for each n 2 N0.

In view of (2), one is tempted to formulate a Principle of Transfinite Induction for the
ordinal numbers as follows:

Let S.ˇ/ be a statement that is either true or false for each ˇ 2 Ord. If
S.0/ is true and if S.˛/ true implies that S.˛ C 1/ is true, then S.ˇ/ is
true for each ˇ 2 Ord.

The statement, “S.0/ true and S.˛/ true implies that S.˛ C 1/ true” does not imply
that S.ˇ/ is true for each ˇ 2 Ord The difficulty is with the limit ordinals. For
example, ! is a limit ordinal and there is no ordinal ˛ such that ˛ C 1 D !. So the
condition does not provide a way to “reach” ! from any ordinal ˛ < ! to show that
S.!/ is true. However, an additional step can be added, as shown in (4) below, that
will give an alternate form of the Principle of Transfinite Induction over Ord.

(4) Principle of Transfinite Induction over Ord (Alternate Form). Let S.ˇ/ be
a statement that is either true or false for each ˇ 2 Ord. If the following two
conditions are satisfied, then S.ˇ/ is true for all ordinal numbers ˇ.

(a) S.0/ is true and if S.˛/ true, then S.˛ C 1/ is true for each non-limit
ordinal ˛.

(b) If ˇ is a limit ordinal and S.˛/ is true for each ˛ < ˇ, then S.ˇ/ is true.

Cardinal Numbers

Our development of ordinal numbers captured the notion of the position of an element
in a set. The following development of cardinal numbers corresponds to the intuitive
notion that two sets X and Y have the same “number” of elements if there is a one-
to-one correspondence among their elements without regard to an order on X and Y .

If the relation � is defined on the proper class of all sets by X � Y if there is
bijection f W X ! Y , then� is an equivalence relation. If card.X/ is the equivalence
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class determined by a set X , then we say that a set Y has the same cardinal number
as X if Y 2 card.X/. For example, if we set

0 D card.¿/; 1 D card.¹0º/; 2 D card.¹0; 1º/; : : :

n D card.¹0; 1; 2; : : : ; n � 1º/; : : : ;

then card.X/ D n for each set X 2 card.¹0; 1; 2; : : : ; n � 1º/. (Additional details
regarding this method of establishing cardinal numbers can be found in [20].) If
card.X/ D n, then we say that X has finite cardinal number n. There are also infinite
cardinal numbers. For example,

@0 D card.N0/ is the first infinite cardinal,

@1 D card.}.N0// is the second,

@2 D card.}.}.N0/// is the third,

:::

@k D card.}k.N0// is the kth, where }k is } composed with itself k times,

:::

Hence, if X 2 card.}k.N0//, then we write card.X/ D @k and say that X has
cardinal number @k .

Let a D card.X/ and b D card.Y / be cardinal numbers. If there is an injective
function f W X ! Y , then we write a � b with a < b holding when such an injective
function exists, but there is no bijective function from X to Y . If a D card.X/ and
b D card.}.X//, then the fact that there is no surjective function from X to }.X/
together with the observation that the function X ! }.X/ given by x 7! ¹xº is
injective shows that a < b. Hence, there is no largest cardinal number and it follows
that the class Card of cardinal numbers is a proper class.

The trichotomy property also holds for cardinal numbers, so if a and b are cardinal
numbers, then one and only one of the following holds.

.1/ a < b; .2/ a D b; .3/ a > b:

Moreover, the class of cardinal numbers is a chain

0 < 1 < 2 < 3 < � � � < @0 < @1 < @2 < � � �

and

Every set has a unique cardinal number.

Addition, multiplication and exponentiation can be defined on the class of cardinal
numbers as follows:
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1. Cardinal Number Addition. If a D card.X/ and b D card.Y /, then a C
b D c, where c D card..X � ¹1º/ [ .Y � ¹2º//.

2. Cardinal Number Multiplication. If a D card.X/ and b D card.Y /, then
ab D c, where c D card.X � Y /.

3. Cardinal Number Exponentiation. If X and Y are sets and if a D card.X/
and b D card.Y /, then ab D c, where c D card.XY /.

Proposition. Each of the following holds in Card.

1. If a and b are cardinal numbers and a is infinite, then aC b D max¹a; bº.

2. If a and b are cardinal numbers, a is infinite and b ¤ 0, then ab D max¹a; bº.

3. If a; b and c are cardinal numbers, then .ab/c D abc .

Problem Set

1. If X and Y are finite sets and if there is a bijection f W X ! Y , prove that
ord.X/ D ord.Y / regardless of how X and Y are well ordered.

2. Prove that the class Ord of all ordinal numbers is a proper class.

3. Prove that n C ! ¤ ! C n, where n is a positive integer, and that 2! D
.1C 1/! ¤ !.1C 1/ D !2. Conclude that neither addition nor multiplication
of ordinal numbers is commutative.

4. Let ˛; ˇ and 	 be ordinal numbers. Show that

(a) ˛ C .ˇ C 	/ D .˛ C ˇ/C 	

(b) ˛.ˇ	/ D .˛ˇ/	

(c) ˛.ˇ C 	/ D ˛ˇ C ˛	

(d) .ˇ C 	/˛ ¤ ˇ˛ C 	˛.

(e) ˛ˇ D 0 if and only if ˛ D 0 or ˇ D 0.

(f) If ˛Cˇ D ˛C 	 , then ˇ D 	 . Give an example where ˇC˛ D 	 C˛ fails
to imply that ˇ D 	 .

5. (a) If ˛ and ˇ are ordinal numbers, show that ˛ � ˛Cˇ and that equality holds
if and only if ˇ D 0.

(b) Suppose that ˛ and ˇ are ordinal numbers such that ˛ � ˇ. If ˇ is an infinite
ordinal number, prove that ˛ C ˇ D ˇ.

6. If X is a nonempty set, show that X can be viewed as a set of ordinal numbers
¹0; 1; 2; : : : ; !; ! C 1; : : : º such that ˛ 2 ¹0; 1; 2; : : : ; !; ! C 1; : : : º if and
only if ˛ < ord.X/. That is, show that there is an order preserving bijection
X ! ¹0; 1; 2; : : : ; !; ! C 1; : : : º.
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7. Prove each of the following.

(a) Addition (multiplication) of cardinal numbers is commutative.

(b) If a; b and c are cardinal numbers, then .a C b/c D ac C bc and a.bc/ D
.ab/c.

(c) For all cardinal numbers a, aC 0 D a, a0 D 0 and a1 D a.

(d) If a and b are cardinal numbers, then ab D 1 if and only a D 1 and b D 1.

8. If a is an infinite cardinal number, show that there is no cardinal number b such
that aC b D 0.

9. (a) If a and b are cardinal numbers and a � b, show that a C b D b whenever
b is an infinite cardinal.

(b) If a and b are cardinal numbers, a ¤ 0, a � b, and b is an infinite cardinal,
prove that ab D b.

Conclude from (a) and (b) that if a is an infinite cardinal, then a C a D a and
aa D a.

(c) If a; b, and c are cardinal numbers, prove that

(i) abCc D abac

(ii) If a � b, then ac � bc .

(iii) .ab/c D acbc

(iv) .ab/c D abc

10. Show that if card.X/ D m and card.Y / D n, where m; n 2 N, then
card.XY / D mn. Conclude that exponentiation as defined for cardinal arith-
metic produces the usual exponentiation of positive integers.

11. If X and Y are sets and f W X ! Y is a surjective function, show that
card.Y / � card.X/.

12. Let X be any set. If f W X ! }.X/ is a function, show that the set ¹x 2
X j x … f .x/º has no preimage in X . Deduce that card.X/ < card.}.X//
and conclude that there is no largest cardinal number and that Card is a proper
class.
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