DE GRUYTER

Paul E, Bland

RINGS AND
THEIR MODULES

S -



De Gruyter Graduate






Paul E. Bland

Rings and Their Modules

De Gruyter



Mathematics Subject Classification 2010: Primary: 16-01; Secondary: 16D10, 16D40, 16D50,
16D60, 16D70, 16E05, 16E10, 16E30.

ISBN 978-3-11-025022-0
e-ISBN 978-3-11-025023-7

Library of Congress Cataloging-in-Publication Data

Bland, Paul E.
Rings and their modules / by Paul E. Bland.
p- cm. — (De Gruyter textbook)
Includes bibliographical references and index.
ISBN 978-3-11-025022-0 (alk. paper)
1. Rings (Algebra) 2. Modules (Algebra) 1. Title.
QA247.B545 2011
512'.4—dc22
2010034731

Bibliographic information published by the Deutsche Nationalbibliothek

The Deutsche Nationalbibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data are available in the Internet at http://dnb.d-nb.de.

© 2011 Walter de Gruyter GmbH & Co. KG, Berlin/New York

Typesetting: Da-TeX Gerd Blumenstein, Leipzig, www.da-tex.de
Printing and binding: Hubert & Co. GmbH & Co. KG, Géttingen
o Printed on acid-free paper

Printed in Germany

www.degruyter.com



Preface

The goal of this text is to provide an introduction to the theory of rings and modules
that goes beyond what one normally obtains in a beginning graduate course in abstract
algebra. The author believes that a text directed to a study of rings and modules
would be deficient without at least an introduction to homological algebra. Such an
introduction has been included and topics are intermingled throughout the text that
support this introduction. An effort has been made to write a text that can, for the
most part, be read without consulting references. No attempt has been made to present
a survey of rings and/or modules, so many worthy topics have been omitted in order
to hold the text to a reasonable length.

The theme of the text is the interplay between rings and modules. At times we will
investigate a ring by considering a given set of conditions on the modules it admits
and at other times we will consider a ring of a certain type to see what structure is
forced on its modules.

About the Text

It is assumed that the reader is familiar with concepts such as Zorn’s lemma, commu-
tative diagrams and ordinal and cardinal numbers. A brief review of these and other
basic ideas that will hold throughout the text is given in the chapter on preliminaries
to the text and in Appendix A. We also assume that the reader has a basic knowledge
of rings and their homomorphisms. No such assumption has been made with regard
to modules.

In the first three sections of Chapter 1, the basics of ring theory have been provided
for the sake of completeness and in order to give readers quick access to topics in
ring theory that they might require to refresh their memory. An introduction to the
fundamental properties of (unitary) modules, submodules and module homomorph-
isms is also provided in this chapter. Chapters 1 through 6 present what the author
considers to be a “standard” development of topics in ring and module theory, culmi-
nating with the Wedderburn—Artin structure theorems in Chapter 6. These theorems,
some of the most beautiful in all of abstract algebra, present the theory of semisimple
rings. Over such a ring, modules exhibit properties similar to those of vector spaces:
submodules are direct summands and every module decomposes as a direct sum of
simple submodules. Topics are interspersed throughout the first six chapters that sup-
port the development of semisimple rings and the accompanying Wedderburn-Artin
theory. For example, concepts such as direct products, direct sums, free modules and
tensor products appear in Chapter 2.
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Another goal of the text is to give a brief introduction to category theory. For the
most part, only those topics necessary to discuss module categories are developed.
However, enough attention is devoted to categories so that the reader will have at least
a passing knowledge of this subject. Topics in category theory form the substance of
Chapter 3.

Central to any study of semisimple rings are ascending and descending chain con-
ditions on rings and modules, and injective and projective modules. These topics as
well as the concept of a flat module are covered in Chapters 4 and 5.

Our investigation of semisimple rings begins in Chapter 6 with the development of
the Jacobson radical of a ring and the analogous concept for a module. Simple artinian
rings and primitive rings are also studied here and it is shown that a ring is semisimple
if and only if it is a finite ring direct product of n X n matrix rings each with entries
from a division ring.

The remainder of the text is a presentation of various topics in ring and module the-
ory, including an introduction to homological algebra. These topics are often related
to concepts developed in Chapters 1 through 6.

Chapter 7 introduces injective envelopes and projective covers. Here it is shown
that every module has a “best approximation” by an injective module and that, for
a particular type of ring, every module has a “best approximation” by a projective
module. Quasi-injective and quasi-projective covers are also developed and it is es-
tablished that every module has a projective cover if and only if every module has
a quasi-projective cover.

In Chapter 8 a localization procedure is developed that will produce a ring of frac-
tions (or quotients) of a suitable ring. This construction, which is a generalization of
the method used to construct the field of fractions of an integral domain, plays a role
in the study of commutative algebra and, in particular, in algebraic geometry.

Chapter 9 is devoted to an introduction to graded rings and modules. Graded rings
and modules are important in the study of commutative algebra and in algebraic ge-
ometry where they are used to gain information about projective varieties. Many of
the topics introduced in Chapters 1 through 8 are reformulated and studied in this
“new” setting.

Chapter 10 deals with reflexive modules. The fact that a vector space is reflexive
if and only it is finite dimensional, leads naturally to the question, “What are the
rings over which every finitely generated module is reflexive?” To this end, quasi-
Frobenius rings are defined and it is proved that if a ring is quasi-Frobenius, then every
finitely generated module is reflexive. However, the converse fails. Consideration of
a converse is taken up in Chapter 12 after our introduction to homological algebra has
been completed and techniques from homological algebra are available.

The substance of Chapter 11 is homological algebra. Projective and injective reso-
Iutions of modules are established and these concepts are used to investigate the left
and right derived functors of an additive (covariant/contravariant) functor . These
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results are then applied to obtain Ext%, the nth right derived functors of Hom, and
Torf, the nth left derived functors of ® .

The text concludes with Chapter 12 where an injective, a projective and a flat di-
mension of a module are defined. A right global homological dimension of a ring is
also developed as well as a global flat (or weak) dimension of a ring. It is shown that
these dimensions can be used to gain information about some of the rings and modules
studied in earlier chapters. In particular, using homological methods it is shown that
if a ring is left and right noetherian and if every finitely generated module is reflexive,
then the ring is quasi-Frobenius.

There are several excellent texts given in the bibliography that can be consulted by
the reader who wishes additional information on rings and modules and homological
algebra.

Problem Sets

Problem sets follow each section of the text and new topics are sometimes introduced
in the problem sets. These new topics are related to the material given in the section
and they are often an extension of that material. For some of the exercises, a hint
as to how one might begin to write a solution for the exercise is given in brackets
at the end of the exercise. Often such a hint will point to a result in the text that
can be used to solve the exercise, or the hint will point to a result in the text whose
proof will suggest a technique for writing a solution. It is left to the reader to de-
cide which is the case. Finally, the exercises presented in the problem sets for Sec-
tions 1.1, 1.2 and 1.3 are intended as a review. The reader may select exercises from
these problem sets according to their interests or according to what they feel might be
necessary to refresh their memories on the arithmetic of rings and their homomorph-
isms.

Cross Referencing

The chapters and sections of the text have been numbered consecutively while propo-
sitions and corollaries have been numbered consecutively within each section. Ex-
amples have also been numbered consecutively within each section and referenced
by example number and section number of each chapter unless it is an example in
the current section. For instance, Example 3 means the third example in the current
section while Example 3 in Section 4.1 has the obvious meaning. Similar remarks
hold for the exercises in the problem sets. Also, some equations have been numbered
on their right. In each case, the equations are numbered consecutively within each
chapter without regard for the chapter sections.
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Backmatter

The backmatter for the text is composed of a bibliography, a section on ordinal and
cardinal numbers, a list of symbols used in the text, and a subject matter index. The
page number attached to each item in the index refers to the page in the text where the
subject was first introduced.

Acknowledgements
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Chapter 0

Preliminaries

Before beginning Chapter 1, we state the definitions and assumptions that will hold
throughout the text.

0.1 Classes, Sets and Functions

Throughout the text we will on occasion need to distinguish between classes and
proper classes. Assuming that all collections are sets quickly leads, of course, to
the well-known Russell-Whitehead Paradox: If § is the collection of all sets X such
that X ¢ X, then assuming that § is a set gives § € § and § ¢ §. Consequently,
& cannot be a set. However, the term “collection” will subsequently mean that the
collection of objects in question is a set. When a collection in question may or may
not be a set, we will call it a class. A collection that is not a set will be referred to as a
proper class. Throughout the text, we will also deal with indexed family of sets, rings
and modules, etc. It will always be assumed that the indexing set is nonempty unless
stated otherwise.

The notations C and ~»will have their usual meanings while U and _J, and N and [
will be used to designate union and intersection, respectively. A similar observation
holds for © and 22 . The collection of all subsets of a set X, the power set of X,
will be denoted by p(X) and if X and Y are sets, then X — Y is the complement
of Y relative to X. If { X« }aea is an indexed family of sets, then { Xy }aen, Uyen Xa
and (),ea Xo Will often be shortened to {Xofa, (Ja Xo and ()5 Xo, respectively.
Likewise, [ [ Xq will denote the Cartesian product of a family of sets {Xq}a. For
such a family, an element (x4) of [[5 X is referred to as a A-tuple and if A =
{1,2,...,n}, then (xg) € [[h—1 Xa = X1 x X2 X -+ x X, is an n-tuple. For a set
X, X2 will denote the product ]_[A Xg, with X, = X foreacha € A.

If f: X — Y is afunction, then f(x) = y will be indicated from time to time by
x + y and the image of f will often be denoted by Im f or by f(X). The notation
f|s will indicate that f has been restricted to S € X. We will also write g f for the
composition of two functions f : X — Y and g : Y — Z. The identity function
X — X defined by x +— x will be denoted by idx. A function that is one-to-one
will be called injective and a function that is onto is a surjective function. A function
that is injective and surjective is said to be a bijective function. At times, a bijective
function will be referred to as a one-to-one correspondence.
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Finally, we will always assume that an indexing set is nonempty and we will con-
sider the empty set & to be unique and a subset of every set.

Partial Orders and Equivalence Relations

There are two relations among elements of a class that are ubiquitous in mathematics,
namely partial orders and equivalence relations. Both are used extensively in abstract
algebra.

If X is a class, then a partial order on X is an order relation < defined on X such
that

1. <isreflexive: x < x forall x € X,
2. <isanti-symmetric: x < y and y < x imply x = y for x, y € X, and
3. <istransitive: x < yandy < zimply x <z forx,y,z € X.

If we say that X is a partially ordered class, then it is to be understood that there is an
order relation < defined on X that is a partial order on X .
A relation ~ defined on a class X is said to be an equivalence relation on X if

1. ~is reflexive: x ~ x forall x € X,
2. ~is symmetric: x ~ y implies that y ~ x for x, y € X, and

3. ~ s transitive: x ~ y and y ~ z imply that x ~ z for x, y,z € X.

An equivalence relation ~ partitions X into disjoint equivalence classes [x] =
{y € X | y ~ x}. The element x displayed in [x] is said to be the representative
of the equivalence class. Since [x] = [y] if and only if x ~ y, any element of an
equivalence class can be used as its representative.

Throughout the text we let

N ={1,2,3,...},

No ={0,1,2,...},
Z=4{..,-2,-1,0,1,2,...}, and
Q, Rand C

will be used exclusively for the sets of rational, real and complex numbers, respec-
tively. An integer p € N, p # 1, will be referred to as a prime number if the only
divisors in N of p are 1 and p.

A nonempty subclass C of a partially ordered class X is said to be a chain in X if
whenever x, y € C, either x < y or y < x. If X itself is a chain, then X is said to be
linearly ordered or totally ordered by < . If S is a nonempty subclass of a partially
ordered class X, then an element b € X is an upper (a lower) bound for S if x < b
(b < x) for all x € S. If there is a necessarily unique upper (lower) bound 5* of S
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such that b* < b (b < b*) for every upper (lower) bound b of S, then b* is said to be
the least upper (greatest lower) bound for S. The notation

supS and infS

will be used for the least upper bound and the greatest lower bound, respectively,
whenever they can be shown to exist. If X is a partially ordered class, then an element
m € X is said to be a maximal (minimal) element of X, if whenever x € X andm < x
(x < m),then m = x. If X is a partially ordered class, then a nonempty subclass S
of X is said to have a first (last) element, if there is an element f € S (I € §) such
that f < x (x <[)forall x € S. A first element f or a last element / of S may also
be referred to from time to time as a smallest or largest element of S, respectively.
Both f and ! are clearly unique when they exist.

Zorn’s Lemma and the Well-Ordering Principle

We can now state Zorn’s lemma, a concept that is almost indispensable in mathemat-
ics as it is currently practiced. Zorn published his “maximum principle” in a short
paper entitled A remark on method in transfinite algebra in the Bulletin of the Amer-
ican Mathematical Society in 1935. Today we know that the Axiom of Choice (See
Exercise 3), the Well-Ordering Principle, and Zorn’s Lemma are equivalent.

Zorn’s Lemma. If X is a nonempty partially ordered set and if every chain in X has
an upper bound in X, then X has at least one maximal element.

If a nonempty partially ordered set X has the property that every chain in X has an
upper bound in X, then X is said to be inductive. With this in mind, Zorn’s lemma
is often stated as “Every inductive partially ordered set has at least one maximal ele-
ment.”

If a partially ordered class X is such that every nonempty subclass of X has a first
element, then X is said to be well ordered. It is easy to show that if X is well ordered
by <, then < is a linear ordering of X. We assume the following as an axiom.

Well-Ordering Principle. If X is a set, then there is at least one partial order <
on X that is a well ordering of X or, more briefly, any set can be well ordered.

Note that the empty set & can be well ordered. Actually, any relation < on &
is a partial ordering of &. For example, x < x for all x € &, since if not, there
would be an x € @ such that x £ x, a clear absurdity. Similar arguments show < is
anti-symmetric and transitive and it follows that < is a well ordering of &.
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0.2 Ordinal and Cardinal Numbers

It is assumed that the reader is familiar with the proper class Ord of ordinal numbers
and the proper class Card of cardinal numbers. A brief discussion of these classes of
numbers can be found in Appendix A.

0.3 Commutative Diagrams

Commutative diagrams will be used throughout the text wherever they are appropriate.
For example, if fj : A —> B, /5 :C - D, g1 : A— Cand g, : B — D are
functions, then to say that the diagram

AT p
&1 82
c_—".p

is commutative means that g, f1 = f>g1. Showing that g, f1 = f>g is often referred
to as chasing the diagram. Similarly, for a diagram of the form

/ B
A
C

S

gl\« g2

C
the dotted arrow indicates that we can find a mapping g, : B — C such that g, f =
g1.1f go : B — C issuchthat g, f = g1, then we say that go completes the diagram
commutatively. Commutative diagrams of differing complexities will be formed us-
ing various algebraic structures developed in the text. A diagram will be considered
to be commutative if all triangles and/or rectangles that appear in the diagram are
commutative.

A

In a diagram such as

A B

0.4 Notation and Terminology

At this point a word about notation and terminology is in order. When we say that
a condition holds for almost all @ € A, then we mean that the condition holds for
all @ € A with at most a finite number of exceptions. Throughout the text we will
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encounter sums of elements of an abelian group such as ) ", Xo, Where x4 = 0
for almost all @ € A. This simply means that there are at most a finite number of
NoONZero X in the sum Y o o Xo. If there is at least one xo # 0, then Y ", Xo is t0
be viewed as the finite sum of the nonzero terms and if xo, = O for all « € A, then
we set ), ca Xo = 0. To simplify notation, ), Xo Will be written as ) 5 xq and
sometimes it will be convenient to express Y A Xo as Y 1 q Xj.

From this point forward, all such sums )_ 5 Xq are to be viewed as finite
sums and the expression “xq = 0 for almost all o« € A” will be omitted
unless required for clarity.

Problem Set

1. Let f : X — Y be a function and suppose that X; is a nonempty subset
of X and Y; is a nonempty subset of Y. If f(X{} = {f(x) | x € X1} and
f7N(Y1) = {x € X | f(x) € Y1}, show that each of the following hold.

@ X1 € f7H(f(X)

(b) Y12 f(f~1 (1)

(© f(X) = f(fTH(f(XD)

@ f7H) = ST

2. (a)Let f : X > Y and g : Y — Z be functions. If gf is injective, show that
f is injective and if g f is surjective, show that g is surjective.

(b) Prove that a function f : X — Y is injective if and only if f~1( f(X1)) =
X, for each nonempty subset X; of X and that f is surjective if and only if
f(f~1(Y1)) = Y for each nonempty subset Y7 of Y.

(c) A function f~!: Y — X is said to be an inverse function for a function f :
X - Yif ff~! =idy and f~! f = idy. Show that a function f : X — Y
has an inverse function if and only if f is a bijection. Show also that an inverse
function for a function is unique whenever it exists.

3. Let S be a nonempty set and suppose that g(X)* is the set of nonempty subsets
of S. A choice function for S is a function ¢ : p(X)* — S such that c(A4) € 4
for each A € p(X)*. The Axiom of Choice states that every nonempty set S
has at least one choice function. Prove that assuming the Axiom of Choice is
equivalent to assuming that if {X4}A is an indexed family of nonempty sets,
then [[p Xo # @.

4. Let X be a nonempty partially ordered set. Zorn’s lemma states that if every
chain in X has an upper bound in X, then X has at least one maximal element.
This is sometimes referred to as Zorn’s lemma going up. Zorn’s lemma going
down states that if every chain in X has a lower bound in X, then X has at least
one minimal element. Prove that Zorn’s lemma going up implies Zorn’s lemma
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going down and conversely. Conclude that the two forms of Zorn’s lemma are
equivalent.

. Suppose that X is a nonempty set. Let
f X)X p(X) — p(X)
be defined by f(A4,B) = AU B, forall A, B € p(X). Also let
g 1 p(X) x p(X) = p(X)
be given by g(4,B) = (X — A) N (X — B), A, B € p(X), and suppose that
h:p(X) = p(X)

is such that 1(A) = X — A for all A € p(X). Is the diagram

f

(X) x p(X) £(X)

g\x ,/h

£ (X)
commutative?
. (a) Consider the cube

" Vs

V3 ‘ Va
Vs — Vs

AN N\

V7

Vg

where the arrows indicate functions f;; : V; — V. Assume that the top square
and all squares that form the sides of the cube are commutative diagrams. If the
function fi5 : V1 — V5 is a surjective mapping, prove that the bottom square
is a commutative diagram. [Hint: Chase the commutative faces of the cube to
show that f73 f57 f15 = fes f56 f15 and then use the fact that fi5 is surjective.]
(b) If all the faces of the cube are commutative except possibly the top and f4g
is an injection, then is the top face commutative?



Chapter 1
Basic Properties of Rings and Modules

The first three sections of this chapter along with their problem sets contain a brief
review of the basic properties of rings and their homomorphisms as well as the defini-
tions and terminology that will hold throughout the text. These sections are presented
in order to provide for a smooth transition to the concept of a module. As such these
sections can be read quickly. However, the reader should, at the very least, familiarize
him or herself with the notation and terminology contained in these sections. In addi-
tion, these sections may contain concepts and examples that the reader may not have
previously encountered. It is assumed that the reader is familiar with the arithmetic of
groups and their homomorphisms.

Commutative ring theory began with algebraic geometry and algebraic number the-
ory. Central to the development of these subjects were the rings of integers in alge-
braic number fields and the rings of polynomials in two or more variables. Non-
commutative ring theory began with attempts to extend the field of complex num-
bers to various hypercomplex number systems. These hypercomplex number systems
were identified with matrix rings by Joseph Wedderburn [71] and later generalized by
Michael Artin [47], [48]. The theory of commutative and noncommutative rings dates
from the early nineteenth century to the present. The various areas of ring theory
continue to be an active area of research.

1.1 Rings

Definition 1.1.1. A ring R is a nonempty set together with two binary operations +
and -, called addition and multiplication, respectively, such that the following condi-
tions hold:

R1. R together with addition forms an additive abelian group.
R2. Multiplication is associative: a(bc) = (ab)c forall a,b,c € R.

R3. Multiplication is distributive over addition from the left and the right: a(b+c) =
ab 4+ ac and (b + ¢)a = ba + ca forall a,b,c € R.

If ab = ba for all a, b € R, then R is said to be a commutative ring and if there is a
necessarily unique element 1 € R such thatal = la = a foralla € R, then Risa
ring with identity. The element 1 is the multiplicative identity of R, denoted by 1g if
there is a need to emphasize the ring. If R is a ring with identity and a is a nonzero
element of R, then an element b € R (should it exist) is said to be a right (left) inverse
fora if ab = 1 (ba = 1). An element of R that is a left and a right inverse for a is
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said to be a multiplicative inverse of a. If a has a multiplicative inverse, then it will
be denoted by a~!. If @ € R has a multiplicative inverse in R, then a is said to be an
invertible element of R or a unit in R.

One trivial example of a ring with identity is the zero ring R = {0}, where 0 is
both the additive identity and the multiplicative identity of R. In order to eliminate
this ring from our considerations, we assume from this point forward that all rings
have an identity 1 # 0. Because of this assumption, every ring considered will have
at least two elements and the expression “for all rings” will mean “for all rings with
an identity.”

Definition 1.1.2. A nonzero element a € R is said to be a left (right) zero divisor if
there is a nonzero element » € R such that ab = 0 (ba = 0). A nonzero element of
a € R will be referred to as a zero divisor if there is a nonzero element b € R such
that ab = ba = 0. A ring R in which every nonzero element has a multiplicative
inverse is a division ring. A commutative division ring is a field. A commutative ring
that has no zero divisors is an integral domain. If S is a nonempty subset of a ring R,
then S is said to be a subring of R if S is a ring under the operations of addition and
multiplication on R. Due to our assumption that all rings have an identity, if S is to
be a subring of R, then S must have an identity and we also require that 1g = 1g
before we will say that S is a subring of R.

It is easy to see that every division ring is free of left and right zero divisors, so
every field is an integral domain. The integral domain Z of integers shows that the
converse is false. However, every finite ring without zero divisors is a division ring.

Examples

1. (a) If {Rq} A is an indexed family of rings, then [ [, Re is a ring under compo-
nentwise addition,

(a) + (bg) = (ag + ba),

and componentwise multiplication,

(aa)(ba) = (aaba)-

The ring [ [5 Rq is called the ring direct product of { R} a. Since each Ry has
an identity, [ [ Ry has an identity (1), where each 1, is the identity of Rg.
[ 1A Re is commutative if and only if each Ry is commutative, but [[5 Rq is
never an integral domain even if each Ry is. For example, Z is an integral
domain, but (a, 0)(0,b) = (0,0) in Z x Z.

(b) Z x 0 is a ring with identity (1, 0) under coordinatewise addition and coor-
dinatewise multiplication and Z x 0 C Z x Z. However, we do not consider
Z x 0 to be a subring of Z x Z since idzxo = (1,0) # (1,1) = idzxz.
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2. Matrix Rings. The set M, (R) of all n x n matrices whose entries are from R
is a noncommutative ring under addition and multiplication of matrices. More-
over, My, (R) has zero divisors, so it is not an integral domain even if R is such
a domain. M, (R) is referred to as the n x n matrix ring over R. Elements of
M, (R) will be denoted by (a;;), where a;; represents the entry in the i th row
and the jth column. When considering matrix rings, it will always be the case,
unless stated otherwise, that n > 2.

3. Triangular Matrix Rings. Consider the matrix ring M, (R) of Example 2.
A matrix (a;;) € My (R) is said to be an upper triangular matrix if a;; = 0
wheni > j. If T, (R) denotes the set of upper triangular matrices, then T, (R)
is a subring of M, (R). If an upper triangular matrix has zeros for diagonal
entries then the matrix is said to be a strictly upper triangular matrix.

4. Rings of Integers Modulo n. Let Z, denote the set of equivalence classes [«],
a € 7, determined by the equivalence relation defined on Z by a = b mod n.
Then Z, = {[0].[1],...,[n — 1]} is a ring with identity under the operations

la] + [b] = [a + D]
[a][b] = [ab].
Zy,, called the ring of integers modulo n, will have zero divisors if n is a com-

posite integer and Z,, is a field if and only if n is a prime number. It will always
be assumed that n > 2 when considering the ring Z,.

5. Left Zero Divisors Need Not Be Right Zero Divisors. Consider the matrix

ring
(% ZZZ) = {(g []Z]) ) a,c € Z and [b] € Zz}.

Then

2 [0\ (O [1]\ _ (O [0]

(0 1)(0 0) = (o o) and yet

0 171\ (2 [0] 0 [0]

(00) () #(9):
Hence, (g [(1)]) is a left zero divisor, but not a right zero divisor.

6. The Opposite Ring. If R is a ring, then we can construct a new ring called
the opposite ring of R, denoted by R°P. As sets, R = R°P and the additive
structures on both rings are the same. Multiplication o is defined on R°P by
a ob = ba, where ba is multiplication in R. Clearly, if R is commutative, then
R and R°P are the same ring.
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7. Endomorphism Rings. If G is an additive abelian group and Endz (G ) denotes
the set of all group homomorphisms f : G — G, then Endz(G) is a ring with
identity under function addition and function composition. The additive identity
of Endz(G) is the zero homomorphism and the multiplicative identity is the
identity homomorphism idg : G — G. Endz(G) is called the endomorphism
ring of G.

8. Polynomial Rings. If R is a ring and R[X] is the set of polynomials ag +
Xay + --- + X"a, with their coefficients in R, then R[X] is a ring under the
usual operations of addition and multiplication of polynomials. More formally,
ifag + Xay + -+ + X™ay, and by + Xby + --- + X" b, are polynomials in
R[X], then addition is accomplished by adding coefficients of like terms of the
polynomials and

(ao + Xay + -+ X"apm)(bo + Xby + -+ + X"by)
=co+ Xc1+ -+ X" g,

where ¢, = apbo+ax_1b1+---+aoby fork =0,1,...,m+n. If Ris com-
mutative, then R[X] is commutative as well. R[X] is the ring of polynomials
over R. We assume that a X = Xa for all a € R. In this case, X is said to be a
commuting indeterminate. The coefficient ay, is said to be the leading coefficient
of ag + Xay + --- + X"a, and any polynomial with 1 as its leading coefficient
is said to be a monic polynomial. More generally, we have a polynomial ring
R[X1, X2,..., Xy], where X1, X5, ..., X, are commuting indeterminates. The
set R[[X]] of all formal power series ap + Xaj +---+ X"a, + - -+ can be made
into a ring in a similar fashion. R[[X]] is called the ring of formal power series
over R. A similar observation holds for R[[X1, X2,..., X]].

Remark. The usual practice is to write a polynomial as a9 + a1 X + -+ + a, X"
with the coefficients from R written on the left of the powers of X. Since we will
work primarily with right R-modules, to be introduced later in this chapter, we will
write the coefficients on the right. When X is a commutating indeterminate, this is
immaterial since ag + Xa; +---+ X"a, = ap+a1 X +---+a, X". Throughout the
remainder of the text, when an indeterminate is considered it will always be assumed
to be a commutating indeterminate unless indicated otherwise.

9. Differential Polynomial Rings. If R is a ring, let R[X] denote the set of all
right polynomials p(X) = > j_o X k4, where we do not assume that aX =
Xa foreacha € R, thatis, X is a noncommuting indeterminate. If R[X] is to be
made into a ring, then it is necessary to commute a past X in expressions such
as Xa X b that arise in polynomial multiplication. Assuming that the associative
and distributive properties hold, let § : R — R be a function and set aX =
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Xa + 8(a) for all a € R. Then (a + b)X = X(a + b) + 6(a + b) and
aX +bX = X(a + b) + 8(a) + §(b), so

8(a+b) =6(a) +46(b) (1.1
foralla,b € R. Likewise,

(ab)X = X(ab) + 8(ab) and
(ab)X = a(bX) = a(Xb + 5(b))
= (aX)b + ad(b)
= (Xa + §(a))b + ad(b)
= X(ab) + §(a)b + ad(b).

Thus,
8(ab) = §(a)b + ad(b) (1.2)

forall a,b € R. A function § : R — R satisfying conditions (1.1) and (1.2)
is said to be a derivation on R. Given a derivation § : R — R, the set of all
right polynomials can be made into a ring R[X, §] by setting a X = Xa + §(a)
foralla € R. R[X,§] is referred to as a differential polynomial ring over R.
Differential polynomial rings can be defined symmetrically for left polynomials
over a ring R in a noncommuting indeterminate.

10. Quadratic Fields. Let n be a square free integer (n has no factors other than 1
that are perfect squares), set

Q(n) ={a+by/nlabeQ}
and define addition and multiplication on Q(n) by
(@a+byn)+ (@' +b'vn)=(@+a)+ (b +b)y/n and
(a + b/n)(@ +b'/n) = (aa’ + bb'n) + (ab’ + a'b)/n

forall a + b/n,a’ + b'\/n € Q(n). Then Q(n) is a commutative ring with
identity and, in fact, Q(n) is a field called a quadratic field. Each nonzero
element a + b/n in Q(n) has

a b
—b2n  a?-—b2n

(@+by™ = — v

as a multiplicative inverse. Note that Q (n) is a subfield of C and if n is positive,
then Q(n) is a subfield of R.
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Problem Set 1.1
In each of the following exercises R denotes a ring.

1. (a) If a has a left inverse b’ and a right inverse b, show that b = »’. Conclude
that an element of R with a left and a right inverse is a unit in R.

(b) Suppose that U(R) denotes the set of units of R. Prove that U(R) is a group
under the multiplication defined on R. U(R) is called the group of units of R.

(c) If R is such that every nonzero element of R has a right (left) inverse, prove
that R is a division ring.

(d) Prove that if R is a finite ring without zero divisors, then R is a division ring.
Conclude that a finite integral domain is a field.

2. The characteristic of R, denoted by char(R), is the smallest positive integer
n such that na = 0 for all a € R. If no such positive integer n exists, then
char(R) = 0.

(a) Prove that char(R) = n if and only if # is the smallest positive integer n
such that nl = 0.

(b) If R is an integral domain, prove that the characteristic of R is either O or
a prime number.

3. (@lfa € Rand 8, : R — R is defined by 8,(b) = ab — ba forall b € R,
show that §, is a derivation on R. Such a derivation on R is said to be an inner
derivation. A derivation that is not an inner derivation is an outer derivation
on R.

(b) Let 5 : R — R be a derivation on R. If
Rs ={c € R|é(c) =0},

prove that Rg is a subring of R. Show also that if ¢ € Ry has a multiplicative
inverse in R, then ¢~! € Rs. Elements of Ry are called §-constants of R.
Conclude that if R is a field, then Ry is a subfield of R.

(¢c) Let 6 : R — R be a derivation on a commutative ring R and let R[X] be
the polynomial ring over R in a commuting indeterminate X. For each X"a in

R[X], set S(X”a) X"(a) + nX"~ 1aS(X) where §(X) is a fixed, but arbi-
trarily chosen polynom1al in R[X]. Extend § to R[X] by setting S(p(X ) =
S(ao) + S(Xal) + .+ 8(X"an) for each p(X) € R[X]. Show that §

R[X] — R[X] is a derivation on R[X]. Show also that if p(X) € R[X], then
S(p(X)) = p3(X)+ p'(X)8(X), where p®(X) represents p(X) with § applies
to its coefficients and p’(X) is the usual formal derivative of p(X). Conclude
that if p(X) € Rs[X]and 8(X) is chosen to be the constant polynomial 1, then
5(p(X)) = p/(X). Conclude that § generalizes the usual formal derivative of
a polynomial in R[X].
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4. (a) An element e of R is said to be idempotent if e> = e. Note that R always
has at least two idempotents, namely 0 and 1. Let e be an idempotent element
of R. Show that the set eRe of all finite sums Z;Ll eaje, where a; € R for
i =1,2,...,n,is aring with identity e. The integer n is not fixed, that is, any

two finite sums such as sz=1 eaje and Z?:l ebje, with m # n, are in eRe.

Show also that eRe = {a € R | ea = a = ae}.

(b) If e and f are idempotents of R, then e and f are said to be orthogonal

idempotents ifef = fe = 0. If {e1,ez,...,e,} is a set of pairwise orthogonal

idempotents of R, prove thate = e; + e3 + -+ - + e, is an idempotent of R.

(c) If every element of R is idempotent, then R is said to be a boolean ring.
Prove that a Boolean ring R is commutative. [Hint: Consider (¢ 4+ a)? and
(a + b)?, where a, b € R.]

5. Anelement a € R is said to be nilpotent if there is a positive integer n such that
a™ = 0. The smallest positive integer n such that a” = 0 is called the index of
nilpotency of a.

(a) If a is a nilpotent element of R, prove that 1 — a has a multiplicative inverse
in R. [Hint: Factor 1 — a”, where n is the index of nilpotency of a.]

(b) If M, (R) is the matrix ring of Example 2, let (a;;) € M, (R) be such that
ajj = 0if i > j. Then (aj;) is a strictly upper triangular matrix. Show that
(aij) is nilpotent. In fact, show that (a;;)" = 0. Conclude that, in general,
M, (R) has an abundance of nonzero nilpotent elements.

6. Prove that if € is the set of 2 x 2 matrices of the form ( _“b 2) a,b e R, then®©
is a subring of the matrix ring Ml (R).

7. (a) Suppose that g(R) is the set of all 2 x 2 matrices of the form
a+bi c+di
—c+di a-bi)’

where a,b,c,d € R and i = /—1. Prove that ¢(R) is a noncommutative
division ring that is a subring of M, (C). ¢(R) is the ring of real quaternions.
If a, b, c and d are rational numbers, then ¢ (Q) is also a division ring called the
ring of rational quaternions and if a, b, ¢ and d are integers, then ¢(Z) is the
ring of integral quaternions. The ring ¢(7Z) has no zero divisors, but g(Z) is not
a division ring.

() Letl=(39).i= ((’) _Oi),j = (9 })andk = (? (’)) Prove that every
element of ¢(R) has a unique expression of the form 1a; + iay + jas + kay,
where a1,a5, a3, a4 € R.
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(c) Show i? = j? = k? = —1 and that

ij = —ji =k,
jJk=-KkKj=1i, and
ki=—-ik=j

Observe that the ring € of Exercise 6 is a subring of ¢(R).

8. (a) Let n be an integer such that n = m?n’ for some integers m and n’, where
n’ is square free. The integer n’ is said to be the square free part of n. If the
requirement that 7z is a square free integer is dropped from Example 10, show
that Q (n) and Q(n’) are the same quadratic fields. Conclude that one need only
use the square free part of n to compute Q(n).

() If Q[n] = {a + b/n | a,b € Z}, show that Q[n] is a subring of Q(n).
Conclude that Q[n] is an integral domain.

9. (a) If {Ry} A is a family of subrings of R, prove that (), Rq is a subring of R.
(b) Suppose that the subrings of a ring R are ordered by C. If S is a subset of
R and {Rq} A is the family of subrings of R that contain S, show that (), Ry
is the smallest subring of R containing S. The subring (| R is called the
subring of R generated by S.

10. Let R be aring and let cent(R) = {b € R | ba = ab forall a € R}.
(@) Ifa € R, show that C(a) = {b € R | ba = ab} is a subring of R.
(b) Verify that cent(R) = (g C(a). The subring cent(R) is called the center
of R.
(c) If a € R is a unit in R, prove that if a € cent(R), then a~! € cent(R).
Conclude that if R is a division ring, then cent(R) is a field.

1.2 Left and Right Ideals

We now turn our attention to subgroups of a ring that are closed under multiplication
by ring elements.

Definition 1.2.1. An additive subgroup A of the additive group of R is said to be a
right (left) ideal of Rifab € A (ba € A) foralla € Aandall b € R. If I is aleft and
aright ideal of R, then [ is an ideal of R. A right ideal (A left ideal, An ideal) A of R
is said to be proper if A ~>R. A proper right ideal (proper left ideal, proper ideal)
of R is a maximal right ideal (maximal left ideal, maximal ideal) of R if whenever A is
a right ideal (left ideal, an ideal) of R suchthatm € A € R, thenmu = Aor A = R.
A right (left) ideal A of R is said to be minimal right (left) ideal if {0} and A are
the only right (left) ideals of R contained in A. The symbol 0 will be used to denote
both the zero ideal {0} and the additive identity of R. The context of the discussion
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will indicate which is being considered. The right ideal aR = {ab | b € R} of R is
the principal right ideal of R generated by a. Similarly, Ra = {ba | b € R} is the
principal left ideal generated by a. A principal ideal a R in a commutative ring R will
often be denoted simply by (a). A proper ideal p of commutative ring R is said to be
a prime ideal if whenever a, b € R are such that ab € p, then eithera € por b € p.
Finally, a commutative ring R is said to be a local ring if it has a unique maximal
ideal m.

Examples

1.

Simple Rings. Every ring R has at least two ideals, namely the zero ideal and
the ring R. If these are the only ideals of R, then R is said to be a simple ring.
Every division ring is a simple ring.

. Left and Right Ideals in a Matrix Ring. If M, (R) is the ring of n xn matrices

over R, then for each integer k, | < k < n, let c¢;(R) be the set of kth column
matrices (a;j) defined by a;; = 0if j # k. Then ci(R) is just the set of all
matrices with arbitrary entries from R in the kth column and zeroes elsewhere.
The set cx (R) is a left ideal but not a right ideal of Ml,,(R). Likewise, for each
k,1 < k < n, the set ri (R) of kth row matrices (a;;) with a;; = 0ifi # k is
a right ideal but not a left ideal of M, (R). If D is a division ring, then for each
k, cx (D) is a minimal left ideal of M, (D) and r¢ (D) is a minimal right ideal of
M, (D). Furthermore, one can show that if / is an ideal of M, (R), then there
is a uniquely determined ideal I of R such that / = M, (I). It follows that if R
a simple ring, then M, (R) is a simple ring. Hence, if D is a division ring, then
M, (D) is a simple ring. However, M, (D) is not a division ring since Ml,, (D)
has zero divisors.

Principal Ideal Rings. Every ideal of the ring Z is a principal ideal and an
ideal (p) of Z is prime if and only if it is a maximal ideal if and only if p is a
prime number. A commutative ring in which every ideal is principal is said to
be a principal ideal ring and an integral domain with this property is a principal
ideal domain.

. The ring Z p», where p is a prime number and 7 is a positive integer is a local

ring. The ideals of Z ,n are linearly ordered and ([p]) is the unique maximal
ideal of Z pn. A field is also a local ring with maximal ideal 0.

. Sums of Right Ideals. If {44} is a family of right ideals of R, then

ZA“ = {Zaa |aa € Aq forall o € A}
A A

is aright ideal of R. A similar observation holds for left ideals and ideals of R.
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6. If S is a nonempty subset of R, then ann,(S) = {¢ € R | Sa = 0} is a right
ideal of R called the right annihilator of S. The left annihilator anngy(S) =
{a € R | aS = 0} of § is a left ideal of R. It also follows that ann,(A4)
(anny(A)) is an ideal of R whenever A is a right (left) ideal of R.

The proof of the following proposition is left as an exercise.

Proposition 1.2.2. The following hold in any ring R.

(1) Let A and B be nonempty subsets of R. If B is a right ideal (If A is a left ideal)
of R, then

n
ABz{Zaibi |ai € A, b € Bfori =1,2,....n, nzl}

i=1
is a right ideal (a left ideal) of R.
(2) Foranyr € R,

n
RrR = {Zairbi |ai,bi € Rfori =1,2,...,n, n> 1}

i=1

is an ideal of R.

Notation. At this point it is important to point out notational differences that will
be used throughout the text. If A is a right ideal of R and n» > 2 is an integer,
then A" = AA---A will denote the set of all finite sums of products ajas---an
of n elements from A. The notation A™ will be used for 4 x A x --- X A, with
n factors of A. As pointed out in the exercises, A" is a right ideal of R while A™ g
an R-module, a concept defined in Section 1.4.

The following proposition is often referred to as Krull’s lemma [66]. The proof
involves our first application of Zorn’s lemma.

Proposition 1.2.3 (Krull). Every proper right ideal (left ideal, ideal) A of a ring R is
contained in a maximal right ideal (maximal left ideal, maximal ideal) of R.

Proof. Let A be a proper right ideal of R and suppose that & is the collection of
proper right ideals B of R that contain A. Then 8§ # @ since A € §. If € is a chain
in 8§, then A = (Ue B is aright ideal of R that contains A. Since R has an identity,
A # R and so A is an upper bound in § for €. Thus, § is inductive and Zorn’s
lemma indicates that § has a maximal element, say nt, which, by the definition of §,
contains A. If mt is not a maximal right ideal of R, then there is a right ideal B of R
such that m ~ B ~> R. But B is then a proper right ideal of R that contains A and
this contradicts the maximality of mt in &. Therefore, m is a maximal right ideal of R.
A similar proof holds if A is a left ideal or an ideal of R. a
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Corollary 1.2.4. Every ring R has at least one maximal right ideal (maximal left
ideal, maximal ideal).

Factor Rings

Definition 1.2.5. If / is an ideal of R, then R /I, the set of cosets of / in R, is a ring
under coset addition and coset multiplication defined by

@+D+GbG+1)=@+b)+1 and (@a+I1)b+1)=ab+ 1.

R/ 1 is said to be the factor ring (or quotient ring) of R formed by factoring out /.
The additive identity of R/I will usually be denoted by O rather than 0 + I and the
multiplicative identity of R/[ is 1 + I.

Remark. Since the zero ring has been eliminated from our discussion by assuming
that all rings have an identity 1 # 0, we do not permit / = R when forming the factor
ring R/ I, unless this should arise naturally in our discussion.

The following well-known proposition demonstrates the connection between prime
(maximal) ideals in a commutative ring and integral domains (fields). The proofs of
the proposition and its corollaries are left to the reader.

Proposition 1.2.6. If R is a commutative ring, then:
(1) R/p is an integral domain if and only if p is a prime ideal of R.
(2) R/w is a field if and only if m is a maximal ideal of R.

Corollary 1.2.7. A commutative ring R is a field if and only if the zero ideal is a max-
imal ideal of R.

Corollary 1.2.8. If R is a commutative ring, then every maximal ideal of R is prime.

Problem Set 1.2

1. Prove that the following are equivalent for a nonempty subset A of a ring R.
(a) A is a right (left) ideal of R.

(b) A is closed under subtraction and under multiplication on the right (left) by
ring elements.

(c) A is closed under addition and under multiplication on the right (left) by ring
elements.

2. Prove Proposition 1.2.2.

3. Prove Proposition 1.2.6 and its corollaries.
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4.

10.

11.

Prove that the following are equivalent.
(a) The ideal (p) of Z is maximal.
(b) The ideal (p) of Z is prime.

(c) p is a prime number.

. Prove that R is a division ring if and only if O is a maximal right (left) ideal

of R.

Let R be a commutative ring.

(a) If {pa } A is a chain of prime ideals of R, prove that ( J5 po and () pa are
prime ideals of R.

(b) If {py } A is a family of prime ideals of R that is not necessarily a chain, then
must (| Pe be prime?

(c) Use Zorn’s lemma going down to prove that R has at least one minimal
prime ideal.

(d) Prove that every prime ideal of R contains a minimal prime ideal.

(e) If {A4;}7_, is a family of ideals of R and p is a prime ideal of R such that
A1Asz--- Ay C p, prove that p contains at least one of the A;.

(f) Use Zorn’s lemma to show that every prime ideal of R is contained in a max-
imal prime ideal of R. Can the same result be achieved by using Proposi-
tion 1.2.3 and Corollary 1.2.87 Conclude that if p is a prime ideal of R and
p is a maximal prime ideal of R containing p, then p is a maximal ideal of R.

Suppose that R is a commutative ring. Show that the principal ideal generated
by X in the polynomial ring R[X] is a prime (maximal) ideal of R[X] if and
only if R is an integral domain (a field).

If A is a right ideal of R, prove that A", n > 1, is a right ideal of R.

If R is a commutative ring and 7 is an ideal of R, then /I = {a € R | a" € I
for some integer n > 1} is called the radical of 1.

(a) Prove that +/7 is an ideal of R such that v/7 D 1.

(b) An ideal I is said to be a radical ideal if /I = I. Prove that every prime

ideal of R is a radical ideal.

If R is a commutative ring, does the set of all nilpotent elements of R form an
ideal of R?
Let R be a commutative ring.

(a) Prove that an ideal p of R is prime if and only if whenever /; and I, are
ideals of R such that /1 N I, C p, then either /1 € p or I, C p.

(b) If R is a local ring with unique maximal ideal mt, show that m is the set of
nonunits of R.
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12.

13.

14.

15.

16.

17.

Let R be aring and consider the set {E;; }, 1 <i, j < n, where E;j isthe n xn
matrix with 1 as its (i, j)th entry and zeroes elsewhere. The E;; are known as
the matrix units of M, (R).

(a) Show that E;j Ex; = E;; if j =k and E;j Ex; = 0 when j # k. Conclude
that E;; is nilpotent when i # j. Note also that a E;; = Ejja foralla € R.
(b) Deduce that E;; is an idempotent fori = 1,2, ..., n, that Z?:l E;; is the
identity matrix of M, (R) and that (a;;) = Y7 j_j aij Eij = Y} ;=1 Eijaij
for each (a;;) € M, (R).

(d) Show that if 7 is an ideal of M, (R), then there is a uniquely determined ideal
I of R such that I = M, (I). [Hint: If I is an ideal of M, (R), let I be the set
of all elements @ € R that appear as an entry in the first row and first column
of a matrix in /. I is clearly an ideal of R and if (a; ) is a matrix in I, then,
astE11 = Es(aij)En € I,s0ag € I forall s and ¢ such that 1 < s,¢ < n.
Thus, (a;;) is a matrix formed from elements of 7, so I C M, (). Now show
that MI,, (/) € I and that / is unique.]

(e) Prove that I + I is a one-to-one corresponden_ce bet_ween the ideals of R
and the ideals of M, (R) such that if /1 C I, then I] C I5.

(f) Prove that if R is a simple ring, then so is M, (R). Conclude that if D is a
division ring, then M, (D) is a simple ring.
Let M, (R) be the ring of n x n matrices over R.

(a) Show that for each k, 1 < k < n, the set c;(R) of kth column matrices is a
left ideal but not a right ideal of M, (R). Show also that if D is a division ring,
then cx (D) is a minimal left ideal of M, (D).

(b) Prove that for each k, 1 < k < n, the set rp(R) of kth row matrices is a
right ideal but not a left ideal of M,,(R). If D is a division ring, show for each
k that ri (D) is a minimal right ideal of M, (D).

(a) Show that a commutative simple ring is a field.

(b) Prove that the center of a simple ring is a field.

(c) If R is a simple ring, must R[X] be a simple ring?

(d) Show by example that a subring of a simple ring need not be simple.

If p is a prime number and 7 is a positive integer, show that the ideals of Z pn
are linearly ordered by C and that Z ,» is a local ring with unique maximal

ideal ([p]).

Let K be a field. Prove that K[X] is a principal ideal domain. [Hint: If / is an
ideal of K[X], consider a monic polynomial p(X) in I of minimal degree.]

Let {Aq}A be a family of right ideals of a ring R.
(a) Prove that (), Aq is a right ideal of R.
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18.

19.

(b) Let S be a subset of R. If {4y} is the family of right ideals of R each
of which contains S, prove that (), Ay is the smallest right ideal of R that
contains S.

(c) Prove that

ZA"‘ = {Zxa |xa € Ay foralla € A}
A A

is a right ideal of R.

(d) Suppose that Ag N Z(Héﬂ Aqg = O0forall B € AL If Y A xq € Y p Ao i
such that ), x4 = 0, prove that xo = O for all « € A.

(e) Suppose that Ag N D .p A = O forall B € A and that x € Y A Aq.
If x can be written in ), Ag asx = ) A Xq and as x = Y yq, prove that
Xo = Yo foralla € A.

(a) If S is a nonempty subset of R, show that

ann,(S) ={a € R| Sa =0}
is aright ideal of R and that

anng(S) ={a € R|aS =0}

of S is a left ideal of R.

(b) If A is a right ideal of R, show that ann,(A) is an ideal of R. Conclude also
that if A is a left ideal of R, then anny(A) is an ideal of R.

(c)If S and T are nonempty subsets of R suchthat S € T, show that ann, (7T") C
ann, (S) and that anny(7') € anng(S). Show also that S C anng(ann,(S)) and
S C ann, (anng(S)).

(d) If S is a nonempty subset of R, prove that ann, (anng(ann,(S))) = ann,(S)
and that anny (ann, (anng (S))) = anng(S).

(e) If {4;}7_, is a set of right ideals of R, show that ann,(}_/_; A;) =
(7= ann,(A;) and anng (37 _; A;) = ()/=; anng(A4;).

(f) If {A4;}7_, is a set of right ideals of R, show that o' ann.(4;) €
ann,((j=; 4i) and Y 7, anng(A4;) € anng((j=; 4i).

If A, B and C are right ideals of ring R, prove each of the following.

(@) (A:a)=1{b € R|ab € A} is aright ideal of R for eacha € R.
(b)((A:a):b)=(A:ab)foralla,b € R.

(¢)(B:A)=1{a € R| Aa C B}isanideal of R.

(d)(C:AB)=((C : A): B).

(e) If {Aq} A is a family of right ideals of R, then

(A : ZAO,) = ("4 Aw).
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20. Let R be a commutative ring. A nonempty subset S of a ring R is said to be
multiplicatively closed if ab € S whenever a,b € S. If S is a multiplicatively
closed subset of R andif 1 € S and 0 ¢ S, then S is a multiplicative system
in R.

(a) If p is a proper ideal of R, prove that p is prime if and only if S = R — p is
a multiplicative system.
(b) Let S be a multiplicative system in R. If I is an ideal of R such that I N
S = @, use Zorn’s lemma to prove that there is a prime ideal p of R such that
p2landpNn S =@.

1.3 Ring Homomorphisms

A fundamental concept in the study of rings is that of a ring homomorphism. Its
importance lies in the fact that a ring homomorphism f : R — S provides for the
transfer of algebraic information between the rings R and S.

Definition 1.3.1. If R and S are rings, not necessarily with identities, then a function
f + R — S is a ring homomorphism if f(a + b) = f(a) + f(b) and f(ab) =
f(a)f(b) for all a,b € R. The identity map idg : R — R is a ring homomorph-
ism called the identity homomorphism. A ring homomorphism that is injective and
surjective is a ring isomorphism. If f : R — S is a surjective ring homomorphism,
then S is said to be a homomorphic image of R. If f is an isomorphism, then we say
that R and S are isomorphic rings and write R = S. If R and S have identities and
f(1g) = lg, then f is said to be an identity preserving ring homomorphism.

We now assume that all ring homomorphisms are identity preserving. Un-
less stated otherwise, this assumption will hold throughout the remainder
of the text.

The proof of the following proposition is standard.

Proposition 1.3.2. Let f : R — S be a ring homomorphism. Then:
(1) f(ORr) =0g and f(—a) = —f(a) for each a € R.
(2) Ifa € R has a multiplicative inverse in R, then f(a) has a multiplicative inverse

inS and f(a=') = f(a)~L.
The proof of the following proposition is an exercise.
Proposition 1.3.3. If f : R — S is a ring homomorphism, then:

(1) If R is a subring of R, then f(R’) is a subring of S.
(2) If S" is a subring of S, then f~Y(S’) is a subring of R.
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(3) If f is a surjection and A is a right ideal (a left ideal, an ideal) of R, then f(A)
is a right ideal (a left ideal, an ideal) of S.

(4) If B is a right ideal (a left ideal, an ideal) of S, then f~Y(B) is a right ideal
(a left ideal, an ideal) of R.

Definition 1.3.4. If / is an ideal of R, then the mapping n : R — R/I defined by
n(a) = a + I is a surjective ring homomorphism called the canonical surjection or
the natural mapping. If f : R — S is a ring homomorphism, then the set Ker f =
{a € R| f(a) = 0} is the kernel of f.

The next proposition is one of the cornerstones of ring theory. Part (3) of the
proposition shows that every homomorphic image of a ring R is, up to isomorphism,
a factor ring of R.

Proposition 1.3.5 (First Isomorphism Theorem for Rings). If f : R — S is a ring
homomorphism, then

(1) Ker f is an ideal of R,

(2) f is an injection if and only if Ker f = 0, and

(3) R/Ker f = f(R).

Proof. The proofs of (1) and (2) are straightforward.
(3)If ¢ : R/Ker f — S is defined by p(a+ Ker f) = f(a), then it is easy to
show that ¢ is a ring isomorphism. a

Corollary 1.3.6. If f:R— S is a surjective ring homomorphism, then R/ Ker f =~ S.

If f : R — S is an injective ring homomorphism, then f(R) is a subring of S
that is isomorphic to R. When this is the case we say that R embeds in S and that S
contains a copy of R. Note also that if f is an isomorphism, then it follows that the
inverse function ! : § — R is also a ring isomorphism.

Proposition 1.3.7 (Second Isomorphism Theorem for Rings). If I and K are ideals of
aring R such that 1 € K, then K/I is anideal of R/I and (R/1)/(K/I) = R/K.

Proof. 1t is easy to verify that K/I is an ideal of R/I and that the mapping f :
R/I — R/K givenby a+ I — a+ K is a well-defined surjective ring homomorph-
ism with kernel K/I. The result follows from Corollary 1.3.6. a

Proposition 1.3.8 (Third Isomorphism Theorem for Rings). If I and K are ideals of
aring R, then /(I NK) = (I + K)/K.

Proof. The mapping f : I — (I + K)/K defined by f(a) = a + K is a well-
defined surjective ring homomorphism with kernel I N K. Corollary 1.3.6 shows that
I/INK)={+K)/K. ad
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Examples

1. Embedding Maps. (a) The mapping f : R — R[X] given by f(a) = a,
where a is viewed as a constant polynomial in R[X], is an injective ring homo-

morphism.
(b) The mapping f : R — M, (R) defined by f(a) = (a;;), where a;; = 0
ifi # janda;; =afori =1,2,...,n,is an injective ring homomorphism.

Thus, the n x n matrix ring M, (R) contains a copy of the ring R.

(©If€ ={(%?)|abeR}, then € is a subring of M>(R). The mapping
a+bi — (_“b 2) from C to € is a ring isomorphism. Thus, the matrix ring
M5 (R) contains a copy of the field of complex numbers.

2. Ring Homomorphisms and Skew Polynomial Rings. If R is a ring, let R[X]
denote the set of all right polynomials p(X) = ZZ:O Xk ay, where X is a non-
commuting indeterminate. If R[X] is to be made into a ring, then when forming
the product of two right polynomials in R[X], products such as X/ a;j X k by will
be encountered. In order to write X/a; X*by as X7tk ¢ for some ¢ € R, it is
necessary to commute a past X inaX. Leto : R — R be a ring homomorph-
ism and set aX = Xo(a) forall a € R. Then aX¥ = Xko¥(a), for each
integer k > 1, and we see that Xjaj Xkpy = Xj+k0k(aj)bk, where o de-
notes the composition of ¢ with itself k times. If addition of right polynomials
is defined in the usual fashion by adding coefficients of “like terms” and if the
product of two right polynomials is given by

P(Na(x) = ( i xX/a;)( Z X*by) = i Z Xk (a )by,
j=0

k=0 j=0k=0

then the set of right polynomials R[X] is a ring under these binary operations.
This ring, denoted by R[X, o], is called the ring of skew polynomials or the ring
of twisted polynomials. Given a ring homomorphism ¢ : R — R, a similar ring
can be constructed from the set of left polynomials over R in a noncommuting
indeterminate X . The skew power series ring R[[X, o]] of all right power series
with coefficients in R has a similar definition.

We conclude our brief review of rings with the following proposition whose proof
is left as an exercise.

Proposition 1.3.9 (Correspondence Property of Rings). If f : R — S is a surjective
ring homomorphism, then there is a one-to-one correspondence between the following
sets.

(1) The set of right (left) ideals in R that contain Ker f and the set of right (left)
ideals in S.
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(2) The set of maximal right (left) ideals of R that contain Ker f and the set of

maximal right (left) ideals of S.

(3) The set of ideals in R that contain Ker f and the set of ideals in S.

(4) The set of maximal ideals of R that contain Ker f and the set of maximal ideals

of S.

(5) The set of subrings of R that contain Ker f and the set of subrings of S.

Problem Set 1.3

1.
2.

© x® =2

10.

11.

Verify (a) through (c) of Example 1.

Consider the ring T»(Z) of 2 x 2 upper triangular matrices and the ring Z x Z
under componentwise addition and multiplication. Show that the map (g 3 ) =
(a,d) from T(Z) to Z x Z is a surjective ring homomorphism and compute

its kernel.

. Let R, Ry and R; be rings and suppose that R =~ R; X Rj is the ring direct

product of Ry and R,. Prove that there are ideals /; and I of R such that
R/]l >~ R, and R/Iz ~ R;.

Show that an integral domain R either contains a copy of the ring of integers
or a copy of a field Zp, for some prime number p. [Hint: Consider the map
n+— nlg from 7Z to R.]

If {E;j}, 1 < i,j < n,is the set of matrix units of M,(R), verify that
E;iM,(R)E;; and R are isomorphic rings, fori = 1,2,...,n.

Prove Propositions 1.3.2 and 1.3.3.

Complete the proof of Proposition 1.3.5.

Prove Proposition 1.3.9.

Let f : R — S be a surjective ring homomorphism. If R is commutative,
show that S is commutative as well and then prove that there is a one-to-one
correspondence between the set of prime ideals of R that contain Ker f and the
set of prime ideals of S.

Let R and S be rings, not necessarily having identities, and suppose that f :
R — § is a surjective ring homomorphism.

(a) If R has an identity, prove that S also has an identity.

(b) If R is a division ring, deduce that § must be a division ring.

Let R and S be rings and suppose that f : R — S is a nonzero ring homo-

morphism. If f(1g) # 1g, show that S has zero divisors. Conclude that if S is
an integral domain, then f must be identity preserving.
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12. (a) Suppose that R is a ring that does not have an identity. Show that there
is a ring S with identity that contains a subring isomorphic to R. [Hint: Let
S = R x Z and define addition and multiplication on S by (a,m) + (b,n) =
(a +b,m+n)and (a,m)(b,n) = (ab+an + bm,mn) for all (a,m), (b,n) €
R x Z. Show that S is a ring with identity under these operations and then
consider R' = {(a,0) | a € R}.] Conclude that a ring not having an identity
can be embedded in one that does.
(b) If the ring R has an identity to begin with, then does the ring S' constructed
in (a) have zero divisors?

13. Let f : R — S and g : S — T be ring homomorphisms. Prove each of the
following.
(a) If gf is an injective ring homomorphism, then so is f.
(b) If f and g are injective ring homomorphisms, then g f is an injective ring
homomorphism.
(c) If g f is a surjective ring homomorphism, then so is g.
(d) If f and g are surjective ring homomorphisms, then g f is also a surjective
ring homomorphism.
(e) If f is a ring isomorphism, then the inverse function f =1 : § — R is aring
isomorphism.

14. Let f : R — S be a nonzero ring homomorphism and suppose that / is an
ideal of R such that I C Ker f. Show that there is a ring homomorphism
f :R/I — S. The map f is said to be the ring homomorphism induced by f .

15. Prove that S is a simple ring if and only if every nonzero ring homomorphism
f ' § — Risinjective for every ring R.

16. Prove that the matrix ring M, (R /1) is isomorphic to M, (R)/M,(I). [Hint:
Consider the mapping f : M, (R) — M, (R/I) given by (ai;j) — (aij + I)
for all (a;;) € M, (R).]

1.4 Modules

In a vector space, the scalars taken from a field act on the vectors by scalar multiplica-
tion, subject to certain rules. In a module, the scalars need only belong to a ring, so the
concept of a module is a significant generalization. Much of the theory of modules
is concerned with extending the properties of vector spaces to modules. However,
module theory can be much more complicated than that of vector spaces. For exam-
ple, every vector space has a basis and the cardinalities of any two bases of the vector
space are equal. However, a module need not have a basis and even if it does, then it
may be the case that the module has two or more bases with differing cardinalities.
Modules are central to the study of commutative algebra and homological algebra.
Moreover, they are used widely in algebraic geometry and algebraic topology.
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Definition 1.4.1. If M is an additive abelian group, then M is said to be a (unitary)
right R-module if there is a binary operation M x R — M such that if (x, a) — xa,
then the following conditions hold for all x,y € M anda,b € R.

(1) x(a +b) =xa+ xb

2) (x+y)a=xa+ ya

3) x(ab) = (xa)b

4 x1=x
Left R-modules are defined analogously but with the ring elements operating on the
left of elements of M. If M is a right R-module, then a nonempty subset N of M
is said to be a submodule of M if N is a subgroup of the additive group of M and
xa € N whenever x € N anda € R. If N is a submodule of M and N # M, then
N is a proper submodule of M. Finally, if R and S are rings and M is at once a left
R-module and a right S-module such that a(xb) = (ax)b foralla € R,b € S and
x € M, then M is said to be an (R, S)-bimodule.

If R is a noncommutative ring, then a right R-module M cannot be made into a left
R-module by setting a - x = xa. The left-hand versions of properties (1), (2) and (4)
of Definition 1.4.1 carry over, but the offending condition is property (3). If setting
a-x = xa,forallx € M and a € R, were to make M into a left R-module, then we
would have

(ab)-x = x(ab) = (xa)b =b-(xa) =b-(a-x) = (ba)-x

forall x € M and a, b € R. Examples of left R-modules over a noncommutative ring
abound, where (ab) - x # (ba) - x, so we have a contradiction. Of course, if the ring
is commutative, this difficulty disappears and M can be made into a left R-module
in exactly this fashion. Even though a right R-module cannot be made into a left R-
module using the method just described, a right R-module M can be made into a left
R°P-module by setting @ - x = xa forall x € M and a € R. If multiplication in R°P
is denoted by o, x € M and a, b € R°P, then

(@aob)-x =(ba) -x =x(ba) = (xb)a=a-(xb)=a-(b-x),

so the left-hand version of property (3) holds and it is easy to check that the left-hand
versions of properties (1), (2) and (4) hold as well.

If the ring R is replaced by a division ring D, then Definition 1.4.1 yields the
definition of a right vector space V over D and when R is a field K, V is a vector
space over K. If V' is a right vector space over a division ring D, then a submodule
of V will often be referred to as a subspace of V.

Terminology. To simplify terminology, the expression “R-module” or “module” will
mean right R-module and “vector space over D”, D a division ring, will mean right
vector space over D. When M is an R-module we will also, on occasion, refer to the
multiplication M x R — M given by (x, a) + xa as the R-action on M.
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Examples

1. Finite Sums of Submodules. If M, M5, ..., M, are submodules of an R-
module M, then My + M +---+ M, = {x1 +x2+ -+ x5 | xi € M; for
i =1,2,...,n}is a submodule of M for each integer n > 1.

2. The R-module M, (R). If M, (R) is the set of n X n matrices over R, then
M, (R) is an additive abelian group under matrix addition. If (a;;) € M, (R)
and a € R, then the operation (a;j)a = (a;ja) makes M, (R) into an R-mod-
ule. M, (R) is also a left R-module under the operation a(a;;) = (aa;;).

3. Left and Right Ideals as Submodules. The ring R is a left and a right R-mod-
ule under the operation of multiplication defined on R. Note that A4 is a right
(left) ideal of R if and only if A4 is a submodule of R when R is viewed as a right
(left) R-module.

4. The Annihilator of a Module. If M is an R-module and
A=ann,(M)={a € R|xa=0forallx € M},

then A is an ideal of R, referred to as the annihilator in R of M. If there is
a need to emphasize the ring, then we will write annfe (M) for ann, (M ). For
example, if S is a subring of R and if M is an R-module, then annf (M) will
indicate that the annihilator is taken in S. If A4 is a left ideal of R, then

anné”(A):{xeM|xa=0f0rallaeA}

is a submodule of M, called the annihilator in M of A.

If I is an ideal of R such that / C ann, (M), then M is also an R/[-module
under the addition already present on M and the R/[-action on M defined by
x(a+1)=xaforallx e Manda+ 1 € R/I.

5. Modules over Endomorphism Rings. If G is any additive abelian group, then
Endz(G), the set of all group homomorphisms f : G — G, is a ring under
addition and composition of group homomorphisms. The group G is a left
Endz (G)-module if we set fx = f(x) forall x € G and all f € Endz(G).
G is also a right Endz (G )-module under the operation x f = (x) f, where we
agree to write each group homomorphism on the right of its argument and in
expressions such as (x) fig we first apply f and then g. Since G is a Z-module,
it follows that G is an (Endz(G), Z)-bimodule and a (Z, Endz (G ))-bimodule.

6. Submodules formed from Column and Row Matrices. Let ¢ (R) and r; (R),
1 < k < n, be the sets of kth column matrices and kth row matrices, respec-
tively, as defined in Example 2 in Section 1.2. Then for each k, cx (R) and ri (R)
are submodules of the R-module M, (R).



28 Chapter 1 Basic Properties of Rings and Modules

7. Cyclic Modules. If M is an R-module and x € M, then xR = {xa | a € R}
is a submodule of M called the cyclic submodule of M generated by x. If
M = xR for some x € R, then M is said to be a cyclic module.

8. The Module R[X]. If R[X] is the set of all polynomials in X with their coef-
ficients in R, then R[X] is an additive abelian group under polynomial addition.
R[X] is an R-module via the R-action on R[X] defined by (ag + Xai + --- +
X"ap)a = (aoa) + X(ara) + -+ + X" (ana).

9. Change of Rings. If f : R — S is a ring homomorphism and M is an S-mod-
ule and we let xa = xf(a) forall x € M and a € R, then M is an R-module.
We say that M has been made into an R-module by pullback along f. Clearly if
M is an R-module and S is a subring of R, then M is an S-module by pullback
along the canonical injectioni : S — R.

10. Modular Law. There is one property of modules that is often useful. It is
known as the modular law or as the modularity property of modules. If M, N
and X are submodules of an R-module and X 2 M, then X N (M + N) =
M + (X N N). (See Exercise 9.)

There are several elementary properties of modules that hold regardless of whether
they are left or right modules. Stated for an R-module M,

x0g = Oy,
x(—=1) = —x,
x(a —b) = xa — xb,
x(—a)b = (xa)(—b) = —x(ab) and
(x —y)a=xa—ya

forallx,y € M and a,b € R.

Proposition 1.4.2. A nonempty subset N of an R-module M is a submodule of M if
andonlyifx +y € N andxa € N forall x,y € N anda € R.

Proof. If N is a submodule of M, there is nothing to prove, so suppose that x+y € N
and xa € N forall x,y € Nanda € R. Thenx —y = x 4+ y(—1) € N,so N is
a subgroup of the additive group of M. Conditions (1) through (4) of Definition 1.4.1
must hold for all x, y € N and a,b € R, since these conditions hold for all x,y € M
anda,b € R. O

Definition 1.4.3. Let N be a submodule of an R-module M and suppose that S is
a subset of N. If every element of x € N can be expressed as x = Z?:l X;ja;, where
x; € Sanda; € Rforeachi = 1,2,...,n, then we say that S is a set of generators
of N or that N is generated by S. If N is generated by S, then we write N = ) "¢ xR
and when S is a finite set, we say that N is finitely generated.
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Every R-module M has a least one set of generators, namely the set M.

Proposition 1.4.4. The following hold for any R-module M.
(1) If{My} A is a family of submodules of M, then (A My is a submodule of M.
(2) If {My} A is a family of submodules of M, then

ZM :{ZX“ }xaeMaforalloeeA}
A A

is a submodule of M.

(3) Let S be a subset of M and suppose that { My} A is the family of submodules of
M each of which contains S. Then S is a set of generators for the submodule

Na Mq.

Proof. We prove (3) and leave the proofs of (1) and (2) as exercises.

(3) Let {My}a be the family of submodules of M each of which contains S. If
x € S, then x € (5 My, so xR C (o M. Hence, ) ¢ xR C [\p My. For the
reverse containment, note that ) ¢ xR is a submodule of M that contains S. Thus,
(A My €Y g xR, sowehave [y My =) g xR. ]

Corollary 1.4.5. The empty set is a set of generators for the zero module.

Proof. Part (3) of the proposition shows that if S = @ and if {My} is the family
of all submodules of M, then @ C M, for each o € A. Hence, [ |y My = 0, so
> zXR=0. ]

Factor Modules

If N is a submodule of an R-module M, then N is a subgroup of the additive group
of M. So if N is viewed as a subgroup of the abelian group M, then we know from
group theory that we can form the set of cosets {x + N}yepm of N in M, where
x4+ N ={x+n|ne N} If M/N denotes this set of cosets, then we also know
that M/N can be made into an additive abelian group if coset addition is defined by

x+N)+(@+N)=x+y)+N.

With this in mind M/N can now be made into an R-module by defining an R-action
on M/N by (x + N)a = xa+ N forx + N € M/N and a € R. This leads to the
following definition.

Definition 1.4.6. If N is a submodule of an R-module M, then M/N together with
the operations
x+N)+(y+N)=x+y)+N and (x+N)a=xa+ N

forx + N,y + N and a € R is called the factor module (or the quotient module) of
M formed by factoring out N.
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Examples

11. Consider the R-module R[X]. If P is the set of polynomials in R[X] with zero
constant term, then P is a submodule of R[X]. Every element of the factor
module R[X]/P can be expressed as ap + Xa; + --- + X"a, + P. But since
Xay +---+ X"a, € P, we see that

ap+ Xay +---+X"a, + P =ag + P.
Consequently, the operations on R[X]/P are given by

a@a+P)+b+P)=(@+b)+ P and
(a+ P)c =ac+ P,

where a,b,c € R.

0
12. Consider the R-module M3(R). The set of all matrices of the form (Z; 0 Zg )

az1 0 az3
is a submodule N of M3(R). It follows that elements of the factor module

M3(R)/N can be expressed in the form

061120
0ax 0] +N.
061320

Definition 1.4.7. Every nonzero right R-module has at least two submodules, namely
M and the zero submodule {0}, denoted simply by 0. A nonzero right R-module S
that has only 0 and S for its submodules is said to be a simple module. The set of all
submodules of a right R-module M is partially ordered by C, that is, by inclusion.
Under this ordering a minimal submodule of M is just a simple submodule of M.
A proper submodule N of M is said to be a maximal submodule of M if whenever
N’ is a submodule of M such that N € N’ € M, either N = N ' or N' = M.
Clearly A is a minimal right ideal of R if and only if Ag is a simple R-module.

Example

13. If N is a maximal submodule of M, then it follows that M/N is a simple
R-module. In particular, a nonempty subset A of a ring R is a right ideal of R
if and only if A is a submodule of R when R is viewed as an R-module. Hence,
we can form the factor module R/A. So if m is a maximal right ideal of R, then
R /m is a simple R-module.

Problem Set 1.4

1. If M is an R-module, prove that each of the following hold for all x,y € M
anda,b € R.
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(a) xOr = Op
(b) x(=1) = —x
(¢)x(a—b) =xa—xb
(d) x(—a)b = (xa)(=b) = —x(ab)
() (x —y)a =xa—ya
2. (a) Let A be aright ideal of R. If addition and an R-action are defined on A™
by

(a1,az,...,an) + (b1,b2,...,by) = (a; + bi,az + by, ...,an + by) and

(a1’a2,---7an)r = (alerZry---,anr),

prove that A™ is an R-module.
(b) If M is an R-module and A is a right ideal of R, prove that

n
MAz{Zx,-ai |xieM, aieA,nzl}
i=1
is a submodule of M.
(c) If N is a submodule of an R-module M and A is a right ideal of R, show
that (M/N)A = (N + MA)/N.
3. (a) Prove (1) and (2) of Proposition 1.4.4.
(b) If {My} is a family of submodules of M, prove that ) 5 M, is the inter-
section of all the submodules of M that contain the set | J, M. Conclude that
YA My is the “smallest” submodule of M generated by | J, M.
4. Let M be an R-module.
(a) Prove that ann, (M) is an ideal of R.
(b) If I is an ideal of R such that / C ann,(M), prove that M is also an
R/I-module via the operation given by x(a + I) = xa, for all x € M and
a + I € R/I, and the addition already present on M .
5. Let M be an R-module.
(a) If A is a left ideal of R, show that anné” (A) is a submodule of M.
(b) If N is a submodule of M, deduce that N C annéu (annf(N )). Does
ann®(N) = annR (anng” (annR(N))?
(c) If A is aleft ideal of R, show that A C annf2 (anng’l (A)). Does annéu (A4) =
anné"l (annfe (anné"j (A))?
6. Let M, x5 (R) be the set of all m x n matrices with entries from R.
(a) Show that R™M.,,1», (R) is a left R-submodule of R,
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10.

11.

12.

(b) If R®T denotes the k-tuples of R®) written in column form, show that
M scn (R)R™T is a submodule of the R-module R™7T .

(c) If (aij) € Mimxn(R), show that annf(m) (aij) is an R-submodule of R(™
that is the solution set for a system of homogeneous linear equations with their

. . .. . (n)T
coefficients in R. Make a similar observation for annf2 (aij).

. Suppose that M is an (R, R)-bimodule and consider the set S = R x M. Show

that if addition and multiplication are defined on S by

(a,x)+(b,y)=(a+b,x+y) and
(a,x)(b,y) = (ab,ay + xb)

for all (a, x), (b, y) € S, then S is a ring with identity.

. (a) A family {My}a of submodules of M is a chain of submodules of M if

My C Mg or Mg C M, for all a, B € A. Prove that if {My}a is a chain of
submodules of M, then |_J A My is a submodule of M.

(b) Prove or find a counterexample to: If { M } A is a family of submodules of M
such that (_J, My is a submodule of M, then {M}a is a chain of submodules
of M.

Prove the modular law for modules of Example 10.

(a) If N is a submodule of an R-module M, prove that M/ N is a simple R-mod-
ule if and only if N is a maximal submodule of M.

(b) Prove that R is a division ring if and only if R is a simple R-module.

Let N be a proper submodule of a nonzero R-module M. If x € M — N, use
Zorn’s lemma to show that there is a submodule N’ of M containing N that is
maximal with respect to x ¢ N'.

(a) Find an example of a finitely generated R-module that has a submodule that
is not finitely generated.

(b) If M is a finitely generated R-module and N is a submodule of M, show
that M/ N is finitely generated.

1.5 Module Homomorphisms

One important facet of ring homomorphisms is that they provide for the transfer of al-
gebraic information between rings. In order to transfer algebraic information between
modules, we need the concept of a module homomorphism.

Definition 1.5.1. If M and N are R-modules, then a mapping f : M — N is said to
be an R-module homomorphism or an R-linear mapping if

() f(x+y)=f(x)+ f(y)and
() f(xa) = f(x)a
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forall x,y € M and a € R. A mapping f : M — N that satisfies (1) is said to
be an additive function. The identity mapping M — M defined by x — x is an
R-module homomorphism that will be denoted by idps. An R-module homomorph-
ism that is an injective function will be referred to simply as a monomorphism and an
R-module homomorphism that is a surjective function will be called an epimorphism.
If f: M — N is an epimorphism, then N is said to be a homomorphic image of M.
If f: M — M is an R-linear mapping, then f is an endomorphism of M. An iso-
morphism is an R-linear mapping that is injective and surjective and an isomorphism
f M — M issaid to be an automorphismof M. If f : M — N is an isomorphism,
then M and N are said to be isomorphic R-modules, denoted by M =~ N. The set
of all R-linear mappings from M to N will be denoted by Homg (M, N) and when
M = N, Hompg(M, M) will be written as Endg(M). If U and V are vector spaces
over a division ring D, then a D-linear mapping f : U — V is referred to as a linear
transformation.

Examples

1. Homg (M, N) as a Left R-module. If M and N are R-modules, then
Hompg (M, N) is an additive abelian group under function addition, that is,
Hompg(M, N) is a Z-module. In general, Homg(M, N) is not an R-module
if fa is defined as ( fa)(x) = f(xa) since

(flab))(x) = f(x(ab)) = f((xa)b) = (fb)(xa) = ((fb)a)(x).

so f(ab) = (fb)a. However, what is required is that f(ab) = (fa)b, so
condition (3) of Definition 1.4.1 fails to hold. If R is commutative, then we
immediately see that Homg (M, N) can be made into an R-module in precisely
this manner. Even though Homg (M, N) cannot be made into an R-module by
setting (fa)(x) = f(xa), Homg(M, N) can be made into a left R-module
using this technique. If @ € R and x € M, let (af)(x) = f(xa). Then for
a,b € Rand x € M we see that

((ab) f)(x) = f(x(ab)) = f((xa)b) = (bf)(xa) = a(bf)(x).

Hence, (ab)f = a(bf), so the left-hand version of condition (3) of Defi-
nition 1.4.1 does indeed hold. It is easy to check that the left-hand version
of conditions (1), (2) and (4) also hold, so when M and N are R-modules,
Hompg (M, N) is aleft R-module. Similarly, when M and N are left R-modules,
then Hompg (M, N') can be made into an R-module by setting ( fa)(x) = f(ax)
foralla € Rand x € M.

2. The Endomorphism Ring of a Module. If M is an R-module, then Endz (M)
and End g (M) are rings under function addition and function composition called
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the Z-endomorphism ring of M and the R-endomorphism ring of M, respec-
tively. If we defined fx = f(x) for each f € Endz (M) and all x € M, then
this makes M into a left Endz (M )-module. Since Endg(M) is a subring of
Endz (M), M is also a left Endg (M )-module under the same operation.

Remark. Bimodule structures yield various module structures on Hom.

(1) If M is an (R, S)-bimodule and N is a left R-module, then Homg(g Ms,gr N) is
aleft S-module. If s f is defined by (sf)(x) = f(xs) for f € Homg(gMs, rN),
se Sandx € M,thensf € Homg(gMs, gN). In fact, if a € R, then

(sf)(ax) = f((ax)s) = fla(xs)) = af(xs) = a(sf)(x).

(2) If M is an (R, S)-bimodule and N is a right S-module, then Homg (g Ms, Ns)
is a right R-module. If (fa)(x) = f(ax) for f € Homs(gMgs, Ns),a € R and
x € M, then it follows that fa € Homg(g Mg, Ng) because for s € S we have

(fa)(xs) = fla(xs)) = f((ax)s) = flax)s = (fa)(x)s.

(3) If N is an (R, S)-bimodule and M is a left R-module, then Homg (g M, g Ng) is
a right S-module. To see this, let (fs)(x) = f(x)s for f € Homg(gM, rNs),
s € S and x € M. Then the map f's is in Homg(r M, g Ns) due to the fact that
ifa € R, then

(fs)ax) = flax)s = af(x)s = a(fs)(x).

(4) If N is an (R, S)-bimodule and M is a right S-module, then Homg (Mg, R Ny) is
aleft R-module. If af is defined by (af)(x) = af(x) for f € Homs (Mg, gNs),
a € Randx € M, thenaf isin Homg (Mg, g Ns) since if s € S, then

(af)(xs) = af(xs) = af(x)s = (af)(x)s.

The proofs of the following two propositions are straightforward. The proof of each
is an exercise.

Proposition 1.5.2. If f : M — N is an R-linear mapping, then f(0p) = Oy and
f(=x) = — f(x) foreach x € M.

The next proposition shows that submodules and the inverse image of submodules
are preserved under module homomorphisms.

Proposition 1.5.3. Let f : M — N be an R-module homomorphism.
(1) If M’ is a submodule of M, then f(M') is a submodule of N.
(2) If N' is a submodule of N, then f~Y(N') is a submodule of M.
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Part 2 in the preceding Remark shows that if M is an R-module, then Homg (R, M)
is an R-module. This fact is responsible for the “as R-modules” in the following
proposition.

Proposition 1.5.4. If M is an R-module, then Homg(R, M) =~ M as R-modules.

Proof. Let ¢ : Hompg(R, M) — M be such that ¢(f) = f(1). Then ¢(f + g) =
(f +1) = f() +g(1) = o(f) + ¢(g) and ¢(fa) = (fa)(1) = f(a) =
f(a = ¢(f)a, so ¢ is R-linear. If f € Kerg, then 0 = ¢(f) = f(1) clearly
implies that f = 0, so ¢ is injective. If x € M, then f; : R — M defined by
fx(a) = xa is R-linear and ¢( fx) = x. Thus, ¢ is also surjective. |

Definition 1.5.5. If M is an R-module and N is a submodule of M, then the mapping
n: M — M/N defined by n(x) = x + N is an epimorphism called the canonical
surjection or the natural mapping. If f : M — N is an R-module homomorphism,
then

Ker f ={xe M| f(x) =0}

is the kernel of f and the R-module N/ Im f is called the cokernel of f. The cokernel
of f will be denoted by Coker f.

The following three propositions are of fundamental importance. The first of these
propositions is one of the most useful results in the theory of modules.

Proposition 1.5.6 (First Isomorphism Theorem for Modules). If f : M — N is an
R-linear mapping, then

(1) Ker f is a submodule of M,
(2) f is a monomorphism if and only if Ker f = 0, and
(3) M/Ker f = f(M).

Proof. (1) If x,y € Ker f anda € R, then f(x + y) = f(x) + f(y) = 0 and
f(xa) = f(x)a = 0a = 0,s0 x + y and xa are in Ker f. Proposition 1.4.2 gives
the result.

(2) If f is a monomorphism and x € Ker f, then f(x) =0 = f(0),sox =0
since f is an injection. Thus, Ker f = 0. Conversely, suppose that Ker f = 0 and
x,y € M are such that f(x) = f(y). Then f(x —y) =0,s0x —yisinKer f = 0.
Hence, x = y, so f is an injection.

(3) Define ¢ : M/Ker f — f(M) by p(x + Ker f) = f(x). If x + Ker f =
y+Ker f,thenx—y € Ker f,s0 f(x) = f(¥),so ¢ is well defined. It follows easily
that ¢ is an epimorphism and if ¢(x+ Ker ) = 0, then f(x) = 0, so x € Ker f.
Thus, x + Ker f = 0, so ¢ is an injection and we have that ¢ is an isomorphism. O
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Corollary 1.5.7. If f : M — N is an epimorphism, then M/ Ker f =~ N.

Part (2) of Proposition 1.5.6 shows that an R-linear mapping f : M — N is
a monomorphism if and only if Ker f = 0. It also follows that f is an epimorphism
if and only if Coker f = 0.

If f : M — N is a monomorphism, then f(M) is a submodule of N that is
isomorphic to M. When this is the case we say that M embeds in N and that N
contains a copy of M.

Proposition 1.5.8 (Second Isomorphism Theorem for Modules). If M; and M, are
submodules of an R-module M such that My C M>, then M,/ M; is a submodule of
M/My and (M/My)/(M2/My) = M/ M.

Proof. 1t is straightforward to show that M, /M is a submodule of M/M{. More-
over, the mapping f : M/M; — M/M>, given by f(x + M1) = x + M3 is well
defined. Indeed, if x + My = y + Mj,thenx —y € M} € M, s0 f(x + M) =
X+ M, = y+ M, = f(y + My). Moreover, it is easy to show that f is an
epimorphism with kernel M,/ Mj, so the result follows from Corollary 1.5.7. a

Proposition 1.5.9 (Third Isomorphism Theorem for Modules). If M1 and M> are
submodules of an R-module M, then M1 /(M1 N M») = (M, + M3)/ M.

Proof. The epimorphism f : My — (M + M)/ M, defined by f(x) = x + M,
has kernel M; N M,. Corollary 1.5.7 gives the desired result. a

Proposition 1.5.10 (Correspondence Property of Modules). If f : M — N is an epi-
morphism, then there is a one-to-one correspondence between the submodules of M
that contain Ker [ and the submodules of N.

Proof. If N is a submodule of M/Ker f and 7 : M — M/ Ker f is the natural
mapping, then there is a unique submodule N = n~Y(N) of M such that N D Ker f
and N/Ker f = N. The result now follows from the observation that M/Ker f =~ N.

[}

Problem Set 1.5

1. Prove Propositions 1.5.2 and 1.5.3.

2. If M; and M5 are submodules of an R-module M such that M C M,, show
that there is an R-linear mapping M/ M — M/M>.

3. If f : M — N is abijective function and M is an R-module, show that N can
be made into an R-module in a way that turns f into an isomorphism.
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4.

10.

@If f : M - Nand g : N - M are R-linear mappings such that gf =
idys, prove that f is injective and that g is surjective.

b)If f: M — Nandg : N - M are monomorphisms, show that g/ is
a monomorphism.

@If f: M — Nandg : N — M are epimorphisms, show that gf is an
epimorphism.

. (@If f: M — N is a monomorphism, then f is an injective function and as

such has a left inverse g : N — M. Show by example that g need not be an
R-linear mapping.

(b)If f : M — N is an epimorphism, then f is a surjective function and so has
aright inverse g : N — M. Show by example that g may not be an R-linear
mapping.

() If f : M — N is an isomorphism, prove that the inverse function f~! :
N — M for f is an isomorphism.

Note that even though the observations of (a) and (b) hold, the inverse function
for an R-linear bijection is an R-linear bijection.

(a) Let M be a Z-module and suppose that x € M. Deduce that the mapping
Z, — M defined by [a] + xa is a well-defined Z-linear mapping if and only
ifnx = 0.

(b) Show that N = {x € M | nx = 0} is a submodule of M and that
Homgz(Z,, M) =~ N.

(c) If (m, n) denotes the greatest common divisor of two positive integers m and
n, prove that Homg, (Z,, Zn) = Zm n)-

. (a)If S and S’ are simple R-modules and f : § — S’ is an R-linear mapping,

show that if f # 0, then f is an isomorphism.

(b) Prove that an R-module S is simple if and only if there is a maximal right
ideal m of R such that R/m = S.

. If MR is the class of all R-modules, define the relation ~ on Mg by M ~ N if

and only there is an isomorphism f : M — N. Show that ~ is an equivalence
relation on Mg.

. Verify each of the module structures induced on Hom in the Remark of this

section.

Let M be an R-module and suppose that / is an ideal of R such that M1 = 0.
Then M is an R/I-module via the operation of x(a + 1) = xa.

(a) Show there is a one-to-one correspondence between the submodules of M
as an R-module and the submodules of M as an R//-module.

(b) Prove that if N is also an R-module such that N/ = 0,then f : M — N is
an R-linear mapping if and only if it is R/[-linear.
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11.

12.

If R and S are rings, then an additive mapping f : R — S is said to be
an anti-ring homomorphism if f(ab) = f(b)f(a) for all a,b € R. If f is
a bijection, then R and S are said to be anti-isomorphic. Clearly, if f : R — S
and g : S — T are anti-ring homomorphisms, then gf : R — T is a ring
homomorphism.

(a) Consider the ring R to be a right R-module and let Endg(RR) denote the
ring of R-linear mappings f : Rg — RR.If ¢ : R — Endg(RpR) is defined by
@(x) = fx foreach x € R, where fy : RR — Rp is such that fx(a) = xa for
all a € R, show that ¢ is a ring isomorphism. Conclude that R and Endg(RR)
are isomorphic rings.

(b) Consider R to be a left R-module and let Endg (g R) denote the ring of all
R-linear mappings f : RR — RR. Prove that ¢ : R — Endg(gR) given by
¢(x) = fx foreach x € R, where fy : R — R is such that fx(a) = ax for
all @ € R, is an anti-ring isomorphism. Conclude that R and Endg (g R) are
anti-isomorphic rings.

(c) Prove that in (b) if we agree to write fy as (a) fx = ax foreach a € R, then
@ is a ring isomorphism.

(a) If M is an R-module, show that M is an (Endg (M), R)-bimodule.

(b) If M is an R-module and H = Endg(M), then from (a) we see that M
is a left H-module. If B = Endg (M), show that M can be viewed as an
(H, B)-bimodule. B is the biendomorphism ring of M .



Chapter 2

Fundamental Constructions

We now introduce four concepts that are ubiquitous in abstract algebra: direct prod-
ucts, direct sums, free modules and tensor products. Each concept can be used to
produce an object that possesses a property known as the universal mapping prop-
erty. At this point, we are not in a position to give a definition of this property, so we
will have to be satisfied with pointing out when it holds. The concept will be made
more definitive in the following chapter where categories are introduced. Additional
constructions will be shown to have this property at subsequent points in the text.

2.1 Direct Products and Direct Sums

Direct Products

If {My} is a family of R-modules, then the Cartesian product [ [, My can be made
into an R-module by defining

(Xa) + (Vo) = (Xg + yo) and  (xg)a = (xqa)

for all (xq), (Vo) € [[po Mo and a € R, where we set [[, My = 0if A = @. The
addition and the R-action on [ ], M, are said to be componentwise operations. The
mapping g : [[o My — Mg such that mg((xy)) = xp for all (xq) € [[p Ma
is an epimorphism called the Bth canonical projection and the mapping ig : Mg —
[1a My defined by ig(x) = (xq), Where xo = Oif @ # B and xg = x, is an R-linear
injection called the Bth canonical injection. The R-module [ ], M, together with the
family of canonical projections {7y : [[o Ma — Mg} is said to be a direct product
of the family {Mqy}a. Such a product will be denoted by ([[p Mg, y) or more
simply by [[A My with the family of mappings {74} understood. We will often
refer to [ [, My as a direct product. The mappings {7} are called the structure
maps of [ [5 M. Notice that the canonical injections ig : Mg — [[5 Mg have not
been mentioned. This is not an oversight, we will soon see that these mappings are
actually determined by the 7 g.

Example

1. A direct product of a family {My} A of R-modules is particularly simple when
A is finite. For example, let A = {1,2, 3} and suppose that My, M, and M3
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are R-modules. Then
[T1Mi = My x My x M3
A

and the operations on [ [, M; are given by

(x1,x2,x3) + (¥1,¥2,¥3) = (x1 + y1.X2 + y2.Xx3 + y3) and

(x1,x2,x3)a = (x1a, x2a, x3a)
for all (x1,x2,x3), (y1.¥2,¥3) € [[o M; and a € R. In this case,

m1((x1,x2,x3)) = x1, i1(x) = (x,0,0),
ma((x1,Xx2,x3)) = x2, i2(x) = (0,x,0),

m3((x1,x2,x3)) = x3, and i3(x) = (0,0,x).

We now need the following concept: Let {My}a be a family of R-modules and
suppose that for each & € A there is an R-linear mapping fo : N — My, N a fixed
R-module. Then

f:N— HM"‘ defined by f(x) = (fy(x))
A
is a well-defined R-linear mapping, called the product of the family of mappings
{f a}A~

The following proposition gives a fundamental property of a direct product.

Proposition 2.1.1. If {My}a is a family of R-modules, then a direct product
(ITA Mo. ) has the property that for every R-module N and every family { fo :
N — My}a of R-linear mappings there is a unique R-linear mapping f : N —
[ 1A My such that for each o € A the diagram

N

\<¢i

! My

e

MaAM,

is commutative.

Proof. Let N be an R-module and suppose that, foreach o € A, f,, : N — My is
an R-linear mapping. If /' : N — []A My is the product of the family of mappings
{fa}A, then it is easy to check that f is such that 7o f = fy for each @ € A. Now
suppose that g : N — [[A M, is also an R-linear mapping such that 748 = fq
foreach o € A. If g(x) = (xq), then fo(x) = mqg(x) = 74((xq)) = Xq, SO
(Xa) = (Ja(x)) = f(x). Hence, f = g. m
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Proposition 2.1.1 and the preceding discussion provide the motivation for the for-
mal definition of a direct product of a family of R-modules.

Definition 2.1.2. An R-module P together with a family of R-linear mappings {py, :
P — My} A is said to be a direct product of the family {My} A of R-modules if for
every R-module N and every family of R-linear mappings { fo : N — My}, there
is a unique R-linear mapping f : N — P such that, for each & € A, the diagram

N

\Q

! Mq

i

P

is commutative. The mappings of the family {pq}a are the structure maps for the
direct product. A direct product (P, py)a is universal in the sense that given any
family {fo, : N — Mgy}a of R-linear mappings there is always a unique R-linear
mapping f : N — P such that py f = f, for each @ € A. Itis in this sense that we
say that (P, py)a has the universal mapping property.

Proposition 2.1.1 shows that every family {My} A of R-modules has a direct prod-
uct. An important result of the universal mapping property is that for a direct product
(P, pa)a the R-module P is unique up to isomorphism .

Proposition 2.1.3. If (P, pa)a and (P’, p,)a are direct products of the family
{My}A of R-modules, then there is unique isomorphism ¢ . P’ — P such that

Do = ply foreach o € A.

Proof. Consider the diagram

P/
(p\ Pl
P -2 M,
W
Py
P/

where ¢ and i are the unique maps given by the definition of a direct product. Since
Pa9 = pl and pL¥ = pq, we see that p, ¢ = p,, for each @ € A. Hence, we
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have a commutative diagram

P/
Vﬁ‘
Yo My
/s
P/
But idp- is such that plidps = p, so it follows from the uniqueness of the map
Yo that Yo = idps. Similarly, it follows that ¢y = idp. Thus, ¢ is the required
isomorphism. a

In view of Proposition 2.1.3, we see that ([ [ My, 7q) is actually a model for
every direct product of a family {My}A of R-modules. If (P, py)a is also a direct
product of {My}a, then there is a unique isomorphism ¢ : P — [[5 My such that
Tap = pg foreach o € A. Since 7, is an epimorphism, it follows that py is also an
epimorphism. Thus, if (P, py)a is a direct product of a family { My} A of R-modules,
then each of its structure maps is an epimorphism. A direct product (P, py)a also
determines a family {uy : My — P}a of R-linear injections into P.

Proposition 2.1.4. If (P, py)a is a direct product of a family {My} A of R-modules,
then there is a unique family {uy : My — P} of injective R-linear mappings such
that pgue = idpg, for eacha € A and pguy = 0 when o # B.

Proof. Suppose that (P, py)a is a direct product of the family {My} A of R-modules
and let o be a fixed element of A. Let N = M, and for each 8 € A define fg : N —
Mgby fg = 0if B # a and fo = idpy,. Then we have a family of R-linear mapping
{fg : N — Mg}a, so it follows from the definition of a direct product that there is
a unique R-linear mapping uy : N — P such that pguy = fg for each B € A.
Hence, pgug = 0, if o # B and pyuy = idpy,. Since pyug = idpyg,, we have that
Uy 1s an injective mapping and that p,, is surjective, a fact observed earlier. a

The family {u}a of injective R-linear mappings given in Proposition 2.1.4 is said
to be the family of canonical injections (uniquely) determined by (P, py)a. It follows
that the family {ig : Mg — [[p M} of canonical injections is uniquely determined

by (I—IA MOZ? JTOl)'
If {Rq} A is an indexed family of rings, then as indicated in Chapter 1 the Cartesian
product [ [o Rg is a ring with identity (1) under componentwise addition

(aa) + (ba) = (aq + bg)

and componentwise multiplication

(aa)(ba) = (agba).
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The ring direct product [[5 Ry is such that the canonical injection ig : Rg —
[ 1A R« is a non-identity preserving ring homomorphism. However, each canonical
projection g : [[o Re — Rp does preserve identities.

External Direct Sums

If {M} A is a family of R-modules, then [ [, M, has a submodule called the external
direct sum of the family { My} A. It is not difficult to show that

@Ma = {(xa) € HM“ | xo = 0 for almost all o € A}
A A

is a submodule of [[5 My. Furthermore, for each § € A, there is an R-linear in-
jection ig : Mg — @ My given by ig(x) = (xg), where xo = 0 if & # B and
xg = x. The map ig is the Bth canonical injection into @ 5 M.

The R-module @ M, together with the family {iq} o of canonical injections is
an example of an external direct sum of {My}A. Such a sum will be denoted by
(DA My, iy) and the mappings {iq } o are the structure maps for @ M.

Earlier we defined the product of a family of mappings. We now need the concept
of a sum of a family of mappings: If fy : My — N is an R-linear mapping for
each « € A, where N is a fixed R-module, then f : @, My — N defined by
f((xa)) = YA fa(x)is a well-defined R-linear mapping called the sum of the family
DN

Proposition 2.1.5. If {My}a is a family of R-modules, then (D My, i) has the
property that for every R-module N and every family { f4 : My — N }a of R-linear
mappings there is a unique R-linear mapping f : @ Mo — N such that for each
o € A the diagram

@AMa

is commutative.

Proof. Let N be an R-module and suppose that, foreacha € A, fo : My, — N isan
R-linear mapping. If f : @, My — N is the sum of the family of mappings { fo } A,
then it is easy to check such that fiy, = f, for each « € A. Now suppose that g :
@Dx My — N is also such that giy = fi foreach o € A. If (xo) € @ p My, then

f((xa) = ZA Ja(xq) = ZA gia(xe) =g ZA io(xe) = g((xg)), 50 f =g. O
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Now for the formal definition of an external direct sum.

Definition 2.1.6. An R-module S together with a family of R-linear mappings {u :
My — S} is said to be an external direct sum of the family { M, } o of R-modules if
for every R-module N and for every family of R-linear mappings { fo, : My — N}a,
there is a unique R-linear mapping f : S — N such that for each & € A the diagram

17‘

My !

PN

N

is commutative. An external direct sum will be denoted by (S, #y)A. The mappings
of the family {uy} A are called the structure maps for the external direct sum. Because
the unique map f : S — N always exists, an external direct sum (S, ug) A is said to
have the universal mapping property.

Note that the proof of Proposition 2.1.5 is just the proof of Proposition 2.1.1 with
the arrows reversed and the necessary adjustments made. In a similar manner the
proofs of the following propositions can be modeled after the proofs of “correspond-
ing” propositions given for direct products.

Proposition 2.1.7. If (S, uq)a and (S’,u),) a are direct sums of the family {My} o of
R-modules, then there is unique isomorphism ¢ : S — S’ such that puy = u, for
each o € A.

Because of Proposition 2.1.7 we see that (P My, iq) is a model for an external
direct sum of a family { My } Ao of R-modules. If (S, uy) A is also an external direct sum
of {My} A, then there is a unique isomorphism ¢ : S — @ My such that puy = iy
for each o« € A. Since iy is an injection, it follows that u,, is also an injection. Thus,
if (S, uq)A is an external direct sum of a family {My} A of R-modules, then each of
its structure maps is an injection. An external direct sum (S, uy)a also determines a
family of projections {py : S — My}A.

Proposition 2.1.8. If (S,uy)a is an external direct sum of a family {My}a of R-
modules, then there is a family {py : S — My} of surjective R-linear mappings
such that pqug = idpy, for each a € A and pguy = 0 when a # .

The mappings of the family { pq } o of surjective R-linear mappings given by Propo-
sition 2.1.8 are called the canonical projections (uniquely) determined by (S, ug)A.
From this we see that the canonical projections wg : @5 My — My are uniquely
determined by (P Ma. ia)-
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Remark. Earlier we defined a product and a sum of a family { f, } o of R-linear map-
pings. We also have the concepts of the direct product and direct sum of a family
of mappings: Let {My}a and {Ny}a be families of R-modules and suppose that for
each o € A there is an R-linear mapping fy : My — Ny. Then

[T/« :[TMa—TTNe givenby (T fe)((e)) = (falxa))
A A A A

is a well-defined R-linear mapping called the direct product of the family of mappings
{fa}A. Likewise,

P o P Mo~ P Na givenby (@D fu) () = (Jalxa))
A A A A
is a well-defined R-linear mapping called the direct sum of the family.

Internal Direct Sums

Part (2) of Proposition 1.4.4 shows that the sum ), M of a family {My}a of sub-
modules of M is a submodule of M. We now define the internal direct sum of a family
{My} A of submodules of M. These sums will prove to be important in the study of the
internal structure of modules. A direct product and a direct sum of a family { M} A of
R-modules will now be denoted more simply by [[5 My and @ 5 My, respectively,
with the canonical maps associated with each structure understood.

Before defining the internal direct sum of a family { My } o of submodules of M, we
consider an example that motivates the definition. Let N1, N, and N3 be R-modules
and consider the R-module M = N1 x N x N3. Then

M, = N; XOXOZ{(X1,0,0)|X1 €N1},
My =0x Ny x0={(0,x2,0) | x € N} and
M3 =0x0xM;=1{(0,0,x3) | x3 € N3}

are submodules of M such that

My N (My + M3) =0,
M, N (My + M3) =0 and
M3 N (M + M) = 0.

It follows that (x1, x2,x3) = (x1,0,0) + (0, x2,0) + (0,0, x3) and each summand
in this expression for (x1, X3, x3) is unique. To indicate that each element of M can
be written uniquely as a sum of elements from My, M, and M3 we write M =
M1 & M, & M, and we say that M is the internal direct sum of M1, M, and M3.
Since M; N M = 0, whenever i # j, we also write M; @& M ; and say that this sum
is direct.
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Definition 2.1.9. Suppose that { M} is a family of submodules of an R-module M
such that

Mg N Z My =0 foreach 8 € A.
a#p

Then the sum ) , My is said to be the internal direct sum of the family {Ma} A. The
notation P , My will indicate that the sum ) \ M, is direct. If M = @9, M, then
M is said to be the internal direct sum of the family { My} A and €D My is a direct
sum decomposition of M. If N is a submodule of M and if there is a submodule N’
of M suchthat NN N’ =0and M = N+ N',then M = N @ N’ and N is referred
to as a direct summand of M .

Remark. The external direct sum @5, My of a family {My}a of R-modules was
given in Definition 2.1.6 while the internal direct sum @, My of a family of sub-
modules of M was given in the preceding definition. We use the same notation for
both and refer to each simply as a direct sum, leaving it to the reader to determine if
the direct sum is internal or external from the context of the discussion.

Examples

2. Matrices. Consider the R-module M, (R) of n x n matrices over R. Then
M, (R) = @7, ri(R), and M,(R) = D}, ¢i(R). For example, if (a;;) €

M, (R), then
(6111 012) _ (all 012) n ( 0 0 ) and
azy az 0 0 azy az
(6111 alz) . (6111 0) (0 alz)
= —+ .
a»1 A az 0 0 az
Clearly M2 (R) = r1(R) @ r2(R) = c1(R) @ c2(R).
3. Z-modules. The Z-module Zg is such that Z¢ = Z,@7Z3. In general, if s and ¢
are relatively prime integral divisors of n such that st = n,thenZ,, ~ Z;® Z;.
Moreover, if n = pl p2 pf’ is a factorization of n as a product of distinct

prime numbers, then Z, and Z i b Z e G- PZ plo are isomorphic as

/2]
Z-modules as well as rings. These observations are the result of the Chinese
Remainder Theorem given in Exercise 4.

4. Polynomials. If R[X] is the R-module of polynomials in X with their coeffi-
cients in R and Ry = {X*ay | ay € R}, then Ry, is a submodule of R[X] for
k=0,1,2,..., where X° = 1. It follows easily that R[X] = Pg=, Rk. The
submodules Rk are called the homogeneous submodules of R[X].
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5. Finite Direct Products. If {M; ?:1 is a finite set of R-modules, then for each
k,1<k <n,

Nk:{(xi)e ﬁMi | xi :Oifi;ék}

i=1

is a submodule of []’_; M; and

n n
[[M:i =P .
i=1 i=1
6. Direct Sums and Factor Modules. Let M; and M, be submodules of an R-
module M such that M = M; & M,. Then M/M{ =~ M, and M/ M, =~ M.
In general, if {My} is a family of submodules of M such that M = P\ My,
then M/Mp = Py 25 Mo and M/ D5 Mo = Mg.

Proposition 2.1.10. Let {My} A be a family of submodules of an R-module M such
that M = )\ My. Then the sum ) o My is direct if and only if each x € M can
be written in one and only one way as a sum X = Y x Xq, where xo € My for all
o €A

Proof. Let the sum ), M, be direct and suppose that x € M can be written as

X =) axqgandasx = ) A Vg. Then ) A Xo = ) A Va, so foreach B € A we
have

Xg—yp =9 (Va—Xa) EMgN > My =0.
aFp a#pB

Thus, xg = yg foreach B € A, so the expression x = ) X is unique.
Conversely, suppose that each element x of M can be written in one and only one
way as a finite sum of elements from the My. If x € Mg N Zoﬂéﬂ My, then x = xg
for some xg € Mg and x = Za#, Xo, Where xo € My, foreacha € A, o # B.
Thus, if )5 ye is such that yg = —xg and yo = xo Whena # B, then )5 yo = 0.
But 0 can be written as 0 = ) 5 Oq, where 0 = 0, € M, for each « € A. Hence,
D AVYa = 2 a0q gives x4 = 0 for each @ € A, so x = 0. Consequently, the sum
> A My is direct. ]

Remark. It is also the case that if {M,}a is a family of submodules of an R-mod-
ule M, then the sum ) 5 M, is direct if and only if for each finite sum ) 5 xq such
that ) 5 xo = 0 we have xo = 0 for each @ € A. Note that if the sum ), My
is direct and )5 xo = 0, then ) o x4 = ) A Oy and the proposition above gives
Xq = 0 for each @ € A. Conversely, suppose that ) 5 xo = 0 implies that x4, = 0
foreacha € A. If x € My N Zﬂaéa Mg, then x = x4 and x = Zﬂyéa xg, SO
Xo + Zﬂ¢a(—Xﬁ) = 0 gives x = xo = 0, so the sum ) 5 M, is direct.
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There is a fundamental connection between external direct sums and internal direct
sums. Since internal direct sums and external direct sums are both involved in the
following proposition, for the purposes of this proposition and its proof, ¢5'and H°
will denote an internal and an external direct sum, respectively.

Proposition 2.1.11. The following hold for any R-module M.

(1) If {My} A is a family of submodules of M such that M = @IA Mg, then M =~
P Ma.

(2) If there is a family {Ng} A of R-modules such that M = @\ Ny, then there is
a family {My} A of submodules of M such that M = EBIA My and Ny = M,
foreach a € A.

Proof. (It M = @‘A My, then each element of M can be written as a finite sum
> A Xa» Where the x, € M are unique. It follows that ¢ : @IA My — @eA M,
defined by ¢(3_ A Xa) = (x¢) is an isomorphism.

(2) If ¢ : @\ No — M is an isomorphism, let My = @ig(Ng) for each o € A,
where iy : Ny — EBeA Ny, is the canonical injection. It is easy to check that M =
@IA M. The fact that Ny, =~ M, for each @ € A is clear. O

The following isomorphisms of abelian groups will be useful.
Proposition 2.1.12. Let {My}a be a family of R-modules. Then

1) Homg (@Ma, N) ~ [[Homgr(Ma. N)  and
A A

2) Homp (N, I1 Ma> =~ [ [Homg (N, M)
A A

for any R-module N .

Proof. We prove (1) and omit the proof of (2) since it is similar. Let

¢ : Hompg (@Ma,N) — l_[HomR(Ma,N)
A A

be such that ¢(f) = (fiq), where iy : My — @A My is the canonical injec-
tion for each « € A. Then ¢ is a group homomorphism and if f € Ker¢, then
fia = 0 foreach o € A. Soif (xo) € Pp My, then (xq) = Y A ia(xa) gives
S((xa)) = f(ZA ia(xq)) = ZA fia(xq) = 0. Thus, f = 0, so ¢ is an in-
jection. If (g4) € [[o Homp(My, N), let YA go € Hompr(Pp My. N) be such
that (ZA ga)((xe)) = ZA ga(xq) for each (xq) € @A My. Then, ‘P(ZA ga) =
(O_A 8a)ia) € [[aoHomg(My, N). But (D A ga)ia = &« for each o € A, so
©(D_A 8a) = (ga)- Hence, ¢ is also a surjection. O
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Problem Set 2.1

1. Let {My} A be a family of R-modules.
(a) Verify that @, My is a submodule of [[p Mq.
(b) Show that [[o My = A M if and only if A is a finite set.

2. Let {Rq}A be a family of rings. Consider the ring direct product [, Rq and

let Ay be aright ideal of Ry for each o € A.
(a) Show that [ [, Ay is aright ideal of [[5 Rq.
(b) Is @ Aq aright ideal of [[4 Ry ?

(c) Is P Ry anideal of [[5 Ry?

3. () If Ry X Ry x --- X R, is a ring direct product, show that every right ideal
of the ring R} X Ry X -+ X Ry is of the form Ay x Ay x -+ X Ay, where each
A; is aright ideal of R;. [Hint: Let n = 2 and suppose that A4 is a right ideal
of Ry Xx Ry. If A} = m1(A), A2 = m2(A) and a € A, then w1(a) = a; and
3(a) = ay for some a; € A and a; € A;. Hence, a = (i1 + izxma)(a) =
(a1,0) + (0,a3) = (a1,az) and so A € A; x A,. Conversely, if a; € A
and ap € Aj, then there are a,b € A such that w(a) = a; and 71(b) = as.
Hence, a(1,0) 4+ b(0,1) = (i171 + i272)(a(1,0) + b(0,1)) = (ay,az), so
A1 x Az € A. Show this procedure holds for an arbitrary 7.]

(b) Show that (a) is false for modules. That is, show that if {M;}7_, is a family
of R-modules and N is a submodule of the R-module M x My X -+ x M,,
then there may not be submodules N; of M; fori = 1,2,...,n suchthat N =
N1 X N3 x---x Ny. [Hint: Consider the diagonal {(x,x) | x € M} of M x M .]

4. Chinese Remainder Theorem. Two ideals /; and /5 of aring R are said to be
comaximal if R = I1 + I>.

(a) If I and I, are comaximal ideals of R, show that 1/, = I; N I, and that
R/I1I, =R/(I1N1) =2 R/11 & R/I>.

[Hint: Considerthemap f : R — R/I1® R/, givenbya +— (a+11,a+12).]
(b) Let {/;}7_, be a family of pairwise comaximal ideals of R. Prove that
Li---I,=11NnI,N---N1I, and that
n n
R/WL-- 1, =R/ (L =R/

i=1 i=1

(c) Verify Example 3.
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5.

10.
11.

12.
13.

14.

15.

16.

Consider the additive abelian group G = [ [y Z;, where Z; = Z foreachi € N
and addition is defined componentwise. Suppose also that R = Endz (G).

(a) Define f : G — G by f((a1,a2,a3,...)) = (az,a3,as,...) and g :
G — G by g((a1,a2,as,...)) = (0,ay,az,...). Show that f and g are in R.

(b) Show that fg = idg, but that gf # idg. Conclude that g has a left
inverse f, but that f is not a right inverse for g.

(c) Find an element & € R, h # 0, such that f# = 0. Conclude that f is a left
zero divisor in R.

(d) Prove that it is not possible to find a nonzero 4 € R such that 2if = 0. In
view of (c), conclude that f is a left zero divisor but not a right zero divisor.

. Let {My} A be a family of R-modules and suppose that N is a submodule of

[Ta My. Prove that ann, (N) = () pann,(7(N)), where 74 is the canonical
projection from [ [, My to My for each @ € A.

. If {My} A and {Ny}a are families of R-modules and f, : My — Ny is an

R-linear mapping for each o € A, prove that the mapping [ [ fo : [[o Mo —

[T Nq defined by ([[a fa)((xa)) = (fa(xe)) for each (xq) € [[p My is an
R-linear mapping. Show also that [ [, f is a monomorphism (an epimorphism,

an isomorphism) if and only if each f, is a monomorphism (an epimorphism,
an isomorphism).

Verify Examples 4 and 5.
Prove Proposition 2.1.7.
Prove Proposition 2.1.8.

Let (P, py) A be a direct product of a family { My } A of R-modules and suppose
that {uy : My — P} is the family of associated injections. Prove that there is
a submodule S of P such that (S, uy)a is a direct sum of {My}A.

Veritfy Example 6.

(a) If {My} A of a family of R-modules and I" C A, prove that there is a mono-
morphism f : [[p Mq — [[A Ma.

(b) Let {My}a be a family of R-modules and suppose that A = I' U A. If
I'NA =@, verify that [ [, Mg = [[f Mo @ [[p M.

Let {My} A be a family of R-modules and suppose that for each « € A, N, is
a submodule of M. Prove that (P M)/ (D a Na) = DA Mo/ Na.

(a) Let M be a nonzero R-module and suppose that {M; } is the family of R-
modules such that M; = M for eachi > 1. Show that P, M; = P,-, M;
foreachn > 1.

(b) Find a nonzero R-module M such that M =~ M & M . [Hint: Consider (a).]

Prove the second isomorphism of Proposition 2.1.12.
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17. Let {My}a be a family of R-modules and suppose that (B, uy, pe)a is such
that (B, uq)a is a direct sum and (B, pg)a is a direct product of {My} . Then
(B, Uy, pa)A is said to be a biproduct of {My} A. Prove that if {My} A is a fam-
ily of nonzero R-modules, then (B, uy, pa)a is a biproduct of {My}a if and
only if A is a finite set.

2.2 Free Modules

Recall that if N is a submodule of an R-module M, then a subset X of N such that
N =) x xR is said to be a set of generators for N and we say that N is generated
by X. If X is a finite set, then N is said to be finitely generated. Recall also that if
N is generated by X and if { Ny} is the family of submodules of M that contain X,
then N = (A No = )_x xR.

Every submodule N of an R-module M has at least one set of generators, namely
the set N. Moreover, a submodule can have more than one set of generators. For
example, the submodule N = {[0], [2], [4], [6]} of the Z-module Zg is generated
by {[2]}, by {[6]} and by {[2], [4]}. Hence, a set of generators of a submodule need not
be unique and it is not necessary for generating sets for a submodule to have the same
cardinality. If M is an R-module and X is a set of generators of M, then we say that
X is a minimal set of generators for M if M is not generated by a proper subset of X.
The sets {[2]} and {[6]} are both minimal sets of generators of {[0], [2], [4], [6]}.

Notation. If {My}a is a family of R-modules such that My = M for each @ € A,
then []o My and @ My will be denoted by M* and MY, respectively. Recall
that M ) represents the direct product M x M x --- x M of n factors of M.

Definition 2.2.1. If M is an R-module, then a set {xy}a of elements of M is said
to be linearly independent if the only way that a finite sum ) 5 Xqaq of elements of
{xa}A can be such that ) , xqaq = 0is for aq = 0 for all @ € A. If there is a
finite sum ) 5 Xqaq Of elements of {xq}a such that ) 5 xqaq = O with at least one
aq # 0, then the set {xq}a is linearly dependent. If an R-module F has a linearly
independent set {x4}a of generators, then {xy}A is said to be a basis for F and F is
said to be a free R-module with basis {xy}a. A set X of linearly independent elements
of an R-module M is said to be a maximal linearly independent set of elements of M
if no set of linearly independent elements of M properly contains X .

Examples

1. Note that the empty set & is a linearly independent set in every R-module M.
To assume otherwise would mean that there are elements x1,x2,...,x;, € @
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and ay,as,...,a, € R such that
x1a1 + x2az + -+ + xpap =0

with at least one a; # 0, a clear absurdity. We have seen earlier that the zero
module is generated by &, so we will consider the zero module to be a free
R-module with basis &.

2. If the ring R is viewed as an R-module, then R is a free R-module with basis
{1}.
3. The R-module R™ is a free R-module with basis {e; }'—1, where
e1 = (1,0,0,...,0),
ex =(0,1,0,...,0),

e3 =(0,0,1,...,0), and

en = (0,0,0,...,1).

In general, if A is a nonempty set, then R®) is a free R-module with basis
{ea}n, where ey = (ag) withag = 1if B = a and ag = 0 when 8 # a. The
basis {eq } A Will be referred to as the canonical basis for R™) . Note that R(A)
is also a free left R-module with the same basis {eq } A.

4. The matrix ring M, (R) is a free R-module. One basis of M, (R) is the set of
matrix units { £;; }?j=1 with n? elements. For example, if (a;;) € M2(R), then
(aij) = En1a11 + Erza12 + Ez1az1 + Exzans.

To avoid discussing trivialities, we assume that if F is a free R-module, then
F #0.

Proposition 2.2.2. The following are equivalent for a subset {xq}a of an R-mod-
ule M.

(1) {xq}A is a basis for M.

(2) {xq}a is () a maximal linearly independent subset of M and (b) a minimal set
of generators of M.

Proof. (1) = (2). Suppose that {xq} A is a basis for M and that {xq}A is not a max-
imal set of linearly independent elements of M. Let {yg}r be a set of linearly in-
dependent elements of M such that {x4}a ~>{ygjr. If y € {ygir — {xa}a, then
since {xo}a generates M we see that y = )\ Xqaq, Where aq = 0 for almost
all @ € A. Butthen y + ) A Xa(—aq) = 0 is a linear combination of elements
in {yg}r and not all of the ay can be zero, since y # 0. Thus, {yg}r is linearly
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dependent, a contradiction, so we have (a). Suppose next that {x,}a is not a min-
imal set of generators of M. Then there is a set {ygjr ~> {xq}a such that {yg}r
generates M. If x € {xg}a — {yg}T, then we can write x = ) | yqdq. But then
X + ) r Ya(—aq) = 0 is a linear combination of elements in {xq}a and not all of
the a,, can be zero, contradicting the fact that {xy}a is linearly independent. Hence,
we have (b).

(2) = (1). Let {xq} A be a maximal linearly independent subset of M which is at
the same time a minimal set of generators of M. Then it is immediate that {x,}a is
a basis for M. |

Proposition 2.2.3. The following are equivalent for a subset {xq4}a of an R-mod-
ule M.

(1) {xa}A is a basis for M.

(2) Each element x € M can be written as x = )_ 5 Xqdq, Where each aq is unique
and ay = 0 for almost all @ € A.

() M =@y xaR.

Proof. (1) = (2). Since {xq} A is a set of generators of M, it is certainly the case that
each x € M can be expressed as x = ) 5 Xqdq, Where a, = 0 for almost all @ € A.
If x = ) A Xgbq is another such expression for x, then ) A Xqdq = D A Xaba
implies that ) Xo (e —by) = 0. Consequently, aq —by = 0 foreach o € A, since
the set {xq}A is linearly independent. Hence, ay, = by for each o € A.

(2) = (1). Since each element x € M can be written as x = ) 5 Xqda, {Xa}A iS
a set of generators for M. Now suppose that ), xqaq = 0. Since 0 can be written
as Y a Xa0q, where Oy = 0 for each @ € A, the uniqueness of coefficients shows that
aq = 0 foreach @ € A. Hence, {xq} A is a basis for M.

The proof of the equivalence of (1) and (3) is equally straightforward and so is
omitted. m]

Corollary 2.2.4. An R-module F is free if and only if there is a set A such that
F=~R®.

Proof. Suppose that F is a free R-module with basis {xq}A. Then F = P, xR,
solet f : F — R™) be such that SO A Xata) = (aq). We claim that f is an
isomorphism. If )"\ Xqla, Y A Xaba € @A X« R and a € R, then

£ (3 xata + Y xaba) = £( D xalaa + b))
A A A
= (aa + ba) = (aa) + (ba)

= f(?xaaa) + f(%xaba) and
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F((X xeta)a) = (D xataan)
A A
= (aqa) = (aq)a

= (f(%:xaaa))a,

so f is R-linear. If ) A xqaq € Ker f, then (a¢) = 0 indicates that a, = 0 for
each « € A. Thus, ZA Xqdg = 0, so (2) of Proposition 1.5.6 shows that f is an
injection. If (aq) € R, then Y\ Xqaq € F and f(X A XaGa) = (ag), so f is
also a surjection.

Conversely, suppose that there is a set A such that F' == R™) _ First, note that R(A)
is a free R-module with basis {ey}a, where e, = (ag) withag = 1if B = « and
ag =0 when B # a. If f : R™®) 5 F is an isomorphism and f(eq) = X, then it
follows that {x4} A is a basis for F. a

The basis elements of a free R-module F uniquely determine the R-linear map-
pings with domain F.

Proposition 2.2.5. Let F be a free R-module with basis {xq}A.

() If f,g : F — M are R-linear mappings such that f(xy) = g(x4) for all
a €A, then [ = g.

Q) If f : {xq}a — M is a function, then there exists a unique R-linear mapping
g: F — M such that g(xy) = f(xq) forall o € A.

Proof. (1)If x € F and x = ) A Xqdq, suppose that f,g : F — M are R-linear
mappings such that f(xq) = g(xg) forall @ € A. Then f(x) = f(O A Xala) =
Yoaf(xa)ae = 3 p 8(xa)aa = §(D_A Xata) = g(X).

Q) Ifg: F — M isdefined by g(x) = Y\ f(Xg)aq foreach x = )\ xqaq €
F, then g is the desired R-linear mapping. The uniqueness of g follows from (1). O

The mapping g : I — M constructed in the proof of (2) of Proposition 2.2.5 is
said to be obtained by extending f linearly to F.
The following proposition will be used frequently throughout the text.

Proposition 2.2.6. Every R-module M is the homomorphic image of a free R-mod-
ule. Furthermore, if M is finitely generated, then the free module can be chosen to be
finitely generated.
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Proof. Let M be an R-module and suppose that {x4} A is a set of generators of M. If
f: R®) — M is defined by f((aq)) = DA Xala, then

f(aa) + (ba)) = f((ag + ba))

= Zxa(aa + by) = Zxaaa + Zxaba
A A A

= f((@a)) + f((ba)) and
f(aw)a) = f((aga))

= %:xa(aaa) = (;ana)a

= f((ae))a

for all (aq), (by) € R™) and a € R. Hence, f is R-linear. If x € M, then x can
be written as x = ), Xqdq, Where a, = 0 for almost all @ € A. It follows that
(ag) € R® 50 f((ag)) = Y A Xalq and f is thus an epimorphism.

If M is finitely generated, then A is a finite set. If A = {1,2,...,n}, then M is
a homomorphic image of the finitely generated free R-module R™. |

Remark. Because of Corollary 2.2.4 we see that any set X determines a free R-
module RX) . If X = & , then we have seen that R™X) = 0 is a free R-module with
basis @. If X # &, then X can also be considered to be a basis for RX). Indeed, let
§: XxX — Rbesuchthat§(x,y) = xy, where §xx = 1 and §x,, = O whenx # y.
The function § is called the Kronecker delta function defined on X x X. If ex = (8xy)
for each x € X, then {ey }x is a basis for RX)_ The function f X — {ex}xex such
that f(x) = ey is abijection, so if we identify each x € X with ey, then every element
of RX) can be expressed uniquely as ) _ y xax. Under this identification, X is a basis
for RX) and R™X) together with the function f is called the free module on X. In
this setting, the free module (RX), ) has the universal mapping property in the sense
that if M is any R-module and if g : X — M is any function to the underlying set
of M, then there is a unique R-linear mapping ¢ : R®) — M such that ¢ f = g.
Consequently, a free module R onaset X is unique up to isomorphism.

Since an R-module F is free if and only if there is a set A such that F = R®),
every nonzero free R-module must have cardinality at least as large as that of R. For
this reason, the Z-module Z is not a free Z-module for any integer n > 2, so even
though every R-module has a set of generators, not every R-module is free.

In general, the cardinality of a basis of a free module is not unique. The following
example illustrates this fact.
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Example

5. If M = Py Z, then it follows that M = M @ M. So if R = Endz (M), then

R = Homz (M, M) =~ Homz(M,M & M)
~ Homz (M, M) & Homz(M, M) = R & R.

Thus, R has a basis with one element and a basis with two elements.

An R-module M is said to be directly finite if M is not isomorphic to a direct
summand of itself. If M is not directly finite, then it is called directly infinite.

Rings with Invariant Basis Number

Because of Example 5, it is possible for a free R-module to have bases with distinct
cardinalities. Actually, as we will see in the exercises, it is possible for a free module
to have a basis with n elements for each positive integer n. This brings up the question,
is it possible for a ring R to have the property that every basis of a free R-module has
the same cardinality?

Definition 2.2.7. Let R be a ring such that for every free R-module F, any two bases
of F have the same cardinality. Then R is said to have the invariant basis number
property and R will be referred to as an IBN-ring. For such a ring the cardinality
of the basis of a free R-module F is called the rank of F and denoted by rank(F’).
If rank(F) = n for some nonnegative integer n, then F is said to have finite rank.
Otherwise, F is said to have infinite rank.

Remark. It follows that if R is an IBN-ring, then a free R-module with finite rank is
directly finite and a free R-module with infinite rank is directly infinite. Directly finite
and directly infinite modules have been investigated by many authors. The reader who
wishes additional information on these module can consult [16].

The following proposition shows, somewhat unexpectedly, that if F is a free R-
module that has a basis 8 with an infinite cardinal number, then every basis of F will
have the same cardinality.

Proposition 2.2.8. Let F be a free R-module with an infinite basis B. Then every
basis of F will have the same cardinality as that of B.

Proof. Let B be a basis of F and suppose that card(8) is an infinite cardinal. Let
B’ be another basis of F and suppose that card(8B’) is a finite cardinal. Since B
generates F, every element of B’ can be written as a linear combination of a finite
number of the elements of B. But B’ is finite, so there is a finite set {x1, x2,..., x,}
in B that generates B’. But this implies that {x1, X2, ..., Xx,} will also generate F
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which contradicts the fact that B is a minimal set of generators of F. Hence, card(B’)
cannot be a finite cardinal.

Next, we claim that card(8) = card(8B’). We begin by considering the set F(B’)
of all finite subsets of B’ and by defining ¢ : B8 — F(B’) by x = {y1.¥2,.... Yn}>
where x = yja; + yaap + - + yna, with each y; in 8’ and a; € R is nonzero
fori = 1,2,...,n. The map ¢ is clearly well defined since B’ is a basis for F.
Since Im ¢ generates B and B generates F', we see that Im ¢ generates F. It follows
that Im ¢ cannot be a finite set for if so, then F' would have a finite set of generators
contained in B’ which would contradict the fact that the basis 8B’ is a minimal set of
generators for F. Thus, card(Im ¢) is an infinite cardinal number, so it must be the
case that card(Im ¢) > Ry.

Now let S € Im¢. We claim that ¢~!(S) is a finite subset of B. Note first that
@~ 1(S) is contained in the submodule 3 s YR of F generated by S, since in view of
the way ¢ is defined, each element of ¢ ~1(.S) is a finite linear combination of elements
of §. Now each y € § is a finite linear combination of elements of B, so since S is
finite, there is a finite subset 7' of B such that ¢~ 1(S) C > s YR €Y 7 xR. Thus, if
x’ € ¢71(S), then x’ € Y 7 xR, so x is a finite linear combination of elements of B.
But this contradicts the fact that 8B is linearly independent unless x” € T. Therefore,
¢~ 1(S) C T and we have that ¢~ 1(S) is a finite set.

Finally, for each S € Img order the elements of ¢~ 1(S) by {x1,x2,..., X5}
and define fs : ¢ 1(S) — NxImg by fs(xx) = (k,S). Now the sets ¢~ 1(S),
S € Im g, form a partition of B, so define ¥ : B8 — NxImg by ¥(x) = fs(x),
where x € ¢~1(S). It follows that ¥ is an injective function, so we have card(8) <
card(N x Im ). Using property (2) of the proposition given in the discussion of
cardinal numbers in Appendix A, we see that

card(B) < card(N x Im¢) = Rg card(Im ¢) = card(Im ¢)
< card(F(8')) < card(B’).

Interchanging B and B’ in the argument shows that card(B8’) < card(B), so
card(B) = card(B’). O

Proposition 2.2.8 and Example 5 illustrate the fact that a free R-module F can
have bases with different cardinalities only if F has a finite basis. We will now show
that division rings and commutative rings are IBN-rings. Additional information on
IBN-rings can be found in [2], [13] and [40].

We first show that every division ring is an IBN-ring. This result will be used to
show that every commutative ring is an IBN-ring.

Proposition 2.2.9. The following hold for every division ring D.

(1) If V is a vector space over D and if X is a linearly independent set of vectors
of Vandy € Vissuchthaty ¢ ) y xR, then X U{y} is linearly independent.
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(2) If V is a vector space over D and if X is a set of linearly independent vectors
of V, then there is a basis B of V such that X C 8.

(3) Every vector space over D has a basis.

Proof. (1) Suppose to the contrary that X U {y} is linearly dependent. Then there
must exist vectors x1, X2,...,X, € X and scalars aj,as,...,a,+1 € D such that

x1a1 + x2a2 + -+ + xpan + yap41 =0
and at least one of the a; is nonzero. If a,4+1 = 0, then
x1ay + xzaz + -+ + xpap =0

which implies that a; = a2 = -+ = a, = 0 since X is linearly independent,
a contradiction. Hence, it must be the case that a, 41 # 0. This gives

-1 -1 -1
Yy =—X1a10,41 — X2a020, 41 — "~ Xpdnldy 1

which implies that y € )y xR, again a contradiction. Thus, X U{y} must be linearly
independent.

(2) Let X be a set of linearly independent elements of V' and suppose that § is the
collection of all linearly independent subsets of V' that contain X. Partially order §
by inclusion and note that § # @ since X € &. If € is a chain in &, then we claim
that X* = (Je X' is also in §. Clearly X € X*, so let x1,x2,...,x, € X* and
ai,as,...,ap € D be such that

x1a1 + xz2az + -+ + xpan = 0.

Since € is a chain, there is an X’ € & such that x1,x2,...,x, € X’. But X' is
linearly independent, so

x1a1 + x2az + -+ + xpa, =0

implies that a; = ap = --- = a, = 0. Hence, X* is linearly independent and X *
is an upper bound for €. Thus, & is inductive, so Zorn’s lemma indicates that & has
a maximal element, say 8. We claim that B is a basis for V. If 8 is not a basis
for V,then ) g xR # V,soif y € Vissuchthat y ¢ > g xR, then y ¢ B. By (1),
B U {y} is linearly independent and this contradicts the maximality of B. Thus, it
must be the case that ) g xR = V and we have that B is a basis for V.

3)If x € V, x # 0, then {x} is a linearly independent subset of V. Hence, by (2),
there is a basis 8 of V' that contains {x}. a
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Proposition 2.2.10. Every division ring is an IBN-ring.

Proof. LetV be a vector space over a division ring D. Proposition 2.2.8 treats the case
when V has an infinite basis and shows, in addition, that if V' has a finite basis, then ev-
ery basis of ¥V must be finite. Solet B = {x1,x2,...,xn}and B’ = {y1,y2,..., Yn}
be bases of V' and suppose that n < m. Since B is a basis of V, there are @; € R such
that

Yn = X141 + X202 + - + Xmam.
If ay is the first @; that is nonzero, then
Xp = ynap ' —x1arap’ — o — Xp_1ak—1ag " — Xpp1Qk41af " — 0 — XmAmay .
It follows that the set
(X1, X2, Xk— 1 Xkt 15+ o+ s X Y}

is a basis of V. Thus, we have replaced xj in B by y, and obtained a new basis of V.
If this procedure is repeated for y,—; with

{X1,X2, oy X1 X 15« - » Xms Y}

as the basis, then an x; can be replaced by y,—1 and the result is again a basis
{x1,x2,... s Xj=1,Xj4+1s s Xk—1s Xk +15 - - - Xm» Yn> Yn—1}
of V. Repeating this procedure n times gives a set
{the x; not eliminated} U {y,, yn—1,..., Y1}

that is a basis of V. But B’ is a maximal set of linearly independent vectors of V,
so it cannot be the case that n < m. Hence, n > m. Interchanging B and B’ in the
argument gives m > n and this completes the proof. O

Remark. If V is a vector space over a division ring D, it is standard practice to refer
to the rank of V' as the dimension of V and to denote the rank of V' by dim(V') or by
dimp (V) if there is a need to emphasize D. If dim(V) = n for some nonnegative
integer 1, then V' is said to be a finite dimensional vector space; otherwise V is an
infinite dimensional vector space. (If dim(V) = 0, then V is the zero vector space
over D with basis &.)

We conclude this section by showing that every commutative ring is an IBN-ring.
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Proposition 2.2.11. Every commutative ring is an IBN-ring.

Proof. Let R be a commutative ring and suppose that F is a free R-module with basis
{xa}a. If m is a maximal ideal of R, then R/ is a field and F/Fm is an R/wm-
vector space. We claim that {x, + Fm}x is a basis for the vector space F/Fm. If
X+ Fm e F/Fm, then x = ) A Xqaq, Where aq = 0 for almost all @ € A, so

X+ Fu = (Zxaaa) + Fu =Y (e + Fu)(ag + m)).
A A

Thus, {xq + Fm}a generates F/Fm. If Y A(xq + Fm)(ag + m) = 0, then
(QO_A Xatq) + Fru =0, 80 Y 5 Xqdq € Fm. But Fm = P, xqm, so there are
bq € msuch that )\ xXqlq = ) p Xaba. Thus, ag = by for all @ € A and we have
aq + m = 0 for all @ € A. Therefore, {x, + Fm} is a basis for the R/wm-vector
space F/Fm and dimpg / (F/ Fm) = card(A). If {Xg }r is another basis for the free
R-module F, then exactly the same argument shows that {Xg + Fmjr is a basis for
F/Fwm and that dimg /, (F/Fm) = card(I"). Since Proposition 2.2.10 shows that
vector space dimension is unique, we see that card(A) = card(I") which proves the
proposition. a

It is now easy to prove that if R is an IBN-ring, then two free R-modules are
isomorphic if and only if they have the same rank. We leave this as an exercise.

Problem Set 2.2

1. (@) If M and N are finitely generated R-modules, prove that M & N is finitely
generated. Extend this to a finite number of R-modules.

(b) Find a family {My}a of R-modules each of which is finitely generated but
@D o My is not finitely generated.

(c) Prove that @, M, is finitely generated if and only if each M, is finitely
generated and M, = 0 for almost all « € A.

2. (a) Let My C M, C M3 C --- be a strictly increasing chain of finitely gen-
erated submodules of an R-module M. Show by example that the submodule
M = |y M; need not be finitely generated.

(b) Prove that if M is an R-module which is not finitely generated, then M has
a submodule N that has a set of generators X such that card(X) = Ry.

3. (a) If F is a free R-module and f : F — M is an isomorphism, prove that M

is a free R-module.

(b) If B is a basis for F, show that M has a basis with the same cardinality as
that of B.

4. If R is an IBN-ring, prove that if F; and F5 are free R-modules, then F; = F,
if and only if rank(F7) = rank(F>).
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5.

10.
11.

Let V be a vector space over a division ring D.

(@ If f : V — V isalinear transformation that is a monomorphism, show that
f is an isomorphism.
(b) If f : V — V is a linear transformation that is an epimorphism, prove that
f is an isomorphism.

(a) Prove that if U; is a subspace of a vector space V' over a division ring D,
then there is a subspace U, of V such that V' = U; & U,. Conclude that every
subspace of a vector space is a direct summand.

(b) Show by example that submodules of free R-modules need not be free.

(c) Show by example that (a) does not hold for free R-modules.

. Let F be a free R-module and suppose we have a diagram

F

S

>
My —5 M,

of R-modules and R-linear mappings, where g is an epimorphism. Prove that
there is an R-linear mapping & : ' — M; which makes the diagram commuta-
tive.

. (a) If F; and F; are free R-modules, prove that F; x F5 is free.

(b) If { Fy } A is a family of free R-modules, prove that the R-module @5 Fy is
free.

. The procedure followed in the proof Proposition 2.2.10 is often referred to as

a replacement procedure. Show that each of the sets

{X1, %2, o X1y X1 -+ - s Xm» Vi)

(X1, X2, o s X1 X4 1s e o Xk—15 X415 - - - Xms Vs Y—1}

{the x; not eliminated} U {y,, yn—1,...,y1}

constructed in the proof of Proposition 2.2.10 is a basis of V.
Prove that every finitely generated free R-module has a finite basis.

(a) Verify Example 5.

(b) If R is the ring of Example 5, show that R 2 R for each positive integer 7.
Conclude that R, as an R-module, has a basis with n elements for each positive
integer n.
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12.

13.
14.
15.

16.

17.

18.

(a) Consider the first Remark of this section. Show that a free R-module on
a set X has the universal mapping property and that such a module is unique up
to isomorphism.

(b) Suppose that the definition of a free R-module on a set X is restated as
follows: Let X be an arbitrary set. Call an R-module F, together with an
injective mapping f : X — F, a free R-module on X if for every R-mod-
ule M and every function g : X — M into the underlying set of M, there is
a unique R-linear mapping ¢ : F — M suchthat ¢ f = g. If (F, f) is a free
R-module on X, prove that F =~ RX,

Prove the equivalence of (1) and (3) of Proposition 2.2.3.
Show that M, (R) is a free R-module that has a basis with n? elements.

Let R be an integral domain. An element x of an R-module M is said to be
a torsion element of M if there is an nonzero element a € R such that xa = 0.
(a) If t (M) is the set of all torsion elements of M, prove that t (M) is a submod-
ule of M. t(M) is called the torsion submodule of M .

(b) An R-module M is said to be a torsion module if t (M) = M and a torsion
free module if t (M) = 0. Show that M/t(M) is a torsion free R-module.

(c) Prove that every free R-module is torsion free.

Let F be a free R-module. Prove that there is a set A such that for any R-mod-
ule M,

Homg(F, M) =~ M2,

(a) Prove that R is an IBN-ring if and only if R0 =~ R™ implies that m = n
for every pair of positive integers m and n. (Note, that if A and A are infinite
sets, then the case for R(®) >~ R(A) implies that card(A) = card(A) follows
from Proposition 2.2.8.)

(b) Let R be aring, A a proper ideal of R, F a free R-module with basis 8 and
n : F — F/FA the canonical epimorphism. Show that F/FA is a free R/A-
module with basis 7(8) and card(n(B)) = card(B). [Hint: If B = {xq}A,
then the proof that n(8B) is a basis for F//FA follows along the same lines as
that of Proposition 2.2.11. Now show that card(n(8)) = card($B).]

() If f: R — § is a nonzero surjective ring homomorphism and § is an IBN-
ring, show that R is also an IBN-ring. [Hint: Let B8; and 8B, be bases of a free
R-module F and use (¢).]

(a) Let W be a finite dimensional vector space over a division ring D. If Uy and
U, are subspaces of W, prove that

dim(U; + U,) = dim(U;) + dim(U,) — dim(U; N Uy).
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(Note that all dimensions involved are finite.) [Hint: If U; N Uy = 0, the result
is clear, so suppose that Uy N U, # 0. Since Uy NU, is a subspace of Uy, if V' is
a subspace of Uj such that (U1NU,)®V = Uy, then dim(U; NU,)+dim(V) =
dim(U;y). Show that Uy + U, = V + U, and that V N U, = 0, so that
dim(U; + U,) = dim(V) 4+ dim(U>).]

(b) Let R, S and T be division rings and suppose that R is a subring of S and S
is a subring of T'. Prove that dimg(7") = dimg(S) dimg (7).

(c) Use (b) to show that a field K cannot exist such that R ~»» K ~C.

2.3 Tensor Products of Modules

Next, we develop the concept of a tensor product of two modules and, as we will see,
this construction yields an additive abelian group that is unique up to isomorphism.
The assumption that the expression “R-module” means right R-module continues and
the notations Mg and g N will have the obvious meaning.

Let M be an R-module, N a left R-module and G an additive abelian group. Then
amapping p : M x N — G is said to be R-balanced if

p(x1 + x2,y) = p(x1,y) + p(x2,y),
p(x, y1 + y2) = p(x,y1) + p(x,y2) and
p(xa,y) = p(x,ay)

for all x,x;,x2 € M, y,y1,y2 € N and a € R. (R-balanced mappings are also
called bilinear mappings.)

R-balanced mappings play a central role in the development of the tensor product
of modules.

Definition 2.3.1. If M is an R-module and N is a left R-module, then an additive
abelian group 7T together with an R-balanced mapping p : M x N — T is said to
be a tensor product of M and N, if whenever G is an additive abelian group and
o : M x N — G is an R-balanced mapping, there is a unique group homomorphism
f : T — G that completes the diagram

T
4
MxN f
™~
G

commutatively. The map p is called the canonical R-balanced map from M x N to T .
A tensor product of Mg and g N will be denoted by (7, p).
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Proposition 2.3.2. If a tensor product (T, p) of Mg and g N exists, then T is unique
up to group isomorphism.

Proof. Let (T, p) and (T’ p’) be tensor products of M and N. Then there are group
homomorphisms f : T — T’ and f’ : T’ — T such that the diagram

is commutative. Butidr : T — T makes the outer triangle commute, so the unique-
ness of idy gives f’ f = idy. Similarly, ff’ = idy/ and so f is a group isomorph-
ism. a

Our next task is to show that tensor products always exist.

Proposition 2.3.3. Every pair of modules Mg and g N has a tensor product.

Proof. Consider the free Z-module F = ZM*N) on M x N. In view of the obser-
vations in the Remark immediately following the proof of Proposition 2.2.6, we can
write

F= {Zn(x’y)(x,y) | ney) € Z,(x,y) € M X N
and almost all n(y ) = O}.

Now let H be the subgroup of F' generated by elements of the form

(1) (x1+x2’J’)_(x1’Y)_(x2,y),
(2 (x,y1 +y2) —(x,y1) —(x,y2) and
3) (xa,y) —(x,ay),

where x,x1,x2 € M,y,y1,y2 € Nanda € R. If p: M x N — F/H is such that
p((x,y)) = (x,y) + H, then p is R-balanced and we claim that (F/H, p) is a tensor
product of M and N. Suppose that o’ : M x N — G is an R-balanced mapping. Since
M x N is a basis for F, Proposition 2.2.5 shows that o’ can be extended uniquely to
a group homomorphism g : F — G. But p’ is R-balanced, so g(H) = 0. Hence,
there is an induced group homomorphism f : F/H — G such that the diagram

F/H

4

MxN f

BN

G
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is commutative. Since g is unique, f is unique, so (F/H, p) is a tensor product of M
and N, as asserted. O

The additive abelian group F/H, constructed in the preceding proof, will now be
denoted by M ® g N and we will call M ® g N the tensor product of M and N.
If the cosets (x,y) + H in M ® g N are denoted by x ® y, then

X1 +x)Ry=x1y+ xRy,
x®(1+y2)=x®y1+x®y> and
xa®y=x®ay

for all x,x;,x, € M,y,y1,y2 € N and a € R. Under this notation the canonical
R-balanced mapping p: M x N - M ®pg N is now given by p((x,y)) = x ® y.

In general, the additive abelian group M ® g N is neither a left nor a right R-mod-
ule. It is simply a Z-module. Recall that if R and S are rings, then an additive abelian
group M that is a left R-module and an S-module is said to be an (R, S)-bimodule,
denoted by r Mg if (ax)b = a(xb) foralla € R, x € M and b € S. If we are given
an (R, S)-bimodule g M5 and a left S-module g N, then M ® g N is a left R-module
under the operation a(x ® y) = ax @ yforalla € Rand x ® y € M Qr N.
Likewise, given an (R, S)-bimodule g Ng and an R-module M, then M ®pgr N is
an S-module via (x ® y)b = x ® yb. We also point out that not every element of
M ®pg N can be written as x ® y. The set {x ® y}(x,y)eMxn 1S a set of generators
of M @ g N, so a general element of M ® g N is written as Z;"zl ni(x; ® y;i), where
ni € Zfori =1,2,...,m.If 0p7,0x and Og denote the additive identities of M, N
and R respectively, then forx € M andy € N

x®y)+ 0y ®0y)=(x®y)+ 0y ®0ry) =(x®y) + (0y0r ®y)
=x®y)+tO0uw®y)=x+0y)@y=x®y.

Simplifying notation, it follows that
OR)+(xRy) =R+ 0R0) =xQy,
so 0 ® 0 is the additive identity of M ® g N. Similarly,
x®0=0®y=0&®0
foranyx € M and y € N.

Remark. Care must be taken when attempting to define a Z-linear mapping with
domain M ® g N by specifying the image of each element of M ® g N. For example,
if f: M — M’ is an R-linear mapping, then one may be tempted to define a group
homomorphism g : M g N — M’ ®g N by setting g/ ni(xi ® yi)) =
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Yo ni(f(xi)®y;i). As we will see, this map actually works, but when g is specified
in this manner it is difficult to show that it is well defined. This difficulty can be
avoided by working with an R-balanced mapping and going through an intermediate
step. To see this, consider the commutative diagram

MxN -2~ M@grN

h

fxidy g

/

M'xN = M'®gN
where p and p’ are the canonical R-balanced mappings. Since the map h = p/(f x

idy) is an R-balanced map, the existence of the group homomorphism g displayed in
the diagram is guaranteed by the definition of the tensor product M @ g N. Thus,

gx®y) = p'(f xidy)((x.y)) = p'(f(x).y) = f(X) @y, s0

g(Zni(x,- ® yi)) = Zni(f(xi) ® yi) asexpected.

i=1 i=1
Proposition 2.3.4. If M is an R-module, then M @ g R = M as R-modules.

Proof. If p’ : M x R — M is defined by p'(x,a) = xa, then p’ is an R-balanced
mapping. Thus, there is a unique group homomorphism f : M ® g R — M such that
fp=p',where p: M x R — M Qg R is the canonical R-balanced map. Hence, we
see that f(x ® a) = xa for every generator x ® a of M ® g R. Note thatif b € R,
then
f((x®a)b) = f(x @ ab) = x(ab) = (xa)b = f(x @ a)b,
so f is R-linear. Now define /' : M — M ®g Rby f'(x) = x ® 1. Then f’is
clearly well defined and additive. Furthermore,
flxa)=xa®1l=x®a=((x®1)a= f'(x)a,

so f’is R-linear. Since ' f(x ®a) = f'(xa) = xa ® 1 = x ® a for each generator
x®aof M ®g R, we see that f' f = idyg,r. Similarly, ff'(x) = f(x ® 1) =
x1 = x,s0 ff’ =idp. Hence, f is anisomorphism and we have M @ kR =~ M. O

The proof of Proposition 2.3.4 is clearly symmetrical, so we have R @ g N = N
for every left R-module N.

Proposition 2.3.5. If f : Mp —> M ;e and g :r N —pg N’ are R-linear mappings,
then there is a unique group homomorphism

f®g:MRN — M Qg N’
suchthat (f @ @)(x ®y) = f(x) @ g(y) forallx ® y e M Qg N.
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Proof. Consider the commutative diagram,

MxN -2+~ M@grN

] N e

M'xN' 2~ M'®gN’

where p and p’ are the canonical R-balanced maps. Moreover, 1 = p/(f X g) is R-
balanced and the unique group homomorphism f ® g is given by the tensor product
M ®pg N. From this we see that (f ® g)p = p'(f x g),soif (x,y) € M x N, then

(fex®y) =(f®gpnx,y))
=o' (f x@((x.y) = p'((f(x).g(x))
= f(x) ® g(x). o

The following proposition shows that tensor products and direct sums enjoy a spe-
cial relationship, that is, they commute.

Proposition 2.3.6. If M is an R-module and {Ny}a is a family of left R-modules,
then

M ®r (@Na) ~ (DM ®r Na).
A

A

Furthermore, the group isomorphism is unique and given by x ® (yo) = (X ® Yq)-

Proof. The mapping p' : M x(Px No) = DA (M @ g Ny) defined by o' (x, (v4)) =
(x ® yo) is R-balanced, so the definition of a tensor product produces a unique group
homomorphism

£ M &r (P Ne) > BM @k No)
A A

such that f'p = p/, where p : M x (D No) > M QR (B Ng) is the canonical R-
balanced map given by p(x, (y¢)) = X® (Vo). It follows that f(x® (y¢)) = (XQ ya)
for each generator x @ (yo) € M Qr (DA Na)-

The proof will be complete if we can find a Z-linear mapping

f,:@(M R Not)_>M®R (@Na)
A A

that serves as an inverse for f. For this, letig : Mg — @ A My be the canonical
injection for each B € A. Then for each B € A we have a Z-linear mapping fg =
idy ®ig: M @r Mg — M ®@p (P, My) defined by x ® xg > x ® (ya), where
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Yo = xg whena = B and yo = 0ifa # B. Ifig : M ®r Ng — PA(M R No)
is the canonical injection for each 8 € A, then the definition of a direct sum produces
aunique Z-linearmap ' : @Pp (M ®rNo) = M R(P 4 No) suchthat fig = fp
for each B € A. Itis not difficult to verify that

Ff((x ® ya)) = f(x ® (ya)) = (x ® yo) and

f fx® () = f'((x ® ¥a)) = x ® (Ya).

so ff' =idg,(MerN,) and f'f = idyg(@aN,)- Hence, f is an isomorphism.
O

By symmetry, we see that if {Mq }a is a family of R-modules, then (P My) ®r
N = @A (My ®r N) for any left R-module N.

Corollary 2.3.7. If F is a free R-module and M is a left R-module, then there is
aset A suchthat F @ g M =~ M),

Proof. Since F is a free R-module, there is a set A such that F =~ R, Hence, we
have FQr M =~ R®) @p M =~ (R @ M)D) = M), o

Corollary 2.3.8. If {My}a is a family of R-modules and {Ng}r is a family of left
R-modules, then (5 Ma) ®r (Br Np) = (Mo ®r Ng) A<D,

Proof (GPMO,) Qr N = EP(Ma ®r N) = EP <Ma ®R (EPN/S»

=~ (PP M. ®r Np) = (Mg @ Np) "D, o
A T

Examples

1. Monomorphisms under Tensor Products. Ifi : Z — Q is the canonical
injection and idz,, : Z¢ — Zg is the identity map, then i ® idz, : Z&®zZe —
Q®zZe is not an injection. Thus, injective maps are not, in general, preserved
under tensor products.

2. Epimorphisms under Tensor Products. If f : Mg — My and g : RN —
RN’ are epimorphisms, then

f®g2M®RN—>M/®RN/

is a group epimorphism.
3. Composition of Maps under Tensor Products. If

fiMp— Mp, [ My —> Mg, g: RN - gN'and g’ : RN’ — gN"

are R-linear mappings, then (' ® ¢)(f ® g) = (/' f) ® (¢'g).
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4. Tensor Products Preserve Isomorphisms. If Mp =~ M ;z and RN =g N/,

then M @ g N == M’ ®g N’'. This follows easily from Example 3, since if
f i Mgr — Mpand g : RN — RN’ are R-isomorphisms, then f ® g :
M ®r N - M’ ®g N’ is a group homomorphism with inverse f~! ® g7 ! :
M’®RN/—>M®RN.

Change of Rings. If R is a subring of S and if M is an R-module, then
M ®pg S is an S-module. This procedure is referred to as a change of rings
or as an extension of scalars from R to S. For example, if V' is a vector space
over R, then V' ®g C is a vector space over C.

Problem Set 2.3

1.

Show that each of the following hold.

(a) If d is the greatest common divisor of two positive integers m and 1, then
Zom @7, Ly = Z4. [Hint: Show that the mapping p’ : Zy, X Zn — Z 4 defined
by p'(([a], [p])) = [ab] is a well defined Z-balanced mapping and then consider
the mapping f : Zn, Qg Zn, — Zg4 given by the tensor product Z,, gz Z,.]
Conclude that if m and n are relatively prime, then Z,, ®z Z, = 0.

b Q/Z®zQ/Z =0
©Q=Q®zQ
(d) If G is a torsion Z-module, show that G ®7 Q = 0.

. If I is a left ideal of R and M is an R-module, prove that M Qg (R/I) =~

M/MI. [Hint: Show that the mapping h : M — M ®pg (R/I) defined by
h(x) = x ® (1 + I) is an epimorphism. Next, show that M1 C Ker/ so that
we have an induced epimorphism g : M/MI — M ®pg (R/I). Now the map
oM XxR/I — M/MI givenby p'((x,a + I)) = xa + M1 is R-balanced,
soif f : M ®gr (R/I) - M/MI is the map given by the tensor product
M ®pg (R/I), show that fg = idps/p7 and gf = idprg (R/1) ]

. Let R and S be rings and consider the modules L g, gMs and g N. Prove that

(LQrM)®s N 2L Qr (M ®s N).

. If R is a commutative ring and M and N are R-modules, then are M ® g N and

N ®pgr M isomorphic?

5. Verify the assertions of Examples 1 through 5.
6. If I and I, are ideals of R, prove that R/Iy ® g R/I» =~ R/(I{ + I,). [Hint:

The balanced map p’ : R/I1 x R/I, — R/(I1 + I») defined by p'((a + I,
b+ 1)) = ab + Iy + I, gives a group homomorphism f : R/I; Qg R/, —
R/(Iy + Iy) such that f(a + I ® b + I) = ab + I} + I,. So show that
g: R/(11+11) — R/11®RR/]2 givenbyf(a+]1+12) =1+L®a+1»
is a well defined group homomorphism such that ¢f = idg,;,@,r/1, and
J8 =R/, +12)]
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7. Let R and S be rings and suppose that M is an (R, S)-bimodule. Let R x S be

the ring direct product and make M into an (R x S, R x §)-bimodule by setting
(a,b)x = ax and x(a,b) = xb forall x € M and (a,b) € R x S. Prove that
M ®RxS M == 0.

. Let I be an ideal of R and suppose that M and N are right and left R//-mod-

ules, respectively. Then M is an R-module by pullback along the canonical
surjection n : R — R/I. Similarly, N is a left R-module. Prove that M ®pg
N =M ®g/1 N.

. (a) If Fy and F, are free R-modules with bases {xq}r and {yg}a, respectively,

prove that F'; @ g F> is free R-module with basis {xy ® Y8} (a,8)crxA-

(b)If f : R — S is aring homomorphism and F is a free R-module with basis
{Xa}A, prove that F ®g S is a free S-module with basis {xo, ® 1}A.

(c) Determine a basis of the R-vector space CQgrC.

(d) Show that C®grC and C®c C are R-vector spaces, but that they cannot be
isomorphic as R-modules.



Chapter 3
Categories

One important use of category theory is to delineate areas of mathematics and to
make important connections among these areas. Categories could just as well have
been introduced in the first chapter but since our primary interest is in the study of
rings and modules, we have chosen to introduce categories following a discussion of
modules. We will not make extensive use of category theory, so only basic concepts
will be developed. A more extensive development of category theory can be found
in [3], [7], [32] and [41].

3.1 Categories

Definition 3.1.1. A category € consists of a class @ of objects and a class M of
morphisms such that the following conditions hold.

Cl For all A, B € O there is a (possibly empty) set Mor(A4, B), called the set of
morphisms f : A — B from A to B, such that

Mor(A4, B) N Mor(A’, By = @ if (A, B) # (A", B).
C2 If A, B, C € O, then there is a rule of composition
Mor(A, B) x Mor(B,C) — Mor(4, C)

such that if (£, g) — gf, then:

(a) Associativity: If f : A — B,g: B — C and h : C — D are morphisms
in €, then (hg) f = h(gf).

(b) Existence of Identities: For each A € O there is an identity morphism
idg : A — A such that fidg = f and idgqg = g for any morphisms
fi:A—>Bandg:C — Aof C.

A morphism f : A — B in € is said to be an isomorphism if there is a morphism
g:B — Ain€ suchthat fg = idp and gf = id4.

A category € is a subcategory of a category D if the following conditions are
satisfied.

(1) Every object of € is an object of D.

(2) If A and B are objects of €, then More (A, B) € Morg (4, B).
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(3) The composition of morphisms in € is the same as the composition of mor-
phisms in D.

(4) For every object A of €, the identity morphism idg : A — A in € is the same
as the identity morphismidyg : A — A in D.

If € is a subcategory of D and More (A4, B) = Morg (A, B) for all objects A and B
of €, then € is said to be a full subcategory of D.

A category € is additive if Mor(A, B) has the structure of an additive abelian group
for each pair A, B of objects of € andif g(f1+ f2) = gf1 +gf2and (g1 + g2) f =
g1f+g fforall f, f1, f» € Mor(A4, B) and all g, g1, g2 € Mor(B, C). An object 0
of a category € is said to be a zero object of € if Mor(0, A) and Mor(4,0) each
contain a single morphism for each object A of €.

Remark.

(1) Note that if € is an additive category, then Mor(A4, B) # @ for each pair A, B
of objects of € since the zero morphism O4p : A — B is in Mor(4, B).

(2) Morphisms in a category are usually denoted by f : A — B orby A i> B.
This suggests that morphisms are functions of some type. Although this is true
in many categories, the first example below shows that this need not be the case.

Examples

Categories are ubiquitous in mathematics. The reader should determine which of the
following categories are additive and which subcategories are full.

1. The Category P of a Partially Ordered Set. Suppose that X is a set, partially
ordered by < ,and let @ = X. If x,y € X, write f : x — y to indicate that
x < y. The set Mor(x, y) is the single morphism f : x — y when x < y and
Mor(x,y) = @ if x £ y. The rule of composition is given by the transitive
property of the partial order: if f : x - yandg:y — z,thengf : x — z
sincex < yandy < zimply x < z.

2. The Category Set of Sets. For this category @ is the class of all sets. If
A, B € O, then Mor(A, B) is the set of all functions from A to B. The rule of
composition is function composition. A set X is said to be pointed if there is a
fixed point x* of X called a distinguished element of X. A function f : X — Y
is said to be a pointed function if f(x*) = y* whenever X and Y are pointed
sets with distinguished elements x* and y*, respectively. The category Set* of
pointed sets and pointed functions is a subcategory of Set.

3. The Category Grp of Groups. If O is the class of all groups and G, H € O,
then Mor(G, H) is the set of all group homomorphisms from G to H. The rule
of composition is the composition of group homomorphisms. The category Ab
(= Mody) of abelian groups is a subcategory of Grp.
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4. The Category DivAb of Divisible Abelian Groups. An abelian group G is
said to be divisible, if for every y € G and for every positive integer n, there
is an x € G such that nx = y. We can form a category DivAb whose objects
are divisible abelian groups and whose morphisms are group homomorphisms
f : G — H. The rule of composition for DivAb is composition of group
homomorphisms.

5. The Category Modg of Right R-modules. For this category, O is the class
of all (unitary) right R-modules and if M,N € O, then Mor(M,N) =
Hompg (M, N). The rule of composition is the composition of R-linear map-
pings. Similarly, RMod denotes the category of (unitary) left R-modules.

6. The Category Rng of Rings. The class O of objects consists of rings not
necessarily having an identity and if R, S € O, then Mor(R, S) is the set of
all ring homomorphisms from R to S. The rule of composition is the compo-
sition of ring homomorphisms. If this category is denoted by Rng and if Ring
denotes the category of all rings with an identity and identity preserving ring
homomorphisms, then Ring is a subcategory of Rng.

7. The Categories €M and €7. Let M be a fixed R-module and form the cate-
gory €M whose objects are R-linear mappings f : M — N.If f : M — N;
and g : M — N, are objects in ‘(fM, then a morphism in ©M is an R-linear
mapping & : Ny — N, such that the diagram

N

4

M h

N

No

is commutative. This category is sometimes referred to as the category from M .
We can also form the category €37 whose objects are R-linear mappings f :
N — M and whose morphisms are R-linear mappings / : N» — Nj such that
the diagram

is commutative. €yy is the category to M. More generally, if € is a category,
then a category €(—) can be formed from € as follows. An object of €(—) is
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amorphism f : A > Bin€. If f : A — Bandg : C — D are objects in
€(—), then the morphism set

Mor(f :A— B,g:C — D)

in €(—) is the set of all pairs (¢ : A — C, 8 : B — D) of morphisms from €
such that the diagram

N
>

a
)

1s commutative.

The following definition fulfills a promise made in the previous chapter to make the
concept of a universal mapping property more precise.

Definition 3.1.2. If € is a category, then an object A of € is said to be an initial
object (or a universal repelling object) of € if Mor(A, B) has exactly one morphism
for each object B of €. Likewise, an object B of € is said to be a final object (or
a universal attracting object) of € if Mor(A, B) has exactly one morphism for each
object A of €. (An object that is at the same time universal attracting and universal
repelling is often referred to as a universal object.) If an object in a category is an
initial or a final object in the category, then we say that the object has the universal
mapping property. Conversely, if we say that a mathematical object has the universal
mapping property, then we mean that a category can be formed in which the object is
an initial or a final object.

The proof of the following proposition is left as an exercise.

Proposition 3.1.3.
(1) If A is an initial or a final object in a category €, then A is unique up to iso-
morphism.

(2) An object 0 of a category € is a zero object of € if and only if 0 is an initial and
a final object of €.

Examples

8. Let {My}a be a family of R-modules. Suppose that €z, , is the category
whose objects are pairs (M, fo)a, where M is an R-module and { f } A is a fam-
ily of R-linear mappings such that fy, : M — My for each @ € A. A morphism
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set Mor((M, fo)a, (N, ga)a) is composed of R-linear mappings f : M — N
such that g f = f, for each o € A. Consequently, a direct product (P, py)a
of the family {M,} A is a final object in this category, so (P, py)a has the uni-
versal mapping property. Thus, the R-module P is unique up to isomorphism
in Mod z. Similarly, one can form a category €{Me}a with objects (M, fy)a,
where M is an R-module and fy : My — M is an R-linear mapping for each
a € A. The morphism set Mor((N, go)a, (M, fo)a) is the set of all R-linear
mappings f : N — M such that fgo = f, for each o € A. Hence, we see
that a direct sum (S, ug)a of the family {My} A is an initial object in €{Mata
so the R-module S is unique up to isomorphism in Mod g.

9. Let M and N be an R-module and a left R-module, respectively. Let €MV
be the category defined as follows: The objects are pairs (G, p), where G is an
additive abelian group and p : M x N — G is an R-balanced mapping. The
morphism sets are defined by

h € Mor((G1, py), (G2, p2))

if and only if 4 : G; — G5 is a group homomorphism such that hp; = p,.
By Definition 2.3.1, (T, p) is a tensor product of M and N if and only if (7, p)
is an initial object in €M>*N  Consequently, (7, p) has the universal mapping
property in €M>*N and it follows that the abelian group 7 is unique up to iso-
morphism in Ab.

Functors

It was indicated earlier that an important use of category theory is to delineate areas
of mathematics and to make connections among these areas. In order to make these
connections, we need to have a method of passing information from one category to
another that is, in some sense, structure preserving. The concept of a functor meets
this requirement.

Definition 3.1.4. If € and D are categories, then a covariant functor ¥ : € — D is
a rule that assigns to each object 4 in € exactly one object ¥ (A) of O and to each
morphism f : A — B of € exactly one morphism £ (f) : ¥(A) - F(B) in D
such that the following conditions are satisfied:
(1) ¥(idg) = idg 4) for each object 4 of €.
2) If f:A— Bandg: B — C are morphisms in €, then ¥ (gf) = F(2)F (f)
in D.

If € is a category, then the opposite category €°P of € is defined as follows. The
objects of €°P are the objects of € and for objects A and B in €°P, Mor’?(B, A) is
the set of morphisms Mor(A4, B) in €. Thus, if f* : B - Aand g°* : C — B
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are morphisms in €°P, then f : A — B and g : B — C are morphisms in €.
The morphism f°P is called the opposite of f. The morphisms in €°P are said to
be obtained from those of € by reversing the arrows. The rule of composition in €
gives gf : A — C while the rule of composition in €°P gives fPgP : C — A.
Hence, (gf)° = f°Pg°P. Clearly, (€°P)°P = € and a statement about a category €
involving arrows can often be dualized to a corresponding dual statement in €°P by
reversing the arrows and making the necessary changes in terminology.

A contravariant functor ¥ : € — D has exactly the same properties as a covariant
functor except that ¥ assigns to each morphism f : A — B in € the morphism
F(f):F(B)—> FA)inD. IfF : € — D is contravariant and f : A — B and
g : B — C are morphisms in €, then ¥ (g) : F(C) - F(B),F(f) : F(B) —
F(A)and F(gf): F(C)— F(A)inD. Hence, F(gf) = F(f)F (2).

If € and D are additive categories, then a (covariant or contravariant) functor ¥ :
€ — Dissaidto be additive it F (f +g) = F(f)+ F (g) forall f, g € Mor(A4, B)
andall A, B € 9.

Remark. Subsequently, the term “functor” will mean covariant functor.

Examples

It is left to the reader to determine which of the following categories are additive and
which of the following covariant/contravariant functors are additive.

10. Identity Functors. If € is a category, then the identity functor Ide : € — € is
given by Ide(A) = A for each object A of € and if f : A — B is a morphism
in €, then Ide (f) : Ide(A) — Ide(B) is the morphism f : A — B.

11. Embedding Functors. If € is a subcategory of £ and ¥ : € — D is such
that ¥ (4) = A and ¥ (f) = f for each object A and each morphism f of €,
then ¥ is the canonical embedding functor.

12. Forgetful Functors. If ¥ : Modr — Ab is such that ¥ (M) is the ad-
ditive abelian group underlying the R-module structure on M and if £ (f) :
F(M) — F(N) is the group homomorphism underlying the R-linear map
f M — N, then ¥ is a forgetful functor. Thus, ¥ strips the module struc-
ture from M and leaves M as an additive abelian group and ¥ ( f) as a group
homomorphism.

13. The Contravariant Functor Hompg (—, X). Let X be a fixed R-module and
suppose that Homg(—, X) : Modr — Ab is such that for each R-module M,
Hompg(—, X) at M is Homg(M, X). If f : M — N is a morphism in Modg,
let Hompg(f, X) = f™*, where

f* :Homg(N, X) — Homg(M, X) isgivenby f*(h) = hf.

Then Hompg (—, X) is a contravariant functor from Modg to Ab.
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14. The Functor Homg (X, —). Let X be a fixed R-module and suppose that
Hompg (X, —) : Modg — Ab is such that for each R-module M, Homg (X, —)
at M is Homg(X,M). If f : M — N is a morphism in Modg, let
Homg (X, f) = f«, where

f+« : Hompg (X, M) — Homg (X, N) isdefined by fi(h) = fh.

Then Hompg (X, —) is a functor from Modpg to Ab.

15. Composition of Functors. If ¥ : € — D and § : D — & are functors, then
§F : € — &, the composition of ¥ and &, is a functor if § F is defined in the
obvious way.

Remark. For the contravariant functor Hompg(—, X)) of Example 13, the notation
f*(h) = hf means that f is applied first. For the functor Homg (X, —) of Exam-
ple 14, the notation f.(h) = fh indicates that f is applied second. Thus, the upper
star on f means we are working with the first variable of Homg(—, X) with f ap-
plied first, while the lower star on f means that we are working in the second variable
of Hompg (X, —) with f applied second.

Properties of Morphisms

In the category Set, an injective function is often defined as a function f : B — C
such that if f(x) = f(y), then x = y. A function f : B — C is also injective
if and only if f is left cancellable, that is, if g,h : A — B are functions such that
fg = fh,then g = h. Indeed, if f is injective, let g,h : A — B be such that
fg = fh. Then for any a € A we see that fg(a) = fh(a),so f(g(a)) = f(h(a))
gives g(a) = h(a). Hence, g = h. Conversely, suppose that f is left cancellable and
let x, y € B besuchthat f(x) = f(y). Next, let A = {a} and define g, h : {a} — B
by g(a) = x and h(a) = y. Since fg = fh implies that g = h, we see that
fgla) = f(x) = f(y) = fh(a) gives x = g(a) = h(a) = y and so f is injective.
One can also show that a morphism f : A — B in Set is a surjective function if
and only if whenever g,h : B — C are functions such that gf = hf, then g = h,
that is, if f is right cancellable. These observations lead to the following definition.

Definition 3.1.5. A morphism f in a category € is said to be monic if f is left
cancellable. Likewise, f is said to be epic if f is right cancellable. A bimorphism
in € is a morphism in € that is monic and epic.

We will refer to a category whose objects are sets as a concrete category. Often the
sets in a concrete category will have additional structure and its morphisms will, in
some sense, be structure preserving. For example, Set, Ab and Modg are examples
of concrete categories. A monic (an epic, a bimorphism) morphism may not be as
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“well behaved” in all concrete categories as they are in Set. The following two exam-
ples illustrate that fact that a monic (an epic, a bimorphism) morphism in a concrete
category may fail to be an injection (a surjection, a bijection).

Examples

16. Consider the natural group homomorphism n : Q — Q/Z in the category

17.

DivAb of Example 4. We claim that this morphism is monic in DivAb. For
this, suppose that G is a divisible abelian group and let g,h : G — Q be
group homomorphisms such that g # h. Then there is an x € G such that
g(x) # h(x). This means that there is an m/n in Q, m/n # 0, such that
g(x) — h(x) = m/n and m/n can be chosen so that n # +1. Since G is
divisible, there is a y € G such that x = my. Thus,

mlg(y) —h(y)] = mg(y) —mh(y)
= g(my) — h(my)
= g(x)—h(x) =m/n.

Hence, it follows that g(y) — h(y) = 1/n,s0 g(y) + Z # h(y) + Z in Q/Z.
Thus, g # h gives ng # nh and so ng = nh implies that g = h. Therefore,
n is monic. But 7 is clearly not injective, so in general, monic #> injection.

In the category Ring of Example 6, consider the canonical injection j : Z — Q.
We claim that j is epic. Suppose that g,n : Q — Q are such that gj = hj.
Then g(n) = h(n) for each n € Z and so for each m/n in Q we see that

gm/n) =g(m-n"") = g(m)g(m)™"
= h(m)h(n)™' = h(m -n~Y) = h(m/n).

Hence, g = h and so j is epic. However, j is clearly not a surjective ring
homomorphism, so in general, epic # surjection. It follows easily that j is
also monic, so j is a bimorphism in Ring. Hence, in general, bimorphism #
bijection.

Definition 3.1.6. A morphism f : A — B in a category € is said to be a section
(retraction) if there is a morphism g : B — A in € such that gf = id4 (fg = idp).
An isomorphism is a morphism that is a section and a retraction.

If f : A — Bisasection (retraction), then it is easy to show that f is monic (epic).
However, the converse does not hold, as is shown by the following two examples.
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Examples

18. Consider the mapping f : Z — Z in Modg given by f(n) = 2n. It follows
easily that f is monic, however, f is not a section. To see that f cannot be
a section, suppose that there is a morphism g : Z — Z in Modz such that
gf = idgz. Then for any integer n, g f(n) = n, so g(2n) = n. But g is Z-lin-
ear, so g(2n) = 2g(n). Hence, 2g(n) = n and, in particular, 2g(1) = 1. But
such an integer g(1) cannot exist, so such a g cannot exist. Consequently, in
general, monic # section.

19. Let p be a prime number and consider the abelian group
Qp={xeQlx= mp_k for some m € Z and k € Ny}

in Modz. Now Z is a subgroup of Q,, so consider the Z-linear map f :
Qp/Z — Q,/7Z defined by f(x +Z) = px +Z. Since f(mp~*k+D 4+ 7) =
p(mp~®+tD 4 7 = mp=* 4 7, it follows that f is epic. We claim that f is
not a retraction. Suppose that a morphism g : Q,/Z — Q,/Z exists in Modz
such that fg = idg, /z- Then

p ' +Z=fe(pT"+72)=pg(p™' +17)
=g(pp ' +7Z)=g(1+7)
— () =0

which implies that p~! € Z, a contradiction. Hence, such a g cannot exist, so

f is not a retraction. Thus, in general, epic # retraction.

Problem Set 3.1

1. Let R be a commutative ring. Verify that we can form a category € by letting
the objects of € be the positive integers > 2 and by letting Mor(m, n) be the set
of n x m matrices over R. The rule of composition is matrix multiplication.

2. Show that @ is an initial object and {x} is a terminal object in the category Set.
3. Prove Proposition 3.1.3.

4. LetF : € > Dand § : D — & be functors.

(a) Give an appropriate definition of the composition §F : € — & of two
functors ¥ and ¥ and show that § ¥ is a functor.

(b) If one of the functors ¥ and § is covariant and the other is contravariant,
then is ¥ ¥ covariant or contravariant?

(¢) If ¥ and § are contravariant, then is € ¥ covariant or contravariant?
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5. Consider the category Set and for each object A of Set, let ¥ (A) = gp(A), the

power set of A. If f : A — B is a morphism in Set, let ¥ (f) = f*, where
f*:p(A) = p(B)is given by f#(X) = f(X) forall X € p(A4). Show that
F : Set — Set is a functor.

. Consider the category Set and for each object A of Set, let ¥ (A4) = p(A). If

f : A— Bisamorphismin Set, let () = f™, where f* : p(B) — p(A)
is given by f™#(Y) = f~1(Y) forall Y € p(B). Show that ¥ : Set — Set is
a contravariant functor.

. Let € and D be additive categories and suppose that ¥ : € — D is an additive

functor.

(a) If A, B € O, let 04 p denote the zero morphism from A to B. Thatis, O4p
is the additive identity of the abelian group More (A, B). Show that ¥ (04p)
is the additive identity of Morgp (¥ (A), ¥ (B)). Conclude that ¥ (04p) =
Oy(A)y(B) forall A, B € (9*@.

(b) If f € More(A, B), show that ¥ (— f') is the additive inverse of ¥ (f) in
Morg (¥ (A), ¥ (B)). Conclude that ¥ (— f) = —F (f) for every morphism f
of €.

. If € and D are categories, let € x D be the product category defined as follows:

The objects of € x D are ordered pairs (A4, B), where A is an object of € and B
is an object of H. A morphism in Morexp ((A1, B1), (A2, B2)) is a pair (f, g),
where f : A7 — Aj is amorphismin € and g : By — Bj is a morphism in D.
Composition of morphisms is given by ( f2, g2)(f1.21) = (f2f1,£2€1) when
f> f1 is defined in € and g g; is defined in D.

(a) Verify that € x D is a category.

(b) If € and D are additive categories, then is € x D additive?

Q©IfF :€1—> € and § : D1— D, are functors, show that a functor F x g :
€1 xD1— €, x Dy can be defined in an obvious way.

. Let €, D and & be categories and suppose that ¥ : € x & — & is a functor.

We refer to such a two variable functor ¥ as a bifunctor. Consider the bifunctor
Hompg(—,—) : Mod(l),éJ x Modgr — Ab defined as follows: If (M, N) is an
object of Mod%) X Modg, then Homg (M, N) is the additive abelian group of
Ab defined by addition of R-linear mappings. Also if (f°P,g) : (M, N) —
(M, N') is a morphism in Med x Modg, then

Hompg(f°P, g) : Homg(M, N) — Homg(M', N')

is defined by Homg(f°P, g)(h) = ghf = g« f*(h). Note that since f°P :
M — M’ is a morphism in Mod(;f, f M’ — M in Modg.

(@ If N = N = X is a fixed R-module and g = idy and if we write
Hompg (f°P, X) = Hompg(f°P,idx) whenever (f°P,idx) : (M, X) — (M’, X)
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11.

12.

13.

is a morphism in Mod%) x Modg, show that Homg (—, X) gives the contravari-
ant functor of Example 13.

b)If M = M’ = X is a fixed R-module and f° = idy and if we write
Hompg (X, g) = Hompg(idy, g) when (idy, g) : (X,N) — (X, N’) is a mor-
phism in Mod%’ x Mod g, show that Hompg (X, —) is the functor of Example 14.
The functors Homg (—, X)) and Homg (X, —) are said to be functors induced by
the bifunctor Hompg (—, —).

. Consider the bifunctor — @ g — : Modg x gMod — Ab defined as follows: If

(M, N) is an object in Modg x gMod, then M ® g N is the additive abelian
group formed by taking the tensor product of M and N. If (f,g) : (M,N) —
(M’, N') is a morphism in Modg x gMod, then f ®g: MQrN — M'QgrN’
is the corresponding morphism in Ab. If N = N’ = X is fixed, show that
— ®p — induces a functor — ® g X from Modg to Ab. Likewise, if M =
M’ = X is fixed, show that — ® g — induces a functor X ® g — from gMod
to Ab.

(a) Prove in the category Set that a morphism is surjective if and only if it right
cancellable.

(b) If an arrow indicates implication, verify that each implication given in the
table below holds in a concrete category.

monic epic

N

injection bimorphism surjection

INC T

section bijection retraction

N’

isomorphism

Prove each of the following for morphisms f and g in a category € such that
fg is defined.

(a) If f and g are monic (epic), then fg is monic (epic).

(b) If fg is monic, then g is monic.

(c) If fg is epic, then f is epic.

If f is a morphism in a category €, prove that the following are equivalent.
(a) f is monic and a retraction.

(b) f is epic and a section.

(c) f is an isomorphism.
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14. Prove that each of the following hold in Modg.

(a) Every monic morphism is an injection.
(b) Every epic morphism is a surjection.

15. A category € is said to be balanced if every bimorphism is an isomorphism.
Prove that Mod g, is balanced.

16. A functor ¥ : € — D is said to be faithful (full) if for all objects M and N of €
the mapping More (M, N) — Morg(F (M), ¥ (N)) givenby f +— F(f) is
injective (surjective).

(a) Show that the forgetful functor ¥ : Ab — Set is faithful but not full.

(b) Show that the functor ¥ : Ab — Mody is full and faithful.

A functor F : € — D is said to reflect monics (epics) it ¥ (f) monic (epic) in
D implies that f is monic (epic) in €.

(c) Prove that a faithful functor reflects monics and epics.

Conclude from (c) that if ¥ : Modg — Modgy is a faithful functor and 0 —
F(My) - F(M) - F (M) — 0is exactin Modg, then 0 - My —> M —
M, — 0 is exact in Modg.

A functor ¥ : € — D is said to reflect isomorphisms if ¥ (f) an isomorphism
in O implies that f is an isomorphism in €.

(d) Prove that a full and faithful functor reflects isomorphisms.

3.2 Exact Sequences in Mod

Definition 3.2.1. A sequence M; i> ML M3 of R-modules and R-module homo-
morphisms is said to be exact at M if Im f = Ker g, while a sequence of the form

S: '-'—)Mn_lh)Mnﬁ)M,H_l—)---,

n € 7, is said to be an exact sequence if it is exact at M, for each n € Z. A sequence
such as

S 0 M LME M0

that is exact at M, at M and at M5, is called a short exact sequence. A sequence will
often be referred to by its prefix S.

Remark. There is nothing special about considering sequences such as

fn—l fn

S: oo My — M, —> My41 —---
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with increasing subscripts. We could just as well have considered sequences such as

fn+1 fn—l

S: "'_>Mn+1 _— M, — M, — -

with decreasing subscripts. Both types of sequences will be considered later in Chap-
ter 11 when chain and cochain complexes are discussed.

M
If0 —>li> M5 M, — 0 is a short exact sequence, then it follows that f is
a monomorphism and g is an epimorphism. If N is a submodule of M, then 0 —

i n . .. TP
N - M — M/N — 0is a short exact sequence, where i is the canonical injection
and 7 is the natural mapping. An R-linear map f : M — N gives rise to two
canonical short exact sequences

0—>Kerf >M— f(M)— 0 and
0— f(M)—> N — Coker f — 0,

where the maps are the obvious ones.

Definition 3.2.2. If f : My} — M is a monomorphism, then we say that f is a split
monomorphism if there is an R-linear mapping f' : M — Mj such that f'f =
idps,. The map f” is said to be a splitting map for f. Likewise, if g : M — M> is
an epimorphism, then an R-linear mapping g’ : M, — M such that gg’ = idyy, is
a splitting map for g and g is called a split epimorphism. (See Definition 3.1.6.)

Note that if f is a split monomorphism with splitting map f’, then f’ is a split
epimorphism and if g is a split epimorphism with splitting map g’, then g’ is a split
monomorphism.

Proposition 3.2.3. If M, i) M is a split monomorphism with splitting map |’ :
M — My, then M = Im f @ Ker f'.

Proof. If x € M, then f'(x) € My, so f(f'(x) € M. If z = x — f(f'(x)),
then f'(z) = f'(x) — f'(f(f'(x))) = Osince f'f = idpy,. Thus, z € Ker f’
and x = f(f'(x)) +z € Im f + Ker f'. Therefore, M = Im f + Ker f'. If
yeIm fNKer f/,theny = f(x)forsome x € My,s00= f'(y) = f' f(x) = x.
Hence, y = 0 and we have M = Im f & Ker f’. m|

Proposition 3.2.3 also establishes the following proposition.

Proposition 3.2.4. If g : M — M, is a split epimorphism and g' : M, — M is
a splitting map for g, then M = Im g’ @ Ker g.
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Split Short Exact Sequences

Ifo0o - M, i) M LN M, — 0 is a short exact sequence of R-modules and R-
homomorphisms and f is a split monomorphism, then is g a split epimorphism?
Conversely, if g is a split epimorphism, then is f a split monomorphism? These
questions lead to the following definition and proposition.

Definition 3.2.5. If S : 0 — M, i> ML M, — 0 is a short exact sequence of
R-modules and R-module homomorphisms and f is a split monomorphism, then S is
said to split on the left. If g is a split epimorphism, then S is said to split on the right.

The connection between a short exact sequence that splits on the left and one that
splits on the right is given by the following proposition.

Proposition 3.2.6. A short exact sequence of R-modules and R-module homomorph-
isms splits on the left if and only if it splits on the right.

Proof. Suppose that S : 0 — M, i) M i M> — 0 is a short exact sequence of
R-modules and R-module homomorphisms that splits on the left and let ' : M —
M be a splitting map such that ' f = idp,. Then Proposition 3.2.3 shows that
M =1Im f & Ker f’. Next, note that

fa=fUf)) =)= fIff)) = f'x) = flx) =0,

sox — f(f'(x)) € Ker f’ for each x € M. Now define g’ : M, — M by g'(y) =
x — f(f'(x)), where x € M is such that g(x) = y. Such an x exists since g is
an epimorphism, but there may be more than one such x. Nevertheless, we claim
that g’ is well defined. Suppose that x’ € M is also such that g(x’) = y. Then
x—x"€Kerg =Im f,so

(x = f(f'0)) = (" = f(f (X)) = (x =) = (f(f'(x) = f(f' (X))
=(x—x) = f(f'(x=x")
€ Ker f'NIm f = 0.

Thus, it follows that g’ is well defined. If y € M, and g'(y) = x — f(f'(x)),
where x € M is such that g(x) = y, then g(g’(¥)) = g(x — f(f'(x))) = g(x) —
g(f(f'(x))) = g(x) = y since gf = 0. Hence, gg’ = idpm,, so S splits on the
right. The converse has a similar proof. a

Because of Proposition 3.2.6, if a short exact sequence splits on either the left or
the right, then we simply say that the sequence splits or that it is split exact. The
following proposition gives additional information on split short exact sequences.
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Proposition 3.2.7. A short exact sequence 0 — M1 i> mE My — 0 splits if and
only if one of the following three equivalent conditions holds.

(1) Im f is a direct summand of M.
(2) Ker g is a direct summand of M.
B) M = M; & M,.

Proof. We first show that the three conditions are equivalent. Note that (1) clearly
implies (2) since Im f = Ker g. If Ker g is a direct summand of M, let N be a sub-
module of M such that M = Kerg & N. Then M, =~ M/Kerg =~ N and Kerg =
Im f =~ M; and so we have M =~ M; & M>. Thus, (2) implies (3).

Next, suppose that (3) holds. Since Im f =~ M;, we have M =~ Im f & M>,
so Proposition 2.1.11 shows that there are submodules N; and N, of M such that
M = Ny ® N, withIm f =~ Ny and My = N,. We claim that M = Im f & N,.
If z € M, then there are x € Ny and y € Ny suchthatz = x + y. If w € M,
is such that f(w) = x, then z = f(w) + y,s0 M = Im f + N,. It follows that
Im f N Ny = 0andsoIm f is a direct summand of M. Thus, (3) implies (1).

Finally, suppose that M — M, i> ML M> — 0 splits. Then Proposition 3.2.3
gives M = Im f @ Ker f/, where f’ is a splitting map for /. Hence, (1) holds.
Conversely, suppose that (1) holds and let N be a submodule of M such that M =
Imf @& N.If f/:Imf &N — My is such that f'(f(x) + y) = x, then f’is

a splitting map for f, so 0 — My L M M5 — 0 splits. |
A category € can be formed by letting the class & of short exact sequences in
Modp be the objects of €. If S; : 0 > My - M — M, — 0and S, : 0 > Ny —

N — N; — 0 are objects of €, then Mor(S;, S») is the set of all triples § = («, 8, y)
of R-module homomorphisms such that the diagram

0 M, M M, 0

N

0 Np N N> 0

is commutative. If §1 : S — Sz and 8, : S, — S3 are morphisms in €, then the rule
of composition is given by 8281 = (a2, B2, y2) (a1, B1.71) = (@2a1, B2B1. V2V 1)-
We call a morphism § = («,f,y) in € a monomorphism (an epimorphism, an
isomorphism) if «, B and y are monomorphisms (epimorphisms, isomorphisms) in
Modpr. The Short Five Lemma (See Exercise 9.) shows that a morphism § =
(o, B,y) in € is a monomorphism (an epimorphism, an isomorphism) when « and
y are monomorphisms (epimorphisms, isomorphisms) in Mod g. If the relation ~ is
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defined on §& by S; ~ S, if and only if there is an isomorphism § : S; — S»,
then ~ is an equivalence relation on §§&. If [S] is an equivalence class of short exact
sequences in &, then one can show that a sequence in [S] splits if and only if every
sequence in [S] splits.

Problem Set 3.2

1.

Let f : M — N be an R-linear mapping. Identify each R-module homo-
morphism in each of the following sequences and then show that each sequence
is exact.

@0—->Kerf >M— f(M)—0
b)0— f(M)—> N — Coker f — 0
()0 >Ker f - M — N — Coker f — 0

(a) Let
S
S$i;: 0->-M; > M —>N—-0 and
S,: 0N My —> My —0
be short exact sequences. Prove that
gf
S3: 0-M] - M —> My, > M3z —0

is exact. The sequences S; and S, are said to be spliced together to form Ss.

(b) Prove that any exact sequence can be obtained by splicing together appro-
priately chosen short exact sequences.

. (a) Show that if f is a split monomorphism with splitting map f’, then f’is a

split epimorphism.

(b) Prove that if g is a split epimorphism with splitting map g’, then g’ is a split
monomorphism.

(c) Prove Proposition 3.2.4.

Complete the proof of Proposition 3.2.6.

. If f : M — M is an R-linear mapping such that /2 = £, then f said to be an

idempotent endomorphism in the ring Endg(M).

(a) Suppose also that M = N; @& N;, where N; and N, are submodules of M
and suppose that f1, /> : M — M are such that f; = iy and fo = ir7o,
where i and mj are the canonical injections and projections for k = 1,2,
respectively. Show that f; and f, are idempotent endomorphisms of M.
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(b) Prove that M = Im f & Ker f = Im f & Im(idpys — f) for every idem-
potent endomorphism f of Endg(M). Conclude from (a) and (b) that if M =
N1 @ N, then there is an idempotent endomorphism f € Endg (M) such that
Im f = N; and Ker(idpys — f) = Ns.

(c) If M = €, My, prove that there is a set of orthogonal idempotents { f }«
of the ring Endg(M) such that fo(M) = M, for each « € A. [Hint: If
Ny = Zﬂ#x Mg, then M = My @ Ny foreacha € A]

6. If0 — M, i) ML M, — 0 is a split short exact sequence and f’ and g’
are splitting maps for f and g, respectively, show that 0 — M, M L>

M1 — 0is a split short exact sequence.

7. If Nj and N, are submodules of an R-module M, prove that

0 N NN, L Ny Ny 5 Ny + Ny — 0

is exact if f(x) = (x,x) and g(x,y) = x — y.
8. If R be an integral domain, let (M) denote the torsion submodule of M.
(@) If f : M — N is an R-linear mapping, show that there is an R-linear
mapping ¢ (f) : t(M) — t(N).
(b) Prove that t : Modg — Modp, is a functor.

e If0 — M, i) M LN M> — 0 is an exact sequence of R-modules and

R-module homomorphisms, prove that 0 — (M) t—({)—> t(M) &) t(M>) is

exact.

(d) Show by example that if g : M — N is an epimorphism, then 7(g) :
t(M) — t(N) need not be an epimorphism. Conclude that the functor ¢ does
not preserve short exact sequences.

9. The Short Five Lemma. Let

0 N1 N N2 0

be a row exact commutative diagram of R-modules and R-module homomorph-
isms. Prove each of the following by chasing the diagram.

(a) If @ and y are monomorphisms, then § is a monomorphism.
(b) If @ and y are epimorphisms, then 8 is an epimorphism.

Conclude that if « and y are isomorphisms, then § is an isomorphism.
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10.

11.

12.

Let € be the structure described in the paragraph immediately preceding this
problem set and let ~ be the relation defined on €.

(a) Show that € is a category.
(b) Verify that ~ is an equivalence relation on §&.
(c) Prove that a sequence in an equivalence class [S] splits if and only if every

sequence in [S] splits.

The Five Lemma. Let

M M> M3 My Ms
Ni Ny N3 Ny Ns

be a row exact commutative diagram of R-modules and R-module homomorph-
isms. Prove each of the following by chasing the diagram.

(a) If « is an epimorphism and 8 and § are monomorphisms, then y is a mono-
morphism.

(b) If & is a monomorphism and 8 and § are epimorphisms, then y is an epi-
morphism.

(¢) If o, B, 8 and ¢ are isomorphisms, then y is an isomorphism.

Consider the commutative row exact

M —L e M5 M,
a B y \
N LN _E LN,

of R-modules and R-module homomorphisms. Prove each of the following by
chasing the diagram.

(a) If B is a monomorphism and « and g are epimorphisms, then y is a mono-
morphism.

(b) If B is an epimorphism and f’ and y are monomorphisms, then « is an
epimorphism.
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13.

14.

Suppose that the diagram

0 0 0
0 ANy VA Sy S 0
o B Y1
0 Ay VR S 0
o B2 Y2
L, M, N,
0 0 0

of R-modules and R-module homomorphisms is commutative and that the col-
umns and rows are exact. Prove that there is a monomorphism f” : L, — M,
and an epimorphism g’ : M> — N> such that the bottom row is exact and such
that the completed diagram is commutative. [Hint: Observe that 8, fa; = 0
gives Kerap = Imay € Ker 8, f, so use this to induce amap f” : L, — M>.]

A category € can be formed by letting sequences

S: "'%Mn—zﬂ)Mn—lE)Mnﬁ)Mn—i-lﬂ)Mn—i-Z_)"'
of R-modules and R-module homomorphisms be the objects of €. If S and T
are objects of €, then each morphism in Mor(S, T) is a family § = {«,}z of
R-linear mappings such that the diagram

- - Y Sn
S: "'_'Mn—Zf_%Mn—lf_LMn_f’Mn+1_+1'Mn+2_'"'

an—2\ Cn—1 \ (277} \ Op41 \ an+2\
g g

—2 —1 & 1
T: oo —— Ny 223 Nyog 225 Ny 5% Nygr 2225 Ny —— -+

is commutative. Composition of morphisms is defined in the obvious way.
A morphism § : S — T is said to be a monomorphism (an epimorphism, an
isomorphism) if each &, in § is a monomorphism (an epimorphism, an iso-
morphism). Prove that € is actually a category and let the relation ~ be defined
on the objects of € by S ~ T if there is an isomorphism § : S — T. Prove
that ~ is an equivalence relation on the objects of € and show that if [S] is an
equivalence class determined by an object S of €, then S is exact if and only if
every T e [S] is exact.
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3.3 Hom and ® as Functors

We now investigate two important bifunctors both of which are additive in each vari-
able. These functors play an important role in homological algebra, a topic to be
introduced in a subsequent chapter. For the remainder of the text, we adopt the nota-
tion Hom and & for the bifunctors

Hompg(—,—) : Mod(;f x Modg — Ab and
— ®R — : Modg xgr Mod — Ab,

respectively.

Properties of Hom

We have seen in Examples 13 and 14 in Section 3.1 that for any fixed R-module
X, Hom can be used to define a contravariant functor Homg (—, X) and a covariant
functor Hompg (X, —) from Modg to Ab. If X is a fixed R-module and f : M — N
is an R-linear mapping, then the contravariant functor

Hompg(—, X) : Modgr — Ab
is such that
Homg(f, X) = f* : Homg(N, X) — Homg(M, X), where f*(h) = hf.
For the covariant functor
Hompg(X,—) : Modgr — Ab
we have
Homg(X, f) = f« : Homg(X, M) — Hompg (X, N), where fiu(h) = fh.

Thus, if
ML m S M,

is a sequence of R-modules and R-module homomorphisms, then for any R-mod-
ule X

Homg(Ma, X) 55> Homg(M, X) > Homg(M;, X) and
Homg(X. My) 25 Homg(X. M) £%> Homg(X, M)

are sequences of additive abelian groups and group homomorphisms.
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One of the first questions that needs to be addressed concerning Hom is, if

0 M LM My—0

is a short exact sequence in Modg, then are
0 — Homg(M;, X) LAN Hompg(M, X) f—> Hompg(M;,X) — 0 and

0 — Homg(X, M1) 2> Homg(X, M) £ Homg(X, Ma) — 0
exact sequences in Ab? The following definition will help clarify our discussion.
Definition 3.3.1. Let R and S be rings. A functor ¥ : Modg — Modg is said to be
left exact if

7o) 2L 7oy T 7y

is an exact sequence in Modg whenever

0 M LM M,
is exact in Mod g. Likewise, if

7o) 2L 7oy T 7 y) - 0

is exact in Mod g for each exact sequence

My LM S My, =0

Modpg, then ¥ is said to be right exact. If ¥ is left and right exact, then ¥ is said to
be an exact functor. If ¥ : Modgr — Modg is contravariant and

7 (M) 2 7 ony L 7y

is exact in Modg whenever

e Lom 5 om0

is exact in Mod g, then ¥ is said to be left exact. If

7o) 2 7oy L 7o) - 0

is exact in Mod g for every exact sequence
f g
00— M — M = M,

in Modg, then ¥ is right exact. If ¥ is left and right exact, then ¥ is an exact
contravariant functor.
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Thus, exact functors, either covariant or contravariant, are precisely those functors
that send short exact sequences to short exact sequences.

Proposition 3.3.2. For any R-module X, Homg(—, X) : Modr — Ab and
Hompg (X, —) : Modg — Ab are left exact.

Proof. It 0 — M, i> M LN M, is an exact sequence in Mod g, we will show that

0 — Homg(X, My) 2> Homg(X, M) 5% Homg (X, M)

is exact. It is clear that f. and g, are group homomorphisms, so we show first that
fx« is injective. If h € Hompg (X, M) is such that fi(h) = 0, then fh = 0. Hence,
fh(x) = 0 for all x € X implies that ~(x) = O for all x € X since f is an
injection. Thus, 2 = 0, so fx is injective. Next, note that if 2 € Im f, then there
is an i/ € Hompg (X, M7) such that h = fi(h'). This gives g«(h) = g« fx(h') =
gfh = Osince gf = 0. Therefore, i € Ker gy« and so Im f C Ker g«. Finally,
if h € Kergx, then gh = g«(h) = 0. Hence, if x € X, then gh(x) = 0, so
h(x) € Kerg = Im f. Since f is an injection, there is a unique y € M; such that
f(») = h(x). Define h” : X — M by h”(x) = y. Then h”” € Hompg(X, M;)
and fh"(x) = f(y) = h(x). Thus, f«(h”) = h, so h € Im fx and we have
Ker g« C Im f%. Hence, Im fi = Ker g« and we have that

0 — Homg(X, M) 2> Homg (X, M) £ Homg(X, M)
is exact. The proof that Homg(—, X) : Modg — Ab is left exact is similar. m|

Because of Proposition 3.3.2 we see that Hom is left exact in each variable. The
following two examples show that, in general, Hom is not right exact in either variable.

Examples
In each of the following examples, we consider the short exact sequence 0 — 7Z i)
z % Ze — 0, where f(x) = 6x for all x € Z and 7 is the natural map.

1. Homgz(—, Z¢) Is Not Right Exact Consider the exact sequence

0 — Homg,(Ze. Ze) ~— Homgz(Z. Zg) > Homgz(Z. Z).

If ¢ € Homy(Z,Z¢) and x € Z, then (f*g)(x) = gf(x) = g(6x) =
6g(x) = 0. Hence, f*(g) = 0 and so f* = 0. But Homg(Z,Z¢s) # O,
so f* cannot be an epimorphism. Consequently, Homgz(—, Zg¢) is not right
exact.
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2. Homgz(Zg, —) Is Not Right Exact First, note thatif 2 € Homgz (Z¢, Z), h # 0,
then there must be an [x] € Zg such that 4([x]) # 0. Thus, i([x])6 is not zero
in Z. But h([x])6 = h([x]6) = h(]0]) = 0 and we have a contradiction. Hence,
Homgz(Z¢, Z)) = 0. Therefore, the exact sequence

0 — Homg(Ze. Z) 2> Homyg (Ze. Z) 7> Homy (Ze. Z¢)

reduces to

0= 025 0™ Homy(Zs. Ze) % 0.

SO 7, 1S not an epimorphism.

Even though Hom is not an exact functor in either variable, there are short exact
sequences that are preserved by Hom in both variables.

Proposition 3.3.3. If0 — M, i> M5 M> — 0 is a split short exact sequence in
ModR, then for any R-module X

(1) 0 — Homg(Ms, X) £ Homg(M. X) 1> Homg(M;. X) — 0 and

(2) 0 — Homg(X. My) 2> Homg(X. M) % Homg(X. My) — 0

are split short exact sequences in Ab.

Proof. We prove (1) and leave the proof of (2) as an exercise. Proposition 3.3.2 shows
that

0 = Homg(Ma, X) 5> Homg(M, X) > Homg(M;, X)

is exact, so we are only required to show that * is an epimorphism and that one of

f* and g* has a splitting map. Since 0 — M, i> M5 M, — 0 is a split short
exact sequence, there is an R-linear mapping f’ : M — M such that f” f = idpy,.
If h € Homg(My, X), then hf’ € Homg(M, X) and f*(hf’) = hf'f = h, so
f* is an epimorphism. Finally, if /' : M — M is a splitting map for f, then
f* :Homg (M7, X) — Homg(M, X), so if h € Homg (M1, X), then f* f'*(h) =
f*(hf’) = hf'f = hidpy, = h. Hence, f* f'* = idygomg(m,,x) Which shows that
f* is a splitting map for f*. Thus,

0 = Homg(My, X) * Homg(M., X) 1> Homg(M;. X) — 0

is a split short exact sequence in Ab. m|
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Properties of Tensor Products

Tensor product can be used to define a functor from Modpg to Ab and a functor from
rRMod to Ab. If X is a fixed left R-module, let

— ®Rr X : Modgr — Ab

be such that (—Qr X)(M) = M Qr X and (—Qr X)(f) = f®idy : M Qr X —
N ® g X for each R-linear mapping f : M — N in Modg. Then —®g X is a functor
from Modg to Ab. Similarly, if X is a fixed R-module, then

X ®r — : RMod — Ab

is a functor from gMod to Ab.

We have seen that the bifunctor Hompg (—, —) is left exact in both variables but, in
general, is not right exact in either variable. This is in contrast to the bifunctor —®@ g —
which is right exact in both variables but, in general, is not left exact in either variable.

Proposition 3.3.4. If M, i> mE M, — 0is an exact sequence in Modg, then for
any left R-module X the sequence
®id ®id
W My @r X L2 M ogx L2 My @ X >0

is exact in Ab. Similarly, if M i> mE M> — 0 is an exact sequence in gMod,
then for any R-module X, the sequence

idy ® idxy ®
) X @0r M1 %L, x @ M X5 ¥ 00 My — 0

is exact in Ab.

Proof. To show that (1) is exact, we need to show that Im( f ® idy) = Ker(g ® idy)
and that g ® idy is an epimorphism. Since g and idy are epimorphisms, it follows
easily that g ® idy is an epimorphism. Note also that g f = 0 gives Im(f ® idy) C
Ker(g ® idy), so there is an induced mapping

h:(M®rX)/Im(f ®idx) > M2 Qr X
such that
h(y @ x + Im(f ®idyx)) = g(y) ® x.

Hence, we have a row exact commutative diagram

id
M ®@rX f®idx

M@rX — (M®rX)/Im(f®idy) —— 0

g®idx

M>®@rX
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Themap p: Mo x X - (M ®g X)/Im(f ® idy) defined by p(z,x) = y ® x +
Im(f ® idy), where y € M is such that g(y) = z, is R-balanced, but there may be
more than one such y, so we must show that p is independent of the choice of y. If
y’ € M is also such that g(y’) = z,then y — y’ € Kerg = Im f. Letu € M be
such that f(u) =y — y'. Then (f Qidy)u ® x) = fu) @x = (y —y') @ x, so
(y—y)®xisinIm(f ®idy). Hence, y @ x +Im(f ®idyx) = y' ® x +Im(f ®idx)
which shows that p is well defined. Since p is R-balanced, there is a unique group
homomorphism

h: M, ®r X — (M ®g X)/Im(f ®idy)
such that
h(z®x)=y®x+Im(f Qidy),

where again we pick y € M to be such that g(y) = z. One can easily verify that
h = h~!, so h is a group isomorphism. Hence, (M ® X)/ Ker(g ® idx) = (M Qg
X)/Im(f ®idy) and it follows that Im( f ® idy) = Ker(g ® idy). The proof of (2)
follows by symmetry. O

The following example shows that, in general, ® is not left exact in either variable.

Example

3. —®yz Zg Is Not Left Exact. The sequence 0 — Z AN Q KN Q/Z —0is exact,
where i is the canonical injection and 7 is the natural mapping. Furthermore,
the sequence

n®idz

i®idy,
7Q®7%s —> Q®zZs —> (Q/Z)®7Z6—0

is exact, but i ® idz, is not an injection. Surely Q®zZg = 0, since for any
2 ® [n] € Q®zZs,

Pom=Lsen=Lg0=o0.
q 6q 6q

But Z®zZe = Ze¢ # 0,50 i ® idz, cannot be an injective mapping. Hence,
®z is not left exact in the first variable and, by symmetry, ®z fails to be left
exact in the second variable as well.

Problem Set 3.3

1. Complete the proof of Proposition 3.3.2.
2. Prove (2) of Proposition 3.3.3.
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3. Show that each of the bifunctors Hom and ® is additive in each variable.

. (a) Let R and S be rings and suppose that ¥ : Modg — Modg is a functor. If

f € Hompg(M, N) has a left (right) inverse in Homg (N, M), then does ¥ ( f)
have a left (right) inverse in Homg (¥ (N), ¥ (M))?

(b) Answer questions similar to those posed in (a) but for a contravariant functor
F.

. Answer each of the following questions for an additive functor ¥ : Modg —

Mod R’
(a) If (P, pa)A is a direct product of a family {My}A of R-modules, then is
(F(P), ¥ (pa))a adirect product of the family {F (Mgy)}a of R’-modules?

(b) If (S, ug) A is a direct sum of a family {My} o of R-modules, then is (¥ (S),
F (ug))A adirect sum of the family {F (My)} of R’-modules?

(c) Does the functor Hompg (M, —) preserve direct products and direct sums?

. (@ Let0 — M, i> mE M3, — 0 be a split short exact sequence of R-mod-

ules and R-module homomorphisms. If f/: M — My and g’ : M, — M are
splitting maps for f and g, respectively, prove that

0 — Homg(M;, X) L= Homg(M, X) *—> Homg(Ms, X) — 0 and

0 — Homg(X. Ma) 25 Homp(X. M) 2> Homg(X. M) — 0

are split short exact sequences in Ab.

.(@If0 — M, i> M LN M> — 0 is a short exact sequence of R-modules and

R-module homomorphisms, prove that

0 = Homg(R™, My) L5 Homg(R™, M) % Homg(R™, Ma) — 0

is exact for any integer n > 1.

(b) Does the conclusion of (a) remain valid if “for any integer n > 1” is replaced
by “for a set A” in the statement of Part (a) and R™ is replaced by R (A)9

.If0 - N — M is an exact sequence of left R-modules, prove that 0 —

R®) QRN — R®) ®R M is exact for any set A. Conclude that
R®™ @ — :r Mod — Ab

is an exact functor for any nonempty set A with a similar observation holding
for

—®gr R®) : Modg — Ab.
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9.

10.

Given modules Lg, gMs and g N, form L g M ®s N. Show that by fixing
any two of the modules and allowing the other to vary we obtain a right exact
functor. Give the category that serves as the “domain” of each functor.

(a) Recall that a sequence
S: o> My 1 > M, > M4 — -

of R-modules and R-module homomorphisms is exact if it is exact at M, for
eachn € Z. If R and § are rings, prove that ¥ : Modg — Modg is an exact
functor, (that is, & preserves short exact sequences) if and only if for every
exact sequence S in Modp, the sequence

FE): > FMp—1) > F(Mp) = F(Mp+1) = -

is exact in Mod . Make and prove a similar statement for a contravariant func-
tor ¥ . [Hint: Exercise 2 in Problem Set 3.2. Consider the short exact sequences

0 — Ker f—1 > M,—1 — Ker f, > 0 and
0 — Ker f, > M, — Ker f,4+1 — 0,

where --- — M, _1 ﬂ M, ﬁ) M, +1 — --- is an exact sequence in S.]
(b)If ¥ : Modgr — Modg is an exact functorand 0 - My - M — My — 0
is a split short exact sequence in Modg, then does 0 — ¥ (M) - F (M) —

F (M3) — 0 split in Modg?

3.4 Equivalent Categories and Adjoint Functors

Two R-modules M and N are isomorphic if there are R-linear mappings f : M — N
and g : N — M such that fg = idy and gf = idys. There is an analogous concept
for categories.

Definition 3.4.1. A functor ¥ : € — D is said to be a category isomorphism if there
is a functor § : D — € such that F§ = Idgp and §F = Ide. When such a functor
F exists, € and D are said to be isomorphic categories. The notation € = D will
indicate that € and O are isomorphic.

Examples

1.
2.

The identity functor Ide : € — € is a category isomorphism.

Let € and D be categories and form the product category € x . Suppose that
F :€xD — D xE€issuchthat F((4,B)) = (B, A) and F((f,g)) =
(g, f). Next,letg : D x € — € x D be defined by §((B, A)) = (A, B)
and §((g, f)) = (f,g). Then F§ = Ildpxe and §F = Idexp, S0
ExD=DxEC.
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Nontrivial isomorphic categories do not occur very often. A more commonly oc-
curring situation is described by the following definition and examples.

Definition 3.4.2. Let 5,9 : € — D be functors and suppose that for each object
A of € there is a morphism 14 : F(4) — §(A) in O such that for each morphism
f : A — B in € the diagram

F(A) 24 g(A)

F(f) g()

7 (B) 2 4(B)

is commutative. Then the class of morphisms n = {n4 : ¥ (4) — §(A)}, indexed
over the objects of €, is said to be a natural transformation from ¥ to §. Such
a transformation, also called a functorial morphism, will be denoted by n : ¥ — §.
If n4 is an isomorphism in O for each object A of €, then 7 is said to be a natural
isomorphism and ¥ and § are said to be naturally equivalent functors, denoted by
F 9.

A composition of natural transformations can also be defined. Let #,9, #
€ — D be functors and suppose that { : ¥ — § and n : § — H are natu-
ral transformations. Then n¢ : ¥ — JH is the natural transformation defined by
M) a =nyl4: F(A) — FH(A) for each object A of €.

IfF :€ > Dand§ : D — € are functors suchthat § F ~ Ide and ¥ § ~ Idgp,
then € and P are said to be equivalent categories, denoted by € ~ D, and we say
that the pair (¥, §) gives a category equivalence between € and O. If ¥ and § are
contravariant functors such that §¥ ~ Ide and ¥§ =~ Idg, then the pair (¥, §)
is said to be give a duality between € and D and we say that € and D are dual
categories. We write € ~ D°P to indicate that € and D are dual categories.

Examples

3. If ¥ : € - Disafunctor, thenn : F — F suchthatny : F(A) - F(A)is
the identity morphism id# (4) for each object A of € is a natural transformation
called the identity natural transformation.

4. For a given set X, let ¥ (X) be the free R-module on X. In view of the first Re-
mark of Section 2.2, each element of ¥ (X) can be written as ) _ y xax, where
ay = 0 for almost all x € X, and X is a basis for F(X). If f : X - Y
is a function, then we have an R-linear map ¥ (f) : F(X) — F(Y) defined
by F(f)Q_x xax) = > x f(x)ax. This gives a functor ¥ : Set — Modg
called the free module functor. Next, for each R-module M strip the mod-
ule structure from M and consider M simply as a set. With this done, if f :
M — N is an R-linear map, then f is now just a mapping from the set M to
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the set N. Thus, ¥ (M) is a free moduleon M and ¥ (f) : F (M) — F(N) is
an R-linear mapping. Consequently, we have a functor ¥ : Modg — Modrg.
If npy : M — F (M) is defined by n,,(x) = x, for each R-module M, then
the diagram

Tdyioa, (M) 24 7 (M)

FN

TIdmoa (f) \
Idpeag (N) ~2- F(N)

is commutative and 7 is a natural transformation from the functor Idnfea, :
Modr — Modp, to the functor ¥ : Modg — Modg.

5. Let M be a fixed R-module and suppose that
oM o .
F7, Fy : Modr — Modpg

are such that:

(a) FM(N) = N @ M for each R-module N.

() If f : N; — Ny is an R-linear mapping, then F M (f) : Ny®@M — N,&M
is such that FM (£)((x, y)) = (f(x), »).

() Fm(N) =M & N for each R-module N.

() If f : Ny — N, isan R-linear mapping, then ¥, (f) : M®N; — M S N>
is such that 7 (f)((y, x)) = (v, f(x)).

Now let p : FM — Fj3 be the natural transformation such that for each R-
module N, ny : FM(N) — Far(N) is given by ny ((x,y)) = (y, x). Then
is a natural isomorphism and we have M ~ #;.

The proof of the following proposition is left to the reader.

Proposition 3.4.3. If ¥,§ : € — D are functors, then a natural transformation
n : ¥ — § is a natural isomorphism if and only if there is a natural transformation
n' 8 — F such that 77217714 = idg (4) and nAnZI = idg(4) for each object A
of €.

Adjoints

There is also an adjoint connection that may occur between two functors. Such a re-
lation holds between the functors — ® g X : Modg — Modg and Homg (X, —) :
Mods — Modpg, where g Xg is an (R, S)-bimodule.
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Definition 3.44. If ¥ : € - D and § : D — € are functors, then F is said to be
a left adjoint of § and § is a right adjoint of ¥ if for each object A of € and each
object B of D there is a bijection

Nap : Morp (¥ (A), B) - More(A, 9(B))

that is a natural transformation in A and in B. We will refer to the family of mappings
N = {N4B}(A,B)eexp as an adjoint transformation. Such transformation is said to
be natural in A if when B is fixed and A is allowed to vary, the diagram

Mor g (F (4), B) 2% More (A, §(B))

FH" S

Mor o (F (A), B) —4E- More (A, §(B))

is commutative for each morphism f : A — A’ in €. Likewise, such a transformation
is said to be natural in B if whenever A is fixed and B is allowed to vary, the diagram

Mor o (F (A), B) —4E- More (A, §(B))

Mor g (F (A), B') 42, More (A, §(B'))

5(2)«

is commutative for each morphism g : B — B’ in D. If there is an adjoint transfor-
mation 7 : ¥ — g, then (¥, §) is said to be an adjoint pair.

Example

6. Let ¥ : Set — Modpg be the free module functor of Example 4 and let
S : Modr — Set be the forgetful functor which takes each R-module to
its underlying set and each R-linear mapping to its underlying function. For
each set X and each R-module M, each function f : X — §(M) can be ex-
tended linearly to an R-linear mapping f : F (M) — M. The correspondence
nxm(f) = f|x has an inverse given by ’7)_(}1/1 (f) = f and this establishes
a bijection

Nxy - Homg (¥ (X), M) — Morse (X, §(M)).

If n = {nxp)x,M)eSetxMod - then n : F — § is an adjoint transformation
and (¥, §) is an adjoint pair.

Now let R and S be rings, suppose that g X5 is an (R, S)-bimodule and consider
the following:
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A. Define ¥ : Modg — Modg as follows: Set (M) = M ®pg X for each
R-module M and note that M ® X is an S-module if we set (x @ y)s = x Q ys
forx @ y € M @r X ands € S. Alsoif f : M — M’ is an R-linear
mapping, then (f ® idx)((x ® y)s) = (f @ idx)(x ® ys) = f(x) ® ys =
(f(x)®y)s = (f ®idy)(x ® y)s. Hence, if F () = f ®idy, then it follows
that F(f): M Qr X — M ®pg X is S-linear. Consequently, ¥ is a functor
from Modg to Modg.

B. Let § : Mods — Modg be such that §(N) = Homg(X,N). Then
Homg (X, N) is an R-module if we set (ga)(x) = g(ax) for each g €
Homg (X, N),a € Rand x € X. Moreover, if f : N — N'is an S-linear map,
then §(f) = fx : Homg(X,N) — Homg(X, N’) is an R-linear mapping
since fx(ga)(x) = f(ga)(x) = (fg)(ax) = ((fg)a)(x) = (f«(g)a)(x), so
fx(ga) = f«(g)a. It follows that § is a functor from Modg to Mod .

The following proposition establishes an important connection between the functors
F(—) =— ®pr X and ¥(—) = Homg (X, —) described in A and B above.

Proposition 3.4.5 (Adjoint Associativity). If R and S are rings and rXgs is an
(R, S)-bimodule, then (— ®g X, Homg (X, —)) is an adjoint pair and the adjoint
transformation 1 = {1 N }(M,N)eMod g xMods &ives a natural isomorphism of abelian
groups

nuy  Homs(M ®g X, N) - Homg(M,Homg (X, N))
for each object (M, N) in Modgr x Modg.

Proof. Suppose that M is an R-module and that N is an S-module. If f €
Homg(M®RrX,N),letnyn(f): M — Homg (X, N) be defined by np,n (f)(x) =
fx, where fr € Homg (X, N) is such that f5(y) = f(x ® ¥). Then f is clearly an
S-linear mapping since f is. Note also that since X is a left R-module, Homg (X, N)
is an R-module, so (fxa)(y) = fx(ay) = f(x®ay) = f(xa® y) = frxa(y). This
gives fxa = frxq and we see that nyy (f)(xa) = fra = frxa = nyn(f)(x)a.
Therefore, np,n(f) € Homg(M,Homgs (X, N)) as required. If f and g are in
Homs (M ®RgX, N), then a direct computation shows that 7y, 5 (f+8) = npn (f)+
Nan (8), so we have established a group homomorphism

Nuy : Homs(M ®gr X, N) - Homg(M,Homs (X, N)).

To show that 1, is an isomorphism, we will show that n,,5 has an inverse.
Let f € Homg(M,Homg (X, N)). Since f(x) € Homg (X, N) for each x € M,
this gives a mapping M — Homg (X, N) defined by x — fx, where f(x) = f.
Moreover, fx(y) € N for each y € X. If fis defined on the set M x X by
i MxX - N, where f((x.)) = fx(), then f(xa,y) = fra(y) =
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[f(xa)l(y) = [f(O)](ay) = fx(ay) = f(x,ay) for each a € R and it follows
that f is R-balanced. Thus, by the definition of a tensor product, there is a unique

group homomorphism g : M Qg X — N such that g(x ® y) = f5(y) which is
easily seen to be S-linear. If we now define

r;;,llN : Homg(M,Homg (X, N)) — Homg(M ®g X, N),

by r];,llN (f) = g, then n;llN is an inverse function for 17, SO Nrn 1S @ group
isomorphism.
If we fix N and allow M to vary, then we get a commutative diagram,

Homg(M'®@gX, N) % Homg(M’, Homg (X, N)
(f ®idx)* I
Homs(M®gX, N) —~, Homg(M, Homs (X, N)

where f : M — M'. Thus, 1y, is natural in M. Similarly, ;. is natural in N,
SO NN 1S a natural group isomorphism. a

There is another form of Proposition 3.4.5. The proof is an exercise.

Proposition 3.4.6 (Adjoint Associativity). If R and S are rings and pM, s Xr and
s N are modules, then there is a natural abelian group isomorphism

nyy : Homs(X ® g M, N) - Homg(M,Homg (X, N))

and (X ® g —, Homg (X, —)) is an adjoint pair.

Problem Set 3.4

1. Verify that the transformation n of Example 5 is a natural isomorphism.
2. Prove Proposition 3.4.3.

3. If R is a commutative ring, then are the functors
—Q®r M :Modr —> Modg and M Qg — : Modr — Modg

naturally equivalent?
4. Verify the details of Example 6.

5. Prove that the function "X/IIN given in the proof of Proposition 3.4.5 is an inverse
function for 1, .

6. Show that the diagram given in the proof of Proposition 3.4.5 is commutative.
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10.

11.

. Prove that the transformation 7, established in the proof of Proposition 3.4.5

is natural in N.

. Prove Proposition 3.4.6. [Hint: Make the necessary changes to the proof of

Proposition 3.4.5.]

Let M — M — M" — 0 be a sequence of R-modules and R-module homo-
morphisms. If 0 — Homg(M”, N) — Homg(M,N) — Homgr(M’', N) is
exact in Ab for every R-module N, prove that M’ — M — M"” — 0 is exact.
Let ¥ : Modg — Modg and § : Mods — Modpg be functors. If (¥,9) is
an adjoint pair, prove that ¥ is right exact and ¢ is left exact. [Hint: If M’ —
M — M” — 0 is exact, then we need to show that F (M) — F(M) —
F(M") — 0is exact. Consider the commutative diagram

0 — Homg(F (M"), N) — Homg(F (M), N) — Homg(F (M'),N)

0 —— Homg(M",§(N)) — Hompg(M,§(N)) — HomgM', §(N)),

where the down arrows are natural isomorphisms and N is any S-module. Show
that the top row is exact and consider Exercise 9.] The fact that § is left exact
has a similar proof.

Observe that if (¥,%§) is an adjoint pair, then ¥ may not be left exact and
§ need not be right exact as is pointed out by the adjoint pair (— Qg X,
HOmS (X7 _))

Let ¥ : € — D be a functor that has a right adjoint § : & — €. Prove that

§ is unique up to natural isomorphism. Conclude that a similar proof will show
that if § : O — € is a functor that has a left adjoint ¥ : € — D, then F is
unique up to natural isomorphism.



Chapter 4
Chain Conditions

We begin with a discussion of the generation and cogeneration of modules which is
followed by an introduction to chain conditions on modules. Chain conditions play
an important role in the classification of rings.

4.1 Generating and Cogenerating Classes

Recall that a (finite) subset X of an R-module M is a (finite) set of generators of M
if M =) yx xR.If § is a set of submodules of M such that M =) ¢ N, then § is
said to span M . Recall also that every module M has at least one set X of generators,
namely the set X = M.

Proposition 4.1.1. The following are equivalent for an R-module M .

(1) For every family {My}a of submodules of M such that {My}a spans M there
is a finite subset F C A such that {My}F spans M.

(2) If {My} A is any family of R-modules, then for every set of R-linear mappings
{fo : My — M} A such that {Im fo} A spans M there is a finite subset F C A
such that {Im fy }F spans M.

(3) For every family {My}a of R-modules for which there is an epimorphism
@D p Mo — M there is a finite subset F € A and an epimorphism @ g My — M.

(4) M is finitely generated.

Proof. (1) = (2) is obvious.

(2) = (3). If ¢ : @A My — M is an epimorphism and iy : My — P My is
the ath canonical injection, then fy = @i, : My — M for each o € A is such that
{Im fy}a spans M. Thus, by (2) there is a finite subset F C A such that {Im f,}F
spans M and this gives an epimorphism P My, — M.

(3) = (4). Every R-module is the homomorphic image of a free R-module, so
there is a set A and an epimorphism R®) — M. Thus, by (3) there is a finite set
F C A and an epimorphism ¢ : R) — M. If welet F = {1,2,...n} and if {ei}!_,
is the canonical basis for the free R-module R, then the finite set X = lole)}?_,
will generate M .

(4) = (1). Let {My}A be a family of submodules of M that spans M. If X =
{X1,X2,..., X} is a finite set of generators of M, then M = Z?:l XiR =) A My.
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Thus, for each i, there is a finite set /; € A such that x; € ZFi My If F = U;’Zl F;,
then F € A and {My}F spans M. Hence, we have (1). |

Because of the equivalence of (3) and (4) in the previous proposition, we can now
make a more general observation regarding what it means for a module to be generated
by a set of R-modules.

Definition 4.1.2. An R-module M is said to be generated by a set { My} A of R-mod-
ules if there is an epimorphism 9, My — M. A class € of R-modules is said to
generate Modp if every R-module M is generated by a set { My} o of modules in €.
In this case, we also say that € is a class of generators for Modg. An R-module M
is said to generate an R-module N if there is an epimorphism M (A) 5 N for some
set A. If € = {M} generates Modg, then we will simply say that M generates
Modg.

It is obvious that Modg has the class of all R-modules as a class of generators.
Moreover, if f : M — N is an epimorphism, then any set of modules that generates
M will also generate N. Consequently, if M is finitely generated, then so is N. Note
also that every module is the homomorphic image of a free R-module, so R generates
Mod R-

Due to Proposition 4.1.1 an R-module M is finitely generated if and only if for each
set of submodules { M} A suchthat M = ) 5 My, there is a finite subset F C A such
that M = ) g M. This leads to the following definition of a finitely cogenerated
module.

Definition 4.1.3. An R-module M is said to be finitely cogenerated if whenever
{Mqy} is a set of submodules of M such that (|5, My = O there is a finite subset
F € A such that (g My = 0.

Proposition 4.1.4. The following are equivalent for an R-module M .
(1) M is finitely cogenerated.
(2) For every family {My}a of R-modules and each family {fy : M — My}a of
R-linear mapping with (| 5 Ker fo = 0 there is a finite subset F of A such that
(g Ker fo = 0.
(3) For every family {My}a of R-modules for which there is a monomorphism
M — [][A My there is a finite subset F C A and a monomorphism M —

[1F Ma.

Proof. (1) = (2) is clear.

(2) = (3). If ¢ : M — [[x Mg is a monomorphism, then (), Ker(rwq¢) = 0,
where 7y @ [[p Mo — M, is the ath canonical projection for each o € A. By
assumption there is a finite subset £ € A such that (| Ker(rq¢) = 0 and this gives
a monomorphism M — [[r M,.
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(3) = (1). Let {My}a be a family of submodules of M such that (|, My = 0.
Ifn, : M — M/M, is the natural mapping for each « € A, then¢p : M —
[1ao M/ My defined by ¢(x) = (n,(x)) is such that Ker¢p = (o Mo = 0, so ¢
is a monomorphism. But (3) gives a finite subset F € A and a monomorphism
M — [[g M/M,. Thus, (g My = 0 and so we have (1). a

Definition 4.1.5. An R-module M is said to be cogenerated by a set {My}a of R-
modules if there is a monomorphism M — [[5 My. A class € of R-modules is said
to be a class of cogenerators for Modpg if every R-module is cogenerated by a set
of modules in €. In this case, we will say that € cogenerates Modg. If € = {M},
then an R-module N is cogenerated by M if there is a set A and a monomorphism
N — M2, If € = {M) and € cogenerates Mod g, then we say that M cogenerates
Modg.

It is clear that Mod r has the class of all R-modules as a class of cogenerators. Fur-
thermore, if an R-module M is (finitely) cogenerated by {My faandif f : N — M
is a monomorphism, then {My} also (finitely) cogenerates N.

Problem Set 4.1

1. If M and N are R-modules, prove that M (finitely) generates N if an only if
there is a (finite) subset H € Homg(M, N) suchthat N =) 5 Im f.

2. Let M and N be R-modules. Prove that M generates N if and only if for
each nonzero R-linear mapping f : N — N’ there is an R-linear mapping
h: M — N suchthat fh # 0.

3. Prove that the following are equivalent for R-modules M and N.
(a) N is cogenerated by M.
(b) For each x € N, x # 0, there is an R-linear map f : N — M such that
f(x) #0.
Conclude that M is a cogenerator for Modp, if and only if for each R-module
N andeach x € N, x # 0, there is an R-linear mapping f : N — M such that
Jf(x) #0.

4. Let M and N be R-modules. Prove that M cogenerates N if and only if for
each nonzero R-linear mapping f : N’ — N there is an R-linear mapping
h: N — M suchthat if # 0.

5. (a) Let €; and €, be classes of R-modules. If every module in €, is generated
by a set of modules in €; and €, generates Mod g, prove that €; also generates
Modg.

(b) Show that a class € generates Modp, if and only if R is generated by a set
of modules in €.
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6. Let € be a class of R-modules and suppose that {My}a C € is a set such that
My % Mg whena # B. If each module in € is isomorphic to an My € {Mg}a,
then {My} A is said to be a complete set of representatives of the modules in €.

(a) If € is a class of generators for Modg and if {My}A is a complete set of
representatives of €, prove that € 5, M, generates Modg.

(b) If € is a class of cogenerators for Modg and if {My} A is a complete set of
representatives of €, prove that [ [, M cogenerates Modg.

7. (a) Prove that an R-module N is cogenerated by a set {My}a of R-modules
if and only if there is a set N of submodules of N such that N/ N’ embeds in
some Mg € {My}a foreach N' € N and (") N’ = 0.

(b) Let €; and €, be classes of R-modules. If every module in €, is cogener-
ated by a set of modules in €; and €, cogenerates Mod g, prove that €; also
cogenerates Modg.

8. If M and N are R-modules, prove that M (finitely) cogenerates N if and only
if there is a (finite) subset H € Homg (N, M) such that () g Ker f = 0.

4.2 Noetherian and Artinian Modules

In this section we investigate the ascending and descending chain conditions on mod-
ules. As we will see, there is a connection between modules that satisfy the ascending
(descending) chain condition and modules that are finitely generated (finitely cogen-
erated).

Definition 4.2.1. An R-module M is said to satisfy the ascending chain condition if
whenever

My S My S M3 C -

is an ascending chain of submodules of M, there is a positive integer n such that
M; = My, foralli > n. In this case, we say that the chain terminates at My, or simply
that the chain terminates. An R-module that satisfies the ascending chain condition is
called noetherian. If the ring R is noetherian when viewed as an R-module, then R
is said to be a right noetherian ring. Noetherian left R-modules and left noetherian
rings are defined in the obvious way. A ring R that is left and right noetherian is a
noetherian ring.

Examples

1. The Ring of Integers. The ring of integers Z is noetherian and, in fact, every
principal ideal ring is noetherian (Corollary 4.2.12).
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Finite R-modules. Any finite R-module is noetherian and if M is an R-module
with the property that every submodule of M is finitely generated, then, as we
will see, M is noetherian.

Finite Dimensional Vector Spaces. Any finite dimensional vector space over a
division ring D is noetherian while an infinite dimensional vector space over D
is not. If V is infinite dimensional with basis {xq}a, then card(A) > Ry. If
I'={a;,a2,a3,...} S A,thenV,, = @?21 Xq; D is a subspace of V' for each
n>1landV; C V, C V3 C -.- is an ascending chain of subspaces of V' that
fails to terminate.

Right noetherian but not left noetherian. There are rings that are right
noetherian but not left noetherian and conversely. For example, the matrix ring

_(Z Q\ _ (a1 a1z
r=(o0)=1(% )

is right noetherian but not left noetherian. Indeed, the only ascending chains of
right ideals of R are of the form

I Q I Q I3 Q
C C C...
(o o)—(oo (o o)s 7 nd
L Q I Q I3 Q
C C C...
(5e)=(te)=(5e)e
where I; € I, € I3 C --- is an ascending chain of ideals of Z. But Z is
noetherian, so any such chain in R must terminate since I; € I, € I3 C ---

terminates. On the other hand, Q is not noetherian when viewed as a Z-module.
Hence, if S; € S € S3 C --- is a nonterminating chain of Z-submodules

of Q, then
05 c 05, c 053 c ...
00)—\oo0o)—\0 O/~

is a nonterminating chain of left ideals of R.

a1 € Z,az,az; € Q}

Definition 4.2.2. An R-module M is said to satisfy the descending chain condition
if whenever

My 2M; 2 M32---

is a descending chain of submodules of M, there is a positive integer n such that
M; = M, for all i > n. In this case, we say that the chain terminates at M,,. An
R-module that satisfies the descending chain condition is called artinian. If the ring
R is artinian when considered as an R-module, then R is said to be a right artinian
ring. Artinian left R-modules and left artinian rings are defined analogously. A ring
R that is left and right artinian is said to be an artinian ring.
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Examples

5. Noetherian but not artinian. We have seen in Example 1 that the ring of
integers Z is noetherian. However Z is not artinian since, for example,

2)24)2@®2---2@2")D---

is a chain of ideals of Z that does not terminate. Consequently, there are rings
that are noetherian but not artinian. The converse is false. We will see in a later
chapter that every right (left) artinian ring is right (left) noetherian.

6. Right artinian but not left artinian. The matrix ring

(5 8)=1(% )

is right artinian but not left artinian. Thus, there are right artinian rings that are
not left artinian. Similarly, there are left artinian rings that are not right artinian.

ain € Q,aiz,a € R}

7. Division Rings. A division ring D is artinian and noetherian since the only
right or left ideals of D are 0 and D. Furthermore, the n x n matrix ring M (D)
is artinian and noetherian.

8. Direct Products. Let {M,}n be a family of nonzero R-modules. Then the
direct product [ [y My, is neither noetherian nor artinian. If

Ny =My xXMyx--- XM, x0x0x---
for each n > 1, then
N1 €SN, CN3C---

is an ascending chain of submodules of [ [y M}, that fails to terminate. Like-
wise, if

Ny =0x0x---x0X My X Mypq X-o-,
then
Ni2N22N3 2 -+
is a decreasing chain of submodules of [ [y M, that does not terminate.

Proposition 4.2.3. The following are equivalent for an R-module M.
(1) M is noetherian.

(2) Every nonempty collection of submodules of M, when ordered by inclusion, has
a maximal element.

(3) Every submodule of M is finitely generated.
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Proof. (1) = (2). Suppose that & is a nonempty collection of submodules of M.
If M1 € § and M; is maximal in &, then we are finished. If M; is not maximal
in 8, then there is an M, € & such that My ~ M,. If M, is maximal in &, then
the proof is complete. If M, is not maximal in &, then there is an M3 € & such that
My ~> M, ~ M3. Continuing in this way, we see that if & fails to have a maximal
element, then we can obtain an ascending chain M; ~»>Mj, ~> M3 ~>--- that does not
terminate and so M is not noetherian. Hence, if M is noetherian, then § must have
a maximal element.

(2) = (3). Let N be a submodule of M and suppose that & is the set of all finitely
generated submodules of N. Note that § # @ since the zero submodule is in §. Now
let N* be a maximal element of 8. If N* = N, then N is finitely generated and the
proof is complete. If N* # N,letx € N—N*. Then N*+ xR is a finitely generated
submodule of N that properly contains N *, a contradiction. Therefore, it must be the
case that N = N*,

3) = {1). If M\; € M, € M3 C --- is an ascending chain of submod-
ules of M, then Ufil M, is a finitely generated submodule of M. Furthermore,

if {x1,x2,...,xm} is a set of generators of U;’il M;, then there is an integer n > 1
such that {x1,x5,...,Xm} € M,. Hence, M,, = Ufil M;, so M; = M, for all
i > n. Thus, M is noetherian. O

The following proposition is dual to the previous proposition.

Proposition 4.2.4. The following are equivalent for an R-module M .
(1) M is artinian.
(2) Every nonempty collection of submodules of M has a minimal element.
(3) Every factor module of M is finitely cogenerated.

@) If {My} is a family of submodules of M, there is a finite subset F of A such
that mF Ma = ﬂA MC('

Proof. (1) = (2). Let & be a nonempty collection of submodules of M and suppose
that § does not have a minimal element. If M; is a submodule of M that is in &, then
M must have proper submodules that are in § for otherwise M; would be a minimal
submodule of . If M, € § is a proper submodule of M7, then the same reasoning
applied to M5 shows that there is an M3 € § that is properly contained in M>. If this
is continued, then we have a decreasing chain M1 2 M> 2 M3 2 --- of submodules
of M that does not terminate. Thus, M is not artinian. Hence, if M is artinian, then
(2) must hold.

(2) = (3). Let N be a submodule of M and suppose that { My /N }a is a family of
submodules of M/N such that (|, (My/N) = 0. If

8= {ﬂMa | T" a finite subset of A},
r
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choose F € A to be such that (g M is minimal in §. If (g My # N, then
(\r Mo 2 (1o Mo = N,sowecanfindaf € A such that (\r Mo 2 (\ryisy Ma-
But this would mean that (") My, is not a minimal element of 8. Thus, (g My = N
and this gives (|g(My/N) = 0. Hence, M/ N is finitely cogenerated.

(3) = (1). Suppose that M1 D M, D --- is a decreasing chain of submodules
of M andlet N = (\\y M;. Then M;/N 2 M/N 2 --- is a decreasing chain of
submodules of M/N and (" (M;/N) = 0. Thus, there is a finite subset F of N such
that (\z(M;/N) = 0. Hence, M, = (g M; = N for some integer n > 1. If k > n,
then M, O N = My, so M}, = M,, for all k > n. Thus, M is artinian.

(1) < (4) is Exercise 8. O

Remark. If § is a nonempty collection of submodules of an R-module M, then
we say that the submodules in 8 satisfy the ascending (descending) chain condi-
tion if every ascending (descending) chain M; € My € M3 C ---(M; 2 My D
M3 D ---) of submodules in § terminates. If the submodules in § satisfy the ascend-
ing (descending) chain condition, even though M may not be noetherian (artinian),
it is not difficult to show that there is a submodule in -§ that is maximal (minimal)
among the submodules in §.

The following two propositions hold for artinian and for noetherian modules.
A proof of the noetherian case is given for each proposition with the artinian case left
as an exercise. Before beginning, we point out the obvious fact that if f : M — N
is an isomorphism, then M is noetherian (artinian) if and only if N is noetherian
(artinian).

Proposition 4.2.5. Let N be a submodule of M. Then M is noetherian (artinian) if
and only if N and M/ N are noetherian (artinian).

Proof. Suppose that M is noetherian. If N is a submodule of M, then any ascending
chain of submodules of N is an ascending chain of submodules of M and so must
terminate. Hence, N is noetherian. Next, note that any ascending chain of submodules
of M/N is of the form

Mi/N € My/N € M3/N C---, 4.1)
where
My C M, C M3 C--- 4.2)

is an ascending chain of submodules of M with each module in the chain contain-
ing N. Since the chain (4.2) terminates, the chain (4.1) must also terminate, so M/ N
is noetherian.

Conversely, suppose that N and M/N are noetherian. Let

My S M, S M3 <---
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be an ascending chain of submodules of M. Then
MiNnNCM,NNCM;NNC--.

is an ascending chain of submodules of N, so there is an integer n; > 1 such that
M; "N = M,, NN foralli > ny. Furthermore,

(My + N)/N € (My + N)/N C (M3 4+ N)/N C ---

is an ascending chain of submodules of M/N and there is an integer n, > 1 such
that (M; + N)/N = (M, + N)/N foralli > ny. Let n = max(n1,n2). Then
M;NN = M,NN and (M; + N)/N = (M, + N)/N foralli > n. Ifi > n
and x € Mj,thenx + N € (M; + N)/N = (M,, + N)/N,sothereisay € M,
such that x + N = y + N. This gives x — y € N and since M,, € M; we have
x—yeMNN =M, NNwheni >n. Ilf x—y =2z € M, NN, then
X =y+4+z¢e My, soM; C M,. Hence, M; = M, whenever i > n, so M is
noetherian. a

Corollary 4.2.6. If 0 - My — M — M, — 0 is a short exact sequence of
R-modules and R-module homomorphisms, then M is noetherian (artinian) if and
only if My and M are noetherian (artinian).

Example 8 shows that an infinite direct product of noetherian (artinian) R-modules
need not be noetherian (artinian). The situation changes when the indexing set is
finite.

Proposition 4.2.7. For any positive integer n, a direct sum @?:1 M; of R-modules
is noetherian (artinian) if and only if each Mj; is noetherian (artinian).

Proof. Suppose that @D} _; M; is noetherian. Since submodules of noetherian mod-
ules are noetherian and since each M; is isomorphic to a submodule of @?21 M;, it
follows that each M; is noetherian.

Conversely, suppose that each M; is noetherian. Suppose also that @;":1 M; is
noetherian for each integer m such that 1 < m < n. Then the short exact sequence
0— @'ZI M; - @'_, M; > M, — 0 and Corollary 4.2.6 show that @/_, M;
is noetherian. The result follows by induction. a

Corollary 4.2.8. A ring R is right noetherian (artinian) if and only if the free R-
module R™ is noetherian (artinian) for each integer n > 1.

Definition 4.2.9. A nonzero R-module M is said to be decomposable if there are
nonzero submodules N1 and N, of M such that M = Nj & N,; otherwise M is said
to be indecomposable.

We now prove a property of artinian and noetherian modules that will be useful in
a subsequent chapter.
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Proposition 4.2.10. If M is a nonzero noetherian or a nonzero artinian R-module,
then M is a finite direct sum

M=M &M & - &M,
of indecomposable R-modules.

Proof. Let M be a nonzero noetherian R-module. If M is indecomposable, then we
are done, so suppose that M is not indecomposable and that M fails to have such
a decomposition. Since M is not indecomposable, we may write M = X @ Y. At
least one of X and Y cannot be a finite direct sum of its indecomposable submodules.
Suppose this is the case for X. Then X is not indecomposable, and we can write
X = X' @ Y’ and at least one of X’ and Y’ cannot be a finite direct sum of its
indecomposable submodules. If this is X', then X’ cannot be indecomposable and
we can write X’ = X” @ Y”. Continuing in this way we obtain as ascending chain
Y CYRY CYPY' @Y” C --. of submodules of M that fails to terminate.
This contradicts the fact that M is noetherian, so it must be the case that M can be
expressed as a finite direct sum of indecomposable submodules. In the artinian case,
X D X' 2 X” D ... fails to terminate. O

Proposition 4.2.11. The following are equivalent for a ring R.
(1) R is right noetherian.
(2) Every finitely generated R-module is noetherian.
(3) Every right ideal of R is finitely generated.

Proof. (1) = (2). If R is right noetherian, then by considering Corollary 4.2.8 we
see that R™ is a noetherian R-module for each integer n > 1. Also if M is a finitely
generated R-module, then M is the homomorphic image of R for some integer
n > 1. Hence, M is noetherian, since Corollary 4.2.6 shows that homomorphic
images of noetherian modules are noetherian.

(2) = (3). Ris generated by 1, so Rg is noetherian. Proposition 4.2.3 gives the
result.

(3) = (1). This follows immediately, again from Proposition 4.2.3. m|

Corollary 4.2.12. Every principal ideal ring is noetherian.

Example

9. If K is a field and [ is an ideal of K[X], then I = (p(X)), where p(X) is
a monic polynomial in / of minimal degree. Thus, K[X] is a principal ideal
domain and so Corollary 4.2.12 shows that K[X] is noetherian.

We now investigate a concept possessed by modules that are artinian and noethe-
rian.
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Definition 4.2.13. A decreasing chain
M=My2Mi 2M2---2M,=0

of submodules of a nonzero R-module M is said to be a composition series of M if
M; is a maximal submodule of M;_; fori = 1,2,...,n. The simple R-modules
M;_1/M; are said to be the composition factors of the composition series and the
integer n is the length of the composition series. If

(D M=My2M 2M,2--2M,=0 and
2) M=N()2N12N22-~-2Nm=0

are composition series for M, then (1) and (2) are said to be equivalent composition
series if m = n and there is a permutation

o:{1,2,...,n} > {1,2,...,n}

such that M;—1/M; = Nyy—1/Ng) fori =1,2,...,n.

We see from the definition that equivalent composition series determine, up to iso-
morphism, the same set of composition factors.

Proposition 4.2.14. A nonzero R-module M has a composition series if and only if
it is artinian and noetherian.

Proof. If M has a composition series, then among all the composition series of M
there is one of minimal length, say n. If n = 1, then M is a simple R-module, so M
is clearly artinian and noetherian. Now suppose that any module with a composition
series of length less than » is artinian and noetherian and let M = Mo 2 M1 2 --- 2
M, = 0 be a composition series of M of length n. Then M1 2 --- 2 M, = 01is
a composition series of M of length less than n, so M is artinian and noetherian.
Since M /M, is a simple R-module, M /M is also artinian and noetherian, so Propo-
sition 4.2.5 shows that M is artinian and noetherian. It follows by induction that any
module with a composition series must be artinian and noetherian.

Conversely, suppose that M is artinian and noetherian. Then in view of Propo-
sition 4.2.3, M has a maximal submodule M;. But Proposition 4.2.5 shows that
submodules of noetherian modules are noetherian, so let M»> be a maximal submod-
ule of M7. At this point, we have M = Moy 2 M1 2 M, where M is a maximal
submodule of M and M5 is a maximal submodule of M. Continuing in this way, we
obtain a decreasing chain M = Mo 2 My 2 M, 2 --- of submodules of M such
that M; is a maximal submodule of M;_1 fori = 1,2,3,.... Since M is artinian,
this chain must terminate at some M, and we have constructed a composition series
for M. a
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Corollary 4.2.15. If0 - My - M — M, — 0 is an exact sequence of nonzero
R-modules and R-module homomorphisms, then M has a composition series if and
only if M1 and M» have a composition series.

Proof. This follows immediately from the proposition and Corollary 4.2.6. |

The zero module is artinian and noetherian, so in order to remain consistent with
Proposition 4.2.14, we will say that the zero module has a composition series by
definition.

The following proposition is well known. It establishes the fact that the length
of a composition series of an R-module M is an invariant and that, after a suitable
reordering, the composition factors of any two composition series of the module are
pairwise isomorphic.

Proposition 4.2.16 (Jordan—-Holder). If a nonzero R-module M has a composition
series, then any two composition series of M are equivalent.

Proof. Let M be a nonzero R-module. If M has composition series, then among all
the composition series of M there is one of minimal length . The proof proceeds by
induction on the length of this “minimal” composition series . If an R-module M has
a composition series M = My 2 M = 0 of minimal length 1, then 0 is a maximal
submodule of M, so M is a simple R-module. It is immediate from this observa-
tion that if an R-module has a composition series with minimal length 1, then all of
its composition series are equivalent . Next, make the induction hypothesis that if
an R-module has a composition series of minimal length less than n, then all of its
composition series are equivalent. Let M be an R-module with composition series

M=M02M12M22'~-2Mn=0 4.3)
of minimal length n and suppose that
M=Ny2N 2Ny 22N, =0 (4.4)

is also a composition series of M. We will show that (4.3) and (4.4) are equivalent.
Consider

My 2M, 2 ---2M, =0 and (4.5)
Ni2Ny 22Ny =0 (4.6)
which are composition series of M7 and N;. Note that the length of (4.5) is less
than n. Moreover, the length of (4.5) must be minimal, for if not, then the length of

(4.3) is not minimal. If M; = Nj, then (4.5) and (4.6) are composition series of My,
so the induction hypothesis shows that (4.5) and (4.6) are equivalent and this in turn
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renders (4.3) and (4.4) equivalent. If M; # Ni, then M; + N; = M since N; is
a maximal submodule of M. Therefore,

M/M; = (M, + N1)/M; = N;/(M; N N;) and “4.7)
M/Ny = (My + N1)/N1 = My /(M1 N Ny), (4.8)

so M1 N Ny is a maximal submodule of M; and of Ny, since M/M, and M/N; are
simple R-modules. Using Proposition 4.2.14 we see that M is artinian and noetherian
and Proposition 4.2.5 indicates that M; NN is artinian and noetherian. Thus, M1 NN,
has a composition series

MiNN I =X02X12X22--2X;=0, so
Mi2X02X12X22--2Xy=0 and 4.9)
Ni2X02X12X22--2X;,=0 (4.10)

are composition series of M7 and Nj, respectively. But M has a composition series

(4.5) of minimal length less than n and so by the induction hypothesis, (4.5) and (4.9)
are equivalent. Hence, the composition series

M=My2Mi2M>2---2M,=0 and 4.3)
M=M02M12X()2X1QXZQ---QXSZO 4.11)

of M are equivalent. Since the equivalence of (4.3) and (4.11) gives s <n — 1, Ny
has a composition series (4.10) of length less than n, so N1 has a composition series
of minimal length which is less than n. Therefore, the induction hypothesis shows
that any two composition series of N; are equivalent. Hence, we see that

M=Ny2Ni2N22--2Np=0 and (4.4)
M=No2N2X02X12X22--2X;,=0 (4.12)

are equivalent. Since (4.7) and (4.8) show that M/M; =~ Ni/Xo and M/N; =
M1/ Xy, respectively, we see that (4.11) and (4.12) are equivalent. Therefore, we have
that (4.3) is equivalent to (4.11), that (4.11) is equivalent to (4.12) and that (4.12) is
equivalent to (4.4). Thus, (4.3) and (4.4) are equivalent. O

We saw in Example 9 that if K is a field, then K[X] is a noetherian ring. We close
this section with a more general result due to Hilbert.

Proposition 4.2.17 (Hilbert’s Basis Theorem). If R is a right (left) noetherian ring,
then so is the polynomial ring R[X].
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Proof. Let R be a right noetherian ring, suppose that A is a right ideal in R[X] and let
Ap bethesetof alla € R such that there is a polynomial in A of degree n with leading
coefficient a. Then A,, together with the zero polynomial is easily seen to be a right
ideal of R. If a € A, and p(X) € A has degree n and «a as its leading coefficient,
then p(X)X € A and p(X)X is of degree n 4+ 1 with leading coefficient a. Hence,
a € Ap+1, 80 Ay, € Ap4q forall n > 0. Therefore, Ag € A; € A C --- is an
ascending chain of right ideals of R. But R is noetherian, so there is a nonnegative
integer ng such that A; = A,, for all i > ng. Furthermore, each A; is finitely

generated, so for each i with 0 < i < ny, let {a;; }];(zi)l be a finite set of generators

of A;, with k depending on i. Nextfori = 0,1,2,...,n,let p;;(X) = Xiaij + .-
be a polynomial in A of degree i with leading coefficient a;;. We claim that the finite
set of polynomials {p;; (X )}:‘20 is a set of generators for A.

Among the polynomials in A that cannot be written as a finite linear combination of

the p;;(X), choose a polynomial g(X) of minimal degree. If g(X) = Xb+ lower
terms, then b € A,, and if m < ny, then A,, is generated by the finite set {a; }];-(zml).

Ifb = Zk-(m) amjbj, then

j=1
k(m)
q(X) =Y pmj(X)b;
j=1

= q(X) = (Pm1(X)b1 + pm2(X)b2 + -+ + Pmk(m)(X)Di(m))
= (X™b + lower terms)

— (X™am1b1 + lower terms + X™a,,,5b5 + lower terms

44 Xmamk(m)bk(m) + lower terms)

= (X™b + lower terms)

— (X™(am1b1 + am2bz + -+ + amk(m)bk(m)) + lower terms)
= (X™b + lower terms)

— (X™b + lower terms)

= a polynomial with degree < m.

Thus, ¢(X) — ZI;(:ml) Pmj(X)bj is a linear combination of the p;;(X). But this
implies that ¢(X) 1s a linear combination of the p;; (X), a contradiction.
If m > no, then A, = Ay, s0 Ap is generated by {anoj}l;(znf) and we can write

b= le‘(:"‘l’) nyjb;. In this case, we have a polynomial

k(no)

q(X) = D" Pnoj (X)X 0b;
j=1
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that, when expanded as above, is seen to have degree less than m. This again leads
to a contradiction, so the set of polynomials in A that cannot be written as a finite
linear combination of the p;;(X) is empty. Hence, A is finitely generated by the set

of polynomials {p;; (X )};’20, so R[X] is a right noetherian ring. a

Problem Set 4.2

1. Prove that a ring R is right noetherian if and only if every submodule of every
finitely generated R-module is finitely generated.

2. Prove that an R-module M is noetherian if and only if M satisfies the ascending
chain condition on finitely generated submodules.

3. Suppose that {My}a is a family of submodules of an R-module M. If A is
well ordered, then {M} A is said to be a increasing chain (decreasing chain)
of submodules of M if My, € Mg(My 2 Mpg) whenever « < . Show that
M is noetherian (artinian) if and only if every increasing (decreasing) chain of
submodules of M indexed over a well-ordered set terminates. [Hint: If M is
noetherian (artinian), then every nonempty collection of submodules of M has
a maximal (minimal) element.]

Prove Proposition 4.2.5 for the artinian case.
Prove Proposition 4.2.7 for the artinian case.
Verity Example 6.

Prove that every artinian R-module has at least one simple submodule.

® N ok

Prove that M is an artinian R-module if and only if whenever {My} A is a fam-
ily of submodules of M, there is a finite subset F of A such that (\ My =

(A Mq.

9. (a) If R is aright artinian ring, prove that if a, b € R are such that ab = 1, then
ba = 1. [Hint: Consider bR D b?R D b>R D ---.]
(b) Prove that if R is a right artinian ring without zero divisors, then R is a divi-
sion ring. [Hint: Consider aR 2 a’?R2a*R 2 ceel]

10. Let f : R — S be a ring homomorphism and suppose that M is an S-module.
Make M into an R-module by pullback along f. Prove that if M is noetherian
(artinian) as an R-module, then it is noetherian (artinian) as an S-module.

11. (a) If R is a right noetherian ring, show that the polynomial ring R[X1, X3,
.., Xy] in n commuting indeterminates X1, X», ..., X, is also right noethe-
rian.

(b) If R is right noetherian and A is an ideal of R, prove that R/A is a right
noetherian ring.
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12.

13.

14.

15.

16.

(a) Show that if R is right artinian, then R[X] need not be right artinian.

(b) If R is right artinian and A is an ideal of R, then is the ring R/A right
artinian?

Prove or give a counterexample to the following statement. A ring R is right
artinian if and only if every finitely generated R-module is artinian.

Prove that an endomorphism f : M — M of a noetherian (artinian) R-module
M is an isomorphism if and only if it is an epimorphism (a monomorphism).
[Hint: Consider the chain Ker f € Ker f2 C Ker f3 C .- (M 2 Im f D
Im f22Im f32-)]

Let M be an artinian and a noetherian R-module.

(a) Fitting’s lemma. Prove that if f : M — M is R-linear, then M =
Im " @ Ker f" for some positive integer n. [Hint: Im f* = Im f**! for
some positive integer 7, so f" induces an epimorphism on the noetherian mod-
ule Im " which, by Exercise 14, must be an isomorphism. Hence, Im f” N
Ker f" = 0. Soifa € M, then f"(a) = f"*t1(b) for some b € M ]

(b) If M is indecomposable, prove that an R-linear mapping f : M — M is
either nilpotent or an isomorphism.

Let N be a submodule of an R-module M. A decreasing chain
M=My2Mi 2M 2 ---2M, =N

of submodules of an R-module M is said to be a composition series from M
to N if M; is a maximal submodule of M;_; fori = 1,2,...,n. The simple
R-modules M;_,/M; are said to be the composition factors of the composition
series from M to N. If

(1) M=My2M  2My2---2M, =N and

2) M=Ny2N2N,2--2Ny, =N
are composition series from M to N, then (1) and (2) are said to be equivalent
composition series from M to N if m = n and there is a permutation

o:{1,2,...,n} > {1,2,...,n}

such that M;_1/M; = Ny()—1/Ng) fori =1,2,....n.

(a) Show that there is a composition series from M to N if and only if M/N
has a composition series. Conclude that there is a composition series from M
to NV if and only if M/ N is artinian and noetherian.

(b) Show that any two composition series from M to N are equivalent.

(c) Let £(M) denote the length of a composition series of M. If M has a compo-

sition series and N is a submodule of M, then N and M /N have a composition
series. Prove that £(M) = £(M/N) + £(N). Conclude that if 0 - M; —
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M — M, — 0 is an exact sequence of R-modules and M has a composition
series, then M) and M5 have composition series and £(M) = £(M7) + £(M>).
(d) If M has a composition series and M = @?:1 M;, prove that £(M) =
Z?:l Z(1‘/1 i)

4.3 Modules over Principal Ideal Domains

Principal ideal domains are noetherian and, as a consequence, every finitely generated
module over such a ring is noetherian. In this section we investigate the additional ef-
fects that a principal ideal domain has on its finitely generated modules. The two main
results, Proposition 4.3.21 (Invariant Factors) and Proposition 4.3.25 (Elementary Di-
visors), give the usual decompositions of finitely generated abelian groups when R is
the ring Z of integers. For example, see [10] or [20].

Before investigating these modules, we need to establish the “mathematical ma-
chinery” that will be required.

Throughout this section R will denote a commutative ring.

Definition 4.3.1. If a,b € R, then we say that b divides a if there is a ¢ € R such
that @ = bc. We write b | a when b divides a and b } a will indicate that b does not
divide a.

Definition 4.3.2. Ifa;,a», ..., a, are nonzero elements of R, then a nonzero element
d € R is said to be a greatest common divisor of ay,as,...,ay if the following
conditions are satisfied:

(1) d|ajfori =1,2,...,n.
(2) Ifbe Rand b | a; foreach i, thenb | d.

The notation ged(ay, az, .. ., a,) will be used for a greatest common divisor of ay, as,
...,dn when it can be shown to exist. If a,b € R and gcd(a,b) = 1, then a and b
are said to be relatively prime.

A greatest common divisor of a set of nonzero elements of R may fail to exist. The
case is different for a principal ideal ring.

Proposition 4.3.3. Let R be a principal ideal ring. Ifay, as, . ..,a, € R are nonzero,
then the elements ay,as,...,a, have a greatest common divisor. Furthermore, if
ged(ay, as,...,ay) = d, then there are elements s1,52, ...,y in R such that d =

ais1 +azsz + -+ anspy.

Proof. If (d) = a1R+azR +---+ ay R, then each a; isin (d), so thereisa b; € R
such that a; = db;. Hence, d | a; fori = 1,2,...,n. Nowd € a1R + a»R +
.-+ + ay R, so d has a representation as d = ay51 + az82 + -+ - + a, s, for suitably
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chosen s; in R. Finally, suppose that ¢ | a; fori = 1,2,...,n and letd; € R be such
that a; = cd; fori = 1,2,...,n. This gives d = (d1s1 + das2 + -+ + dpsn)c, s0O
c|d. Thus,d = ged(ay,az,....an). O

Definition 4.3.4. A nonzero nonunit element a € R is said to be irreducible if when-
ever a = bc, then either b or ¢ is a unit. A nonzero nonunit element p € R is prime
if p | ab implies that p | a or p | b. Two elements a, b € R are associates if there is
aunitu € R such thata = bu.

In general, the greatest common divisor of a set of elements in R is not unique.
However, if R is an integral domain and if d and d’ are greatest common divisors of
a set of nonzero elements of R, then d and d’ are associates. Conversely, if d and d’
are associates and if d is a greatest common divisor of a set of nonzero elements in an
integral domain R, then so is d’.

Examples

1. Itis easy to check that [2] is prime in Z¢s. However, [2] = [2][4] and neither [2]
nor [4] is a unit in Ze. Hence, [2] is prime but not irreducible. Thus, in a com-
mutative ring, a prime element may not be irreducible.

2. Let R = {a + b~/5i | a,b € Z}, where i = +/—1. The mapping
N :R —Z suchthat N(a + b~/5i) = a? + 5b2,

is such that N(xy) = N(x)N(y) for all x,y € R, u is a unit in R if and
only if N(u) = 1, and N(x) = 0 if and only if x = 0. It follows that 3 is
an irreducible element of R. Now 3 | 6 and 6 = (1 4+ +/5i)(1 — +/5i), so
3| (14 +/5i)(1 — +/5i). One can show that 3 } (1 + +/5i) and 3 } (1 — +/5i),

so in a commutative ring an irreducible element need not be prime.

3. If we remove the requirement that a ring has an identity and apply Definition
4.3.2 to the ring 27, then two or more elements may fail to have a greatest
common divisor. For example, 2 has no divisors in 2Z. Hence, if a € 2Z, then
a and 2 do not have a common divisor much less a greatest common divisor.

Examples 1 and 2 show that in a commutative ring, prime and irreducible elements
may be distinct. However, if the ring is an integral domain, then prime and irreducible
elements take on characteristics enjoyed by a prime number in Z.

Proposition 4.3.5. The following hold in any integral domain.
(1) Ifa,b € R, then (a) = (b) if and only if a and b are associates.
(2) An element p € R is prime if and only if (p) is a prime ideal of R.

(3) An element a € R is irreducible if and only if (a) is a maximal ideal of R.
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(4) Every prime element of R is irreducible.

(5) The only divisors of an irreducible element of R are its associates and the units
of R.

(6) Every associate of a prime (irreducible) element of R is a prime (irreducible)
element of R.

Proof. We only prove part (4) of the proposition. The proofs the other parts can be
found in almost every undergraduate abstract algebra text. As a review, the reader can
elect to prove any of these that might be required to refresh his or her memory. So
let p be a prime element of R and suppose that p = ab. Then either p | a or p | b.
If p | a, then there is an element ¢ € R such that @ = pc. Thus, a = abc and so
bc = 1. Thus, b is a unit in R and so p is irreducible. O

The converse of part (4) of Proposition 4.3.5 holds if the ring is a principal ideal
domain.

Proposition 4.3.6. If R is a principal ideal domain, then an irreducible element of R
is prime.

Proof. Suppose that p is irreducible and that p | ab. Then there is a ¢ € R such
that pc = ab, solet (d) = pR + aR. Since p € (d), there is an r € R such that
p = dr. But p is irreducible, so either d or r is a unit in R. If d is a unit, then
PR+ aR = R,sothereare s, € R suchthat 1 = ps+at. Thus, b = bps + bat =
bps + ptc = p(bs + tc). Hence, p | b. If r is a unitin R, thend = pr~! € pR
and so pR + aR = (d) € pR. Thus,a € pR,so p | a. Hence if p | ab, then p | a
or p | b, so p is prime. a

Definition 4.3.7. Let R be an integral domain. Then R is said to be a factorization
domain if each nonzero nonunit @ € R can be expressed as a = p1p2 - pn, Where
the p; are not necessarily distinct irreducible elements of R. Each p; is a factor of
aand a = pyps--- pp is said to be a factorization of a(as a product of irreducible

elements). If g1, q>, ..., g are the distinct irreducible elements in the factorization
a = pipz---pn of a, then we can write a = q{'q5> ---qZ"', where each n; is

apositive integer andn = nj+ny+---+ny. If a itself is irreducible, then we consider
a to be a product of irreducible elements with one factor. If a = pips---pn =
q192 - --qm are two factorizations of a, then we say that the factorization is unique
up to the order of the factors and associates, if m = n and there is a permutation o :
{1,2,...,n} —{1,2,...,n} such that p; and ¢, ;) are associates fori = 1,2,...,n.
When this holds, we simplify terminology and simply say that the factorization of a
is unique. If each nonzero nonunit of R has a unique factorization, then R is said to
be a unique factorization domain.

Proposition 4.3.8. Every principal ideal domain is a unique factorization domain.
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Proof. 1If a is a nonzero nonunit of R, then (@) is contained in some maximal ideal
mt. But (3) of Proposition 4.3.5 indicates that tn = (p) for some irreducible element
p1 € R. Hence, a € (p1), so there is a nonzero a; € R such that a = pja;.
Thus (a) C (ay). If (a) = (ay), then a; = ab for some b € R. But this gives
a = pja; = piab and so p1b = 1. Hence, p; is a unit in R, a contradiction.
Therefore, (a) ~>(a1). Repeating this procedure, starting with a;, gives an element
as € R such that (@) » (a1) » (az) and an irreducible element p, € R such that
ap = ppap. Continuing we obtain an ascending chain of principal ideals (a) >
(a1) »(az) ~>--- »(ay) »>---, where a, = ppa, for some irreducible p, € R.
Now a principal ideal domain is noetherian, so this chain terminates. If the chain
terminates at (a,), then a, is a unit in R and it follows that a = pi1pa -+ pu—1py.
where p; = ppay and p’ is an irreducible element that is an associate of p,.
Finally, suppose that a = p1p2 -+ pn = q192 - qm are two factorizations of a
with n < m. Now p1 | (9192 ---qm), so since R is a principal ideal domain p; is
prime, so p; must divide some ¢g;. Suppose that our notation is chosen so that this
is ¢1. Then g1 = pju; for some unit u; € R. Hence, we have pap3---p, =
Ug2q3 -+ qm. Continuing in this way, after n steps we arrive at 1 = ujuy - up X
dn+1--+qm- Since the g; are not units, this implies that m = n and so each p; is an
associate of some g; for 1 <i,j <n. O

Recall that if M is an R-module over an integral domain, then an element x € M
is torsion if there is an a € R, a # 0, such that xa = 0. Recall also that if zero is the
only torsion element of M, then M is said to be torsion free.

Definition 4.3.9. Let M be an R-module, suppose that x € M and let a € R. Then
we say that a divides x if there is a y € M such that x = ya. If the only divisors of
x are units of R, then x is a primitive element of M .

Note that if x € M and a is a unit in R, then x = ya, where y = xa~ 1. Thus, x
is divisible by every unit of R.

Lemma 4.3.10. Let F be a finitely generated free module over a principal ideal do-
main R. Then each x € F, x # 0, may be written as x = x'a, where x' is a primitive
element of F and a € R.

Proof. Let x be a nonzero element of F. If x is primitive, then there is nothing to
prove since x = x1. If x is not primitive, then x = x;a;, where x; € F and a; is not
aunitin R. Thus, xR € x; R and we claim that this containment is proper. If xR =
X1 R, then x; = xb for some b € R, so x; = x1a1b and therefore x;(1 —a;b) = 0.
But a free module over an integral domain is torsion free. Indeed, let F be a free
module over an integral domain with basis {x4}a and suppose that x is a torsion
element of F such that x = ) A xqdq. If b € R, b # 0, is such that xb = 0, then
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> A Xal(aab) = 0,50 agh = 0 for each @ € A. Hence, each aq is zero and so x = 0
as asserted. Consequently, x1(1 —a1b) = 0 gives a1b = 1 which indicates that a;
is a unit in R. Therefore, it must be the case that xR ~> xy R. If xj is primitive,
then x = x;a; and we are done. If x; is not primitive, we can repeat the argument
with x; to obtain x; = xpap, where a5 is not a unit in R. If x; is primitive, then
X = Xxpaiap and we are done. If x5 is not primitive, then x; R ~>x, R. Continuing
in this way, we obtain an increasing chain xR »>x1 R ~>x3 R ~>--. of submodules
of F'. Now R is noetherian and since F is finitely generated, Proposition 4.2.11
indicates that F is noetherian as well. Thus, the chain xR »x1 R »Xx3 R ~>--- must
terminate. If the chain terminates at x, R, then X, is primitive and x = x,a, where
a=aidaz---ay. (]

Free Modules over a Principal Ideal Domain

The necessary “ground work™ has now been established and we can investigate the
structure of modules over principal ideal domains. The first step is to consider free
modules over these rings. One basic result is given by the following proposition. The
proof is delayed until Chapter 5, where it is part of Proposition 5.2.16.

Proposition 4.3.11. If R is a principal ideal domain and M is a submodule of a free
R-module F, then M is free and rank(M) < rank(F).

Lemma 4.3.12. Let R be a principal ideal domain and suppose that F is a free R-
module with basis {xq}a. If x € F, x # 0, and x = Y_ A Xqaq, where aq = 0 for
almost all @ € A, then x is primitive if and only if gcd{ay | aq # 0} = 1.

Proof. Suppose that x € F is primitive and let x = )\ xqaq, Where aq = 0 for
almost all « € A. If d = ged{ay | aq # 0}, then x = d(}_ A Xabq), Where aq =
db,, for all @ € A. Since x is primitive, d is a unit, so d and 1 are associates. Thus,
1 is a greatest common divisor of {ay | ay # 0}. Conversely, suppose that gcd{ay |
ay # 0} = landlet x = ya. If y = ) 5 xqcq With ¢ = O for almost all @ € A,
then )" A Xgdq = X = ya = Y5 Xa(caa). But {xq}A is a basis for F, s0 ag = cqa
for all « € A. Hence, a | aq foreach o € A, soa | (ged{ay | ag # 0} = 1).
Thus, a is a unit, so x is primitive. O

Given a primitive element x of a free module F over an principal ideal domain, we
now show that a basis of F' can always be found that contains x. The proof of this
result is by induction, so we first prove this fact for a free module of rank 2.

Lemma 4.3.13. Let R be a principal ideal domain and suppose that F is a free
R-module of rank 2. If x is a primitive element of F, then there is a basis of F
containing X.
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Proof. Let {x1,x2} be a basis for F' and suppose that x = xja; + x2a». If x is
primitive, then gcd{a,az} = 1, so there are 51,52 € R such that a;sy + azsy = 1.
If xé = —X152 + X251, then a routine calculation shows that

X1 = x51 —Xpap and  Xp = X§p + X5dy.

But {x1, x2} generates F, so it follows that {x, x}} generates F. Finally, suppose that
xby + x5by = 0. Then
(x1a1 + x2a2)b1 + (—x152 + x251)b2 =0 or

x1(a1b1 — s2b3) + x2(azby + s1b2) = 0.
Thus,
a1by —s2bo =0 and axb; + 5162 = 0.

Multiplying the first of the last pair of equations by s; and the second by s, and
adding gives by = (a1$1 + azs2)b1 = 0. Similarly, b, = 0, so x and xé are linearly
independent. Consequently, {x, x5} is a basis for F. |

Proposition 4.3.14. Let R be a principal ideal domain and suppose that F is a free
R-module . If x is a primitive element of F, then there is a basis of F containing x.

Proof. Let x be a primitive element of F' and suppose that the rank of F' is finite. If
{x1} is a basis for F, then there is an @ € R such that x = xja. But x is primitive,
so a is a unit in R. Hence, xR = x1R, so {x} is a basis of F. Now suppose
that rank(F) = n and make the induction hypothesis that the proposition is true for

any free module with rank less than n. If {x1,x2,...,x,} is a basis for F, then
there are a; € R such that x = xya; + x2az + --- + xpa,. If a, = 0, then
XEM=x1R®xR®--- P x,—1R and M is a free R-module of rank less that n.
The induction hypothesis gives a basis {x,x5,...,x,_,} of M and it follows that
{x,x5,....x,_q,Xp} is a basis of F that contains x. If a, # 0, let y = xja; +
X2ay + -+ + Xp—1ap—1, sothat x = y + xpa,. If y = 0, then x = x,a,, so a,
is a unit since x is primitive. Thus, {x1, X2, ..., X,—1,x} is a basis of F. If y # 0,

then we can write y = y’b, where y’ is a primitive element of F and b is a nonzero
element of R. We claim that y’ and x,, are linearly independent. If

y'c1 + xpcp = 0,
then y’bcy + xpbca = 0 gives ycy + xpbca = 0. Thus,
xX1a1¢1 + X2a2¢1 + -+ Xp—1an—1¢2 + Xpbcz =0

and so ajc; = azc; = -+ = dp—1¢1 = bcy = 0. Since b # 0,¢c5 = 0, so
y'ci1 = 0. Now F is free, so F is torsion free and so since y’ is primitive and
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therefore nonzero, it must be the case that ¢; = 0. Hence, y'R @ x, R is a rank 2
R-module and x € y'R @ x, R since x = y'b + xpa,. Thus, Lemma 4.3.13 indicates
that y'R @ x, R has a basis {x, y”}. It follows that {x,x},...x,_;,»"} is a basis
for F, so the proposition holds for all free R-modules of finite rank.

Finally, let F be a free R-module of infinite rank and suppose that {xy } A is a basis
for F. If {Xo, Xas,---+Xa,} S {Xa}a and ay,a2,...,a, € R are such that x =
Xg a1+ Xgyad2 + -+ Xo,dn,thenx € F' = xq, RO Xq, RS --- D xo,, R and F' is
a free module with finite rank. Hence, from what we have just proved in the previous
paragraph , there is a basis B’ of F’ that contains x. It follows that 8 = B8'U({xq}a—
{Xa1+ Xas, - .-, Xa,}) is a basis of F that contains x, so the proof is complete. m|

The next proposition will play a central role when we develop the structure of
finitely generated modules over a principal ideal domain. But first we need the fol-
lowing definition.

Definition 4.3.15. Let F be a free module over a principal ideal domain R. If x € F
and x = x’a, where x’ is a primitive element of F, then a is said to be the content
of x, denoted by c(x).

Let F be a free module over a principal ideal domain R and assume that {x4}a
is a basis for F. Let x € F, x # 0, and suppose that x = x’c(x), where x’ is
a primitive element of F. If x’ = )" A xqaq, where aq = 0 for almost all @ € A,
then x = )"\ xq(aac(x)) = YA XgCa, Where ¢q = agc(x) for each o € A. Since
x' is primitive, Lemma 4.3.12 shows that ged{ay | @y # 0} = 1, so c(x) = ged{cq |

cq # 0}.

Proposition 4.3.16. Suppose that F is a free module over a principal ideal do-
main R. If M is a submodule of F of finite rank k(M is free by Proposition 4.3.11),
then there is a basis B of F, a subset {x1,Xx2,...,xi} of B, and nonzero elements
ai,az,...,a € R such that {x1a1,xzas, ..., xray} is a basis for M and a; | aj+1
fori =1,2,...,k—1.

Proof. If M = 0, there is nothing to prove, so assume that M # 0. We proceed by
induction on k, the rank of M. If k = 1, then M has a basis {x} for some x € M.
Thus, x = x’c¢(x), where x’ € F is primitive. Due to Proposition 4.3.14 there is
a basis B of F that contains x’, so if we let a3 = ¢(x) and x’ = x1, then x = x14a;
and {xja;} is a basis for M. Clearly, a; # 0 and, moreover, the divisibility condition
vacuously holds.

Now assume that the proposition holds for any submodule of F of rank less than k
andlet & = {(c(x)) | x € M}. Since R is noetherian, Proposition 4.2.3 indicates that
& has a maximal element, say (c(x)). Then x € M and x = x’c(x), where x’ € F
is primitive. Let x; = x’, let a; = ¢(x) and suppose that 8B is a basis of F that
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contains x1. If B/ = B8 — {x1} and F’ is the submodule of F generated by $’, then
we claim that

M =x1a1R & (F/ﬂM).
Since x;a1 R C x1R and (F' N M) C F’, we immediately see that
xlalRﬂ(F’ﬂM) Cx;RNF' =0.

Hence, we need to show that M € x1a1 R + (F' N M). If y € M, then we can use
the basis B to write

y=x1b+ Zzaz,
B/

where a, = 0 for almost all z € B’. If d = gcd{ay, b}, then there are 51,52 € R
such that d = ays1 + bsy. If w = xs51 + ys2, then

w = x1a151 + (xlb + Zzaz)sz
B/

= x1(a151 +bsy) + Y z(az57)
:13/

=x1d + Zz(azsz).

B’

If w = w/c(w), then, since w’ can be expressed as a linear combination of elements
of B, we see c(w) divides each coefficient in the expression x1d + ) g/ z(a-s2), and
therefore c(w) | d. Hence, (a1) € (d) € (c(w)) and the maximality of (a;) gives
(a1) = (d) = (c(w)). Thus,d = a;b’ forsome b’ € R and we have y = (x1a1)b’+
Y g zaz.Nowy e M and (x1a1)b’ = xb' € M,s0) g za; = y—(x1a1)b’ € M.
Therefore,

y = (x1a1)b’ + Zzaz € xia 1R+ (F' N M)

Iy
and so
M = x1a1R® (F' N M).
Hence,
rank(F' N M) = rank(M) — 1 = k — 1,
so by the induction hypothesis there is a basis B8” of F’ and a subset {x», x3, ..., Xg}

of B” and nonzero elements as,as,...,ar € R such that {xpa>, x3as,...,xpag}



128 Chapter 4 Chain Conditions

is a basis for F' N M, where a; | aj4+1 fori = 2,3,...,k — 1. It follows that
{x1a1,x2a3, ..., xray} is abasis for M, so the proof will be complete if we can show
thatay | az. Lety = x1a1+xzaz. If y = y’c(y), where y’ is primitive in F, then the
observation immediately following Definition 4.3.15 shows that gcd{a,as} = c(y).
Hence, (a;) € (c¢(y)) and so the maximality of (a;) gives (a1) = (c(y)). Thus,
ay | ap and we are done. O

Finitely Generated Modules over a Principal Ideal Domain

We are now in a position to begin development of the structure of finitely generated
modules over a principal ideal domain.

Proposition 4.3.17. Let M be a finitely generated module over a principal ideal do-
main R. Then M is a direct sum of nonzero cyclic submodules

M=xi1R®&x2R® - ® xnR
and ann(x1) 2 ann(xp) 2 --- D ann(xy).
Proof. Let{zy,z3,...,2,} be a minimal set of nonzero generators of M. Then there
is an epimorphism ¢ : R™ — M defined by ¢((r;)) = Yy ziri. If K = Kerg,

then R /K =~ M and since R™ is a free R-module of rank 7, Proposition 4.3.11
indicates that K is a free R-module of rank k& with k < n. Hence, Proposition 4.3.16

gives a basis {b1, b2, ...,b,} of R™ and nonzero elements aq, az, . . . ,dr € R such
that {b1a1,bzas,...,bray}isabasisof K and a; | aj+q fori =1,2,...,k—1. If
¢(bj) = xj fori = 1,2,...,n,then {x1,x2,..., Xy} is a set of generators of M, so
we have

M =x1R+x2R+ -+ xzR.

We claim that this sum is direct. To see this, it suffices to show that if x;r; + x2r2 +
coo+ xpry = 0in M, then x17r1 = X212 = -+ = Xpry = 0. From

@(b1r1 + bary + -+ + byrn) = @(b1)r1 + @(b2)r2 + -+ + @(by)rn

= X171 + X2r2 + -+ XuTp
we see that
biri +byry + -+ byry € K =b1a1R ® brarR® -+ ® bray R
when x17ry + xpr2 + -+- + xury, = 0. Since {b1,bs, ..., by} is a basis for R™ it

follows that r; = a;s; for some s; € Rfori = 1,2,....,kandr; = 0fori =
k+1,....,n. Now x;r; = @(bj)ajsi = @(bja;si) = 0 since b;a;s; € K for



Section 4.3 Modules over Principal Ideal Domains 129

i =1,2,...,k. Hence, x1r1 + xory + -+ + xpry = 0 gives x1rp = xorp = «-- =
Xnrn = 0, so

M=x1R®x2R®--- D xR,

as asserted.

Finally, note that ann(x;) = (a;) fori = 1,2,...,k and ann(x;) = 0 fori =
k +1,...,n. Moreover, Proposition 4.3.16 gives a; | aj4+; fori = 1,2,...,k —1,
so we have

ann(x1) 2 ann(xy) 2D --- 2 ann(xy). |

Recall that if R is an integral domain, then the set # (M) of torsion elements of an
R-module M is a submodule of M called the torsion submodule of M.

Proposition 4.3.18. Let M be a finitely generated module over a principal ideal do-
main R. Suppose also that M is a direct sum of nonzero cyclic submodules

M=x1R®x; RP---P x,R

such that ann(xy) 2 ann(xy) 2 --- D ann(xy). Then there are nonnegative integers
s and k such that k + s = n and such that

M =t(M)®R®, wheret(M)=xR®x2R®--- D xR
and R® = 0ifk = nandt(M) = 0 when s = n.
Proof. Suppose that
M=x1R&EXxRP---®x,R and ann(x;) D ann(xp) D --- D ann(xy).

If k € {1,2,...,n} is the largest integer such that ann(xg) # O, then ann(xg41)
=-...=ann(x,) =0,s0x;R~ Rfori =k +1,...,n. Hence, if s = n — k, then

M=x1R®X2R® - ®xRP RY.

If x = x1r1 + x2r2 + -+ + Xgrg + 741 + - -+ + 1y is a torsion element of M,
then there is a nonzero a € R, such that xa = 0, Butthen rgy1a = --- =rya =0,
SO Fgyq = ++» =1, = 0. Thus, t(M) € x1R ® x2R & --- ® x R. Conversely, if
ann(xg) = (ag) # 0,then X\ R® X2 RP - P xR)ap = 0,50 X1 R®xRP--- D
xR C t(M). Hence,

t(M)=x1R®xRD--- ® xxR. O

There is more that can be said about a decomposition of M such as that given in
Proposition 4.3.18. Actually, the integers s and k are unique and the summands x; R
are unique up to isomorphism. To address uniqueness, we need the following lemma.
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Lemma 4.3.19. Let M be a finitely generated torsion module over a principal ideal
domain R and suppose that p is a prime in R. If x € M and p | a, where (a) =
ann(x), then ann(xp) = (c), where a = pc. Furthermore, if X' € M is such that
ann(xp) = ann(x’ p), then ann(x) = ann(x’).

Proof. Suppose that ann(x) = (a) and leta = pc. If r € (¢), then r = cs for some
s € R. Hence, pr = pcs, so xpr = xas = 0. Thus, r € ann(xp) and we have
(c) € ann(xp). Conversely, if r € ann(xp), then xpr = 0, so pr € ann(x) = (a). If
pr = at, then pr = pct,sor = ct. Hence, r € (c), so we have ann(xp) C (c) and
therefore ann(xp) = (c).

Finally, let ann(xp) = (c) and ann(x’p) = (¢’), where a = pc and @’ = pc’.
If ann(xp) = ann(x’p), then (c¢) = (c’). Hence, there is a unit ¥ € R such that
¢ = c'u. But then pc = pc’u, so a = a’u. Thus, (a) = (a’), so we have ann(x) =
ann(x’). a

Proposition 4.3.20. Let M be a finitely generated module over a principal ideal do-
main. If
M=x{ROX2RP--®xxRd RV, (4.13)

where ann(x1) 2 ann(xz) 2 --- 2 ann(xg) # 0
and
M =x{R®xtR® - ® x}, & R, (4.14)
where ann(x}) 2 ann(x5) 2 --- 2 ann(xy,) # 0,
thens = s', k = k', ann(x;) = ann(x}) and x; R = xR fori = 1,2,... k.
Proof. Suppose that M is finitely generated and satisfies the conditions given in (4.13)
and (4.14). As in the proof of Proposition 4.3.18, we can show that
I(M)=xiR®x2R® - ®xx R=x]RO® xRS - ® x},R.
Hence,
M=t(M)®R® and M=:tM)®R", so
R® =~ M/t(M) =~ R®".

Since R is an IBN-ring, it follows that s = s’.

Next, let m1 be a maximal ideal that contains ann(x;) Then mt = (p) and, by
Propositions 4.3.5 and 4.3.6, p is a prime. It follows that p | a;, where (a;) = ann(x;)
fori =1,2,...,k.Let T = t(M) and consider

T/Tp = x1R/x1pR ® x2R/x2pR P --- ® x; R/x; pR and (4.15)

T/Tp = x1R/x1pR® x,R/x3pR & --- & x;, R/x}, pR. 4.16)
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Now each x; R/x; pR # 0, since if x; R = x; pR, then x; = x; ps for some s € R.
But then (1 — ps) € ann(x;) € (p). If 1 — ps = pt, then 1 = p(s + ¢) indicates
that p is a unit in R which cannot be the case. Similarly, x; R/xpR # 0. Now
R/(p) is afield and T/ Tp is a vector space over R/(p), so we see from (4.15) that
dim(T/Tp) = k. Similarly, from (4.16) we have dim(7'/Tp) = k’. But a field is an
IBN-ring, so k = k'.

Note next that

ann(7") = ann(x;) Nann(xz) N --- N ann(xg)
= ann(xy).
A similar observation gives ann(7’) = ann(x; ). Let ann(7") = (a) and suppose that
a = py'py?---p;" is a factorization of a. If n = ny + n + -+ + ny, then we set

#(T) = n and proceed by induction on n. If n = 1, then @ = p and ann(x;) =
ann(x; ) = ann(T') = (p). But (p) is a maximal ideal of R, so we see that

ann(x;) = ann(xz) = --- = ann(x;) = (p) and
ann(x}) = ann(x3) = --- = ann(x;) = (p).
Hence, the proposition holds if n = 1.

Next, suppose that the proposition holds for any torsion module 7’ satisfying
#(T') < n. Now

Tp =~ x1pR®x2pR®---®xxpR and Tp = x{pR®x,pR & --- @ x; pR,
are torsion R-modules such that

ann(xy p) 2 ann(xzp) 2 --- D ann(xgp) #0 and

ann(x} p) 2 ann(xyp) 2 -+ 2 ann(x},p) # 0.

Since p | a, where (@) = ann(7'p), then p is one of the primes in the factorization
of a. If p = p;, then ann(Tp) = (p]' py? '-'p?i_llp?_’:il -+ pr), so we see that
#(Tp) = n — 1. Hence, the induction hypothesis gives ann(x; p) = ann(x; p) for

1,2,...,k. Thus, by Lemma 4.3.19, we see that ann(x;) = ann(xlf) fori =

i =
1,2,...,k. It follows that
x; R =~ R/ann(x;) = R/ann(x]) = xR,
so the proof is complete. |

We can now present one form of a decomposition of a finitely generated module
over a principal ideal domain.
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Proposition 4.3.21 (Invariant Factors). Let R be a principal ideal domain. Then each
finitely generated R-module M has a decomposition

M=x1R®XR®---® xR P R yhere
ann(xp) 2 ann(x) 2 --- 2 ann(xg) # 0.

The integers s and k are unique, x; R is unique up to isomorphism fori = 1,2,...k
andt(M) = x1R ® xoR & --- ® xp R. Furthermore, there are ay,as,...,ar € R
such that

M = R/(a)) ® R/(a2) ®---® R/(ax) ® R and

ai |ai+1 fori =1,2,...,k—1.

Proof. Propositions 4.3.17, 4.3.18 and 4.3.20. O

Corollary 4.3.22. If R is a principal ideal domain, then a finitely generated R-mod-
ule is torsion free if and only if it is free.

Definition 4.3.23. The unique integer s of Proposition 4.3.21 is called the free-rank
of M. Furthermore, the a; of Proposition 4.3.21 are unique up to associates and are
called the invariant factors of M.

Proposition 4.3.21 is not the complete story regarding the decomposition of a fi-
nitely generated module over a principal ideal domain. Each cyclic summand x; R
can also be decomposed further as a direct sum of cyclic modules. If x € M and
ann(x) = (a), then the observation that xR = R/(a) leads to the following.

Lemma 4.3.24. If R is a principal ideal domain and a € R, a # 0, factors as a =
1l py? ---p?-’, where the p; are distinct primes in Randn; > 1fori =1,2,..., ],
then

R/(a) = R/(P}") & R/(P3?) &--- & R/(P}).

Proof. Since the p; are distinct primes, ged(p,”, p;’) = 1,1 < h,i < j, with
h # i. Thus, Proposition 4.3.3 gives s3.5; € R such that 1 = p,"sj, + p;’s;. Hence,
if r € R, then r = p"spr + p;isir,so R = (p;") + (p;"). Therefore, the ideals
(P1H, (P52, ... ( p?'i ) are pairwise comaximal. The ring homomorphism

¢:R—R/(p]") @ R/(p}>) @& R/(p;’) defined by
o) =+ (P + (P37 or + (P))

has kernel (p7") N (p3?) N-+-N (p?.j). Since the ideals (p]'), (p32)..... (p’;j) are
pairwise comaximal, ¢ is an epimorphism and

(@ = PP - = @I N () NN (p}).

Thus, the Chinese Remainder Theorem proves the proposition. a
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Proposition 4.3.25 (Elementary Divisors). If M is a finitely generated module over
a principal ideal domain R, then

M =R/(p}") & R/(P3?) &--- & R/(p") & RV,

where p1 , p2 e pt are positive powers of not necessarily distinct primes p1, pa2,
.., prin R.

Proof. Proposition 4.3.21 shows that
M=xiROX2RD--®xxRDR® and
ann(x1) 2 ann(xz) 2 -+ 2 ann(xg) # 0,

where the integers s and k are unique and each x; R is unique up to isomorphism.
If aj,as,...,a; € R are such that ann(x;) = (a;j), then x; R = R/(a;) fori =
1,2,.... k. Ifa; = p1 nfi . p?,’ ! is a factorization for a; as a product of distinct
primes, fori = 1,2,...,k, then as in Lemma 4.3.24, we see that

R/(a;) = R/(Phi)@R/(pzii)@”'@R/(pjiji)

for each i. Hence,

k
M = P R/(ai) & RY

i=1
= PBIR/ (1) & R/(py) @& R/(p))] @ RY.
i=1

If welet {p}', py°,..., p/"} be the set of primes {p, b p22’ e pjj’ yk_ . then the
proof is complete. Note that it may be the case that a prime appearing in a factonza-
tion of a, may also appear in a factorization of a;,1 < i, j < k, so the primes in
{p1'. py2...., py"} may not be distinct. |

Definition 4.3.26. The positive powers p;” , p;'2, ..., py" of the not necessarily dis-

tinct primes p1, p2, ..., Ps, given in Proposition 4.3.25 are called the elementary di-
visors of M .

Example

4. Consider the Z-module M = ZgXZ4xZ3xZ9xZ5xZ7xZ49. The elementary
divisors of M are 22,22%,3,32,5,7 and 72. The largest invariant factor is the
least common multiple of the elementary divisors. This gives 22 x 32 x5x 7% =
8820. Eliminating the elementary divisors used in the product 2% x 32 x 5 x 72
from the elementary divisor list gives 22 3 7. The least common multiple of
these integers is 22 x 3 x 7 = 84. Hence, the invariant factors of M are 84
and 8820, so M = Zg4 X Zggao. Note that 84 | 8820.
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Problem Set 4.3

1.
2.

Verify Examples 1, 2 and 3.
Prove parts (1), (2), (3), (5) and (6) of Proposition 4.3.5.

3. Give the elementary divisors of the Z-module

M=Z2XZ2XZ4XZ§;XZ3XZ3XZ3XZ5XZ25

and then compute the invariant factors of M. Write a Z-module isomorphic to
M in terms of the invariant factors of M.

. Let R be a principal ideal domain, let a be a nonzero, nonunit of R such that

M(a) =0.1fa = p'fl pgz e ka is the factorization of a into distinct primes
of R, let M; = annM(p?i) fori = 1,2,...,k. Prove that each M; is a sub-
module of M andthat M = M| & My, & --- b M.

. Let M be a module over a principal ideal domain R and let p be a prime in R.

If M, ={x e M| xpk = 0 for some k > 1}, then M), is said to be the
p-primary component of M. If there is a prime p in R such that M = M,
then M is said to be a p-primary module.

(a) Prove that M, is a submodule of M.

(b) Show that submodules and factor modules of a p-primary module are p-
primary.

. Let R be a principal ideal domain.

(a) If {My}a is a family of R-modules each of which is p-primary, prove that
P Mgy is p-primary.

(b) If M is finitely generated and torsion, prove that M is a direct sum of its
primary submodules, that is, prove that M = @ M, where p runs through the
primes of R.



Chapter 5
Injective, Projective, and Flat Modules

5.1 Injective Modules

If U is a subspace of a vector space V over a division ring, then U is a direct summand
of V. This property follows directly from the fact that Zorn’s lemma can be used to
extend a basis of U to a basis of V. There are R-modules that possess this sum-
mand property even though they may not have a basis. Such modules, called injective
modules, form an important class of modules. In this section we not only consider
injective modules, but we also investigate the effect that such a module M has on the
functor Homg (—, M).

Definition 5.1.1. An R-module M is said to be injective if every row exact dia-
gram

0 N N,

S

>

M

of R-modules and R-module homomorphisms can be completed commutatively by
an R-linear mapping g : No — M.

It is easy to show that if M and N are isomorphic R-modules, then M is injective
if and only if N is injective. One can also show that an R-module M is injective
if and only if for each R-module N5 and each submodule N; of N;, every R-linear
mapping f : Ny — M can be extended to an R-linear mapping g : N — M. So
in Definition 5.1.1, we can safely assume that N; is a submodule of N, and / can be
replaced by the canonical injectioni : Ny — Nj.

Our first task is to prove that an injective R-module M has the property that it is
a direct summand of every module that contains it as a submodule.

Proposition 5.1.2. If M is an injective submodule of R-module N, then M is a direct
summand of N.
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Proof. Let M be an injective submodule of an R-module N and consider the row
exact diagram

0 M N

idas
o
M
of R-modules, where idpy is the identity mapping on M and i is the canonical injec-
tion. If g : N — M completes the diagram commutatively, then gi = idps. Hence,
g is a splitting map for i. The result follows immediately from Proposition 3.2.3. O

Examples

1. Not Every R-module Is Injective. The Z-module 2Z C Z is not injective,
since 27 is not a direct summand of Z.

2. Vector Spaces. If IV is a vector space over a division ring D, then V' is an
injective D-module.

3. The Rational Numbers. The field of rational numbers Q is an injective Z-
module.

The following important and useful proposition is due to R. Baer [50]. It will be
referred to as Baer’s criteria (for injectivity).

Proposition 5.1.3 (Baer’s criteria). The following are equivalent for an R-module M .
(1) M is injective.
(2) For each right ideal A of R, every R-linear mapping f : A — M can be
extended to an R-linear mapping g : R — M.

(3) For each right ideal A of R and each R-linear mapping f : A — M there is
an x € M such that f(a) = xa forall a € A.

Proof. (1) = (2) is obvious.

(2) = (3). If gextends f to R, let g(1) = x. Then f(a) = g(a) = g(1)a = xa
foreacha € A.

(3) = (1). If Ny is a submodule of N,, i : Ny — N is the canonical injection
and f : Ny = M is an R-linear mapping, then we need to show that the diagram

N>
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can be completed commutatively by an R-linear mapping g : N — M. Consider
the set § of ordered pairs (X, g), where X is a submodule of N, such that Ny € X
and g restricted to Nq gives f. Partial order 8 by (X,g) < (X’,¢')if X € X' and
g’ restricted to X produces g. Note that 8§ # @ since (Ny, f) € 8. It follows that
& is inductive, so Zorn’s lemma produces a maximal element of &, say (X*, g*). If
X* = N,, then the proof is complete, so suppose that X* # N,. If y € N — X ™,
then we have an R-linear mapping from the right ideal (X* : y) to M given by
a — g*(ya). By assumption, this implies that there is a z € M such that a — za for
alla € (X*:y).Ifh: X* 4+ yR — M is defined by h(x + ya) = g*(x) + za, then
h extends g* to X* + yR, which contradicts the maximality of (X*, g*) in §. Thus,
X* = N>. O

Baer’s criteria shows that the collection of right ideals is a test set for the injectivity
of an R-module. Actually, there is an often “smaller” collection of right ideals of R
that will perform this task. To show this, we need the following definition.

Definition 5.1.4. A submodule N of an R-module M is said to be an essential (or
a large) submodule of M, if N N N’ # 0 for each nonzero submodule N’ of M. If N
is an essential submodule of M, then M is referred to as an essential extension of N.

Every nonzero R-module M always has at least one essential submodule, namely
M . We now show that for every submodule N of M there is a submodule N, of M
such that the sum N + N, is direct and such that N + N, is an essential submodule
of M. We will see later that there are R-modules M that have no proper essential
submodules. For these modules N & N, = M, so every submodule of M is a direct
summand of M. Modules with this property will prove to be of special interest.

Proposition 5.1.5. If N is a submodule of an R-module M, then there is a submodule
N¢ of M such that the sum N + N¢ is direct and N + N, is essential in M.

Proof. Suppose that N is a submodule of M and let § be the set of submodules N’
of M such that N N N’ = 0. Then 8§ # & since the zero submodule of M is in §.
If & is partially ordered by inclusion, then & is inductive and Zorn’s lemma indicates
that § has a maximal element. If N, is a maximal element of §, then it is immediate
that the sum N + N, is direct.

We claim that N + N, is an essential submodule of M. Let X be a nonzero
submodule of M and suppose that (N + N.) N X = 0. Note that X cannot be
contained in N, so X + N, properly contains N.. Therefore, N N (X + N,.) # 0.
Letz €e NN (X 4+ N¢), z # 0, and choose x € X and y € N, to be such that
z=x+4+y. Thenz—y = x € (N + N;)N X = 0. Hence, z = y and so
z € NN N = 0, a contradiction. Therefore, (N 4+ N.) N X # 0, which establishes
that N + N is an essential submodule of M. O
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Definition 5.1.6. If N is a submodule of an R-module M, then a submodule N, of M
such that N @ N, is essential in M is said to be a complement of N in M .

Proposition 5.1.7. An R-module M is injective if and only if for every essential A
right ideal of R and each R-linear mapping f : A — M, there is an x € M such
that f(a) = xa foralla € R.

Proof. If M is an injective R-module, then there is nothing to prove, so suppose that
the condition holds for each essential right ideal of R. Let A be a right ideal of R
and suppose that f : A — M is an R-linear mapping. If A, is a complement of A
in R, then A @ A, is an essential right ideal of R. If g : A & A — M is such that
g(la + a’) = f(a), then g is well defined and R-linear, so there is an x € M such
that g(a + a’) = x(a + a’). Hence, f(a) = g(a + 0) = xa foralla € A, so M is
injective by Baer’s criteria. a

Thus, we see that the set of essential right ideals of R will also serve as a test
set for the injectivity of an R-module. We now show that every module embeds in
an injective module. In order to establish this result, we briefly investigate injective
modules over a principal ideal domain. Injective modules over such a domain enjoy
a divisibility property that is equivalent to injectivity.

Definition 5.1.8. If R is a principal ideal domain, then an R-module M is said to be
R-divisible if Ma = M for each nonzero a € R. That is, M is R-divisible if and
only if given a nonzero element a € R and y € M, there is an x € M such that
xa =y.

Examples

4. Homomorphic Images. Every homomorphic image of an R-divisible R-mod-
ule is R-divisible.

5. Direct Sums. A direct sum (direct product) of R-divisible R-modules is R-
divisible and a direct summand of an R-divisible module is R-divisible.

6. The Rational Numbers. The field of rational numbers Q is Z-divisible, so
Q) is Z-divisible for any set A. Thus, Q4) /N is Z-divisible for any sub-
group N of Q).

7. If pisaprime and Z poo = {If—,,—I—Z €Q/Z |aeZandn=0,1,2,...},then
Z poo is Z-divisible.

Proposition 5.1.9. If R is a principal ideal domain, then an R-module is injective if
and only if it is R-divisible.



Section 5.1 Injective Modules 139

Proof. Suppose that M is an injective R-module and leta € R,a # 0. Then (a) is
an ideal of R and since R is an integral domain, if y € M, then f(ab) = yb gives
a well-defined R-linear map from (a) to M. But M is injective, so Baer’s criteria
indicates that there is an x € M such that f(c) = xc for all ¢ € (a). In particular,
f(a) = xa, so xa = y. Hence, M is R-divisible.

Conversely, suppose that M is R-divisible. Let (a) be a nonzero ideal of R and
suppose that f : (@) — M is an R-linear mapping. If f(a) = y, then there is an
X € M such that xa = y. Consequently, if ab € (a), then f(ab) = f(a)b = yb =
x(ab). Therefore, Baer’s criteria is satisfied, so M is an injective R-module. O

One important aspect of divisible Z-modules is that they can be used to produce
injective R-modules.

Proposition 5.1.10. The following hold for any R-module M.

(1) If M is viewed as a Z.-module, then M can be embedded in an injective Z.-mod-
ule.

(2) Injective Producing Property. If Q is an injective Z-module, then
Homgz (R, Q) is an injective R-module.

(3) There is an R-linear embedding of M into an injective R-module.

Proof. (1) Let M be an R-module. If {x4} A is a set of generators for M as an additive
abelian group, then there is a group epimorphism ZB) — M. If K is the kernel of
this map, then M =~ Z®)/K ~ Q®)/K. Example 6 indicates that Q(2) /K is
Z-divisible while Proposition 5.1.9 shows that Q(4) /K is an injective Z-module.

(2) Since R is an (R, Z)-bimodule, Homz (R, Q) is an R-module via (ha)(x) =
h(ax)foralla,x € Rand h € Homz(R, Q). Now let A be aright ideal of R and sup-
pose that f : A — Homg (R, Q) is an R-linear mapping. To show that Homz (R, Q)
is an injective R-module, it suffices, by Baer’s criteria, to find an 2 € Homgz(R, Q)
such that f(a) = ha foralla € A.If a € A, then f(a) € Homgz(R, Q) and for each
x € R, f(a)(x) € Q. It follows that a + f(a)(1) is a Z-linear map g : A — Q,
so if Q is an injective Z-module, then there is a map & € Homz (R, Q) that extends
gtoR Ifa € Aand b € R, then (ha)(b) = h(ab) = g(ab) = f(ab)(1) =
(f(a)b)(1) = f(a)(b). Hence, f(a) = ha for all a € A, so Homgz(R, Q) is an
injective R-module.

(3) By (1) there is an embedding 0 — M — @ of M into an injective Z-mod-
ule Q. Since Homgz (R, —) is left exact and covariant, we have an exact sequence
0 - Homgz (R, M) — Homz(R, Q). But M =~ Homg(R, M) € Homg(R, M), so
it follows that M embeds in Homz (R, Q) which is, by (2), an injective R-module. It
is not difficult to show that the embedding is an R-linear mapping. m|
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Injective Modules and the Functor Hompg (—, M)

Another property possessed by an injective R-module M is that it renders the con-
travariant functor Homg (—, M) exact.

Proposition 5.1.11. An R-module M is injective if and only if for each exact se-

quence 0 — N LN N> of R-modules and R-module homomorphisms, the sequence
Hompg(N,, M) g—*> Hompg (N1, M) — 0 is exact in Ab.

Proof. If M is injective and f € Hompg (N, M), then the injectivity of M gives
an R-linear mapping & : N — M such that f = hg = g*(h). Hence, g* is an
epimorphism, so Homg (N,, M) g—*>*H0mR (N1, M) — 0 is exact.

Conversely, if Homg(N2, M) LAN Hompg(N;, M) — 0 is exact and f €
Hompg (N1, M), then g* is an epimorphism, so there is an 7 € Hompg (N2, M) such
that g*(h) = f. Butthen hg = f, so the diagram

0 Ny —5— N,
s /
M
is commutative and consequently, M is injective. a

Since Homg (—, M) is left exact for any R-module M, we have the following corol-
lary.

Corollary 5.1.12. An R-module M is injective if and only if the contravariant functor
Hompg(—, M) : Modg — Ab is exact.

The characterization of injective modules as precisely those R-modules M for
which Hompg (—, M) preserves epimorphisms leads to the following proposition.

Proposition 5.1.13. If {My}a is a family of R-modules, then the R-module [ |5 My
is injective if and only if each My, is injective.

Proof. Let0 — N, LN N, be an exact sequence of R-modules and R-module homo-
morphisms. For each @ € A, let

go - Homg(N2, My) — Hompg (N1, My) be such that g5 (f) = fg
for each f € Homg(N2, My). If [[A My is injective, then

Hompg (Nz, HM“) g—*> Hompg (Nl, ]_[Mo,) —0
A A
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is exact. Part (2) of Proposition 2.1.12 shows that for each @ € A we have a row exact
commutative diagram,

Homg (Nz,l_[Ma) ", Hompg (Nl,l_[Ma) -0
A A

w\ \w/
[T Homg(Ny. My) — [ Homg(Ny. My) —— 0

A A

T

Hompg (N3, My) Hompg (N1, My)

where 7, and 7, are canonical projections, ¢ and ¢’ are isomorphisms such that
o(f) = (waf) and ¢'(f') = (7l f'), respectively, and []gs is defined by
[Tgx((fa)) = (fag)- A simple diagram chase shows that g is an epimorphism,
so each M,, is injective.

Conversely, if M, is injective for each a € A, then

[12a: [[Homg(N2. M) — [ [ Homg(Ny. My)
A A

is an epimorphism. The mappings ¢~ '((fy)) = f, where f(x) = (fx(x)) for
x € Ny and ¢'"Y1((f))) = f/ with f'(x) = (f,(x)) for x € Ny give the commuta-
tive diagram

HHomR(Nz, a) HHomR(Nl, My) — 0
A

S -

Homp (Nz, HMa) 2", Hompg <N1, HMa)

A A

It is clear that g* is an epimorphism, so [ [, My is injective. O

Corollary 5.1.14. A direct summand of an injective R-module is injective.

Proposition 5.1.13 shows that direct products of injective modules are always in-
jective for modules over an arbitrary ring. However, direct sums of injective modules
are not always injective unless the ring satisfies certain conditions. The proof of this
fact will be delayed until injective envelopes are considered.
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Problem Set 5.1

1.

10.

(a) If N is a submodule of an R-module M, prove that N is an essential sub-
module of M if and only if for each nonzero submodule N’ of M and each
x € N’, x #0, there is an a € R such that xa € N and xa # 0.

(b) Prove that a nonzero submodule N of M is an essential submodule of M if
and only if N’ = 0 whenever N’ is a submodule of M such that N N N’ = 0.

. Revisit Definition 5.1.1 and show that an R-module M is injective if and only if

for each R-module N, and each submodule N of N, every R-linear mapping
f 1 N = M can be extended to an R-linear mapping g : No — M.

. Verify Examples 1 through 3.

Verify Examples 4 through 7.

. Let N be an essential submodule of an R-module M. Show that (N : x) =

{a € R | xa € N} is an essential right ideal of R for any x € N.

If M and N are R-modules and X is an essential submodule of N, prove that
M & X is an essential submodule of M & N.

Show that the embedding map M — Homgz (R, Q) discussed in the proof of
(3) of Proposition 5.1.10 is R-linear.

If N is a submodule of an R-module M, prove that complements of N in M
are unique up to isomorphism.

A monomorphism f : M — N is said to be an essential monomorphism if
f(M) is an essential submodule of N.

(@ Let f : M — N be an essential monomorphism. If g : N — X is
an R-linear mapping such that gf is an injection, prove that g is an injective
mapping.

(b) Suppose that f : M — N is a monomorphism such that g : N — X is an
injective R-linear mapping whenever g f is an injective mapping. Prove that f
is an essential monomorphism.

Suppose that N; and N, are submodules of an R-module M.

(a) Prove that if Ny € N,, then Nj is an essential submodule of M if and only
if N; is an essential submodule of N, and N5 is an essential submodule of M .
(b) Show that Ny N N5 is an essential submodule of M if and only if N; and
N, are essential submodules of M.

(c) Prove that a finite intersection of essential submodules of M is an essential
submodule of M.

(d) Show by example that an arbitrary intersection of essential submodules of
M need not be an essential submodule of M.
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11. (a) Schanuel’s Lemma For Injective Modules. Suppose that

0>M—>E 25¢C, -0 and 0> M — E, 25 Cy — 0

are short exact sequences of R-modules and R-module homomorphisms. If £
and FE, are injective, show that £y & C; = E, & C;. [Hint: Consider the row
exact diagram

0 M E, -2 0
H H
0 M E, 22, ¢, 0

Since E5 is injective, there is a mapping o : E£1 — E» making the left-hand
square of the diagram commutative. Show that « induces amap g : C; — C3
such that the right-hand square is commutative. Now show that the sequence

0— E; i) E, ® C LN C, — 0is split exact, where f(x) = (a(x), p1(x))

and g((x, y)) = p2(x) — B(¥)]
(b) Two R-modules M and N are said to be injectively equivalent if there are

injective R-modules E; and E» such that £y @ M = E, & N. Is injective
equivalence an equivalence relation on the class of R-modules?

12. Show that a row and column exact diagram

0 0

0 M —L M5, 0
o Y
Eq E>

of R-modules and R-module homomorphisms, where £ and E; are injective,
can be completed to a row and column exact commutative diagram

0 0 0

0 My —L 5y, 0
a B y

0 B, . E_& . F 0
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with E injective. [Hint: Set E = E; @ Ey andlet f1 : E1 — E and g1 :
E — E; be the canonical injection and the canonical surjection, respectively.
If h : M — E; is the map given by the injectivity of Eq,let 8 = fih + yg.]

13. (a) Let {My}a be a family of R-modules. If N, is an essential submodule of
My, for each @ € A, show that @ 4 Ny is an essential submodule of P M.
(b) Show that Z 7 is an essential submodule of Q, but that the Z-module VA
is not an essential Z-submodule of QY. Conclude that the property stated in (a)
for direct sums does not hold for direct products.

14. (a) A commutative ring R is said to be self-injective if R is injective as an R-
module. If R is a principal ideal domain and a is a nonzero nonunit in R, prove
that R/(a) is a self-injective ring. [Hint: If (b)/(a) is an ideal of R/(a), where
(a) C (b), then it suffices to show that each R/(a)-linear map f : (b)/(a) —
R/(a) canbe extended to R/(a). If f(b+(a)) = r+(a),thena = bc for some
ce€ R, s00= f(a+ (a)) = flbc+ (b)) =+ (a))(c+ (a)) =rc+ (a).
Thus, r¢c = ad = bcd for some d € R.]

(b) Observe that Part (a) does not indicate that the principal ideal domain R
itself is self-injective. Give an example of a principal ideal domain that is not
self-injective. [Hint: Consider the ring Z.]

15. An element x of an R-module M, where R is a principal ideal domain, is said
to have order a if (a) = ann(x). Let M be a finitely generated module over
a principal ideal domain R and suppose that p is a prime in R.

(a) Show that M, the p-primary component of M, is an R/(p")-module for
some integer n > 1. Show also that N is an R-submodule of M, if and only if
N isan R/(p")-submodule of M.

(b) If x € M, x # 0, has order p", show that xR = R/(p").

(c)If x € Mp, x # 0, has order p”, show that there is an R-submodule N of
M, such that M, = xR @ N. [Hint: Consider (a) of Exercise 13.]

5.2 Projective Modules

Projective R-modules are dual to injective modules. We can obtain the definition
of a projective R-module simply by reversing the arrows in the diagram given in
Definition 5.1.1 of an injective module. More specifically, a projective R-module is
defined as follows.

Definition 5.2.1. An R-module M is said to be projective if each row exact diagram
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of R-modules and R-module homomorphisms can be completed commutatively by
an R-linear mapping g : M — Na.

Clearly, if M and N are isomorphic R-modules, then M is projective if and only
if N is projective. One can also show that an R-module M is projective if and only if
for each R-module N and each submodule N’ of N, the diagram

M

N—L% N/N —0

can be completed commutatively by an R-linear mapping g : M — N, where 7 is
the canonical surjection.

Examples

1. Vector Spaces. Every vector space over a division ring is projective.
2. Free Modules. Every free R-module is projective.

3. Modules That Are Not Projective. There are modules that are not projective.
For example, [ [y Zi, where Z; = Z fori = 1,2,3,..., is not a projective
Z-module. (Details can be found in [26].)

4. The n x n matrix ring M, (R) is projective as an M, (R)-module and as an
R-module.

An injective R-module M is a direct summand of each R-module N that ex-
tends M. In fact, if M is injective and f : M — N is a monomorphism, then
there is a submodule X of N such that M =~ X and X is a direct summand of N.
Projective modules enjoy a similar property.

Proposition 5.2.2. If f : N — M is an epimorphism and M is a projective R-mod-
ule, then M is isomorphic to a direct summand of N.

Proof. Since the row exact diagram

M 0

can be completed commutatively by an R-linear mapping g : M — N such that
fg = idp, g is a splitting map for f and g is a monomorphism. Proposition 3.2.4
shows that N = Im g @ Ker f, so the result follows since Img =~ M. m|
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Proposition 5.2.3. If {My}a is a family of R-modules, then @ 5 My is projective if
and only if each My, is projective.

Proof. The proof is dual to that of Proposition 5.1.13. a
Corollary 5.2.4. A direct summand of a projective R-module is projective.

Lemma 5.2.5. The ring R is a projective R-module.

Proof. We need to show that any row exact diagram

R

S

N, —" e Ny 0

can be completed commutatively by an R-linear mapping g : R — Ny. If f(1) =y
and x € N, is such that h(x) = y,let g : R — N> be defined by g(a) = xa. Then
g is well defined, R-linear and f = hg. a

Proposition 5.2.6. Every free R-module is projective.

Proof. If F is a free R-module, then there is a set A such that RW) ~ F. Using
Lemma 5.2.5 we see that R is projective and Proposition 5.2.3 shows that R®) s
projective. a

Corollary 5.2.7. Every R-module is a homomorphic image of a projective R-module.

Proof. Proposition 2.2.6 shows that every R-module is a homomorphic image of
a free R-module and a free R-module is, by Proposition 5.2.6, projective. a

We have seen that every free R-module is projective, but the converse is false.
There are projective modules that are not free as shown in the next example.

Example

5. A Projective Module That Is Not Free. The ring Zg is a free Zg-module
and so is projective as a Zg-module. Furthermore, Z¢ = Z, & Z3, so Z3 is
isomorphic to a direct summand of Zg and so is a projective Zg-module. But
if Z, is a free Zg-module, then Z, =~ ZgA) for some set A. Hence, if Z5 is
a free Zg-module, then Z, must have at least six elements, which is clearly
not the case. Thus, Z, is a projective Zg-module but not a free Zg-module.
Therefore, in general, the class of free R-modules is a proper subclass of the
class of projective modules. Later we will see that there are rings for which
these two classes coincide.
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Proposition 5.2.8. An R-module M is projective if and only if it is isomorphic to
a direct summand of a free R-module.

Proof. If M is a projective R-module, then Proposition 2.2.6 gives a free R-module
R™) and an epimorphism f : R® 5 M, so apply Proposition 5.2.2. The converse
follows from Corollary 5.2.4 and Proposition 5.2.6. ]

Important connections between injective and projective modules are pointed out in
the following two propositions.

Proposition 5.2.9. An R-module M is injective if and only if every row exact diagram
of the form

0 N P

'

M

with P projective can be completed commutatively by an R-linear mapping P — M.

Proof. If M is injective there is nothing to prove, so suppose that every diagram of
the form described in the proposition can be completed commutatively. Given the row
exact diagram

where X C Y and iy is the canonical injection, construct the row exact diagram

0 N2 .p
o B
0 X=X .y
f
M

as follows: Let P be a projective module such that ¥ is a homomorphic image of P.
If f: P — Y is an epimorphism and N = B~1(X), then N/Kerf =~ X. If
a : N — X is the obvious epimorphism, then iy = Biy, whereiy : N — P is the
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canonical injection. By assumption there is an R-linear mapping g : P — M such
that giy = fa. If x € Ker 8, then a(x) = 0, so g(x) = 0. Thus, g(Ker 8) = 0 and
we have an induced map g : Y — M such that f = gix. Hence, M is injective. 0O

The proof of the following proposition is dual to the proof of the preceding propo-
sition and so is left as an exercise.

Proposition 5.2.10. An R-module M is projective if and only if every row exact dia-
gram of the form

'M
;":
E— N ——0

with E injective can be completed commutatively by R-linear mapping M — E.

Projective Modules and the Functor Hompg (M, —)

We saw earlier that if M is an injective R-module, then the contravariant functor
Hompg(—, M) is exact. An important property of a projective module R-module M
is that it renders the functor Hompg (M, —) exact.

Proposition 5.2.11. An R-module M is projective if and only if for each exact se-
quence Np LN N1 — 0 of R-modules and R-module homomorphisms, the sequence
Hompg (M, N3) & Hompg (M, N1)) — 0 is exact in Ab.

Proof. Dual to the proof of Proposition 5.1.11. a
Corollary 5.2.12. An R-module M is projective if and only if the functor
HOInR(M, —) :Modg — Ab

is exact.

Hereditary Rings

We now begin a study of rings over which submodules of projective modules are
projective and homomorphic images of injective modules are injective. It should come
as no surprise that these rings are called hereditary.

Definition 5.2.13. A ring R is said to be right (left) hereditary if every right (left)
ideal of R is projective. If R is a left and a right hereditary ring, then R is said to be
hereditary. A hereditary integral domain is referred to as a Dedekind domain.
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Example

6. If a ring R is without zero divisors and if every right ideal is of the form aR
for some a € R, then aR =~ R for each nonzero a € R. Hence, every right
ideal of R is projective, so R is right hereditary. In particular, every principal
ideal domain is hereditary. Thus, the ring of integers Z and K[X], K a field, are
hereditary.

The following result is due to Kaplansky [63].

Proposition 5.2.14 (Kaplansky). If R is a right hereditary ring, then a submodule
of a free R-module is isomorphic to a direct sum of right ideals of R and is thus
projective.

Proof. Suppose that R is a right hereditary ring, that F is a free R-module and let
M be a submodule of F. If {xq} is a basis for F, let < be a well ordering of A.
Then A can be viewed as a set {0,1,2,...,w,® + 1,...} of ordinal numbers with
o < ord(A) for each @ € {0,1,2,...,w,0 4+ 1,...}. (See Appendix A.) Now let
Fo = Oandset Fy = ®B<0¢ xgRforeacha € Ao > 1. Then Fyy1 = @ﬂsa xgR
and each x € M N Fy41 can be written uniquely as x = y + xqa, where y € F,
and a € R. Since a is unique for each x € M N Fyy1, the R-linear mapping
¢ M N Fy11 — R given by ¢(x) = a determines a right ideal Imgp = Ay of R
and each Aq is a projective R-module. Note that Ker¢p = M N Fy, so since Ay is
projective, the sequence

O->MNFy >MNFyy1 > Ay — 0

splits. Hence, for each o € A, there is a submodule Ny of M N Fy4 such that
Ng =~ Agand M N Foi1 = (M N Fa) @D Ngy.

The proof will be complete if we can show that M = P, N,. First, we need
to show that M = > 5 Nyo. Let N = >\ Ny and suppose that N ~> M. Since
A is linearly ordered, F = (Jp Fa+1, so for each x € M there is an a(x) € A
such that o(x) is the first element in the set {& € A | x € Fy+1}. Consider the
set § = {a(x) | x € M, x ¢ N} and suppose that y € M is such that a(y) is
the first element of . Then y € M N Fy)41, ¥y € N and y ¢ Fy(,). Since
M N0 Fyiye1 = (M N Fyy)) @ Nyyy, lety = z + w, where z € M N Fy(y) and
W € Ng(y). Thenz =y —w € M andz ¢ N. (Note that z ¢ N forif z € N, then
y € N)Nowz € M N Fyy) C Fyy), s0a(z) < a(y). Butz € Mandz ¢ N
implies that a(z) € &, so we have a contradiction. Therefore, it cannot be the case
that N »>M,andso M = ) 5 Ng.

Finally, we need to show that the sum ) 5 Ny is direct. To this end, suppose
that yo, + Ya, + --- + Yo, = O 1is a finite sum in ) , Ng, where 1 < oz <

- < ap is given by the ordering on A. We proceed by induction to show that
Yai + Yar + -+ + Yo, = 0implies yo; = Yo, = -++ = yq,, = Oforeachn > 1. If
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n = 1, then y4, = 0 and there is nothing to prove. Make the induction hypothesis,

that yo; + Ya, + *++ + Ya,_; = 0 implies that yo, = yo, = -+ = Ya,_,; = 0 and
suppose that yo, + Yo, + -+ Ya, = 0. Then —yo, = Ya; + Yoo +** + Ya,_; €
(M N Fy,) N Ny, = 0and so it follows that yo, = Yo, =+ = ya, = 0. Hence,
the sum ) o Ny is direct. ]

Proposition 5.2.15. The following are equivalent for a ring R.
(1) R is a right hereditary ring.
(2) Every submodule of a projective R-module is projective.

(3) Every factor module of an injective R-module is injective.

Proof. (1) = (2). If R is right hereditary and M is a projective R-module, then M
is, by Proposition 5.2.8, isomorphic to a submodule of a free R-module. Hence, any
submodule of M is isomorphic to a submodule of a free R-module and so is projective
by Proposition 5.2.14.

(2) = (3). In view of Proposition 5.2.9, an R-module M will be injective if every
row exact diagram of the form

0 N—~—-p

can be completed commutatively, where P is a projective R-module. So suppose that
M is a homomorphic image of an injective module E and consider the row exact
diagram

0 N—f-.p
f Sy

."‘ %

0 M~ E

If (2) holds, then N is projective, so there is an R-linear map o : N — E such that

ha = f. But E is injective, so the existence of « gives an R-linearmap § : P — E

such thata = Bg. Hence,y = hf : P — M is suchthat yg = f, so M is injective.
(3) = (1). Consider the row exact diagram
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where A is a right ideal of R, i is the canonical injection and E is injective. If (3)
holds, then M is injective, so there is an R-linear map o : R — M suchthatai = f.
But the fact that R is projective together with the map « gives an R-linear mapping
B : R — E suchthat hf = «. Sincey = Bi : A — E is such that hy = f,
it follows from Proposition 5.2.10 that A is projective. Thus, R is a right hereditary
ring. |

Earlier it was pointed out that, in general, the class of free R-modules is “smaller”
than the class of projective modules. It was also mentioned that there are rings over
which these two classes coincide. Part (2) of the following proposition shows that
this is indeed the case. The following proof also fulfills an earlier promise made with
regard to Proposition 4.3.11.

Proposition 5.2.16. If R is a principal ideal domain, then:

(1) If M is a submodule of a free R-module F, then M is free and rank(M) <
rank(F).

(2) An R-module M is projective if and only if M is a free R-module.

Proof. We have seen in Example 6 that a principal ideal domain is a hereditary ring.

(1) Because of Proposition 5.2.14, we know that a submodule M of a free R-mod-
ule F is isomorphic to a direct sum of right ideals of R. But R is a principal ideal
domain, so each right ideal of R is of the form aR for some a € R and aR = R when
a is nonzero. Hence, M is isomorphic to a direct sum of copies of R and as such is
a free R-module. It remains only to show that rank(M ) < rank(F). In the notation of
the proof of Proposition 5.2.14, we have M = @, Ny € F, where A is an indexing
set for a basis of F. Since R is a commutative ring, R is, by Proposition 2.2.11, an
IBN-ring and so rank(M) < card(A). But card(A) = rank(F'), and so we have the
result.

(2) If M is a free R-module, then, by Proposition 5.2.6, M is projective. Con-
versely, if M is a projective R-module, then M is, by Proposition 5.2.8, isomorphic
to a submodule of a free R-module and it follows from (1) that M is a free R-mod-
ule. m|

Corollary 5.2.17. A principal ideal domain is a Dedekind domain.

Semihereditary Rings

Definition 5.2.18. A ring R is said to be right (left) semihereditary if every finitely
generated right (left) ideal of R is projective. A ring that is left and right semiheredi-
tary is called a semihereditary ring.

A hereditary integral domain was previously called a Dedekind domain. A semi-
hereditary integral domain is referred to as a Priifer domain. Both of these domains
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are important considerations in number theory and we cite [29] and[40] as references
for additional information on these domains.

The following proposition is an analogue of Kaplansky’s result for hereditary rings.
The proof is left as an exercise.

Proposition 5.2.19. If R is a right semihereditary ring, then every finitely generated
submodule of a free R-module is isomorphic to a direct sum of finitely generated right
ideals of R, and is therefore projective.

Corollary 5.2.20. A ring R is right semihereditary if and only if finitely generated
submodules of projective R-modules are projective.

Problem Set 5.2

1. Prove that an R-module M is projective if and only if every short exact sequence
of the form 0 — N’ — N — M — 0 splits.

2. (a) Review Definition 5.2.1 and show that an R-module M is projective if and
only if for each R-module N and each submodule N’ of N, the diagram

M

£ |y

N —" N/N —0
can be completed commutatively by an R-linear mapping g : M — N, where

n is the canonical surjection.
(b) If R is a commutative ring and F and F’ are free R-modules, prove that
F ®pg F'is afree R-module. [Hint: Use the fact that tensor products commutes
with direct sums.]
(c) If R is a commutative ring and if P and P’ are projective R-modules, prove
that P ® g P’ is a projective R-module. [Hint: There are free R-modules F and
F’suchthat F = P@® N and F' = P' @ N’, so consider F @ F’.]

3. Let I be an ideal of R and suppose that F = RY) is a free R-module.
(a) Show that FI = I and that F/FI = (R/I)®. Conclude that F/FI
is a free R/I-module.
(b) If M is a projective R-module, then M @ N = F, where F is a free R-mod-
ule. Show that F/FI = M/MI & N/NI. Conclude that M/M1I and N/NI
are projective R/I-modules.

4. Prove Proposition 5.2.3.
5. Prove Proposition 5.2.10.
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6. Prove Proposition 5.2.11.
7. (a) Schanuel’s Lemma for Projective Modules. Suppose that

0—->Ki—->PL—->M—->0 and 0> K, > P, > M — 0

are short exact sequences of R-modules and R-module homomorphisms. If P;
and P, are projective, show that P; & K, =~ P, & K;. [Hint: Dualize the proof
of (a) of Exercise 11 in Problem Set 5.1.]

(b) Two R-modules M and N are said to be projectively equivalent if there exist
projective R-modules P; and P such that Py @ M =~ P, & N. Determine
whether or not projective equivalence is an equivalence relation on the class of
R-modules.

8. Let
P

S

»'".
M _h, M’

be a diagram of R-modules and R-module homomorphisms. Show that if P is
projective, then the following statements are equivalent.
(a) There is an R-linear mapping g : P — M such that f = hg.
®) Im f C Imh.
9. Show that a row and column exact diagram

Py P,
0 M, M M, 0
0 0

of R-modules and R-module homomorphisms, where P; and P, are projective,
can be completed to a row and column exact commutative diagram

i
e

where P is projective. [Hint: Dualize the proof of Exercise 12 in Problem
Set 5.1.]
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10. If M is an R-module, then M* = Hompg (M, R) is said to be the dual of M.

A pair of indexed sets {xq}o € M and { fo}A € M™ is said to be a dual basis
for M if each x € M can be expressed as x = ) _ o Xq fo(X), where fo(x) =0
for almost all @ € A.
Dual Basis Lemma. Prove that an R-module M is projective if and only if
M has a dual basis. [Hint: If {xq}A is a set of generators for M, let {yo}A
be a basis for the free R-module R®) and let I R — M be the R-linear
mapping defined on basis elements by f(yy) = Xxo. Then M is projective if
and only if f : R®) — M splits.]

11. (a) Prove Proposition 5.2.19.

(b) Prove that the ring direct product of a finite number of right semihereditary
rings is right semihereditary. [Hint: Use (a) of Exercise 3 in Problem Set 2.1.]
(c) Prove that the ring direct product of a finite number of right hereditary rings
is right hereditary.

12. If P is a projective R-module that generates Mod g, then P is said to be a pro-
Jjective generator for Modg. Prove that the following are equivalent for a pro-
jective module P.

(a) P is a generator for Modg.

(b) Hompg (P, S) # 0 for every simple R-module S.

(c) P generates every simple R-module.

[Hint: For (b) = (a), it suffices to show that M generates R. If T = ), f(P),
where A = Hompg(P, R), and T # R, then there is a maximal right ideal
m of R that contains 7 and because of (b), Homg(P, R/m) # 0. Use the
projectivity of P to produce a contradiction.]

5.3 Flat Modules

Flat Modules and the Functor M ® g —

We now consider R-modules M that will turn M ® g — into an exact functor. It
was shown in Section 3.3 that M ® g — is right exact for every R-module M, so
we need only consider R-modules that preserve monomorphisms when taking tensor
products. Because of the symmetry of tensor products, properties of R-modules that
render M ® g — exact will also hold for left R-modules M that turn — ® g M into an
exact functor.

Definition 5.3.1. An R-module M is said to be flat if

dy ®
0= M &g N M%7 M or N,

. . f .
is exact in Ab whenever 0 — N; — N is an exact sequence of left R-modules.
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Examples

1. Projective R-modules Are Flat. Every ring R is flat and in fact every free
R-module is flat. The fact that every free R-module is flat implies that every
projective R-module is flat.

2. Not All R-modules Are Flat. The Z-module Z, is not flat. For example,
i :Z — Qisanembedding butidz, ® i : Z, ®z Z — Z, @z Q is not. Note
that Z, ®z 7 = Z, # 0 and yet Z, ®7 Q = 0.

3. Regular Rings. A ring R is said to be a (von Neumann) regular ring if for each
a € Rthereis anr € R such thata = ara. Every R-module is flat if and only
if R is aregular ring. A proof of this fact will be presented later in this section.

Since M ® g — is always right exact, M ® g — is an exact functor from gMod to Ab
when M is flat. This, however, gives us no information about the types of modules
that are flat. To develop this information we need the following definition.

Definition 5.3.2. If M is an R-module, then the left R-module M+ = Homz (M,
Q/Z) is called the character module of M. The left R-module structure on M ™ is
given by (af)(x) = f(xa) forall x € M anda € R.

Proposition 5.3.3. An R-module M is flat if and only if M is an injective left R-
module.

Proof. Suppose that M is a flat R-module. To show that M T is an injective left R-
module, it suffices, by Proposition 5.1.11, to show that Homg (—, M ) is right exact.
Let f : N1 = N; be a monomorphism of left R-modules and consider

f* :Homg(N,, M*) — Hompg(Ny, M ™).
According to Proposition 3.4.6, we have a commutative diagram

7IMN2

Homz (M ®gN>,Q/Z) — Hompg(N2, M)

(dp ®F)* S
n
Homz (M ®g N1, Q/Z) ——* Homg(N1. M)
where 1y, and 1, y, are isomorphisms. Since M is a flat R-module, the sequence

idpy ®
0—> M ®gr N; M M ®pg N is exact and since Q/Z is an injective Z-mod-

ule, (idps ® f)* is an epimorphism. Hence, f* is also an epimorphism, so M T is
injective. The argument easily reverses, so we are done. m|

Corollary 5.3.4. If {My}a is a family of R-modules, then @ 5 My is flat if and only
if each My is flat.
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Proof. The direct sum @, My is flat if and only if (P4 My)Vis injective. Now
(P Mo)T = [1p Mg, so [1p Mgt is injective if and only if (D, M) is injec-
tive. But according to Proposition 5.1.13 [T, M, is injective if and only if each M
is injective and each MJ is injective if and only if each M, is flat. a

If two R-modules are isomorphic, then it is clear that if one of the modules is flat,
then the other module is flat as well. Also observe that if

0—>Mi>N

is an exact sequence of left R-modules, then

idr®
O—>R®RMii>R®RN

is exact due to the fact that RQg M =~ M and RQgr N = N. Hence, we immediately
see that R is a flat R-module.

Proposition 5.3.5. Every free R-module is flat.

Proof. Any free R-module is isomorphic to R™) for some set A. Since R is
a direct sum of flat R-modules, R®) is flat due to Corollary 5.3.4. O

Corollary 5.3.6. Every projective R-module is flat.

Proof. Proposition 5.2.8 shows that every projective module M is isomorphic to a di-
rect summand of a free R-module which is flat by the proposition. Moreover, Corol-
lary 5.3.4 indicates that every direct summand of a flat module is flat. a

We have seen via Baer’s criteria that the right ideals of R form a test set for the
injective R-modules. Proposition 5.3.3 can be used in conjunction with Baer’s criteria
to show that the left ideals of R also form a test set for flat R-modules. The conclusion,
as shown in the following proposition, is that in order for an R-module to be flat, it
need only preserve canonical injections A — R for (finitely generated) left ideals A
of R when forming tensor products.

Proposition 5.3.7. The following are equivalent for an R-module M .
(1) M is flat.
2) 0 > MR A—> M QR R = M is exact for each left ideal A of R.

B)0—>MQ®RA— M ®gr R = M is exact for each finitely generated left ideal
A of R.
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Proof. The implications (1) = (2) and (2) = (3) require no proof, so suppose that
0—> M Q®RrA— M ®R R is exact for each finitely generated left ideal A of R. If B
is a left ideal of R and Z?:l(xi ®a;j) € M ®g B,then {ay,as,...,a,} is contained
in a finitely generated left ideal A of R which in turn is contained in B. Furthermore,
by assumption, the composition of the maps

MRrRA—>MORB—>MQ®rR

must be a group monomorphism. Hence, if Y 7 (x; ® a;) is zero in M @R R, then
Z?Zl(x,- ® a;j) is zeroin M ®pg A and thus must be zero in M ® g B. Therefore,
M ®r B - M ®R R is a group monomorphism for each left ideal B of R whenever
M ®r A — M ®g R is a group monomorphism for each finitely generated left ideal
Aof R.So (3) = (2).

We complete the proof by showing (2) = (1). If A4 is a left ideal of R, then we
have an exact sequence 0 - M Qg A — M ®pg R in Ab. Since Q/Z is an injective
Z-module, this gives an exact sequence

Homz (M ®g R,Q/7Z) - Homz(M Qg A,Q/Z) — 0.
Using Proposition 3.4.6, we see that
Hompg(R, M) — Homg(4,M*) - 0

is exact. Therefore, if f : A — M is a left R-linear mapping, then there is a g €
Hompg (R, M) which extends f to R. Thus, Baer’s criteria shows that M is an
injective left R-module, so M is, by Proposition 5.3.3, a flat R-module. 0

If M is an R-module and A is a left ideal of R, then M A, the set of all finite sums
Z?:l x;a;, where x; € M and a; € A, is a subgroup of M. The following two prop-
ositions make additional connections between a flat R-module and the left ideals of R.
In preparation for the first proposition, note that since the mapping M x A — MA
given by (x,a) + xa is R-balanced, there is a group epimorphism ¢ : M Qr A —
M A such that ¢ (x ® a) = xa for each generator x @ a in M Qg A.

Proposition 5.3.8. The following are equivalent for an R-module M .
(1) M is flat.

(2) The group epimorphism¢ 4 : MQRA — MA definedby ¢ 4(3_j—; Xk ®ag) =
ZZ:I Xray is an isomorphism for each left ideal A of R.

(3) The group epimorphism¢ 4 : MQRrA — M A defined by ¢ 4 (> —1 X Qag) =
ZZ:l X ay is an isomorphism for each finitely generated left ideal A of R.
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Proof. (1) = (2). If A is a left ideal of R, leti : A — R be the canonical injection
and consider the commutative diagram

M@pA MO M @RR

PA PR

MA—) s MR=M

where j is the obvious map. Since ¢ g is, by Proposition 2.3.4, an isomorphism, we
have idy ®i = @' j 9 4.0 0 4 (X f—q Xk ®ag) = Oleads to (idar ®i) (X f—q Xk ®
ar) = 0. But M is flat, so idps ® i is a monomorphism and this gives ZZ=1 Xk ®
ar = 0. Hence, ¢ 4 is an injection, so ¢ 4 is an isomorphism.

(2) = (1). Consider the commutative diagram given in the proof that (1) = (2). If
@ 4 1s an isomorphism, then idys ® i is a monomorphism since j is a monomorphism
and <p1_e1 is an isomorphism. Proposition 5.3.7 now shows that M is a flat R-module.

No proof is required for (2) = (3), so to complete the proof we need only show
that (3) = (2). Let Y j_;xx ® ar € M ®g A, where A is a left ideal of R.
If Y hoqxx ® ax € Kergy, then Yy _; xgap = 0. Let B = Y} _; Rag, then
Y %—1Xxax € MB. Now B is a finitely generated left ideal of R, so by assumption,
¢p: M®rA — MB is anisomorphism. Since ZZ=1 X ®ap € M ®g B and since
0O o1 Xk ®ag) = Y gy xrar = 0, we have >y _; xx ® a; = 0. Therefore,
® 4 18 an isomorphism. a

Proposition 5.3.9. [f0 - K — F L M — 0 is exact, where F is a flat R-module,
then the following are equivalent.

(1) M is flat.
(2) KN FA = KA for every left ideal A of R.
(3) KN FA = KA for every finitely generated left ideal A of R.

Proof. If A is a (finitely generated) left ideal of R, then since K ® g — is right exact,
wehave K Qg A > F®r A — M ®r A — 0. Since F is flat, Proposition 5.3.8
gives F ® g A = FA and K ®pg A corresponds to KA under this isomorphism.
Hence, M ®r A =~ FA/KA, so using Proposition 5.3.8 again we see that M is
flat if and only if MA =~ FA/KA for all (finitely generated) left ideals of R. Now
elements of M A can be written as Y 1, f(xi)a; = Y i—, f(xia;), where x; € F
and a; € Afori = 1,2,...,n. Consequently, MA = f(FA) =~ FA/(K N FA)
for all (finitely generated) left ideals A of R. Therefore, M is flat if and only if
F/A/KA = FA/(K N FA) for all (finitely generated) left ideals of R. Since KA C
K N FA, it follows that MA =~ FA/(K N FA) if and only if KA = K N FA for all
(finitely generated) left ideals of R. a
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The following two propositions provide additional characterizations of flat mod-
ules that are often useful. We omit the proof of each and cite [2], [26] and [42] as
references.

Proposition 5.3.10. An R-module M is flat if and only if for each expression
Y ioixja; = 0 where x; € M and aj € R for j = 1,2,...,n, there exist
yieM,i=1,2,...,m, and a matrix (cij) in Mmxn(R) such that

(1) Z?:lcijaj =0, fori =1,2,...,m, and
() YLy vicij = xj, for j =1,2,...,n.

Proposition 5.3.11. Let F — M — 0 be an exact sequence in Modpg, where F is
a free R-module, and suppose that K is a submodule of F such that F/K = M. Then
the following are equivalent.
(1) M is flat.
2) Ifx1,x2,...,xn € K, then there is an f € Hompg(F, K) such that f(x;) = x;
fori =1,2,...,n.
(3) Foreach x € K, there is an f € Hompg(F, K) such that f(x) = x.

Coherent Rings

We now know that direct sums of flat modules are flat, but a direct product of flat
modules need not be flat. In this section we characterize rings over which direct
products of flat modules are flat. These rings were first discovered by Chase [54].

Definition 5.3.12. An (A left) R-module M is said to be finitely presented if there is
an exact sequence 0 - K — F — M — 0 of (left) R-modules, where F is finitely
generated and free and K is finitely generated. Such a sequence will be called a finite
presentation of M. A finitely presented (left) R-module M is called (left) coherent if
every finitely generated submodule of M is finitely presented. A ring R is said to be
right (left) coherent if it is coherent as an (a left) R-module. A ring that is left and
right coherent is a coherent ring.

The following lemma gives additional information on finitely presented modules.

Lemma 5.3.13. The following are equivalent for an R-module M.

(1) There exists an exact sequence Fi — Fy — M — 0, where Fy and Fy are
finitely generated free R-modules.

(2) There exist integers m and n such that the sequence RM™ — R®W _ M — 0
is exact.

(3) M is finitely presented.
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Proof. The equivalence of (1) and (2) is obvious, so suppose that 0 - K — F —
M — 0 is a finite presentation of M. Since F is finitely generated and free, there is
an integer n such that F = RW_If K is generated by m elements, then there is an
epimorphism R — K, so we have an exact sequence RM _ RM 5 M 5 0.
Therefore, (3) = (2). Now suppose that (2) holds and let K = Ker § in the exact

sequence R % RM E) M — 0. Then Ima = K, so K is finitely generated. The

short exact sequence 0 - K — R () ﬁ) M — 0 shows that M is finitely presented.
Thus, (2) = (3). a

It is clear that every finitely presented R-module is finitely generated and the con-
verse holds when R is right noetherian. We have previously seen that if {Ny}a is
a family of left R-modules, then M ®pg (PA No) = Pr(M &R No) for each
R-module M. A similar isomorphism actually holds for every direct product of R-
modules if and only if M is finitely presented. The following lemma simplifies the
proof of this fact. In the proofs of the following lemma and proposition, the map
@ : M ®R ([Ta No) = [Ia(M ®r Ng) is given by ¢(x ® (yo)) = (x ® ya). If
Ny = Rforeacha € A, thensince M @ g R =~ M, if we identify M ® g R with M,
we getamap ¢ : M ®g R® — M2 such that x ® (ag) — (xaq). When more than
one module M is involved, this map will be denoted by o™ .

Lemma 5.3.14. Let M be an R-module and suppose that ¢ is the map described in
the preceding paragraph. Then the following are equivalent.

(1) M is finitely generated.

2) ¢ : M Qr (JIpo No) = [IA(M ®R Ng) is an epimorphism for any family
{Ng}A of left R-modules.

B) ¢o: MR RA — M2 is an epimorphism for any set A.
4 ¢o: M Qg RM — MM jsan epimorphism.

Proof. (1) = (2). If M is finitely generated, then there is a short exact sequence
0> K - R™ — M — 0 for some positive integer n. This leads to a row exact
commutative diagram

K&r ([TNa) — R &g ([[Ne) — M @& ([[Ne) — 0
(p’(l pr(")l le

H(K ®R Not) - HA(R(n) ®R Not) - n(M QR Not) — 0
A A

But (pR(") is an isomorphism (See Exercise 12.) and a simple diagram chase shows
that @™ is an epimorphism.
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The implications (2) = (3) and (3) = (4) are obvious.

(4) = (1). Suppose that (x,) € MM is such that x = x, for each x € M. Since
¢ is an epimorphism, there is an element Y/, (x; ® (aix)) € M Qg RM that is a
preimage of (x). This gives

() = o 30 (@i

i=1

= " ol(xi ® (aix))]

i=1

=) (xiaix)

i=1

= ().

i=1

Thus, for each x € M, we see that Z?:l Xjdix = X, SO X1,X2,...,Xn 18 a set of
generators for M. |

Proposition 5.3.15. The following are equivalent for any R-module M .
(1) M is finitely presented.

(2) Themap ¢ : M @r ([[p Na) = [1ao(M ®r Ng) is an isomorphism for each
family {Ny} A of left R-modules.

3)o: M QR RA - M2 isan isomorphism for any set A.

Proof. (1) = (2). Suppose that M is a finitely presented R-module, let RV —
R™ — M — 0 be as in Lemma 5.3.13 and consider the row exact commutative
diagram

R™ gr (HNa) — R™ @p <l_[Na> — M ®Rr (l_[Na) —0
wR(m)l . (pR(ml . (le .

l_[ (R(m) QR Na) - l_[ (R(n) ®R Na) - l_[ (M ®R Na) —0
A A A

Since (pR(m) and (pR(n) are isomorphisms, it follows by chasing the diagram that ¢
is an isomorphism.

(2) = (3). Obvious.

(3) = (1). By Lemma 5.3.14, we immediately have that M is finitely generated.
So there is an exact sequence 0 — K — F — M — 0, where F is a finitely
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generated free R-module. Thus, we have a row exact commutative diagram

K®RrR® —+ FRrR® - M®gR® ——0

0 KA FA M~ 0
where @M and ¢ are isomorphisms. It follows by a diagram chase that ¢X is an
epimorphism, so by considering Lemma 5.3.14 again, we have that K is finitely gen-
erated. Hence, M is finitely presented. a

We can now characterize the rings over which direct products of flat modules are
always flat.

Proposition 5.3.16 (Chase). The following are equivalent for a ring R.
(1) Every direct product of flat R-modules is flat.
(2) R%isa flat R-module for every set A.
(3) Every finitely presented left R-module is coherent.
(4) R is left coherent.

Proof. (1) = (2). This is clear since R is a flat R-module.
(2) = (3). Let M be a finitely presented left R-module and suppose that N is a
finitely generated submodule of M. For any set A there is a commutative diagram

RA®rRN — RA®@r M

NA M4

where N2 — M2 is the canonical injection. Since RA is a flat R-module, we also
see that RAQr N — RA®pr M isa monomorphism. Now M is a finitely presented
left R-module, so (3) of the left-hand version of Proposition 5.3.15 indicates that goM
is an isomorphism. It follows that ¢¥ is also an isomorphism, so another application
of Proposition 5.3.15 shows that N is finitely presented.

(3) = (4). This follows easily since 0 - 0 — R — R — 0 is a finite presentation
of R.

(4) = (1). Let {Ng}a be a family of flat R-modules and suppose that A is a
finitely generated left ideal of R. Then A4 is finitely presented since R is left coherent.
So (2) of the left-hand version of Proposition 5.3.15 gives

(TT¥e) ®r 4= [[Na ®& 4) € [[(Na @& B) =[] No = ([T Ne) @ R.
A A A A A

Hence, we have an exact sequence 0 — ([ No) @R A — ([[A Na) ® R R, s0 by (3)
of Proposition 5.3.7 we see that [ [, N is a flat R-module. a
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Regular Rings and Flat Modules

In order to characterize rings over which every R-module is flat, we need the following
proposition.
Recall that R is aregular ring if foreacha € R thereisanr € R suchthata = ara.

Proposition 5.3.17. The following hold for any ring R.
(1) R is a regular ring if and only if every principal right (left) ideal of R is gener-
ated by an idempotent.
(2) If R is a regular ring, then every finitely generated right (left) ideal of R is
a principal right (left) ideal of R.

Proof. (1) Let a € R and consider the principal right ideal aR. Since R is regular,
there is an 7 € R such that ara = a. Lete = ar, then e?> = (ar)(ar) = (ara)r =
ar = e, so e is an idempotent of R. Moreover, e € aR shows that eR C aR. If
¢ =ab €aR,thenec = arc = arab = ab,soab € eR. Hence, eR = aR.

Conversely, suppose that the principal right ideal aR is generated by the idempo-
tent e. Then eR = aR and e = ar for some r € R. Hence, ea = ara. Since a € eR,
a = eb forsome b € R, s0 ea = e2b = eb = a. Therefore, ara = ea = a and we
have that R is regular.

(2) The proof is by induction on the number of generators. If the finitely generated
right ideal is generated by a single element, there is nothing to prove. Make the
induction hypothesis that every right ideal of R generated by k elements, k < n, is
a principal right ideal of R. If

A=aiR+aR+---+anR
is generated by n elements, then, by the induction hypothesis,
aiR+aR+---+ap—1R

is a principal right ideal of R. Consequently, to complete the induction proof, it
suffices to prove that a right ideal of the form aR + bR is a principal right ideal of
R. From (1), aR = eR, where e is an idempotent of R. Since b = eb + (1 — e)b,
bR C ebR + (1 — e)bR. So it follows that

aR+ bR =¢eR+ (1—¢e)bR =eR+ fR,
where f is an idempotent element of R such thatef = 0. Let g = f(1 —e). Then
gf =f-ef =f(f—-ef)=1
g =f-e)f(1-e)
=/M1-eo=f(l-¢) =g
eg=ef(l—e)=0 and
ge= f(l—e)e = fle—e?)=0.
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Butg € fRand f € gR,so fR = gR. Therefore, aR + bR = eR + gR. We claim
thateR + gR = (e + g)R. If er + gs € eR + gR, then

(e +g)(er + gs) =er +egs + ger + gs
=er + gs,
so eR + gR C (e + g)R. The reverse containment is obvious, so aR + bR =

(e + g) R and the proof is complete. (Since the definition of a regular ring is left-right
symmetric, the proof for left ideals follows by symmetry.) a

Proposition 5.3.18. The following are equivalent for any ring R.
(1) R is a regular ring.
(2) Every R-module is flat.

(3) Every cyclic R-module is flat.

Proof. (1) = (2). If R is a regular ring and A is a finitely generated left ideal of R,
then Proposition 5.3.17 shows that A = Re for some idempotent e € R. If B is a left
ideal of R suchthat R = A @ B andi : A — R is the canonical injection, then there
is an epimorphism 7 : R — A such that wi = id4. But then the canonical map

e
0> Megd % MerR

has idys ® 7 as a left inverse. Thus, idps ® i is an injection and so Proposition 5.3.7
shows that M is a flat R-module.

(2) = (3). Obvious.

(3) = (1). Leta € R and consider the short exact sequence

0—aR— R— R/aR — 0.

Since R/aR is cyclic and R is flat, in view of (3) of Proposition 5.3.9, we see that
aR N Ra = (aR)(Ra) = aRa. Hence, R is aregular ring, sincea € aR N Ra. O

Because of the left-right symmetry of regular rings, it is also the case that a ring
R is regular if and only if every left R-module is flat. Hence, we have the following
corollary to Proposition 5.3.18.

Corollary 5.3.19. Every regular ring is coherent.
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Problem Set 5.3

1. If0 - Ny - N — N, — 0is a split short exact sequence of left R-modules
and M is an R-module, verify that

0> MQ@RrRN > M RN —> M RN, -0
is split exact in Ab. Conclude that M ® g — preserves split short exact sequences

regardless of whether or not M is flat.
2. Prove that an R-module M is flat if and only if

0>MQRA—>MQORR=M

is exact for each essential left ideal A of R. [Hint: If A is a left ideal of R and
Ac is a complement of A in R, consider A & A..]

3. Prove that every flat module over an integral domain is torsion free. [Hint:
Consider f : R — Rdefinedby f(b) = ba, (dy®f) : MOrR — MQRR,
where (idy ® f)(x®b) = x®ba, g : Mg R — M suchthat g(x®b) = xb
and the diagram

M &g R 9% A op R

4 4

M

M ]

4. Prove Proposition 5.3.9 by using the commutative diagram

KrA ‘2% Fopd 294 Mopd — 0
ok ol
0 —— KNFA FA—" M4 0
where 6 : FA — MA is such that (37—, x;a;) = Y 71—, f(xi)ai, ¢k and
go% are the maps defined in Proposition 5.3.8 and f : F — M is a free module
on M.

5.1f0 - M; i) M LN M, — 0 is exact sequence of R-modules and M; and
M, are flat, prove that M is flat. [Hint: Let A be a left ideal of R and consider
the diagram

M1®RA%M®RA%M2®RA—>O

B

M A MA My A 0]
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6. An exact sequence of R-modules 0 — M; i> M — M, — 0 is said to be

a pure short exact sequence if
0> M QRN > M RN > M, Qg N -0

is exact for every left R-module N. In this case we say that f (M) is a pure
submodule of M. Note that Exercise 1 shows that split short exact sequences
are pure. Prove that the following are equivalent:

(a) M is a flat R-module.

(b) Every exact sequence of R-modules of the form
O—- M - M, - M—0

is pure.

(c) There is a pure exact sequence of the form
O—->M > M, > M —0

with M, flat.

[Hint: For (a) = (b), let N be a left R-module and suppose that 0 - K —
F — N — 0is exact with F a free left R-module. Show that this gives a row
and column exact commutative diagram

My Qr K — M Qr K — M>; g K —— 0

0—— MiQrF —+ MQRF — M@ F —— 0

My Qr N — M Qp N — My Qg N —— 0

0 0 0

and then show that M; ® Rk N — M ®pg N is an injection. To show that
(¢c) = (a), suppose that 0 - M; — M», — M — 0 is exact, where M, a flat
R-module, and suppose that 0 - N; — N — N, — 0 is an exact sequence of
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10.

left R-modules. Show that

Mi ®r N1 — M Qg N1 — M Qg N1 —— 0

M Qr N — M, ®gr N — M Qg N 0

Mi Qg Ny — M, Qg Ny — M Qg N —— 0

0 0 0
is a row and column exact commutative diagram and then show that M ®p
N1 — M ®pg N is an injection.]

. (a) Is a regular ring left and right semihereditary?

(b) Show that R is a regular ring if and only if for each a € R there is an
element 7’ € R such thatar’a = a and r’ar’ = r’. [Hint: If r € R is such that
ara = a, consider r’ = rar.]

(c) Show that R is a regular ring if and only if AB = AN B for every right ideal
A of R and every left ideal B of R.

(d) Prove that a ring direct product of a finite number of regular rings is a regular
ring.

(e) Prove that a regular ring is a division ring if and only if its only idempotents
are 0 and 1.

. If £ : R — S is a ring homomorphism and M is a flat R-module and S is

viewed as a left R-module by pullback along f, prove that M ®pg S is a flat
S-module. [Hint: If N is a left S-module, then N is a left R-module by pull-
back along f and S is an (R, R)-bimodule by pullback along f. Show that
(M@rS)®s N =M®er(S®sN)=M®rN.]

Clearly, every finitely presented R-module is finitely generated. Prove that the
converse holds if R is a right noetherian ring.

(a) Prove that every finitely generated projective module is finitely presented.
[Hint: If M is a finitely generated projective R-module, consider a short exact
sequence 0 - K — F — M — 0, where F is a finitely generated free
R-module.]

(b) Show that a right semihereditary ring is right coherent.
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11.

12.
13.

14.

15.

Let0 - M; - M — M, — 0 be a exact sequence in Modg.

(a) If M7 and M> are finitely presented, show that M is finitely presented. [Hint:
Exercise 9 in Problem Set 5.2.]

(b) Prove that for every positive integer n, a direct sum M; & M, & --- & M,
of R-modules is finitely presented if and only if M; is finitely presented for
i=1,2,...,n.

Prove that the map (pR(") of Proposition 5.3.14 is an isomorphism.

Prove that every finitely presented flat R-module M is projective. [Hint: Let
0 —- K - F —- M — 0 be exact where F is finitely generated and free and
K is a finitely generated submodule of F'. Use Proposition 5.3.11 and show that
0—- K—> F —> M — 0splits.]

An R-module M is said to be faithfully flat provided that 0 — rN; — RN
is exact if and only if 0 - M ® g N1 — M ®pg N is exact. Prove that the
following are equivalent for an R-module M. Note that a faithfully flat module
is clearly flat.

(a) M is faithfully flat.

(b) M is flatand M ® g N = 0 implies that N = 0 for any left R-module N.
(c) M is flat and M m # M for every maximal left ideal m of R.

(d) M is flat and M A # M for every proper left ideal A of R.

@) If f: Ny - Nyis R-linearandidys @ f : M Qg N1 > M ® N> is zero,
then f = 0.

[(a) < (b), Hint: For (a) = (b), consider 0 - M Qr 0 - M Qr N —

M ®g 0 — 0 and to show that (b) = (a), suppose that 0 — N; i) N is

idy ®
a sequence of R-modules. If 0 - M ®pgr N; ——M——f—> M ®pgr N is exact, then

M Qg Ker f =0.]

[(b) = (c), Hint: Note that M/Mm =~ M ®g (R/m), where m is a maximal
left ideal of R. See Exercise 2 in Problem Set 2.3.]

[(c) = (b), Hint: Suppose that 0 #% x € N. Then Rx = R/A for some left
ideal A of R. If m is a maximal left ideal that contains A, then M #* Mwm D
MA,so M Qg Rx = M Qg MA =~ M/MA # 0. Next, consider the map
M ®r Rx > M Qg N.]

[(b) < (e), Hint: For (b) = (e),let N = f(N;) and assume that idps ® f :
M ®r N1 - M ®pg N, is zero. Now consider the composition of M ® g

idy ® id s ®i
N M—f> M ®r N M—®l> M ®gr N», wherei : N — N, is the canonical

injection, and show that M ® g N = 0. To show that (¢) = (b), consider
dy idy : M Qrg N — M Qg N.]

An R-module M is said to be faithful provided that Ma = 0 implies thata = 0.
Prove that a faithfully flat R-module is faithful. [Hint: If Ma = 0, let f :
R — Rbesuchthat f(b) = ba and consideridyy ® f : MQrR — M QrR.]
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5.4 Quasi-Injective and Quasi-Projective Modules

Injective and projective modules lead to the concepts of quasi-injective and quasi-
projective modules. We do little more in this section than give the definitions and
examples of these modules. Quasi-injective and quasi-projective modules will be
revisited in a subsequent chapter where quasi-injective envelopes and quasi-projective
covers will be developed. There we will show that every module has a quasi-projective
cover if and only if every module has a projective cover.

Definition 5.4.1. An R-module M is said to be quasi-injective if each row exact
diagram

>

of R-modules and R-homomorphisms can be completed to a commutative diagram
by an endomorphism of M. Dually, M is quasi-projective if each row exact diagram

M

g

» 3 f

M N 0

of R-modules and R-module homomorphisms can be completed to a commutative
diagram by an endomorphism of M.

Examples

1. A simple R-module is quasi-injective and quasi-projective.

2. If an R-module M contains a copy of Rg, then M if is quasi-injective if and
only if M is injective. This follows easily from Baer’s criteria.

3. If M and N are isomorphic R-modules, then M is quasi-injective (quasi-pro-
jective) if and only if N is quasi-injective (quasi-projective).

4. Every injective (projective) R-module is quasi-injective (quasi-projective).

Proofs of the following propositions are left as exercises. Each proof follows di-

rectly from the definitions.

Proposition 5.4.2. An R-module M is quasi-injective if and only if for each pair of
submodules N1 and Ny of M such that Ny C N, each f € Homg(Ny, M) can be
extended to a g € Hompg(Ny, M).
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Proposition 5.4.3. An R-module M is quasi-projective if and only if for each pair of
submodules N1 and Ny of M such that Ny 2 N3, each f € Homg(M, M/Ny) can
be lifted to a g € Homg(M, M/ N>).

Proposition 5.4.4. If {M;}"_, if a family of R-modules and [|;_, M; is quasi-injec-
tive, then each M; is quasi-injective.

Remark. There are several concepts that generalize quasi-injective and quasi-projec-
tive modules, for instance, continuous modules, quasi-continuous modules, extend-
ing modules as well as discrete modules, quasi-discrete modules and lifting modules.
These modules constitute an active area of research in ring and module theory. Addi-
tional details can be found in [33] and [11].

Problem Set 5.4
Verify Example 2.

Prove Proposition 5.4.2.

Prove Proposition 5.4.3.

Ll O e

Prove Proposition 5.4.4. Conclude that a direct summand of a quasi-injective

module is quasi-injective.

5. Prove that every R-module is quasi-injective if and only if every R-module is
injective.

6. Prove that an R-module M is quasi-injective if and only if for each essential

submodule N of M, each R-linear mapping f : N — M can be extended
to M. [Hint: Consider N & N, where N, is a complement of N in M .]

7. Prove or find a counterexample to each of the following.
(a) If {M;}7?_, is a family of R-modules and each M; is quasi-projective, then
17—, M; is quasi-projective.
(b) If {M;}_, is a family of R-modules and [17=, M; is quasi-projective, then
each M; is quasi-projective.



Chapter 6
Classical Ring Theory

If R is a right artinian ring with no nonzero nilpotent ideals (defined below), then R
is a finite ring direct product of simple artinian rings. An obstruction to decomposing
a right artinian ring in this manner is that it may have nonzero nilpotent ideals. If we
could find an ideal of R that contains the nilpotent ideals of R, then the factor ring
modulo this ideal will be free of nonzero nilpotent ideals. Fortunately, there is such
an ideal rad(R), called the prime radical of R. Furthermore, when R is right artinian,
R/ rad(R) is right artinian and rad(R/ rad(R)) = 0.

Jacobson [60] discovered another ideal J(R) of R, now called the Jacobson radical,
such that rad(R) € J(R). Moreover, when R is right artinian, J(R) is nilpotent and
J(R) = rad(R). Hence, if R is right artinian, then R/J(R) is a right artinian ring
such that J(R/J(R)) = 0,so R/J(R) is a finite ring direct product of simple artinian
rings. The ideal J(R) is one of the most important ideals in the study of rings and
modules.

The main purpose of the chapter is to study right artinian rings R for which
J(R) = 0. As it turns out, a simple artinian ring is an n x n matrix ring with en-
tries from a division ring, so a right artinian ring R with J(R) = 0 has a very nice
description in terms of matrix rings.

The pioneering work on such a decomposition of a ring was done by Wedder-
burn [71], although in a somewhat different context. Later Artin [47], [48] extended
Wedderburn’s results to rings that satisfy both the ascending and the descending chain
condition. At that time, Artin did not know that the descending chain condition on
aring implies that it satisfies the ascending chain condition (Corollary 6.6.5). This re-
sult, and the results of Wedderburn and Artin has led to what is now often referred to
as the Wedderburn—Artin theory. To address this theory, we begin with the Jacobson
radical.

6.1 The Jacobson Radical

Numerous types of radicals have emerged over the years each with a different foun-
dation. Thus, when the word “radical” is encountered, care must be taken to deter-
mine its exact meaning. A discussion of several types of radicals can be found in [9]
and [17].

Definition 6.1.1. The Jacobson radical [22] of R, denoted by J(R), is the intersec-
tion of the maximal right ideals of R. If J(R) = 0, then R is said to be a Jacobson
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semisimple ring. (Jacobson semisimple rings are also referred to as J-semisimple
rings and they are sometimes called semiprimitive rings.)

At this point, the Jacobson radical of R should probably be called the right Jacobson
radical of R since it is formed by taking the intersection of the maximal right ideals
of R. However, we will see that J(R) is also the intersection of the maximal left
ideals of R, so a designation of left or right is immaterial.

The concept of the Jacobson radical of R carries over to modules. If M is an
R-module, then the radical of M, denoted by Rad(M), is the intersection of the
maximal submodules of M. If M fails to have maximal submodules, then we set
Rad(M) = M. There are modules that fail to have maximal submodules. For ex-
ample, the Z-module Q/Z has no maximal submodules. The following proposition
shows that there is a “large” class of modules each of which always has at least one
maximal submodule.

Proposition 6.1.2. If M is a nonzero finitely generated R-module, then M has at
least one maximal submodule.

Proof. If {x1, X2, ..., X} is a minimal set of generators of M, then
X2R+x3R+---+x,R=N v»M.

Let & be the collection of proper submodules of M that contain N and partial order
& by inclusion. Note that N’ € § if and only if N € N and x; ¢ N'. If € is
a chain of submodules of §, then x1 ¢ (Je N', so (e N’ is a proper submodule
of M that contains N. Hence, § is inductive and Zorn’s lemma shows that -§ has
a maximal element, say N *. If N* fails to be a maximal submodule of M, then there
is a submodule N of M such that N* »» N ~> M. Now N ¢ § for, if so, this
would contradict the maximality of N* in &. But if N isnotin 8 , then x1 € N , SO
{x1,X2,...,xn} C N. Thus, N = M and so we have a contradiction. Therefore, N *
is not only maximal in § but N * is also a maximal submodule of M. a

Corollary 6.1.3. If M is a nonzero finitely generated R-module, then Rad(M) # M.

Since R is generated by 1, J(R) # R. This is also verified by Corollary 1.2.4
which states that R has at least one maximal right ideal. A useful property of the
radical of a module is that it is preserved under direct sums.

Proposition 6.1.4. If {My} A is a family of R-modules, then

Rad (EB Ma) = (P Rad(M,).
A A
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Proof. We prove the proposition for A = {1, 2}. The argument for the general case
is similar and its proof is left as an exercise. If i1 : M; — M; & My and i : My —
M7 @& M, are the canonical injections, then (a) of Exercise 3 shows that

ip : Rad(Mk) — Rad(Ml ® MZ)

for k = 1,2. Consequently, Rad(M1) & Rad(M>) C Rad(M; & M>). Next, note
that since (M1 & M>)/(N1 & M») =~ M;/N1, N1 & M, is a maximal submod-
ule of M1 & M, if and only if N; is a maximal submodule of M;. Therefore, if
(x,y) € Rad(M; & M;), then (x,y) € Ny & M> for every maximal submodule
Nj of M. Hence, x € N; for every maximal submodule of M, so x € Rad(M;).
Similarly, y € Rad(M3) and we have Rad(M; & M) < Rad(M;) & Rad(M>). Thus,
Rad(M1 & M,) = Rad(M;) & Rad(M>). [m]

Corollary 6.1.5. If F is a free R-module, then Rad(F) = FJ(R).

Proof. Since F =~ R™®) for some set A, we have
Rad(F) =~ Rad(R™) = J(R)® =~ R™ J(R) =~ FJ(R). O

Lemma 6.1.6. An element a of R is contained in no maximal right ideal of R if and
only if a has a right inverse in R.

Proof. Suppose that a is contained in no maximal right ideal of R. Then aR cannot
be a proper right ideal of R since every proper right ideal is, by Proposition 1.2.3,
contained in a maximal right ideal of R. Hence, aR = R, so there is an r € R such
that ar = 1. Conversely, if a has a right inverse and a € m, m a maximal right ideal
of R, then 1 € m, so mn = R, a contradiction. Hence, a ¢ ut, so a is contained in no
maximal right ideal of R. |

Proposition 6.1.7. The following hold for any ring R.

(1) J(R) is an ideal of R that coincides with the intersection of the right annihilator
ideals of the simple R-modules.

(2) J(R) is the set of all a € R such that 1 — ar has a right inverse for all v € R.
(3) J(R) is the largest ideal of R such that for alla € J(R), 1 — a is a unit in R.

Proof. (1) Let § be the nonempty class of simple R-modules. We claim that J(R) =
(g ann,(S). Since S is a simple R-module if and only if there is a maximal right
ideal m of R such that R/m =~ S, we see that ann,(R/m) = ann,(S). Buta €
ann, (R /m) implies that a + mt =(1 + m)a = 0, so a € wm. So it follows that
(g ann,(S) € J(R). Conversely, if a € J(R), then a is in every maximal right
ideal of R. If S is any simple R-module and x € S,x # 0, then xR = §, so
R/ann,(x) =~ S and ann,(x) is a maximal right ideal of R. Hence, a € ann,(x)
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for every nonzero x € S. Therefore, a € (\gann,(x) = ann,(S), so J(R) €
(g ann,(S).

Note that since the right annihilator of an R-module is an ideal of R, we

see that J(R) is an ideal of R.

(2) An element a of R is such that a € J(R) if and only if a is in every maximal
right ideal of R and this in turn is true if and only if 1 — ar is in no maximal right
ideal of R for any r € R. This observation and Lemma 6.1.6 give the result.

(3) If a € J(R), then 1 — a has a right inverse b in R and (1 — a)b = 1 implies
that 1 —b = —ab € J(R). Thus, 1 — b is in every maximal right ideal of R, so b
can be in no maximal right ideal of R. Lemma 6.1.6 now implies that b has a right
inverse ¢ € R. But 1 = (1 —a)b,soc = (1 —a)bc = 1 — a and this shows that
1 = bc = b(1 — a). Therefore, b is also a left inverse for 1 — a. Finally, let I be an
ideal of R such that J(R) C I and such that 1 — a is a unitin R foreverya € I. If
r € R,thenar € I,sol —ar isaunitin R. But then 1 —ar has aright inverse in R,
so by (2),a € J(R). Hence, I € J(R) and we are done. a

Part (3) of Proposition 6.1.7 is obviously left-right symmetric and leads to the fol-
lowing proposition.

Proposition 6.1.8. The following hold for any ring R.
(1) J(R) is the intersection of the maximal left ideals of R.

(2) J(R) is an ideal of R that coincides with the intersection of the left annihilator
ideals of the simple left R-modules.

(3) J(R) is the set of all a € R such that 1 — ra has a left inverse for all r € R.

Because of (1) of Proposition 6.1.7 and (2) of Proposition 6.1.8, we see that
SJ(R) = 0 for each simple R-module S and J(R)S = 0 for each simple left R-
module. We now need the following lemma.

Lemma 6.1.9. If A is a right ideal of R such that A C J(R), then MA C Rad(M)
for every R-module M.

Proof. Suppose that A is a right ideal of R such that A € J(R). If Rad(M) = M,
there is nothing to prove, so suppose that Rad(M) # M. Part (1) of Proposition 6.1.7
shows that SJ(R) = 0 for every simple R-module S, so SA = 0 for all simple R-
modules S. If N is a maximal submodule of M, then M/ N is a simple R-module, so
(M/N)A = 0. Thus, MA € N and we see that M A is contained in every maximal
submodule of M. Consequently, MA € Rad(M). a

The notation A”, not to be confused with A®™ = A x A x --- x A, denotes the
set of all finite sums Y ajay - --a, of products ajas - - - a, of n elements from a left
ideal A, a right ideal A or an ideal A of R. We write A” = 0 if all such finite sums
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are equal to zero. It follows that A” = 0 if and only if all products ajas ---a, of n
elements from A are zero. A right ideal (A left ideal, An ideal) A with this property
is said to be nilpotent. In particular, if A is nilpotent and such that A” = 0, then
a™ = 0 for each a € A, so every element of A is nilpotent. Nilpotent right ideals of
R will be discussed in more detail later in this chapter. The point is that if M is any
R-module and A is a nilpotent right ideal of R such that MA = M, then M = 0.
This follows easily since M = MA = MA? = MA3 = ... = MA" = 0, where
n is a positive integer such that A” = 0. The following important result shows that
MA = M implies M = O for all finitely generated R-modules M and all right ideals
A contained in J(R) regardless of whether or not A is nilpotent.

Lemma 6.1.10 (Nakayama’s lemma). If A is a right ideal of R such that A C J(R),
then the following two equivalent conditions hold for every finitely generated R-mod-
ule M.

(1) If N is a submodule of M such that N + MA = M, then N = M.
2) f MA =M, then M = 0.

Proof. Suppose that A is a right ideal of R, that A € J(R), and that M is finitely
generated.

(1) If M = 0, the result is obvious, so suppose that M # 0. f N + MA =M
and x + N € M/N, then x = y + Y y_; xgar, where y € N, xp € M and
ap € Afork =1,2,....,n. Thus,x + N =y + Y p_; xxar + N =Y j_q Xpag +
N = >%_1(xx + N)ag. € (M/N)A. This observation and Lemma 6.1.9 show that
M/N € (M/N)A € Rad(M/N). Hence, Rad(M/N) = M/N. Butif M is finitely
generated, then M/N is finitely generated, so if M/N is nonzero, then Corollary
6.1.3 implies that Rad(M/N) # M/N. Thus, it must be the case that M/N = 0, so
N = M. Hence, (1) holds for every finitely generated R-module M.

The proof will be completed by showing (1) <= (2). Suppose that (1) holds, that
MA = M and that M # 0. Then using Proposition 6.1.2, we see that M has at
least one maximal submodule, say N. Since MA = M, we have N + MA = M
and so, by (1), it must be the case that N = M. But maximal submodules of M are
proper submodules of M, so M = 0 and we have (1) = (2). To see that (2) = (1),
suppose that NV is a submodule of M such that N + MA = M. Then (M/N)A =
(N +MA)/N,so(M/N)A = M/N. But M/N is finitely generated, so (2) shows
that M/N = 0. Hence, M = N. O

Definition 6.1.11. A submodule S of an R-module M is said to be small (or superflu-
ous) in M if whenever N is a submodule of M suchthat S + N = M,then N = M.
A right ideal of R is small if it is small when viewed as a submodule of Rg.

Note that every module has at least one small submodule, namely the zero submod-
ule, so the set of small submodules of a given module is always nonempty.
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Example

1. Local Rings. Recall that a ring is said to be a local ring if it is a commutative
ring that has exactly one maximal ideal. Let m be the maximal ideal of a local
ring R. Then mt = J(R) and we claim that mt is small in R. To see this, suppose
that 7 is an ideal of R such that m + I = R. If I is a proper ideal of R, then
because of Proposition 1.2.3, I is contained in a maximal ideal of R which must
be m. But then m + I € mt # R, a contradiction. Thus, / = R, so m is small
in R.

Example 1 shows that the Jacobson radical J(R) of a local ring is small in R. The
small right ideals of a ring are closely connected to the Jacobson radical of the ring.

Proposition 6.1.12. A right ideal A is small in R if and only if A C J(R). Further-
more, if M is a finitely generated R-module, then M A is a small submodule M for
each right ideal A of R contained in J(R).

Proof. Let A C J(R) be a right ideal of R. Then A C RA, so if B is a right ideal
of R suchthat B+ A = R, then B + RA = R. But R is finitely generated so
Nakayama’s lemma gives B = R. Hence, A4 is small in R. Conversely, suppose that
A is a small right ideal of R. If A € J(R), then there is a maximal right ideal m
of R such that A € m, so A + m = R. This indicates that m = R and we have
a contradiction. Hence, A € J(R) when A is a small right ideal of R.

Finally, if M is finitely generated and N +MA = M ,then N = M by Nakayama’s
lemma. a

Corollary 6.1.13. For any ring R, J(R) is the largest small right (left) ideal of R and
as such it is unique.

The radical of M can also be described in terms of the small submodules of M.

Proposition 6.1.14. [f M is an R-module and {Sqy} is the family of small submod-
ules of M, then Rad(M) = ) A Sa.

Proof. If Rad(M) = M, then it is obvious that )~ 5 S¢ € Rad(M). So suppose that
Rad(M) # M. If S is a small submodule of M and if there is a maximal submodule
N of M such that S € N, then S + N = M. But this implies that N = M which
clearly cannot be the case. Thus, S is contained in every maximal submodule of M,
so § € Rad(M). Hence, ) A Sq¢ € Rad(M).

For the reverse containment, let N be a proper submodule of M and suppose that
xe€M—N.If M = xR + N, then we claim that there is a maximal submodule
of M that does not contain x. Let 7 be the set of submodules N’ of M such that
x¢ N and N O N. Now T # @ since N € T, so partial order 7~ by inclusion. If
€ is a chain in 7, then e N’ is a submodule of M containing N and x ¢ | Je N'.



Section 6.1 The Jacobson Radical 177

Hence, T is inductive, so let N* be a maximal element of 7. We assert that N* is
a maximal submodule of M. If not, there is a submodule X of M such that N* >
X ~> M and it must be the case that x € X. Since xR € X and N € N*, we
see that M = X + N* = X, a contradiction. Hence, N * is a maximal submodule
of M. Therefore, if N is a proper submodule of M and x € M — N is such that
M = xR + N, then there is a maximal submodule N* of M such that x ¢ N*.
Consequently, x ¢ Rad(M). It follows that if x € Rad(M) and xR + N = M, then
N cannot be a proper submodule of M and this in turn implies that xR is a small
submodule of M. Thus, x € xR € ), Sy and so Rad(M) € >\ S,. O

Corollary 6.1.15. For any R-module M, Rad(M) contains every small submodule
of M.

Problem Set 6.1

1. (a) If S is a small submodule of M and S’ is a submodule of S, show that S’ is
a small submodule of M. Conclude that submodules of small submodules are
small.

(b)If f : M — N is an R-linear mapping and S is a small submodule of M,
prove that f(S) is a small submodule of N. [Hint: If N is a submodule of N
such that f(S) + N’ = N,then S + f~I}(N') = M ]
(c) Show that S; @ S> is a small submodule of My & M, if and only if S is
a small submodule of M7 and S> is a small submodule of M.

2. Let M be an R-module.
(a) If S1 and S, are submodules of M such that §; € S5, prove that S5 is small
in M if and only if S; is small in M and S, /S is small in M/S;.
(b) Show that S + S3 is small in M if and only S; and S, are small submodules
of M.

(c) Prove that S is a small submodule of an R-module M if and only if S+ N #
M for every proper submodule N of M.

3. Verify each of the following:
(@If f : M — N is an R-linear mapping, then f(Rad(M)) € Rad(N) for
all R-modules M and N. In particular, if f is an epimorphism and Ker f C
Rad(M), then equality holds. [Hint: If S is a small submodule of M, then
f(S) is a small submodule of N. See (b) of Exercise 1. If f is an epimorphism
and Ker f € Rad(M ), show that there is a one-to-one correspondence among
the maximal submodules of N and the maximal submodules of M that contain
Ker f.]
(b) Rad(M/Rad(M)) = 0 for every R-module M.
(c) If I is an ideal of R such that I € J(R), then J(R/I) = J(R)/I.
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4. (a) If n is a positive integer greater than 1, compute the radical of the Z-module
(n). [Hint: Describe Rad((n)) in terms of the prime factorization of #.]
(b) Compute the Jacobson radical of the rings Z and Z,,.
(c) If p is a prime number, what is the Jacobson radical of Z ,n, n a positive
integer?

5. Prove that Z-module Q/Z has no maximal submodules. Conclude that
Radz(Q/Z) = Q/Z.

6. Suppose that N is a submodule of an R-module M. Prove that N = Rad(M)
if and only if N € Rad(M) and Rad(M/N) = 0.

7. Let M be a nonzero R-module with only one small submodule. Show that M
has at least one maximal submodule.

8. (a) Show that J(R) cannot contain a nonzero idempotent element of R. [Hint: If
e is an idempotent in J(R), consider 1 — e along with (3) of Proposition 6.1.7.]
(b) Recall that a ring R is said to be a regular ring if for each a € R there is
anr € R such thata = ara. If R is a regular ring, show that R is Jacobson
semisimple.
9. If [[A Rq is the ring direct product of the family {Ry}a of rings, show that
J(ITa Ra) = [[A J(Rg). [Hint: Verify that (15) — (a¢) (b ) has a right inverse
in [[5 Rq if and only if 14 — aqby has a right inverse in Ry for each o € A.]
Conclude that a ring direct product of Jacobson semisimple rings is Jacobson
semisimple.
10. (a) Complete the proof of Proposition 6.1.4 for an arbitrary indexing set A.
(b) Show that if F is a free R-module, then Rad(F) = FJ(R).
(c) Prove that J(MI,(R)) = M, (J(R)).
11. Prove thata € J(R) if and only if 1 — ras is aunitin R forall ,s € R.
12. (a) If D is a division ring, prove that J(D[X]) = 0. [Hint: If p(X) € J(D[X]),
then 1 — p(X) is a unit in D[X]. Show that the only units in D[X] are elements
of D, and then show J(D[X]) is an ideal of D.]

(b) Let R be the matrix ring (& X)), where K is a field. Compute J(RRg) and
J(RR).

6.2 The Prime Radical

Recall that if R is a commutative ring, then a proper ideal p of R is prime if whenever
a,b € Randab € p,thena € porb € p. If p is a prime ideal of a commutative ring
R, let A and B be ideals of R such that AB C p. If B € p, let b € B be such that
b ¢ p. Then forany a € A, ab € AB C p, so it must be the case that a € p. Hence,
A C p. Soif R is a commutative ring, then an ideal p of R is prime if and only if
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whenever A and B are ideals of R such that AB C p, then either A € por B C p.
This property of prime ideals in a commutative ring is a property that can be used to
extend the concept of a prime ideal to noncommutative rings.

Definition 6.2.1. A proper ideal p of a ring R is said to be a prime ideal of R if
whenever A and B are ideals of R such that AB C p, then either A C por B C p.

The following proposition gives several conditions that characterize prime ideals.

Proposition 6.2.2. If p is an ideal of R, then the following are equivalent:
(1) p is a prime ideal of R.
(2) Ifa,b € RandaRb C p, thena € porb € p.
(3) If A and B are right ideals of R such that AB C p, then either A C por B C p.
(4) If A and B are left ideals of R such that AB C p, then either A C por B C p.

Proof. (1) = (2). If p is a prime ideal of R and a,b € R are such that aRb C p,
then RaR and RbR are ideals of R and (RaR)(RbR) = R(aRb)R C RpR C p.
Hence,a € RaR C porb € RbR C p.

(2) = (3). Suppose that A and B are right ideals of R such that AB C p. If
B &€ p, then there is a b € B such that b ¢ p. But then for any a € A, we have
aRb C AB C p,soa € p. Hence, A C p when B € p.

3) = (1). Clear.

A similar proof shows the equivalence of (1), (2) and (4). a

Prime Rings

Definition 6.2.3. The prime radical (or the lower nil radical) of a ring R, denoted by
rad(R), is the intersection of the prime ideals of R. A ring R is said to be a prime ring
if zero is a prime ideal of R.

With the following definition, we can give an elementwise characterization of the
prime radical of R.

Definition 6.2.4. An element ¢ € R is said to be strongly nilpotent provided that
every sequence dg, a1, ds, ..., wherea = apanda, 41 € a,Ra, forn =0,1,2,...,
is eventually zero, that is, if there is an integer n > 0 such that a, = 0.

Proposition 6.2.5. The prime radical of a ring R is the set of all strongly nilpotent
elements of R.

Proof. Suppose that a € R and a ¢ rad(R). Then there is a prime ideal p of R
such that a ¢ p. Hence, agRag € », where a = ao, so there is an a; € agRaog
such that a; ¢ p. Thus, a; Ra; € p. Continuing in this way we obtain a sequence
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a = ap,ai,az,--- thatis never zero and so a is not strongly nilpotent. Hence, if an
element a € R is strongly nilpotent, then @ € rad(R).

For the converse, assume that a € R is not strongly nilpotent. Then there is a se-
quence dg,d1,d2, ..., where a = ag and a,4+1 € azRa, forn = 0,1,2,..., that
is never zero. Let T = {a, | n = 0}. Then 0 ¢ T, so suppose that § is the
set of all ideals of R that have empty intersection with 7. If & is partially ordered
by inclusion, then & is inductive, so Zorn’s lemma shows there is a maximal ele-
ment p of . We claim that p is a prime ideal of R. Let A and B be ideals of R
such that A € p and B € p. Since p is maximal in &, both A + p and B + p
have nonempty intersection with 7. Leta; € A+ pand a; € B + p. Then
an+1 € apRay € (A+ p)(B +p) € AB + p, where n = max(i, j). Buta,4+1 ¢ p
since p has empty intersection with 7', so AB & p. Therefore, if A and B are ideals
of R such that AB C p, then A € p or B C p. Hence, p is a prime ideal of R such
that a ¢ p. Consequently, if a is not strongly nilpotent, then a ¢ rad(R). Thus, if
a € rad(R), then a is strongly nilpotent. a

Definition 6.2.6. Recall that a right ideal (A left ideal, An ideal) n of a ring R is
a nilpotent right ideal (nilpotent left ideal, nilpotent ideal) if n”* = 0 for some positive
integer n. The smallest positive integer n such that n” = 0 is the index of nilpotency
of n. A right ideal (A left ideal, An ideal) 1t of R is said to be a nil right ideal (nil left
ideal, nil ideal) of R if every element of u is nilpotent.

If u” = 0, then a” = 0, for each a € A, so every element of n is nilpotent. Thus,
every nilpotent right (left) ideal is nil. However, the second example of the following
two examples shows that it is possible for an ideal in a ring to be nil and yet not be
nilpotent.

Examples

1. Consider the ring Zg. The ideal [2]Zg of Zg is nilpotent for if
[2][a1]. [2][az2]. [2][a3] € [2]Zsg, then
(12lla1D(2lla2])([2][a3]) = [8][a1a2a2] = [0].

More generally, every proper ideal of Z p», p a prime number, is nilpotent.

2. Let p be a prime number and and suppose that [a,] denotes an element of Z pn
forn =1,2,.... Consider the ring direct product [ [y Z p» and suppose that R
is the set of all elements of [ [y Z p» of the form

([Cll], [aZ]’ [a3]’ B [an]’ [0]’ [0]7 . )

for each integer n > 0, n not fixed. Then R is a subring of [ [y Z p» that does
not have an identity. Next, let / be elements of R of the form

a = ([0]’ [pa2]’ ey [pan]’ [0]’ [0]7 . )
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It is routine to show that / is an ideal of R under the coordinatewise operations
of addition and multiplication defined on R. Moreover, if @ € [ and a =
([0], [pazl.---,[paxnl],[0],10],...), then a™ = 0. Hence, I is a nil ideal of R.
We claim that 7 is not nilpotent. To show this, it suffices to show that for each
n > 1,thereisana € I suchthata” # 0. Leta = ([0], [p],-. .., [p].[0],[0],...),
where the last entry of [p] is in the (n + 1)-position. Then a" = ([0],...,[0],
[p"], 0], [0], ...) # Osince [p"] # [0] in Z pn+1. Thus, I" # O for each integer
n > 1, so [ is not nilpotent.

Proposition 6.2.7. If n is either a nil left ideal or a nil right ideal of R, then n C
J(R).

Proof. Let n be a nil right ideal of R. If a € n, then, for any r € R, ar is nilpotent.
If (ar)" = 0, then 1 — ar has Z;':_é (ar)* as aright inverse. It follows from (2) of
Proposition 6.1.7 that @ € J(R). A similar proof holds if u is a nil left ideal of R. O

Corollary 6.2.8. If ut is a nilpotent left or right ideal of R, then n C J(R).

The following proposition shows the connection between strongly nilpotent ele-
ments and nilpotent elements of a ring.

Proposition 6.2.9. If a € R is strongly nilpotent, then a is nilpotent. Conversely, if
R is commutative, then every nilpotent element of R is strongly nilpotent.

Proof. Suppose that a € R is strongly nilpotent. Then every sequence ag,a1,4as, .. .,

where a = ag and a,+1 € ayRay,, forn = 0,1,2,..., is eventually zero. Choose

the sequence defined by a = ag and a,4+1 = a,% = ayla, € a, Ra, for each integer
n

n>0.Thena; = a?,a, = a*, a3 =db,...,a, = a*",.... Buta, = 0 for some

integer n > 0 which shows that a is nilpotent.

Conversely, suppose that R is commutative and that @ € R is nilpotent. We claim
that a is strongly nilpotent. Consider a sequence ag,da1,d2, ..., where a = ag and
an+1 € anRay, forn =0,1,2,.... Then

ap = aroa = 1”0612

ay = airiay = rla% = r1r§a4

2

as = djsrpdy = rzag =TI rgag

2 2n—2 211—1 on
a,,:rn_lrn_z---rl rO a
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Since a is nilpotent, there is an integer m such that a™ = 0. If n is chosen so that
2" > m, then a, = 0 and so « is strongly nilpotent. a

Corollary 6.2.10. The prime radical of any ring is a nil ideal of R and rad(R) C
J(R).

Proof. In view of Proposition 6.2.5, the fact that rad(R) is nil follows directly from
the proposition and Proposition 6.2.7 shows that rad(R) € J(R). a

Corollary 6.2.11. If R is a commutative ring, then rad(R) is the set of all nilpotent
elements of R.

In the opening remarks of this chapter, it was pointed out that rad(R) contains every
nilpotent right ideal of R. The following proposition shows that this is actually the
case.

Proposition 6.2.12. The prime radical of R contains all the nilpotent right ideals and
all the nilpotent left ideals of R.

Proof. If uis a nilpotent right ideal of R, then n” = 0 for some integer n > 1. Hence,
n” C rad(R) which implies that n” C p for every prime ideal p of R. If u € p, then
n"~1 C p. Butn*~! C pimplies that n”?~2 C p since n & p. Continuing in this way,
we eventually come to n? C p, so n C p, a contradiction. Therefore, it must have
been the case that n C p to begin with. Hence, 1 is contained in every prime ideal of
R and so u C rad(R). The proof for nilpotent left ideals follows just as easily. a

Remark. It was pointed out in the opening remarks of Section 6.1 that numerous
types of radicals have emerged over the years each with a different foundation. For
example, the upper and the Levitzki nil radical are also useful in the study of the
structure of rings. Details on these radicals can be found in [44].

A proper ideal p in a commutative ring R is prime if and only if S = R — p is
a multiplicative system. An analogue holds for noncommutative rings with regard to
a generalized multiplicative system called an m-system [25].

Definition 6.2.13. A nonempty subset )t of R is said to be an m-system (or a gener-
alized multiplicative system) if 0 ¢ It and if for each a,b € IN, thereisanr € R
such that arb € M.

Proposition 6.2.14. A proper ideal p of R is prime if and only if R—p is an m-system.

Proof. Suppose that p is a prime ideal of R. If a,b € R — p, then a,b ¢ p. By (2)
of Proposition 6.2.2, it must be the case that aRb € p. This gives an r € R such that
arb ¢ p, sothereis anr € R such thatarb € R — p.
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Conversely, suppose that R — p is an m-system and let a,b € R. If aRb C p, then
we must show that either @ € p or b € p. If neither a nor b is in p, thena,b € R —p.
But R — p is an m-system, so there is an r € R such that arb € R — p. Hence,
aRb € p, a contradiction. Therefore, if aRb C p, then eithera € porb € p, so p is
a prime ideal of R. m|

Clearly, a multiplicative system in a commutative R is an m-system. However, an
m-system need not be multiplicatively closed. For example, if @ is a nonzero nonunit
of an integral domain R, then I = {a,az,a4,a8, ...} is an m-system that is not
multiplicatively closed.

Proposition 6.2.15. If M is an m-system in R, then an ideal that is maximal with
respect to having empty intersection with YN is a prime ideal of R.

Proof. First, we show that ideals that satisfy this property do indeed exist. Let & be
the set of all ideals of R that are disjoint from 9. The set § is nonempty since 0 € §.
Moreover, if § is partially ordered by inclusion, then it is easy to verify that & is
inductive. Hence, Zorn’s lemma shows that § has a maximal element, say p. Thus, p
is an ideal of R that is maximal with respect to having empty intersection with Jt.

Finally, we claim that p is a prime ideal of R. Suppose that a ¢ p, b ¢ p and
aRb C p. Then RaR and RbR are ideals of R, so by the maximality of p, RaR + p
and RbHR + p have nonempty intersection with M. If

a’ € (RaR+p) NI and
b € (RbR + p) N M,

choose r € R to be such that a’rb’ € M. Then
a'rb’ € (RaR)(RbR) +p C p

and so p N IN # @, a contradiction. Hence, if aRb C p,thena € por b € p and so
p is prime. m|

Definition 6.2.16. If 7 is an ideal of R, then the radical of I isthe set /I = {a € R |
every m-system containing ¢ has nonempty intersection with 7 }. If VT =1,then ]
is said to be a radical ideal.

Proposition 6.2.17. If I is an ideal of R, then /I is the intersection of the prime
ideals of R that contain I.

Proof. Let P be the set of prime ideals of R that contain /. If ¢ € /I and p is
a prime ideal of R that contains 7/, then R — p € R — I. (Such a prime ideal of R
exists, for if m is a maximal ideal of R that contains /, then, due to Exercise 3, m is
a prime ideal of R.) Since R — p is an m-system, this system cannot contain a for if



184 Chapter 6 Classical Ring Theory

it does, then it has nonempty intersection with /. Consequently, R — I would have
a nonempty intersection with 7, a contradiction. Thus, a € p. Hence, eacha € ﬁ 18
in every prime ideal containing 7, so v/ < () PP

Conversely, suppose that @ ¢ /1. Then there is an m-system 9 containing a that
has empty intersection with /. If p is an ideal of R containing / that is maximal
with respect to the property of having empty intersection with ), then, by Proposi-
tion 6.2.15, p is prime. Consequently, a ¢ p, soa ¢ ()p p. Hence, a € [ p gives
ac Iandsowehaveﬂfpgﬁ. O

Corollary 6.2.18. For any ideal I of a ring R, ~/I = rad(R/I), so ~/O = rad(R).

Semiprime Rings

If p is a prime ideal of R and [ is an ideal of R such that 12 C p, then I C p.
However, the condition /2 C p implies / € p does not mean that p is a prime ideal.
We use this “weaker” condition to define the concept of a semiprime ideal.

Definition 6.2.19. A proper ideal s of R is said to be a semiprime ideal of R if
whenever I is an ideal of R such that 12 C s,then I C s. A ring R is said to be
a semiprime ring if the zero ideal is a semiprime ideal of R.

Clearly any prime ideal of R is semiprime. The proof of the following proposition
is similar to the proof of Proposition 6.2.2, so the proof is omitted. The proposition
gives several conditions that can be used to show that an ideal of R is semiprime.

Proposition 6.2.20. The following are equivalent for a proper ideal s of R.
(1) s is semiprime.
2) Ifa € RandaRa C s, thena € s.
(3) If Ais aright ideal of R and A2 C s, then A C s.
(4) If A is a left ideal of R and A2 C s, then A C s.

An m-system was used to characterize prime ideals of R. Likewise, an n-system
can be defined and used to characterize semiprime ideals.

Definition 6.2.21. A nonempty subset It of R is said to be an n-system if 0 ¢ 9t and
if for each a € 9t there is an » € R such that ara € N.

The proof of the following proposition is similar to that of Proposition 6.2.14 and
so is left as an exercise.

Proposition 6.2.22. A proper ideal s of R is semiprime if and only if R — s is an
n-system.
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Lemma 6.2.23. Let Nt be an n-system in a ring R and suppose that a € . Then
there is an m-system W C N such that a € M.

Proof. Suppose that N is an n-system and let a € 9. Next, let a; = a and for
each integer n > 1, suppose that r,, € R is such that a,+1 = aprpa, € N. Let
N = {ay,as,as,...}. By construction, It € It and a € I, so the proof will be
complete if we can show that )t is an m-system. To show this, it suffices to show
that for any a;,a; € N, there is an r € R such that g;ra; € M. If i < j, then
aj+1 = aijridi,dj4+2 = aj+1tri+14i+1,...,4j+1 = a;rja;. Hence,

ajy1 =ajrja; = (aj_rj_1aj_1)rja; =---
=a;(rja;---rj—1aj-1rj)a; € a;Raj,

sothereisanr € Rsuchthata;ra; = aj1 € M. Thus, IN is an m-system. O

Proposition 6.2.24. The following are equivalent for a proper ideal s of R.
(1) s is semiprime.
(2) s is a radical ideal.

(3) s is an intersection of prime ideals.

Proof. (2) = (3) is Proposition 6.2.17 and (3) = (1) is clear since it is easy to show
that the intersection of any collection of prime ideals is a semiprime ideal. Hence, we
need to show that (1) = (2). Since /5 is the intersection of the prime ideals of R
that contain s, s €./, so we are only required to show that /s C s. If a ¢ s, then
a € R — s. Proposition 6.2.22 indicates that R — s is an n-system and, by Lemma
6.2.23, there is an m-system M CR — s such that a € JR. But M has an empty
intersection with s, so Definition 6.2.16 gives a ¢ /5. Hence, /s C s and so & is
aradical ideal of R. m|

Proposition 6.2.25. A ring R is semiprime if and only if rad(R) = 0.

Proof. Suppose that rad(R) = 0, then zero is a semiprime ideal of R, so R is
a semiprime ring. Conversely, if R is a semiprime ring, then, by Proposition 6.2.24,
zero is a radical ideal of R. Hence, by Corollary 6.2.18, 0 = \/6 = rad(R). O

Corollary 6.2.26. For any ring R, R/rad(R) is a semiprime ring. In particular,
rad(R) is the smallest ideal I of R such that R/1 is semiprime.

Proof. The fact that R/ rad(R) is semiprime is immediate since rad(R/ rad(R)) = 0.
(See Exercise 2.) If [ is an ideal of R such that R/ is semiprime, thenrad(R//) = 0
and so the intersection of the prime ideals of R/ is zero. But there is a one-to-one
correspondence between the prime ideals of R containing / and the prime ideals of
R/1I. 1t follows that R /I is semiprime if and only if / is the intersection of the prime
ideals of R that contain /. Clearly rad(R) is the smallest such ideal of R. a
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We conclude our discussion of radicals with the following proposition.

Proposition 6.2.27. The following are equivalent for a ring R.
(1) R is semiprime.
(2) The zero ideal is the only nilpotent ideal of R.
(3) If A and B are right (left) ideals of R such that AB = 0, then AN B = 0.

Proof. (1) = (3). If A and B are right ideals of R such that AB = 0, then AB C p
for every prime ideal p of R. Hence, A € por B C pandso A N B C p for every
prime p. Thus, A N B C rad(R) = 0.

(3) = (2). Let u be a nilpotent ideal of R. If u” = 0, then it follows from (3) that
n=unNnyN---Nn, =0,wheren; =nfori =1,2,...,n.

(2) = (1). If 0 #2 a € R,leta = ap. Then RapR # 0 and so the ideal RagR
is not nilpotent. Hence, we can pick a; € RagR, a; # 0. For the same reasons,
we can select a nonzero ap € Raj R and so on. Thus, a is not strongly nilpotent, so
a ¢ rad(R). Hence, rad(R) = 0 and R is therefore semiprime. m|

Problem Set 6.2

1. (a) If A and B are nilpotent ideals of R, prove that A + B is also a nilpotent
ideal of R. [Hint: If A™ = B" = 0 and a1 + b1, ax + b, € A + B, then
(a1 + b1)(az + b2) = a1az + biaz + a1by + b1by = ajaz + b, where b =
biar +ai1b1 +b1by € B. Show thatifay +by,a,+bo,....am+bym € A+ B,
then (a1 + b1)(az + b3)---(am + b)) = ayaz---am + b for some b € B.
But A™ = 0 gives ajas---am = 0,s0 (a1 + b1)(az + bz) --- (am + b)) € B.
Hence, (A + B)™ C B indicates that (4 + B)™" = 0.]

(b) Show that if Ay, Aa, ..., A, are nilpotent ideals of R, then A1 + A +
-+- 4+ Ay is nilpotent.

2. Verify that rad as defined in Definition 6.2.3 satisfies the following conditions:
(@) If f : R — R’ is aring homomorphism, then f(rad(R)) C rad(R’). [Hint:
If p’ is a prime ideal of R, show that f~!(p’) is a prime ideal of R.]
(b) rad(R/ rad(R)) = 0 for every ring R.

3. (a) Prove that a maximal ideal mt in a ring R is a prime ideal of R. [Hint: Let A

and B be ideals of R not contained in mu and consider (4 +m)(B +wm) =AB +
m.]

(b) Prove that a ring R is prime if and only if for all nonzero a,b € R, there is
anr € R suchthatarb # 0.
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4.

® N W

10.

11.

12.

(a) Let p be an ideal of a ring R. Prove that p is a prime ideal of R if and only
if M, (p) is a prime ideal of M, (R). [Hint: Exercise 12 in Problem Set 1.2.]
Conclude that R is a prime ring if and only if M, (R) is prime.

(b) Show that M, (rad(R)) = rad(M,(R)). Conclude that R is semiprime if
and only if M, (R) is semiprime.

Prove Proposition 6.2.20.
Prove Proposition 6.2.22.
Fill in the details of the proof of (3) = (2) in Proposition 6.2.27.

Prove for any ideal I of R that VT is the smallest semiprime ideal of R that
contains /.

(a) If R is a commutative ring and / is an ideal of R, prove that v/ = {a € R |
a" € I for some positive integer n}.

(b) If p is a prime number, show that \/(p™) = (p) in the ring Z.

A ring R is a subdirect product of a family {Ry}a of rings if there is an injec-
tive ring homomorphism ¢ : R — [[A Re such that 74 is a surjective ring
homomorphism for each &« € A, where 7y : [[o Re — Rg is the canonical
projection.

(a) Show that R is a subdirect product of a family { Ry} of rings if and only
if there is a family {4} A of ideals of R such that R, =~ R/I, foreacha € A
and (\p Ia = 0.

(b) Prove that a ring R is a subdirect product of prime rings if and only if
rad(R) = 0. Conclude that a ring is a semiprime ring if and only if it is a sub-
direct product of prime rings.

Prove each of the following for a commutative ring R.

(a) R is a subdirect product of fields if and only if R is Jacobson semisimple.
(b) R is semiprime if and only if R is a subdirect product of integral domains.
A ring R is said to be subdirectly irreducible if the intersection of the nonzero
ideals of R is not zero.

(a) Prove that R is subdirectly irreducible if and only if whenever R is the sub-
direct product of a family {Ry}a of rings, one of the rings R, is isomorphic
to R.

(b) Show that every ring R is a subdirect product of subdirectly irreducible rings.
[Hint: For each a € R, a # 0, show that there is an ideal A, which is maximal
among the ideals contained in R — {a}. Then (),eg 40 Aa = 0, so consider
the family of rings {R/A4}aeR a0
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6.3 Radicals and Chain Conditions
Proposition 6.3.1. If R is a right artinian ring, then J(R) is nilpotent.

Proof. Let J = J(R). Since R is right artinian, the decreasing chain J 2 J 2>
J3 D ... must terminate. Suppose that n > 2 is the smallest positive integer such
that J* = J"t1 = ... Then J2" = J". Assume that J” # 0 and let A be minimal
among the right ideals of R contained in J” such that AJ” # 0. Next, leta € A4
be such that aJ” # 0. Now aJ” € A € J" and (aJ™)J" = aJ?" = aJ", so
(aJ™)J"™ # 0. Hence, by the minimality of 4, aJ" = A. Finally, letb € J" C J
be such that ab = a. Then (2) of Proposition 6.1.7 shows there is a ¢ € R such that
1 = (1 —b)c. This givesa = a(1 —b)c = (a — ab)c = 0, an obvious contradiction.
Hence, J" = 0. O

Corollary 6.3.2. If R is a right artinian ring, then J(R) is the largest nilpotent left
ideal of R as well as the largest nilpotent right ideal of R.

Proof. Corollary 6.2.8 shows that every nilpotent left ideal and every nilpotent right
ideal of R is contained in J(R). a

Corollary 6.3.3. If R is a right artinian ring, then any nil left or nil right ideal of R
is nilpotent.

Proof. By referring to Proposition 6.2.7, we see that every nil right (left) ideal nt of R
is contained in J(R). So n" € J(R)" = 0 for some positive integer 7. a

Corollary 6.3.4. If R is a right artinian ring, then rad(R) = J(R).

Proof. Corollary 6.2.10 shows that rad(R) € J(R) and Proposition 6.2.12 indicates
that rad(R) contains all the nilpotent ideals of R. a

We now need the following lemma.

Lemma 6.3.5. The following hold for any ring R.

(1) If A is a minimal right ideal of R, then either A> = 0 or A = eR for some
idempotent e of R.

(2) If R is semiprime, then every minimal right ideal of R is generated by an idem-
potent.

Proof. (1) Let A be a minimal right ideal of R and assume that A% # 0. Then there
isan a € A such that a4 # 0. Since a A is a nonzero right ideal of R contained in A,
we must have A = aA. Let e € A be such that a = ae. If B = ann,(a), then B is a
right ideal of R and AN B # A. Hence, AN B = 0. Butae = ae?,soa(e—e?) =0.
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Therefore, ¢ — e2 € AN B, so e = ¢2. Hence, ¢ is an idempotent of R and e # 0,
since a # 0. Thus, 0 # eR C A gives eR = A.

(2) Suppose that R is semiprime and let A be a minimal right ideal of R. Then
A% = 0 would imply that A = 0 since zero is a semiprime ideal of R. This shows
that A2 # 0, so (1) indicates that there is an idempotent e € R such that A = eR. O

When R is right artinian, we have seen in Corollaries 6.3.2 and 6.3.4 that rad(R) is
the largest nilpotent left ideal as well as the largest nilpotent right ideal of R. We can
now show that if R is right noetherian, then the same result also holds for rad(R).

Proposition 6.3.6. If R is a right noetherian ring, then rad(R) is nilpotent and, in
fact, when R is right noetherian, rad(R) is the largest nilpotent ideal of R.

Proof. If R is right noetherian, then because of Proposition 4.2.3 any nonempty col-
lection of right ideals of R, when ordered by inclusion, has a maximal element. So
among all the nilpotent ideals of R, there is at least one, say 1, that is maximal. If /
is another nilpotent ideal of R, then Exercise 1 in Problem Set 6.2 shows that n + 1’
is also a nilpotent ideal of R. But 1 € n + n’, so the maximality of n implies that
n = n + n'. Therefore, n’ C 1 and we see that 1 is the largest nilpotent ideal of R.
Moreover, since n is nilpotent, it follows from Proposition 6.2.12 that u € rad(R).
Hence, rad(R) contains every nilpotent ideal of R. The proof will be complete if we
can show that rad(R) is nilpotent. We show first that the ring R /u is semiprime. Let
A+ u be anilpotent ideal of R/n. Then A" + 1 = (A + n)" = 0 for some integer n.
Hence, A" C n and A"™ C n™ = 0. Thus, A is nilpotent and we have A C mu.
Therefore, R /n has no nonzero nilpotent ideals and Proposition 6.2.27 indicates that
R/u is semiprime. Using Corollary 6.2.26, we see that rad(R) is the smallest ideal
of R such that R/ rad(R) is semiprime, so rad(R) C n. Hence, we have rad(R) = n
which shows that rad(R) is the largest nilpotent ideal of R. m|

We have seen in Corollary 6.3.3 that if R is a right artinian ring, then every nil left
ideal as well as every nil right ideal of R is nilpotent. This property is also shared by
right noetherian rings.

Proposition 6.3.7. If R is a right noetherian ring, then every nil left ideal and every
nil right ideal of R is nilpotent.

Proof. We begin by assuming that R is semiprime. Let n be a nil left ideal of R
and assume that R is right noetherian. Then the set of right ideals of R of the form
ann,(c), where ¢ € u,c¢ # 0, has a maximal element, say ann,(a). Choose any
b € R such that 0 £ ba € u and let k be the smallest positive integer such that
(ba)¥ = 0. Then (ba)k=! = 0 and we clearly have ann,(a) C ann, (ba)*~!. Thus,
ann, (a) = ann, (ba)*~! by the maximality of ann, (a). It follows that ba € ann, (a),
so aba = 0. This shows that aRa = 0 and we have ¢ = 0 since R is semiprime.
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Therefore, n = 0 and so a semiprime right noetherian ring has no nonzero nil left
ideals. Next, suppose that n is a nil right ideal of R. If @ € 1, then aR is a nil right
ideal for R. Note that Ra is a nil left ideal of R, for if (ab)" = 0, then (ba)"*! = 0.
Hence, it is also the case that a semiprime right noetherian ring can have no nonzero
nil right ideals. Finally, drop the assumption that R is semiprime and suppose that it
is a nil left (or right) ideal of R. Then (1 4rad(R))/ rad(R) is a nil left (or right) ideal
of the semiprime right noetherian ring R/ rad(R), so (u + rad(R))/ rad(R) must be
zero. Thus, n C rad(R) and we have by Proposition 6.3.6 that there is an integer m
such that 1" C rad(R)"™ = 0. a

Corollary 6.3.8. If R is a right noetherian ring, then rad(R) is the largest nil left
ideal as well as the largest nil right ideal of R.

Proof. Corollary 6.2.10 shows that rad(R) is a nil ideal of R and we saw in the proof
of the proposition that if u is a nil left or right ideal of R, then n C rad(R). a

Problem Set 6.3

1. Let f : R — S be asurjective ring homomorphism and suppose that R is a right
artinian (right noetherian) ring. Prove that § is right artinian (right noetherian).

2. (a) Prove that every finite ring direct product of right noetherian (right artinian)
rings is right noetherian (right artinian). [Hint: Exercise 3 in Problem Set 2.1.]
(b) Let {Eij};-”j=1 be the matrix units of M,(R). If A is a right ideal of
M, (R) = @?,j:l E;j R, prove that E11A4 is an R-submodule of the free R-
module E11M,(R) = @7’:1 E1; R. Moreover, show that if A is an R-sub-
module of E11M,(R), then Z?:l Ei1Aisa right ideal of M, (R). Show also
that this establishes an order preserving one-to-one correspondence among the
right ideals of Ml,,(R) and the R-submodules of E1; M (R).

(c) Show that a ring R is right noetherian (artinian) if and only if the matrix ring
M, (R) is right noetherian (artinian). [Hint: Use (a) and (b).]

3. Suppose that R contains a subring D that is a division ring and that R p is a finite
dimensional vector space over D. Show that R is right artinian. [Hint: Note that
D is an IBN-ring and if A4 and B are right ideals of R such that A 2 B, then
Ap and Bp are subspaces of Rp and Ap 2 Bp.]

4. Prove that a right artinian ring without zero divisors is a division ring. [Hint: If
a € R,a#0,consideraR 2a*?R2Da*R2D---]

5. When R is a commutative ring, deduce that the nilpotent elements of R form
the ideal rad(R). Note that this result does not hold for noncommutative rings.
To see this, consider the matrix ring M, (D), where D is a division ring and
n > 2. Part (c) of Exercise 2 shows that M, (D) is a right noetherian ring and
Proposition 6.3.6 shows that rad(Ml, (D)) is nilpotent. Furthermore, Part (b)
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of Exercise 4 in Problem Set 6.2 indicates that M, (D) is semiprime, so
rad(M, (D)) = 0. Consequently, if the nilpotent elements of M, (D) were
to form rad(Ml,, (D)), then M, (D) would have no nonzero nilpotent elements.
However, Exercise 5 in Problem Set 1.1 shows that Ml,,(D) has an abundance
nonzero nilpotent elements.

6.4 Wedderburn—Artin Theory

If V is a vector space over a division ring D, then V' can be decomposed as a direct
sum of its 1-dimensional subspaces. Furthermore, every subspace is a direct summand
of VV and V is an injective and a projective D-module. Our goal is to classify rings
over which every module will exhibit similar properties. Since an arbitrary R-mod-
ule may fail to have a basis, we will see that, under certain conditions, the simple
submodules of a given module will play a role in its decomposition similar to that
played by the 1-dimensional subspaces in the decomposition of a vector space. As
mentioned earlier, this theory is often referred to as the Wedderburn—Artin theory due
to the work of Wedderburn [71] and Artin [47], [48].

Definition 6.4.1. The socle of an R-module M, denoted by Soc(M ), is the sum of the
simple submodules of M. If M fails to have a simple submodule, then Soc(M) = 0.
An R-module M is said to be semisimple (or completely reducible) if M = Soc(M).
Semisimple left R-modules are defined analogously. If every module in Modg
(rMod) is semisimple, then we will refer to Modg (rMod) as a semisimple cate-
gory. A ring R is said to be right (left) semisimple if R is semisimple as an (a left)
R-module. A ring that is left and right semisimple will be referred to as a semisimple
ring.

Examples

1. If D is a division ring, then M = D x D is a D-module under componentwise
addition and the D-action on M given by (x, y)a = (xa, ya). The submodules
D x0and 0 x D are the simple submodules of M and M = (D x0) & (0x D).
Hence, M is a semisimple D-module. In general, the direct product n;l:l D;,
with D; = D for each i, is a semisimple D-module under componentwise
addition and a similar D-action as that defined on M.

2. If D is a division ring, then M, (D) is a simple ring. To see this, observe that
if 7 is an ideal of M, (D) and I is the set of all elements that are entries in the
first row and first column of a matrix in 7, then / is a uniquely determined ideal
of D such that / = M,,(I).Thus, I = 0or I = M, (D) since 0 and D are the
only ideals of D. It is also the case that M, (D) is a left and a right semisimple
ring with M,(D) = @}_, ci(D) = @}_, ri(D), where each minimal left
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ideal c;(D) is the set of all column matrices with entries from D in the ith
column and zeroes everywhere else and each minimal right ideal r; (D) is the
set of all row matrices in Ml,, (D) with entries from D in the i th row and zeroes
elsewhere. Thus, Ml,, (D) is a semisimple ring. This property of M, (D) is not
out of the ordinary. We will see later that if a ring is left or right semisimple,
then it is semisimple.

3. Since Soc(0) = 0, the zero module is, by definition, semisimple.

Note that if the submodules of M are ordered by inclusion, then the minimal
nonzero submodules of M under this ordering are just the simple submodules of M.
The sum of the minimal submodules of M is dual to the intersection of the maximal
submodules of M, that is, Soc(M ) is dual to Rad(M). Note also that if two R-mod-
ules are isomorphic, then they have isomorphic socles. Thus, if one of the modules is
semisimple, then the other module will also be semisimple.

We saw in Example 1 that the semisimple D-module M is not only the sum of
its simple submodules but that the sum is actually direct. The following proposition
shows that a similar case holds for a nonzero semisimple module M, although if
M = @A Sa, then the family {Sy}a of simple submodules of M may be a proper
subset of the collection of all simple submodules of M.

Proposition 6.4.2. [f the socle of an R-module M is nonzero, then Soc(M) is a di-
rect sum of a subfamily of the family {Sq}A of the simple submodules of M. More-
over, if f + M — M is an R-linear mapping then f(Soc(M)) € Soc(M); that is,
Soc(M) is stable under every endomorphism of M.

Proof. Suppose that Soc(M) # 0 and let {Sy } A be the family of simple submodules
of M. Then Soc(M) = ) A Se. Suppose next that § is the collection of subsets I'
of A such that the sum ) 1 Sy is direct. The set § is nonempty since singleton subsets
of A are in §. Partial order & by inclusion. If € is a chain in &, then we claim that
A= el isin 8. Let ) o xg € Y 5 Sq. If Y 4 xo = 0, then the xo 7# 0 in
this sum are at most finite in number. The fact that € is a chain, implies that there
isa I' € € such that the subscripts of the possibly nonzero xq are in I'. But ) - Sq
is direct, so these x, must also be zero. Therefore, the sum ), S is direct, so &
is inductive. Apply Zorn’s lemma and choose I'* to be a maximal element of §.
If )« So 7# Soc(M), then there is a simple submodule Sg of M such that Sg is
not contained in the sum ) 1. Sg. It follows that Sg N D "+ S = 0, so the sum
Sg 4+ > _r+ Sq is direct. But then the set I'* U {$} contradicts the maximality of I"*
and thus it must be the case that Soc(M) = P« Sa.

Finally, if f : M — M is an R-linear mapping and S is a simple submodule
of M, then either f(S) = 0 or f(S) is a simple submodule of M. It follows from this
observation that f(Soc(M)) € Soc(M). O



Section 6.4 Wedderburn—Artin Theory 193

Corollary 6.4.3. For any R-module M, Soc(M) is the unique, largest semi-simple
submodule of M.

When is Mod g a semisimple category? As it turns out, R is a right semisimple ring
if and only if Modg is a semisimple category. We need the following two lemmas to
establish this fact.

Lemma 6.4.4. Let M be an R-module with the property that every submodule of M
is a direct summand of M. Then every submodule of M also has this property.

Proof. Let M be an R-module with the property that every submodule of M is a direct
summand of M. Let N be a submodule of M and suppose that N; is a submodule
of N. We claim that N is a direct summand of N. Since N; is a direct summand
of M, there is a submodule N, of M such that M = N; & N,. From this we have
N =NNM = NN (N; & N;). By the modularity property of modules, given
in Example 10 of Section 1.4, we see that N = N1 & (N N N3), so Ny is a direct
summand of N. |

Lemma 6.4.5. An R-module M is semisimple if and only if every submodule of M is
a direct summand of M.

Proof. Suppose that M is a semisimple R-module and that M = @, Sy, where
S¢ 1s a simple submodule of M for each ¢ € A. Let N be a submodule of M. If
N = 0Oorif N = M, then there is nothing to prove, so suppose N is proper and
nonzero. Let § be the set of all subsets I" of A such that P Sq N N = 0. The set
& is nonempty since if § = &, then S, C N for each « € A which implies that
N = M. Partial order & by inclusion and apply Zorn’s lemma to obtain a subset
A of A that is maximal in 8. If B € A — A, then (Sg + P, Se) NN # 0.
Soif z € (Sg + @, Se) N N is nonzero, let x € Sg and y € @, Sy be such
that z = x +y. Thenx = z—y € (N + @, Se) N Sp and x # 0. Thus,
(N + @A Se) N Sg # 0 and, since Sg is simple, (N + @, So) N Sg = Sp.
Consequently, Sg € N + @, Sq. But this means that M = @ So S N +P, Sa»
soM = N+@, Sq and NN, Sq = 0. Therefore, N is a direct summand of M.

To prove the converse, the first step is to show that every nonzero submodule of M
contains a simple submodule. Let N be a nonzero submodule of M and suppose that
x € N, x # 0. Apply Zorn’s lemma and let N be maximal among the submodules
of N that do not contain x. Then by Lemma 6.4.4, there is a submodule S of N such
that N = N @ S. We claim that S is simple. If S is not simple, let S; be a proper
nonzero submodule of S. Then by applying Lemma 6.4.4 again, we see that there is
a nonzero submodule S, of S such that S = S; @ S,. Hence, N = N & S; & S».
Since N ~»N @ S; and N ~> N @ S, it must be the case that x € N & S; and
X € N @ S,. Therefore, there exist x1,x2 € N, y1 € S1 and y, € S, such that
x=Xx1+yrandx = x4+ y3. Thus,0 = (x; —x2)+y1—y2 € N & S1 @ S, which
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gives x;1 = xp and y; = y» = 0. Consequently, x = x; = xp € N, contradicting
the fact that x ¢ N, so S must be a simple R-module.

Finally, let {Sy} A be the family of simple submodules of M. Then as we saw in
the proof of Proposition 6.4.2, there is a subset I'* of A that is maximal among the
subsets I' of A such that the sum ) ' Sy is direct. If N is a nonzero submodule of M
suchthat M = N & (P« S«), then from what was proved in the previous paragraph,
we see that N contains a simple submodule Sg, 8 ¢ I'*. Since the sum Sg + P« S
is direct, the set I'* U {8} contradicts the maximality of I'*. Hence, it must be the
case that N = 0. Therefore, M = @F* S, s0 M is semisimple. O

Corollary 6.4.6. An R-module M is semisimple if and only if M has no proper es-
sential submodules.

Proof. If M is a semisimple R-module, then it is clear that M has no proper essential
submodules. Conversely, if N is a submodule of M and N, is a complement of N
in M, then N @& N, is an essential submodule of M. Thus, N & N, = M, so N is
a direct summand of M. a

We are now in a position to give several conditions that will ensure that the ring is
right semisimple.

Proposition 6.4.7. The following are equivalent for a ring R.

(1) R is right semisimple.

(2) Every right ideal of R is a direct summand of R.

(3) Modpy, is a semisimple category.

(4) For every R-module M, each submodule of M is a direct summand of M.

(5) Every short exact sequence 0 — M1 — M — M, — 0 in Modg splits.

(6) Every R-module is injective.

(7) Every R-module is projective.
Proof. The fact that (1) and (2) are equivalent follows from Lemma 6.4.5 as does the
equivalence of (3) and (4). The equivalence of (4) and (5) is clear and the implication
(5) = (6) is obvious, since we have previously seen (Proposition 5.1.10) that there

is an injective R-module £ and an embedding M — E. This gives a short exact
sequence

0>M—>E—>E/M—Q0

that splits. The implication (6) = (5) follows from Proposition 5.1.2, so (5) and (6)
are equivalent. Baer’s criteria shows that (2) = (6) and (6) = (2) follows from
Proposition 5.1.2. Thus, we have that (1) through (6) are equivalent. To show that
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(6) = (7), let M be an R-module and consider the short exact sequence 0 - K —
F — M — 0, where F is a free R-module. Since K is injective, we have F' =~
K & M, so M is projective since F is. To see that (7) = (6), consider the exact
sequence

0>M-—>E—>E/M—0,

where FE is an injective R-module. Since E /M is projective, the sequence splits, so
E >~ M ® E/M. Hence, M is injective, so (7) = (6). o

Corollary 6.4.8. Every submodule and every homomorphic image of a semisimple
module is semisimple.

Proof. Lemmas 6.4.4 and 6.4.5 show that every submodule of a semisimple module
is semisimple. If f : M — N is an epimorphism and M is a semisimple R-module,
then 0 — Ker f — M — N — 0 splits since (4) of the proposition indicates that
Ker f is a direct summand of M. Hence, N is isomorphic to a semisimple submodule
of M and is thus semisimple. |

Remark. Proposition 6.4.7 points out that a ring R is semisimple if and only if every
R-module is projective, which in turn holds if and only if every R-module is injective.
It also follows that R is semisimple if and only if every cyclic R-module is projective.
(See Exercise 9.) A similar result holds for cyclic injective modules. Osofsky proved
in [39] that a ring R is semisimple if and only if every cyclic R-module is injective.

We have previously seen that the radical of an R-module M is the sum of the small
submodules of M. Dually, the socle of M can be described in terms of the essential
(or large) submodules of M.

Proposition 6.4.9. If{Ny} A is the family of essential submodules of an R-module M,
then Soc(M) = (A Na-

Proof. 1f S is a simple submodule of M and N is an essential submodule of M, then
SN N is anonzero submodule of S. Hence, S = SNN € N, soSoc(M) € N. Thus,
Soc(M) € (A N«. Conversely, let N = (5 Ny and suppose that X is a submodule
of N. If X, is a complement in M of X, then X & X, is, by Proposition 5.1.5, an
essential submodule of M. Since X € N € X & X., we see, by modularity, that
N=NNX®®&X:) =X & (NnN X,). Hence, each submodule of N is a direct
summand of N, so N is, by Lemma 6.4.5, a semisimple submodule of M. Thus, it
follows from Corollary 6.4.3 that N C Soc(M ). Therefore, Soc(M) = (A No. O

Actually, a great deal more can be said about right semisimple rings. We will see
that these rings have a nice structure in terms of matrix rings and this structure enables
us to conclude that right semisimple rings are also left semisimple and conversely.
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Definition 6.4.10. A set {e1,e,...,e,} of idempotents of a ring R is said to be
an orthogonal set of idempotents of R, if eje; = O forall i and j, i # j. If
1l =e;+ey+---+ ey, then{ey,es,...,e,} is a complete set of idempotents of R.
An idempotent e of aring R is said to be a central idempotent of R if e is in the center
of R, thatis, if ea = ae forall a € R.

Proposition 6.4.11. The following hold for each right semisimple ring R.
(1) There exist minimal right ideals Ay, Az, ..., Ay of R such that

R=A19A,® - A,.
(2) If A1, Az, ..., Ap and By, Ba, - -+ , By, are minimal right ideals of R such that
R:Al@Az@.@An and R:BIGBBZ@@B”L,

then n = m and there is a permutation o : {1,2,...,n} — {1,2,...,n} such
that A; = Bg(i)fori =1,2,...,n.

(3) If Ay, Aa, ..., Ay is a set of minimal right ideals of R such that
R=A10A,® ---D A,,

then there is a complete set {e1, ea, . . . , en} of orthogonal idempotents of R such
that

R=eiR®e;RP---PeyR

and A; = ¢;R fori = 1,2,...,n. Furthermore, the idempotents in {eq, e3,
..., en} are unique.

Proof. (1) Let R be a right semisimple ring and suppose that R = @ Ay, where
Ay is a minimal right ideal of R for each @ € I'. Since 1 € R, there is a finite
subset A C I' such that 1 € @, Aq. This clearly implies that R = @, Aq. After
renumbering, we can let A be the set {1,2,...,n} for some integer n > 1.

(2) Suppose that R = A; @ Ap b --- @ A, where the A; are minimal right ideals
of R. Ifwelet/fo =R, A, =0and 4; = Aig1 @D B Ay fori =1,2,...,n—1,
then /L'_l//L- >~ A; foreachi and

R=49y24124,2--24,=0
is a composition series of R of length n. Similarly, we can construct a composition
series from R = By @ B, @ --- @& By, of R of length m. Proposition 4.2.16, the
Jordan—-Holder theorem, shows that these two composition series of R are equivalent
and this gives (2).
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BIUER=A1 DA, B---D Ay, lete; € Ay,e3 € Az, ...,e, € Ay be such that
l=ej+ey+---+e,. If jissuchthat 1 < j < n, then we have

ej=elej+€26’j+"~+e§—|—~-~+enej, SO
ej—e? =e1ej teejt+---tej1ejtejri1ej+---+epej € Aj ”@Ai =0
i#]
Therefore, e; = e?. Also from
eiej +ezxej +---+ej_1ej +ejr1ej + - +epe; =0,

we see that e;e; = O foralli and j,i # j, since the sum ZLI Aj; is direct. Hence,
{e1,e2,...,en} is a complete set of orthogonal idempotents of R.

Next, we need to show that 4; = ¢; R fori = 1,2,...,n. Leta € A;. Since
l=e1+ey+---+e,,wehavea = e1a +era+---+eja +---+ epa. Thus,

a—eja=ea+eya+---+e_1a+eiyia+---+enac A; H@Aj =0.
J#i
Therefore, a = e;ja € ¢; R, so A; € e;R. Bute; € A; implies that ¢; R C A;, so
A; = ¢;R.
Finally, let { f1, f2, ..., fa} be a complete set of orthogonal idempotents of R such
that A; = fiRfori =1,2,...,n. Thene; +ex+--+e, = f1i+ o+ -+ fu,
soforeachi,1 <i <n,

ei — fi = Z(fj—ej) € A; H@AJ‘ = 0.
J#i J#i
Therefore, we have uniqueness. O

Note that (2) of the proposition shows that the number of summands in any de-
composition of R as a direct sum of minimal right ideals is unique. Moreover, the
minimal right ideals of R appearing in any such decomposition of R are unique up
to isomorphism, although repetitions of isomorphic minimal right ideals may occur.
The following is also a consequence of the proposition.

Corollary 6.4.12. If R is a right semisimple ring, then R is right artinian, right
noetherian and Jacobson semisimple.

Proof. A minimal right ideal of R is clearly right artinian and right noetherian. If R is
aright semisimple ring, then R = A; @ A> D---@ A, where the A; are minimal right
ideals of R. By applying Proposition 4.2.7, we see that R is right artinian and right
noetherian. Finally, let /Ij = @i;éj A; for j = 1,2,...,n. Then R//fj >~ Aj, so
each /Ij is a maximal right ideal of R. Since J(R) C ﬂ;’:l /Ij = 0, R is Jacobson
semisimple. |
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Although the following lemma is quite easy to prove, it plays an important role in
the development of the structure of semisimple rings.

Lemma 6.4.13 (Schur’s lemma). Let M and S be R-modules and suppose that S is
simple.

() If f : S — M is a nonzero R-linear mapping, then f is a monomorphism.
) If f : M — S is a nonzero R-linear mapping, then f is an epimorphism.
(3) Endg(S) is a division ring.

Proof. If f : S — M is nonzero and R-linear, then Ker /' # S. Hence, Ker f = 0,
so f is a monomorphism and therefore (1) holds. If f : M — S is R-linear and
nonzero, then f(M) is a nonzero submodule of S, so f(M) = S and we have (2).
Part (3) follows immediately from (1) and (2). O

If § is the class of simple R-modules and the relation ~ is defined on 8 by S ~ S’
if and only if S and S’ are isomorphic, then ~ is an equivalence relation on §. An
equivalence class [S] in & determined by ~ is said to be an isomorphism class of
simple R-modules.

Proposition 6.4.14. If R is a right semisimple ring, then there are only a finite number
of isomorphism classes of simple R-modules.

Proof. Let [S] be an isomorphism class of simple R-modules and suppose that R =
A1 ® Ay @ --- @ Ay, where each A; is a minimal right ideal of R. We claim that § is
isomorphic to one of the A4;. If not, then Schur’s lemma shows that Homg(4;,S) = 0
for each i. Thus, ]_[;1:1 Hompg(4;,S) = 0. But

n
S = Homg(R.S) = Homp(A; & A2 & --- ® Ay,. S) = [ | Homg(4;.5)
i=1

and S # 0, so we have a contradiction. Therefore, each representative of every
isomorphism class of simple R-modules is isomorphic to one of the minimal right
ideals A1, A, ..., A,. Consequently, the isomorphism classes of simple R-modules
must be finite in number. a

From the proof of the preceding proposition we see that the number of distinct
isomorphism classes of simple R-modules is less than or equal to the number of sum-
mands in the decomposition of R as a direct sum of its minimal right ideals. Moreover,
the number of distinct isomorphism classes of simple R-modules is equal to the num-
ber of summands if no two of the minimal right ideals in the decomposition of R are
isomorphic.
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Proposition 6.4.15. If S is a simple R-module, then for any positive integer n,
Endg (S ™) is isomorphic to M, (D), where D is the division ring Endg(S).

Proof. Proposition 2.1.12 gives

n n
Endg(S™) = Homg (5™, 5™) = T [ | Homgr(S:i. S)).
i=1j=1

where §; = S; = S foreachi and j. If we let D;; = Homg(S;, Sj) = Endgr(S)

and agree to write [ 7, [1}=; Dij as the matrix

Dyy D1z --- Din

D31 Dy -+ Dpp
Mn(D) = : S :
Dnl DnZ Dnn
where D = D;j, 1 < i,j < n, then EndR(S(”)) =~ M, (D) and Schur’s lemma

indicates that D is a division ring. m|

Definition 6.4.16. Let R = A1 B A D- - - Ay, be a decomposition of R, where the A4;
are minimal right ideals of R. Arrange the minimal right ideals A; into isomorphism
classes and renumber with double subscripts so that
R=(A1®A12®-- @ A1n,)
®(A21 ® A @ - ® A2n,)

S (Aml 7 Amz D---b Amnm)-

IftH; = A1 @ Ain ® - ® Ajp; fori =1,2,...,m,thenn =ny +ny+---+npy
and

R=H @H,® - & Hp.

The H; are said to be the homogeneous components of R.

IfR=A1PA&---PA, is adecomposition of R by minimal right ideals and if [S]
is an isomorphism class of simple R-modules, then we have seen that S is isomorphic
to one of Ay, A, -, Ay. So if m is the number of homogeneous components of R,
then it follows that there are exactly m isomorphism classes of simple R-modules.

Proposition 6.4.17. The following hold for any right semisimple ring R with decom-
position R = A1 @ Ay & --- ® A, as a direct sum of minimal right ideals.
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(1) The homogeneous components {H;}I, are ideals of R and there is a com-
plete orthogonal set {é1,é3,...,eén} of central idempotents of R such that
R=eR®erRD---DepyRand Hi = e;R fori =1,2,...,m.

(2) Endg(H,) is isomorphic to an n; X n; matrix ring with entries from a division
ring Di fori =1,2,...,m.

Proof. (1) Let {e;};_, be the idempotents of R determined by the decomposition
R=410A4:® - DAy f Hi = A1 @ Ain ® - ® Ain;, i =1,2,...,m, are
the homogeneous components of R, renumber the e; using double subscripts so that
ejj € Ajj,fori =1,2,...,mand j = 1,2,...,n;,andlete; = ¢j1+ejr+---+ejy;.
Then {e; }7, is a complete set of orthogonal idempotents of R and ¢; € H; foreachi.
It is easy to show that R = e;R @ e2 R & --- @ e, R and the fact that ¢; R = H;,
fori = 1,2,...,m, follows as in the proof of A; = e; R in (3) of Proposition 6.4.11.
Next, we claim that each H; is an ideal of R. Let

A S {A17A2’3An}_{All9A127 7Aln,}

If a € A and A;; is any one of the minimal right ideals A;q, A;2,-++ , Aip;, then
J 1 Ajj = Rdefined by f(r) = ar is an R-linear mapping. Since A4;; is a minimal
right ideal of R, either f = 0 or f is a monomorphism. If f is a monomorphism,
then A;; = f(A;j), so f(A;;) is a minimal right ideal of R. Now every simple
R-module is isomorphic to one of A1, A3, ..., Ay, so this must be true of f(A;;) as
well. But every minimal right ideal in {41, A2, ..., A,} thatis isomorphic to A4;; is in
the set {A;1, Aj2,---, Ajn, }. Hence, aA;; = f(A;j) € H;, so wehave 0 # aA;j C
AN H; = 0, an obvious contradiction. Consequently, it must be the case that f = 0,
soadij = Oforalla € A. Hence, AA;; = 0 and it follows that AH; = 0, so let
a € R and suppose thata = ay +ax+---+am € H1 ® Hy ®--- D Hy,. From what
we just demonstrated, a j H; = 0 whenever j # i,soaH; = a; H; € H;. Therefore,
H; is an ideal of R. Finally, we need to show that each of the idempotents ¢; is in the
centerof R. Ifa € R,thena = ae; +aey +---+aey, = eja+exa+---+epa, so
since the sum H{ + Hy +--- + H}, is direct, we have ae; = ¢;afori = 1,2,...,m.
It is clear that H; is a ring with identity e;.

(2) Since Hi = Aij1 ® Ai2 ® -+ B Ajpn; and Aj1 = Ajp = -+ = Ay, if
we let A be any one of the A4;;, then H; = A®) and Endg(H;) = Endg(4")).
Proposition 6.4.15 shows that Endg(H;) = My, (D;), where D; is the division ring
Endgr(4). O

It follows from Proposition 6.4.17 that if R is a right semisimple ring, then each
homogeneous component H; of R is a ring with identity ¢;. In general, e; # 1g,
but as we will see in the last proposition of this section, there are rings with only one
homogeneous component H; in which case e; = 1g.
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Proposition 6.4.18 (Wedderburn—Artin). A ring R is right semisimple if and only if
there exist division rings D1, D2, ..., Dy, such that

R = M,,(D1) x My, (D2) x ... x My, (Dn).

Proof. If R is right semisimple, then R = H{ & Hy, & --- & H,,, where H;, H;,
..., Hp, are the homogeneous components of R. Hence,

R ~ Endg(R) =Homgr(Hi ® Hy & ---® Hy, HH® Hy ®--- & Hy)

m m
= l—[ l—[HOInR(Hi,Hj).

i=1j=1

But Homg(H;, H;) = 0ifi # j, so we have

m
R = [ ] Endgr(H)).

i=1

Schur’s lemma shows that if A; is a representative of the isomorphic minimal right
ideals of R that form H;, then D; = Endgr(A4;) is a division ring fori = 1,2,...,m.
We also have, by the proof of (2) in Proposition 6.4.17, that Endg (H;) = M, (D;)
for each i, so

R = My, (D1) x Mp,(D2) x --- x My, (Dn).
Conversely, suppose that there are division rings D1, D3, ..., Dy, such that
R = M,,(D1) X My, (D2) X+ x My, (Dn).

Note first that M, (D;) = ZI=1 rr(Dj), where each ri(D;) is the minimal right
ideal of My, (D;) composed of matrices with arbitrary entries from D; in the kth
row and zeros elsewhere. Therefore, each M,; (D;) is a right semisimple ring. But
Exercise 7 indicates that a finite ring direct product of right semisimple rings is a right

semisimple ring, so we are done. m|

Remark. Due to the Wedderburn—Artin proposition given above, we see that R is
right semisimple if and only if

R = My, (D1) X My, (D2) X -+ x My, (Dn),

where D1, D,, ..., Dy, are division rings. This is clearly left-right symmetric since,
as observed in Example 2, a matrix ring over a division ring is left and right semisim-
ple.

Thus, right semisimple rings are left semisimple and conversely, so we
may now refer to such a ring simply as being semisimple.
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Consequently, Proposition 6.4.7 will hold when “right semisimple” is replaced by
“left semisimple” in condition (1) of that proposition. Moreover, Proposition 6.4.7
will hold if the condition “right” is, at random, replaced by “left” in conditions (1)
through (7).

There is still more to be said about semisimple rings. Recall that a ring R is a sim-
ple ring if zero is the only proper ideal of R. Simple right artinian rings are also
semisimple rings, but their structure is less complex than that of general semisimple
rings.

Proposition 6.4.19 (Wedderburn—Artin). A ring R is a simple right artinian ring if
and only if there is a division ring D such that R = M, (D) for some integer n > 1.

Proof. If R is a simple right artinian ring, then R has a minimal right ideal,
say A. Note that Hompg (A4, R) # 0 since the canonical embedding of A into R is
in Homg(A4, R). If I = ) f(A), where f varies throughout Hompg (4, R), then we
claim that / is an ideal of R. If a € R, then g : R — R such that g(r) = ar
for all r € R is an R-linear mapping. Moreover, if f € Hompg(A4, R), then gf
in Hompg (A, R). From this we see that af(A4) = (gf)(A) € I, so it follows that
al € I. Now A C I, so I # 0 which means that / = R. Consequently,
R = > f(A) and each nonzero summand f(A) is isomorphic to A. This means
that R is a semisimple R-module, so there are f1, f2,..., fn € Hompg(A4, R) such
that R = @}_; fi(A) = A™ _ So R is a semisimple ring with one homogeneous
component H =~ A®™. Hence, R =~ Endg(R) =~ Endg(4®™) =~ M, (D) and
D = Endg(A) is a division ring.

Conversely, suppose that R = M, (D) for some integer n > 1. If n = 1, then
R = D and D is clearly simple and right artinian, so suppose that n > 2. If [
is a nonzero ideal of M, (D), let m be a nonzero matrix in / and suppose that m
has the nonzero element @ € D in the (s, )th position. Then Z?:l E;;mE;; =
S yaEi; =a) i_; Eijisin I, where {Ejj},1 < i,j < n, are the matrix units
of M, (D). But Y 7_, Ej; is the identity matrix, soa > ;—, Ej; is an invertible matrix
with inverse a1 ZLI E;;. Thus, the identity matrix isin /, so I = M, (D). Hence,
M, (D) is a simple ring. Finally, observe that M,(D) = @;_, ri(D) and each set
ri (D) of ith row matrices is a minimal right ideal of M, (D). Since simple M, (D)-
modules are right artinian and since finite direct sums of right artinian M, (D )-mod-
ules are right artinian, we see that M, (D) is a right artinian ring. a

If R is a simple right artinian ring, then R = M, (D) for some division ring D.
Thus, R is also a simple left artinian ring, so we can refer to these rings as simple
artinian rings.

Corollary 6.4.20. A ring R is semisimple if and only if R is a ring direct product of
a finite number of simple artinian rings.
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Problem Set 6.4

1. Suppose that M is a semisimple R-module.

@If M = @j_,Si and M = @, S/ are decompositions of M as direct
sums of simple submodules, show that m = n and that there is a permutation
o:{1,2,....,n} — {1,2,...,n)} such that §; =~ S(/I(l.) fori = 1,2,...,n.
[Hint: Jordan—Holder.]

(b) Under the conditions given in (a), show that M is artinian and noetherian
and that Rad(M) = 0.

2. Prove that an R-module M is a direct sum of a finite number of simple sub-
modules if and only if M is finitely generated semisimple R-module. [Hint: If
M = @, Su, where Sy is a simple R-module for each o € A, and if {x; }7_,
is a set of generators of M, show that for each i there is a finite set A; € A
such that x; R C @Ai Se.]

3. Prove that the following hold for an idempotent e € R.

(a) Endr(eR) = eRe and if R is semiprime, then eR is a minimal right ideal
of R if and only if eRe is a division ring. [Hint: Define ¢ : eRe — Endg(eR)
by p(eae) = feq, Where foq : ¢eR — eR is such that fo,(eb) = eaeb for any
b € R and show that ¢ is a well defined ring isomorphism. If eR is a minimal
right ideal of R, use Shur’s lemma to conclude that Endg (eR) is a division ring.
For the converse, if eRe is a division ring, let A be a right ideal of R such that
A C eR. Ifa € A,a # 0,thena = eb for some b € R, b # 0. Hence,
ebReb # 0, s0 ebce # 0 for some ¢ € R. If ede is the inverse of ebce, then
ebcede = e, so that ebR = eR.]

(b) If R is a semiprime ring, then a minimal right ideal A of R must be for
the form A = eR for some idempotent e of R. Moreover, eR is a minimal
right ideal of R if and only if Re is a minimal left ideal of R. [Hint: A% # 0,
soaA # 0 for some a € A. Hence, aA = A. Also ann,(a) N A # A, so
anng(a) N A = 0. Now let e € A be such that ae = a.]

(c) If R is a semiprime ring, then Soc(Rg) = Soc(gR). [Hint: Show that
Soc(RR) = Y_eR, where e varies over the idempotents e € R such that eRe
is a division ring. Similarly, Soc(gR) = >_ Re. Show also that Soc(RRg)
and Soc(gR) are ideals of R and that Soc(gR) S Soc(RRg) and Soc(RR) <
Soc(grR).]

4. Let M be a semisimple R-module and suppose that M = P, Sy is a de-
composition of M as a direct sum of simple submodules. Arrange the simple
submodules S, into isomorphism classes and call each isomorphism class a ho-
mogeneous component H of M.
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(a) If M is semisimple and finitely generated, show that M has only a finite
number of homogeneous components H;, i = 1,2,...,m, and that each ho-
mogeneous component is a finite sum of isomorphic simple submodules of M.
[Hint: Exercise 2.]

(b) If M is semisimple and finitely generated, prove that
EndR(M) = Mm (Dl) @ an(DZ) DD Iwnm (Dm)7

where, foreachi, D; = Endg(S;) and §; is a representative of the isomorphism
class of the n; simple submodules of M whose sum gives H;.

5. Let Dy, D5, ..., Dy be division rings.

(a) What are the minimal left and minimal right ideals of the ring direct product
Dy XDy x---x Dy?

(b) Show that the minimal right (left) ideals of (a) can be used to decompose
D1 x Dy x---x D, as adirect sum of minimal right (left) ideals. Conclude that
D1 x Dy X ---x Dy is a semisimple ring.

(c) Let { Dy} A be a family of division rings. Deduce that the ring direct product
[ 1A D is a semisimple ring if and only if A is a finite set.

Show that a finite ring direct product of semisimple rings is a semisimple ring.

(a) Let I be an ideal of R and suppose that M is an R-module such that
M1 = 0. Prove that M is semisimple as an R-module if and only if M is
semisimple as an R //-module.

(b) If R is a semisimple ring and / is a proper ideal of R, prove that R/ is
a semisimple ring. Conclude that if f : R — S is a surjective ring homo-
morphism and R is semisimple, then so is S.

(c) Show that a subring of a semisimple ring need not be semisimple.

Prove that the following are equivalent for a ring R.
(a) R has a simple generator.

(b) R is a simple ring and Rp is semisimple.

Show that the following are equivalent for a ring R.
(a) R is a semisimple ring.
(b) Every finitely generated R-module is projective.

(c) Every cyclic R-module is projective. [Hint: If A is a right ideal of R, con-
sider R/A.]

(d) Show that (a), (b) and (c) are equivalent if R-module is replaced with left
R-module in (b) and (¢).
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10. Let & be a minimal set of simple generators for Modg, in the sense that no set
of simple R-modules with fewer elements can generate Mod .
(a) Prove that if card(&) = n, then there are exactly n isomorphism classes of
simple R-modules. In this situation, we say that Modr has a set of n simple
generators.
(b) Prove that a ring R is semisimple if and only if Modg has a finite set of
simple generators.
(c) Prove that R is a simple artinian ring if and only if Modpg is generated by
a simple R-module. In this case, we say that Modg has a simple generator.
Conclude that for a simple artinian ring there is exactly one isomorphism class
of simple R-modules.

6.5 Primitive Rings and Density

We now investigate a class of rings that generalizes the class of simple artinian rings.
To develop these rings we need the following bimodule structures. If M is an R-
module and H = Endg(M), then M is a left H-module under the addition already
present on M and under the H-action on M given by hx = h(x) for h € H and
x € M. In fact, it’s easy to see that M is an (H, R)-bimodule. If we now form
the ring Endgy (M) and write f € Endg (M) on the right of the argument x € M
opposite that of the ring action of H on M, then M is an (H, Endg (M ))-bimodule.
With these bimodule structures in mind, the following properties hold.

1. Let ¢ : R — Endgy (M) be such that ¢(a) = f;, where f, : gM — g M is
defined by (x) f; = xa for all x € M. Then
(x+y)fa=x+y)a=xa+ya=(x)fa+(y)fa and
(hx) fa = (hx)a = h(x)a = h(x) fo

forall x,y € M and h € H. Hence f, is an H-linear mapping and we also
have

(X) fatb = x(a+b) = xa + xb = (x) fa + (x) /5.
(x) fab = x(ab) = (xa)b = (xa) fp = (x) fa fp and
() fi=x
forallx € M and a,b € R. Thus,
pla+b) =g +¢b),
g(ab) = ¢(a)p(b) and
@(1) = idgna; (m)-

Therefore, ¢ is an identity preserving ring homomorphism.
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2. The map ¢ is a monomorphism if and only if Ma = 0 implies a = 0 for all
a € R. Recall that an R-module M is said to be faithful if Ma = 0 givesa = 0
for alla € R. When M is faithful, the embedding ¢ : R — Endg (M) is said
to be a faithful representation of R. In this case, we will refer to ¢ simply as the
canonical embedding of R into Endg (M).

3. If S is a simple R-module, then R/ ann,(x) = S, where x € S and x # 0.
Note that ann,(S) C ann,(x) and that ann,(S) is an ideal contained in the
maximal right ideal ann, (x) of R. If R has the property that zero is the largest
ideal contained in ann,(x), then ann,(S) = 0 and S is a faithful simple R-
module. When this is the case, R embeds in Endp(S) and D = Endg(S) is
a division ring. So if R admits a faithful simple module, then R embeds in the
ring of linear transformations of the left D-vector space S.

Definition 6.5.1. If M is an R-module and H = Endg (M), then the ring Endg (M),
often denoted by BiEndg (M), is said to be the biendomorphism ring of M and ele-
ments of Endg (M) are said to be biendomorphisms of M. An ideal p of R is said
to be a right primitive ideal of R if p is the largest ideal contained in some maximal
right ideal of R, and R is said to be a right primitive ring if zero is a right primitive
ideal. Left primitive ideals and left primitive rings are similarly defined. A ring that is
left and right primitive is said to be a primitive ring.

There are rings that are right primitive but not left primitive and, conversely, there
are left primitive rings that are not right primitive. (See [52] for the details.)

Examples

1. Every simple ring is right primitive, so if D is a division ring, then M (D) is
a right primitive ring.

2. Every maximal ideal is a right primitive ideal.

3. A field is a primitive ring.

If p is an ideal of R, then p is the largest ideal contained in the maximal right ideal
m of R if and only if zero is the largest ideal contained in the maximal right ideal
m/p of R/p. Hence, we see that an ideal p of R is right primitive if and only if R/p
is a right primitive ring.

A right primitive ring is Jacobson semisimple. This follows, for if R is a right
primitive ring, then there is a maximal right ideal mt of R such that zero is the largest
ideal contained in mt. But J(R) is an ideal of R and J(R) C m, so J(R) = 0. The
converse is false. There are Jacobson semisimple rings that are not right primitive.
For example, the ring of integers Z is such that J(Z) = 0, but the zero ideal is not the
largest ideal contained in any maximal ideal of Z. Indeed, every maximal ideal of Z
looks like (p), where p is a prime number. But then we have (0) ~>(p?) »(p), so
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Z cannot be a primitive ring. In fact, (p) is the largest ideal contained in the maximal
ideal (p).

Proposition 6.5.2. A ring R is right primitive if and only if R admits a faithful simple
R-module.

Proof. If R is a right primitive ring, then zero is the largest ideal contained in some
maximal right ideal mu of R. But then R/m is a simple R-module and the right
annihilator ideal A of R/wm is contained in m. Hence, A = 0, so R/m is a faithful
simple R-module.

Conversely, suppose that R admits a faithful simple R-module S. Then R/ ann, (x)
>~ xR = S for any x € S,x # 0 and ann,(x) is a maximal right ideal of R. If [ is
an ideal of R such that / C ann,(x), then S7 = 0. Hence, I = 0 since S is faithful.
Thus, zero is the largest ideal contained in ann,(x), so R is a right primitive ring. O

As indicated earlier, right primitive rings provide a generalization of simple artinian
rings. To continue with the development of this generalization, we need the following
definition.

Definition 6.5.3. Let R be a subring of Endp (M), where p M is a left vector space
over a division ring D, and suppose that Endp (M )|y denotes the D-endomorphisms
of p M restricted to a D-subspace p N of p M. Then R is said to be a dense subring
of Endp (M) provided that Endp (M )|y € R|y for each finite dimensional subspace
pN of p M, that is, for each f € Endp (M) thereisana € R suchthat f|y = a|y.

In view of Definition 6.5.3, if ¢ : R — Endp(S) is the canonical embedding,
where S is a faithful simple R-module and D = Endg(S), then ¢ (R) will be dense in
Endp (§) if for each finite dimensional subspace p N of p S and every f € Endp (S),
there is an @ € R such that f|xy = f4|n. Thus, we can say, loosely speaking, that
locally (= on finite dimensional subspaces) every linear transformation p S —p S is
an element of ¢ (R).

A simple artinian ring R is isomorphic to a dense subring of the endomorphism
ring of a vector space since R is isomorphic to the ring of linear transformations of
a finite dimensional vector space over a division ring. Indeed, when R is a simple
artinian ring, we have seen in the proof of Proposition 6.4.19 that there is a minimal
right ideal A of R such that if D = Endgr(A), then R = M, (D) for some integer
n > 1 and D is a division ring. Now suppose that M is a left D-vector space of
dimension n and that {x1,x2,...,x,} is a basis for pM. If x = er'l=1 kix; is an
element of p M, then a matrix (a;;) € M, (D)

(%) fla;) = (Xn:kian)m + (Xn:kiaiz)m +e (ikiain)xn

i=1 i=1 i=1
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defines a linear transformation f(a,»,) € Endp(M). Conversely, if f € Endp(M)
and

(x1)f =anx1 +anxz+ -+ amxy

(x2) f = azi1x1 + azpxa + -+ + azpxp

(xn)f = dan1 X1+ anp2X2 + -+ apnXn

then the array gives a matrix (a;;) y € My (D) determined by /. Itis left to the reader
to show that the map

My (D) — Endp(M) such that (a;j) = fa;;)
is a ring isomorphism with inverse function
Endp(M) — M, (D) givenby f + (a;j) r.

Hence, R =~ M, (D) =~ Endp (M), so it’s trivial that R is isomorphism to a dense
subring of Endp (M).

We now show that a right primitive ring provides a “local form”, in the sense de-
scribed above, of this property of simple artinian rings.

Proposition 6.5.4 (Jacobson’s density theorem). A ring R is isomorphic to a dense
subring of the biendomorphism ring of a faithful simple R-module if and only if R is
a right primitive ring.

Proof. If R is isomorphic to a dense subring of the biendomorphism ring of a faithful
simple R-module, then, by assumption, R admits a faithful simple R-module, so
Proposition 6.5.2 shows that R is a right primitive ring.

Conversely, if R is a right primitive ring, then R admits a faithful simple R-module
S. If D = Endg(S), then D is a division ring and we have a canonical embedding
¢ : R = Endp(S). Now suppose that p N is a finite dimensional subspace of pS
and let {x; }'_, be a basis for N. Since Y ;_; x; # 0 and since S is a simple R-mod-
ule, 37—, xi)R = S.If f € Endp(S), then Y 7_,(x;)f € S,sothereisana € R
such that Y7, xja = 3.7y xi)a = Y1, (xi) f. Hence, (x;) f = xia = (xi) fa
fori = 1,2,...,n. Since f and f, agree on basis elements, f and f, agree on N.
Thus, ¢(R) is dense in Endp (S). a

Remark. There is a topological version of Proposition 6.5.4 in which R is isomorphic
to a topologically dense subring of the biendomorphism ring of a faithful simple R-
module if and only if R is a right primitive ring. This accounts for the term “dense”
in Definition 6.5.3. (Details of the topological version of Jacobson’s density theorem
can be found in [22].)
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Corollary 6.5.5. The following hold if R is a right primitive ring with faithful simple
R-module S.

(1) For each D-linearly independent subset {x;}}_, of the vector space pS over
the division ring D = Endg(S) and for each arbitrary set {y; }}_, of elements
of pS, thereis an a € R such that xja = y; fori = 1,2,...,n.

2) If {x; }?:11 is a D-linearly independent set of elements of p S, then there is an

a € R such that xja = Ofori = 1,2,...,n and x,+1a # 0.

Proof. (1) Let R, S,{x;}"_, and {y;}"_, be as described. Then, by (2) of Proposi-

tion 2.2.9, there is a basisl i; of pS tI;atlcontains {xi}/_,. Define f : 8 —pS by
(x;)f =yifori =1,2,....,nand (x)f =0ifx € B —{x;}7_,. If f is extended
D-linearly to p S and if this extension is also denoted by f, then Jacobson’s density
theorem shows that there is an a € R such that x;a = (x;) f = y; fori =1,2,...n.

(2) Choose {yi};’ill to be such that y; = O0fori = 1,2,...,n and y,4+1 # 0 and

apply (1). o

A simple ring is clearly right primitive and, in fact, when R is right artinian, R is
a simple ring if and only if it is right primitive.

Proposition 6.5.6. The following are equivalent for a ring R.
(1) R is right artinian and right primitive.

(2) R is right artinian and simple.

Proof. Since a simple ring is right primitive, we are only required to show that
(1) = (2). Let R be a right artinian right primitive ring. Then R admits a faithful
simple R-module S, and if D = Endg(S), then S is a left vector space over D.
Let {xq}A be a basis for pS and suppose that dimp(S) = oco. Select a subset
{x1,x2,x3,...} of {xa}A and, forn = 1,2,..., let A, denote the annihilator right
ideal of the set {x1,x2,...,Xx,}. Then A 2 Ay D A3 2 --- is a descending chain
of right ideals of R. Using (2) of Corollary 6.5.5, we see that for each n there is an
a € Rsuchthat x;a = Ofori = 1,2,...,n and xy11a # 0. Thus, 4, 2 Apiq
for each n which contradicts the fact that R is right artinian. Therefore, dimp (S) is
finite, so let {x;}}'_, be a basis for pS. Alsolet ¢ : R — Endp(S) be the canonical
embedding and note that

n n n n
Endp(S) = Homp (@Dxi, @Dxi) o~ l_[ 1_[ Homp (Dx;, Dx;).
i=1j=1

i=1 i=1

Now Dx; and Dx; are simple left D-modules such that Dx; =~ Dx; = D for
each i and j and it follows that Endp (S) =~ M, (D). If f € Endp(S), then f is
completely determined by its action on the basis elements x1, X2, ..., x,. But since
R is right primitive, ¢(R) is dense in Endp (R), so there is an a € R such that
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(xi) f = (xi) fa. Thus, f € ¢(R) which shows that ¢ is a ring isomorphism. Hence,
R =~ M, (D) and this establishes, by Proposition 6.4.19, that R is a simple artinian

ring.

O

Problem Set 6.5

1.

Prove that a commutative ring is primitive if and only if it is a field. [m C
ann(R /m) for every maximal ideal of R.]

Let M be an R-module.

(a) Prove M is a faithful R/ ann, (M )-module.

(b) Prove that M is faithful if and only if the canonical ring homomorphism
¢ : R — BiEndg (M) is an embedding.

(a) Show that if R is a simple ring, then every simple R-module is faithful.

(b) Prove that a simple ring embeds in the biendomorphism ring of each of its
simple R-modules.

. (a) Prove that an ideal p of a ring R is right primitive if and only if it is the right

annihilator ideal of a faithful simple R-module.

(b) Let S be a simple R-module and suppose that A is the right annihilator ideal
of S. Show that R/A is a right primitive ring.

. Prove that J(R) is the intersection of the right (left) primitive ideals of R. [Hint:

Proposition 6.1.7.]
Is a right primitive right artinian ring also left primitive and left artinian?

We have seen in the introduction to this section that if M is an R-module, H =
Endg(M) and biendomorphisms f € Endg (M) are written on the right of
elements of M, then the canonical embedding ¢ : R — Endg (M) given by
¢(a) = f4 will be a ring homomorphism. Show that if biendomorphisms f &
End g7 (M) are written on the left of elements of M and composition of functions
is applied in the usual fashion, then ¢ is an anti-ring homomorphism.

Suppose that e is a nonzero idempotent element of R. If R is right primitive,
show that eRe is also a right primitive ring. [Hint: If R is a right primitive ring,
then R admits a faithful simple R-module S. If D = Endg(S), then D is a
division ring and we have a canonical embedding ¢ : R — Endp(S). Observe
that e§ is a vector space over D and show that there is a canonical embedding
¢, :eRe — Endp(eS).]

Deduce that if the category Mod g has a simple generator .S, then S is a faithful
R-module. [Hint: Exercise 1 in Problem Set 4.1.]
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10. (a) In the discussion immediately preceding Jacobson’s density theorem, it was
stated that a matrix (a;;) € M (D) defines a linear transformation

() fa;y) = <Xn:kiail)x1 + (Xn:kiaiz)m + -+ (Xn:kiain)xn
i=1 i=1 i=1

in Endp (M). Show that this is actually the case.
(b) Show that the map

M, (D) — Endp(M) such that (a;j) = fa;))
is a ring isomorphism with inverse function

Endp (M) — M, (D) givenby f > (aij) .

6.6 Rings that Are Semisimple

Previously we defined and investigated right primitive, Jacobson semisimple, prime,
semiprime, and semisimple rings. These classes of rings are not necessarily disjoint.
Most of the implications in the following table have already been pointed out.

simple = right primitive =  prime
|l +artinian U iJ3
semisimple = Jacobson semisimple = semiprime (6.1)
)
regular

It is trivial that a simple ring is right primitive and that a prime ring is semiprime.
A right primitive ring R is certainly Jacobson semisimple, since in a right primitive
ring the zero ideal is the largest ideal contained in a maximal right ideal of R. We
have also seen in Corollary 6.4.12 that a semisimple ring is Jacobson semisimple.
Moreover, it follows that a Jacobson semisimple ring is semiprime since, by Corol-
lary 6.2.10, rad(R) C J(R) and, by Proposition 6.2.25, a ring R is semiprime if and
only if rad(R) = 0. Finally, if R is aregularring anda € J(R), then thereisanr € R
such that a = ara. But then ra € J(R) and ra is idempotent, so a = ara = 0 since
J(R) contains no nonzero idempotents. Hence, a regular ring is Jacobson semisimple.
Thus, to complete the verification of table (6.1) we need to prove that a right primitive
ring is prime.

Proposition 6.6.1. If R is right primitive, then R is prime.
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Proof. Let R be a right primitive ring and suppose that S is a faithful simple R-mod-
ule. Let A and B be nonzero ideals of R and suppose that AB = 0 with A # 0 and
B # 0. Then S(AB) = 0. But S(AB) = (SA)B = SB = S # 0 and we have
a contradiction. Hence, if AB = 0, then either A = 0 or B = 0, so zero is a prime
ideal of R. Consequently, R is prime. a

Our intention now is to show that several of the implications in table (6.1) reverse
when R is right artinian. We also show that semisimple rings are the artinian Jacobson
semisimple rings mentioned in the opening remarks of this chapter.

Proposition 6.6.2. The following are equivalent for a ring R.
(1) R is semisimple.
(2) R is right artinian and regular.
(3) R is right artinian and Jacobson semisimple.
(4) R is right artinian and semiprime.

(5) R is right noetherian and regular.

Proof. If R is semisimple, then, by Corollary 6.4.12, R is artinian and noetherian.
Furthermore, every right ideal of R is a direct summand of R. In particular, every
principal right ideal of R is a direct summand, so it follows that R is regular. Hence,
(1) implies (2) and (5). Table (6.1) shows that (2) = (3) = (4). If (4) holds, then
by Corollary 6.3.4, J(R) = rad(R) and Proposition 6.2.25 indicates that rad(R) = 0.
Therefore, the intersection of the maximal right ideals of R is zero. Since R is right
artinian, there is a finite set {m; }7_, of maximal right ideals of R such that mi; NN
---Nm,; = 0. We may assume that 4; = ﬂj# m; & m; foreachi, forif 4; € my,
then m; can be eliminated from the set {m;}_, and we still have a set of maximal
right ideals of R with zero intersection. Hence, A; + m; = R fori = 1,2,...,n.
But 4; Nm; = 0,50 A4; ® m; = R and 4; =~ R/m; is a minimal right ideal
of R. Therefore, since R is semiprime, by considering (2) of Lemma 6.3.5, we see
that A; = e; R for each i, where ¢; is an idempotent of R. Hence, m; = (1 —¢;)R.
Lete = ) [_je;. Thenl —e = (1 —e;) — Y4 e; € my, foreachi # j, since
i # j implies that ¢; € A; C m;. Therefore, 1 —e € (/_;m; = 0 and so
1 =e=Y"_e. Itfollows that R = P]_, A;, so R is semisimple and we have
(4) = (1). We complete the proof by showing (5) = (1). If R is right noetherian
and A is a right ideal of R, then A is finitely generated. But R is regular and so,
by Proposition 5.3.17, we see that A is a principal right ideal of R generated by an
idempotent. Hence, A is a direct summand of R, so Proposition 6.4.7 indicates that R
is semisimple. a
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We now have the following augmentation of table (6.1). The abbreviations are
the obvious ones and the equivalence rt. art. + simple < rt. art. + rt. primitive is
Proposition 6.5.6.

rt. art. 4 simple < rt. art. + rt. primitive < rt. art. + prime

4 U 4
semisimple < rt. art. 4J-semisimple < rt. art. 4 semiprime
¢
rt. art. + regular
¢

rt. noe. + regular

It was pointed out in Example 5 in Section 4.2 that the ring Z is noetherian but not
artinian. Hence, there are right noetherian rings that are not right artinian. However,
as we will now show, every right artinian ring is right noetherian. For this we need
the following two lemmas.

But first recall that if {My} A is a family of submodules of an R-module M, where
A is well ordered, then { My} A is said to be a increasing chain (decreasing chain) of
submodules of M if My C Mg(My 2 Mg) whenever o < f.

Lemma 6.6.3. An R-module M is noetherian (artinian) if and only if every increas-
ing (decreasing) chain of submodules of M indexed over a well-ordered set termi-
nates.

Proof. We prove the lemma for the artinian case and leave the noetherian case to the
reader. If every decreasing chain of submodules of M indexed over a well ordered set
terminates, then every decreasing chain M| 2 M, D M3 D --- of submodules of M
terminates since N is well ordered. Thus, M is artinian. Conversely, suppose that M
is artinian and let { M, } A be a chain of submodules of M, where A is a well ordered
set. Since A is well ordered, then we can assume that A is the set of ordinal numbers
{0,1,2,...,0,0+1,...} witha < ord(A) foreacha € {0,1,2,...,0,0+1,...}.
(See Appendix A.) Since M is artinian Proposition 4.2.4 shows that the collection of
submodules {My}a has a minimal element. Hence, the chain My 2 M; 2 M, 2
--- DMy D My O -+ must terminate. a

Lemma 6.6.4. Let M be an R-module such that M = @ Sq, where each Sy is
a simple submodule of M. If M is either artinian or noetherian, then A is finite.

Proof. Suppose that M is artinian and that A is an infinite set. Now A can be well
ordered, so, as in the proof of the previous lemma, we can assume that A is the
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set of ordinal numbers {0,1,2,...,w,w + 1,...} with @ < ord(A) for each @ €
{0,1,2,...,0,w + 1,...}. If foreach ordinal @ € {0, 1,2, ..., w,w + 1,...}, we set
Ne=0B0PH - D Sq ® Sq+1 P, then

M=No2N12N22--2 Ny 2 N1 2 -+

is a decreasing chain of submodules of M indexed over a well ordered set that fails
to terminate. Hence, the lemma above indicates that M is not artinian and so we
have a contradiction. Thus, A must be a finite set. A similar proof holds if M is
noetherian. a

The following proposition is due to Hopkins [59] who proved that a right artinian
ring must be right noetherian.

Proposition 6.6.5 (Hopkins). If R is a right artinian ring, then an R-module is
noetherian if and only if it is artinian.

Proof. Let J denote the Jacobson radical of R. If R is right artinian, then J is nilpo-
tent, so J” = 0 for some integer n > 1. Hence, we have a descending chain of
submodules

MDOMJDOMJ*>D---DMJ"=0

of M. Consider the factor modules MJi_l/MJi fori = 1,2,...,n, where we
let JO = R. Since (MJ'='/MJ")J = 0, each MJ'~'/MJ' is an R/J-module.
Since there is a one-to-one correspondence between the right ideals of R that con-
tain J and the right ideals of R/J, it follows that R/J is right artinian. But R/J is
also Jacobson semisimple, so by Proposition 6.6.2, R/J is a semisimple ring. Thus,
each MJ'~1/MJ" is a semisimple R/J-module. Consequently, each MJ =1/ M J!
is semisimple as an R-module. Therefore, MJ i—1 /MJ I is a direct sum of sim-
ple R-modules and if M is artinian, then MJ'~!1/MJ' is artinian and we see from
Lemma 6.6.3 that this sum of simple R-modules is finite. Hence, MJ'~1/MJ' has
an R-composition series, so by Proposition 4.2.14, we have that MJ'~1/MJ" is

a noetherian R-module fori = 1,2,...,n. Now consider the short exact sequences
0—> MJ" V5 MJ"2 5 MJ"2/MI" >0 (6.2)
0> MJ" 25 MJI" 35 MJI"3/MI"2 50 (6.3)
0—->MJ] >M—>M/MJ — 0. (6.4)

Since (MJ""1)J =0, MJ" 1 is an R/J-module and so MJ"~! is noetherian.
Hence, MJ"~! and MJ"~2/MJ"~! are noetherian, so Corollary 4.2.6 together with
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the short exact sequence (6.2) shows that MJ"~2 is noetherian. Likewise, (6.3) in-
dicates that MJ"3 is noetherian and so on until we finally arrive at (6.4) which
shows that M is noetherian. Thus, over a right artinian ring, every artinian R-module
is noetherian. This proof can be easily adapted to show that when the ring is right
artinian, every noetherian R-module is artinian. m|

Corollary 6.6.6. If R is a right artinian ring, then R is right noetherian.

Remark. Researchers have also investigated the case as to when a right noetherian
ring is right artinian. For example, Akizuki proved that a commutative noetherian ring
is artinian if and only its prime ideals are maximal. (See [34].) For the noncommuta-
tive case, it is known that a right noetherian ring R is right artinian if and only if for
every prime ideal p of R, R/p is right artinian. Moreover, Kertesz has shown in [64]
that a right noetherian ring R is right artinian if and only if for every prime ideal p
of R, R/p is right artinian.

Problem Set 6.6

1. Prove Lemma 6.6.3 and Lemma 6.6.4 for the noetherian case.
2. Prove Proposition 6.6.5 for the noetherian case.

3. If M is a semisimple left R-module and £ = Endg(M), prove that Mg is
a semisimple E-module.

4. If R is an integral domain, prove that R is semisimple if and only if R is a field.

5. (a) Show that the center of a simple ring is a field.
(b) Prove that the center of a semisimple ring is a finite direct product of fields.

6. Give necessary and sufficient conditions on n for Z, to be semisimple. [Hint:
7.y, is artinian, so Z, will be semisimple if and only if Rad(Z,) = 0.]



Chapter 7
Envelopes and Covers

There are several types of envelopes and covers. There are injective envelopes, pro-
jective envelopes, flat envelopes, injective covers, flat covers, projective covers, etc.
An excellent bibliography as well as a novel approach to envelopes and covers can be
found in [12] and [46]. As a way of introducing this subject, we restrict our attention
to developing injective envelopes and projective covers of modules whenever the lat-
ter can be shown to exist. Injective envelopes were first discovered by Eckmann and
Schopf [55] and rings over which every module has a projective cover were character-
ized by Bass [51]. We will also develop quasi-injective envelopes and quasi-projective
covers, developed by Johnson and Wong [61] and by Wu and Jans [72], respectively.

7.1 Injective Envelopes

We have seen that injective modules exist, though not every module is injective. Even
though there exist modules that are not injective, it is the case that for every R-mod-
ule M there is an embedding M — E, where E is an injective module. Among the
injective modules that contain a submodule isomorphic to M, there is one, called the
injective envelope of M, that is unique up to isomorphism. This envelope is, in some
sense, the “best approximation” of M by an injective module. If the class of injective
modules that contain a copy of M is ordered by inclusion, we will show that there
exists at least one injective module that is a minimal element of this class.

Definition 7.1.1. An injective envelope of an R-module M is an injective module
E (M) together with a monomorphism ¢ : M — E(M) such that E(M) is an essen-
tial extension of ¢(M). An injective envelope ¢ : M — E(M) of M is said to be
unique up to isomorphism if whenever ¢’ : M — E (M)’ is another injective envelope
of M, there exists an isomorphism f : E(M) — E(M) such that f¢’ = ¢.

Lemma 7.1.2. If M is an essential submodule of an R-module M' and f : M — N
is a monomorphism of M into an R-module N, then any extension g : M' — N of f
to M’ is also a monomorphism.

Proof. Let g : M’ — N be an extension of a monomorphism f : M — N. If
x € M NKerg, then f(x) = g(x) = 0,s0x = 0since f is an injection. Hence,
M NKerg = 0, so Kerg = 0since M is an essential submodule of M’. a
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The following proposition is due to Eckmann and Schopf [55].
Proposition 7.1.3 (Eckmann—Schopf). Every R-module has an injective envelope.

Proof. If M is any R-module, then, by Proposition 5.1.10, there is a monomorphism
¢ : M — E,where E is an injective R-module. Let § be the set of all submodules N
of E such that N is an essential extension of ¢(M). Then § # @ since p(M) € §.
If {Ng}A is a chain in &, then [ J, Ny € 8 serves as an upper bound for the chain.
Hence, § is inductive, so it follows from Zorn’s lemma that § has a maximal element,
say E(M).

We claim that ¢ : M — E(M) is an injective envelope of M. Observe first that if
E. is a complement of E(M) in E, then E(M) =~ (E(M) & E.)/E_ is an essential
submodule of E/E.. This follows since if N/E, is a submodule of E/E. such that
(E(M)® E;)/E;) N (N/E;) = 0, then (E(M) & E.) N N C E.. Modularity
(Example 10 in Section 1.4) gives (E(M) N N) ® E, = (E(M) & E;) N N, so
we have E, C (E(M) N N) @ E. € E.. Therefore, E(M) N N = 0, so by the
maximality of E., E. = N. Thus, N/E, = 0 and so (E(M) & E.)/E. is essential
in E/E..

Next, we claim that £ = E(M) & E.. To see this, consider the commutative
diagram

0 —— (E(M)®E.)/Ec —— E/E.
¥ g

E(M) E

where  is the isomorphism E(M) =~ (E(M) & E.)/E., i and i’ are canonical
injections and g is the map given by the injectivity of E. Note that, i’y is an injec-
tion, so Lemma 7.1.2 shows that g is an injection as well. From the diagram we have
EM) =Im@i'y) = g(E(M) ® E;)/E;) C g(E/E.). But (M) is essential in
E(M) and it follows that E(M) = g((E(M) & E.)/E.) is essential in g(E/E.),
since (E(M) @ E.)/E. is essential in E/E.. Hence, ¢ (M) is essential in g(E/E.).
Now E(M) is a maximal essential extension of ¢(M) in E, so by the maximality of
EWM), g((E(M) & E;)/E;) = g(E/E.). Hence, we see that E(M) ® E. = E.
Since Corollary 5.1.14 shows that a direct summand of an injective module is injec-
tive, we have that E(M) is an injective R-module. Thus, ¢ : M — E(M) is an
injective envelope of M. m|

Proposition 7.1.4. Injective envelopes are unique up to isomorphism.



218 Chapter 7 Envelopes and Covers

Proof. Let M be an R-module and suppose that ¢; : M — Erand g9, : M — E»
are injective envelopes of M. Then Lemma 7.1.2 shows that the diagram

0 M-2.F
o
Eq

can be completed commutatively by a monomorphism f : E, — FE;. But this
indicates that f(E») is an injective submodule of E; and as such is, by Proposi-
tion 5.1.2, a direct summand of E;. If f(E2) @ N = Eq,thengp;(M)NN =0
since ¢ (M) C f(E2). But ¢, (M) is essential in E1, so N = 0. Hence, f is also
an epimorphism. a

Since an injective envelope ¢ : M — E(M) of an R-module M is unique up
to isomorphism, we can speak of the injective envelope of M. There is no loss of
generality in identifying M with ¢(M) and considering M to be a submodule of
E(M). The map ¢ can now be replaced by the canonical injectioni : M — E(M).

The proof of the following proposition is left as an exercise.

Proposition 7.1.5. The following properties hold for injective envelopes.

(1) If M is a submodule of an injective R-module E, then E =~ E(M) & E’ for
some (necessarily injective) submodule E’ of E.

(2) If M is an essential submodule of an R-module N, then E(M) =~ E(N).

() If {Mqy} is a family of R-modules, then P E(My) embeds in E(Px My)
and the embedding is an isomorphism if @ 5 E(My) is injective.

It follows immediately from (3) of the preceding proposition, that if {My}A is
a family of R-modules and if the indexing set A is finite, then P, E(My) =
E(@p M) since finite direct sums of injective modules are injective. We are now in
a position to show that arbitrary direct sums of injective modules are injective if and
only if the ring is right noetherian, a result due to Matlis [68] and Papp [70].

Proposition 7.1.6 (Matlis—Papp). The following are equivalent for a ring R.
(1) Every direct sum of injective R-modules is injective.
(2) If {Mqy} A is a family of R-modules, then @\ E(My) = E(Pp My).
(3) R is a right noetherian ring.

Proof. (1) = (2). This follows immediately from (3) of Proposition 7.1.5.

(2) = (3). Let A} € Ay € A3 C --- be an increasing chain of right ideals of R.
If A = Jy 4i, then A is a right ideal of R and if a € A, then a € A; for almost
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alli € N. Consequently, @« + A; = 0in R/A; for almost all i € N. Thus, we have
R-linear mappings

0> 4L BRrR/A < P ER/A) TS E(R/A) 0,
N N

where f : A — @y R/A; is defined by f(a) = (a + A;) and 7; is the canonical
projection for each i. Note that 7r; f(A) = A/A; fori = 1,2,3,.... By assump-
tion Py E(R/A;) = E(By R/Ai), so @y E(R/A;) is injective. Hence, Baer’s
criteria gives an x € @y E(R/A;) such that f(a) = xa for all a € A. Since
x € @y E(R/A;), there is a positive integer n such that 77; (x) = 0 forall i > n. If
i >n,then A/A; = m; f(A) = wi(xA) = ;i (x)A = 0. Therefore, A; = A for all
i > n, so R is right noetherian.

(3) = (1). Let A be a right ideal of R and suppose that {Ey}a is a family of
injective R-modules. If f : A — €, Eq is an R-linear mapping, then, since A
is finitely generated, there is a finite subset I" of A such that f(4) € @ E4. But
Pr Eq is injective, so there is an x € P Eq such that f(a) = xa foralla € A.
Since @ Eq embeds in P Eq, we can assume that x € P Eq. Thus, Baer’s
criteria for injectivity holds, so @ 5 Eq is injective. m|

Problem Set 7.1

1. (a)If M and N are R-modules, then we say that N extends M if there is a mono-
morphism f : M — N. Prove that every injective module E that extends M
also extends E(M) and that E(M) is isomorphic to a direct summand of E.
Conclude that every injective R-module E that contains a copy of M also con-
tains a copy of E(M).

(b) Prove that every short exact sequence of the form
O—>M - M —> M, —0

splits if and only if M is injective.

2. (a) Let {My}a be a family of R-modules. If Ny is an essential submodule of
M, for each o € A, show that ), Ny is an essential submodule of @\ M.
(b) Show that Z 7 is an essential submodule of Q7, but that the Z-module zN
is not an essential Z-submodule of QY. [Hint: Consider Exercise 1 in Problem
Set5.1and p/qZ x p/q*7Z x -+ x p/q"Z x ---.] Conclude that the property
stated in (a) for direct sums does not always hold for direct products.

3. Prove Proposition 7.1.5.

4. Prove that an R-module M is injective if and only if M has no proper essential
extensions. Conclude that an injective module E containing M is an injective
envelope of M if and only if E is a maximal essential extension of M.
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5. Suppose that M is a submodule of an injective R-module E. Show that E is

an injective envelope of M if and only if £ is minimal among the injective R-
modules that contain M. Conclude that an injective envelope of M is a minimal
injective extension of M .

If M is a submodule of an R-module E, prove that E is an injective envelope
of M if and only if E is an injective essential extension of M. Conclude that an
injective envelope of M is an injective essential extension of M .

Remark. Exercises 4, 5 and 6 show that the following are equivalent.

(1) E is a maximal essential extension of M.

(2) E is a minimal injective extension of M.

(3) E is an injective essential extension of M.

(4) E is an injective envelope of M.

7. Let X be a class of R-modules that satisfies the following three conditions.

(1) X is closed under isomorphisms: If X € X and X’ = X, then X' € X.

(ii) X is closed under finite direct sums: If {X;}?_, is a family of modules in
X, then P;_; X; € X.

(iii) X is closed under direct summands: If X € X and X' is a direct summand
of X, then X' € X.

For an R-module M, an X -envelope of M is an X € X together with an R-lin-
ear mapping ¢ : M — X such that the following two conditions are satisfied.

(1) For any R-linear mapping ¢’ : M — X' with X’ € X, the diagram

M—*— X

’

»

X/
can be completed commutatively by an R-linear mapping f : X — X'.
(2) The diagram

M—*—X
¢
5
X

can be completed commutatively only by automorphisms of X.

If ¢ : M — X satisfies (1) but perhaps not (2), then ¢ : M — X is said to be
an X -preenvelope of M. Additional information on X-(pre)envelopes can be
found in [12] and [46].
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(a) If an R-module M has an X -envelope ¢ : M — X, prove that X is unique
up to isomorphism. [Hint: Letp : M — X and ¢’ : M — X’ be X-envelopes
of M and consider the diagrams

M x M x
o f and 0 f/
X’ X ]

(b) If X contains all the injective modules, prove that for an X -preenvelope ¢ :
M — X of M, the R-linear mapping ¢ is an injection. [Hint: By Proposition
5.1.10, there is a monomorphism ¢’ : M — E, where E is an injective R-mod-
ule, so consider (1).]

(c) Suppose that M has an X-envelope ¢ : M — X. Prove thatif ¢’ : M — X’
is an X -preenvelope of M, then X is isomorphic to a direct summand of X'
[Hint: Consider the diagram

and note that /' f is an automorphism.]

8. Let & be the class of injective R-modules and note that & satisfies conditions
(i), (i1) and (iii) given in Exercise 7 for a class of R-modules. Prove that the
following are equivalent.

(a) M has an &-envelope ¢ : M — E, where &-envelope is defined as in
Exercise 7.

(b) M has an injective envelope ¢ : M — E(M) in the sense of Defini-
tion 7.1.1.

7.2 Projective Covers

We know that every R-module M is the homomorphic image of a projective module.
Among the projective modules that cover M, there may be one that is, in some sense,
minimal. Such a cover of M, if it exists, can be viewed as a “best approximation”
of M by a projective module. As we will see, there are modules that fail to have
a projective cover.
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Definition 7.2.1. A projective cover of an R-module M is a projective R-module
P (M) together with an epimorphism ¢ : P(M) — M such that Kerg is small
in P(M). A projective cover ¢ : P(M) — M of M is said to be unique up to
isomorphism if whenever ¢’ : P(M) — M is another projective cover of M, there
is an isomorphism f : P(M) — P(M) such that ¢ f = ¢’. The projective module
P (M) will often be denoted simply by P, when M is understood.

We will see later in this section that a projective cover of a module may fail to exist.

Proposition 7.2.2. A projective cover of an R-module M is unique up to isomorphism
whenever it can be shown to exist.

Proof. Suppose that ¢, : P1 — M and ¢, : P, — M are projective covers of M.
Then the projectivity of P, gives an R-linear mapping f : P, — P; such that
01/ = ¢,. If x € Py, then ¢,(x) € M, so since ¢, is an epimorphism, there is
ay € Pysuchthat 9,(y) = ¢,(x). If z = x — f(¥), then z € Kerg;, so x =
z+ f(y) € Kerg; +Im f. Thus, Py = Ker¢; +Im f and so f is an epimorphism
since Ker ¢ is small in Py. But Pj is projective, so the epimorphism f : P, — P;
splits. If f’ : Py — P, is a splitting map for f, then f” is a monomorphism and
P, =TIm f'@®Ker f. ButKer f C Kerg,, so Ker f is small in P, since submodules
of small submodules are small. Hence, P, = Im f’/ =~ Py. O

Examples

1. Projective Modules. Every projective module has a projective cover, namely,
itself.

2. Local Rings and Projective Covers. Let R be a commutative ring that has
a unique maximal ideal m. Then R together with the natural mapping R —
R /w is a projective cover of R/m. Actually, much more can be said about
projective covers when R is a local ring. If M is a finitely generated R-module,
then M has a projective cover. Indeed, if M is finitely generated, then M/ M m
is a finite dimensional vector space over the field R/wm. So there is a positive
integer n such that (R/m)™ =~ M/Mw. In addition, the canonical mapping
f + R™ — M/Muw has small kernel. Since R™ is a projective R-module,
there is an R-module homomorphism ¢ : R™ — M such that the diagram

R(")
¢ f

M— M/Mm —— 0
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is commutative, where n : M — M/Mwm is the natural mapping. Since
Kerg C Ker f, Kerg is a small submodule of R and it follows that ¢ :
R®™ — Misa projective cover of M. Later in the text we will extend the
concept of a commutative local ring to noncommutative rings.

The next proposition will subsequently prove to be useful. It shows that a finite
direct sum of projective covers is a projective cover.

Proposition 7.2.3. Let {My}} _, be a finite family of R-modules.

(1) If Sg is a small submodule of My, fork = 1,2,...,n, then @Z=1 Sy is a small
submodule of @y _, M.

(2) Ifeach My, has a projective cover ¢y, : Py — M, then @Zzl Mj, has a projec-
tive cover @j—1 ¢k : D=1 Px = Bl=y My and if ¢ : P — Py My is
a projective cover of @y —_, My, then there is a family {Pr}y— of submodules
of P such that Py =~ Py for each k.

Proof. (1) Letij : M; - @j—_; My and 7t j : Pj_, Mx — M; be the jth canon-
ical injection and the jth canonical projection, respectively, for j = 1,2,...,n.
Let S = @)_; Sk and suppose that N is a submodule of €} _, My such that
S+ N = @z=1an. Then S; + 7;(N) = Mj, so 7;(N) = M; for j =
1,?1, .. ..,n. But Zk:lrglk”]c) = idgy_ My so we have N :n (Zk='1 irmr)(N) =
Yokt ik (N) = Y k=g ix(My) = @—y Mi. Hence, @Pj_; Sk is a small sub-
module of P _; M.

(2) Let ¢y, : P — Mj, be a projective cover of My fork = 1,2,...,n. Then
(1) and the fact that direct sums of projective R-modules are projective shows that
PBr—1 ¢k : Preq Px > D1 My is a projective cover of P} _; M. But projec-
tive covers are unique up to isomorphism, soif ¢ : P — @Z:l M. is a projective
cover of @f_; My, then P = @} _, Pr. The existence of the family { P }?_ of
submodules of P such that Py = P for each k follows easily. m|

The Radical of a Projective Module

Corollary 6.1.5 indicates that every free R-module F has the property that Rad(F) =
FJ(R). In fact, every projective R-module has this property.

Proposition 7.2.4. If M is a projective R-module, then Rad(M) = MJ(R).

Proof. If M is a projective R-module, then Proposition 5.2.8 shows that there is an
R-module N such that R®®) >~ M @ N for some set A. Hence, by Proposition 6.1.4



224 Chapter 7 Envelopes and Covers

and Corollary 6.1.5, we see that

Rad(M) ® Rad(N) = Rad(M & N)
o~ Rad(R(A)), o)

Rad(M) & Rad(N) =~ R® J(R).
Therefore,

Rad(M) ® Rad(N) =~ (M & N)J(R)
C MJ(R) ® NJ(R).

Thus, if x € Rad(M), then x = y 4+ z, where y € MJ(R) and z € NJ(R).
But by Lemma 6.1.9, MJ(R) € Rad(M) and NJ(R) € Rad(N), so we see that
z = x—y € Rad(M) NRad(N) = 0. It follows that Rad(M) € MJ(R) and so
Rad(M) = MJ(R). a

The fact that Rad(M) = MJ(R) when M is a projective module can be used to
show that a projective cover may fail to exist.

Example

3. A Module that does not have a Projective Cover. Suppose that R is a Jacob-
son semisimple ring. If ¢ : P — M is a projective cover of M, then Ker ¢ is
a small submodule of P and Ker¢ € Rad(P) = PJ(R) = 0. Consequently,
@ is an isomorphism and so over a Jacobson semisimple ring an R-module M
has a projective cover if and only if it is projective. The ring Z is Jacobson
semisimple, so the only Z-modules with projective covers are the free Z-mod-
ules. Thus, Z, does not have a projective cover, since Z,, is not a free Z-module
for any integer n > 2.

Since there are modules that fail to have a projective cover, this brings up the ques-
tion “Are there rings over which every module has a projective cover?”” Such rings do
indeed exist and our goal now is to characterize these rings. In the process, rings over
which every finitely generated module has a projective cover will also be described.
Before we can begin, we need several additional results concerning the radical of
a projective module.

Proposition 7.2.5. If M is a projective R-module, then f € J(Endg(M)) if and only
if Im f is a small submodule of M.
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Proof. Let H = Endg(M), suppose that f € J(H) and let N be a submodule
of M suchthat Im f + N = M. If n : M — M/N is the natural mapping and
X+ N eM/N,thenx = f(y)+ z forsome y € M and z € N. Hence, we see that
x+ N=nf(y)andsonf : M — M/N is an epimorphism. If g : M — M is the

completing map for the diagram
/ \
n

M M/N —— 0
given by the projectivity of M, then n(idg — fg) = 0. But Proposition 6.1.7 shows
that idg — fg has a right inverse in H. Thus, n = 0, so N = M. Therefore, Im f is
a small submodule of M.

Conversely, suppose that Im f is smallin M andlet fH = {fg | g € H}. In view
of Corollary 6.1.15, we will have f € fH C J(H) if we can show that fH is small
in H. If Ais arightideal of H suchthat fH + A = H, thenidy = fg -+ h for some
g€ Handh € A. This gives M = idyy(M) = fg(M)+h(M) CIm f +h(M) C
M, so h(M) = M since Im f is small in H. Hence, / is an epimorphism and

h
M is projective, so the short exact sequence 0 — Kerh — M — M — 0 splits.
Consequently, there is a monomorphism i’ : M — M such thatidys = hh' € A and
so A = H. Thus, fH is small in H and this completes the proof. |

Corollary 7.2.6. If M is a projective R-module and M J(R) is a small submodule
of M, then

(1) J(Endg(M)) = Homg(M, MJ(R)) and
(2) Endg(M)/J(Endg(M)) =~ Endr(M/MJ(R)).

Proof. Let H = Endgr(M). By Proposition 7.2.4, Rad(M) = MJ(R), so if MJ(R)
is small in M, then using Corollary 6.1.15 we can conclude that a submodule of M is
small if and only if it is contained in M J(R). Thus, if f € J(H ), then the proposition
indicates that Im f < MJ(R), so f € Homg(M, MJ(R)). Conversely, if f €
Hompg (M, MJ(R)), then Im f € MJ(R), so the proposition gives f € J(H) and
we have (1).

Next, consider the ring homomorphism ¢ : H — Endg(M/MJ(R)) defined by
o(f) = f, where f : M/MJ(R) — M/MJ(R) is such that f(x + MJ(R)) =
f(x) + MJ(R). Since M is a projective R-module, it is easy to show that ¢ is an
epimorphism. Moreover, Ker ¢ = Homg (M, MJ(R)) = J(H), so the isomorphism
asserted in (2) is immediate. O

Corollary 7.2.7. J(M,(R)) = M, (J(R)).
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Proof. Using Proposition 2.1.12, we see that

n n
Endg(R™) = Homg(R™, R®™) = [ [ | Homgr(R;. R)).
i=1j=1

where R; = R; = R foreachi and j. But Homg(R, R) = R, so

n n
Endg(R™) ~ l—[ l_[ R;j = M, (R),
i=1j=1

with R;; = Rforeachi and j. If ¢ : M, (R) — Endg (R™) is an isomorphism, then
(aij) € J(M,(R)) if and only ¢((a;;)) € J(Endg (R™)). Since R™ is a projective
R-module, the preceding corollary shows that

J(M,(R)) = J(Endg(R™)) = Homg(R™, R™ J(R)).
But R™ J(R) = J(R)™, so
J(Mn(R)) = Homg(R™, J(R)™).

Hence, (a;j) € J(M,(R)) if and only if ¢((a;;)) € Hompg (R™, J(R)™) and

n n
Homg(R™, J(R)™) = [ | [ ] Homg(Ri. J(R) ;)
i=1j=1

= 1_[ 1_[ J(R)ij

i=1j=1
=~ My, (J(R)).

It follows that (a;;) € J(Mp(R)) if and only if (a;;) € Mjy(J(R)) and so
J(Mn(R)) = Mp(J(R)). m

We have seen (Proposition 6.1.2) that every nonzero finitely generated module con-
tains a maximal submodule. The same is true of projective R-modules.

Proposition 7.2.8. If M is a nonzero projective R-module, then M contains a maxi-
mal submodule.

Proof. Let M be a nonzero projective R-module and suppose that M does not have
a maximal submodule. Then Rad(M) = M. But Proposition 7.2.4 shows that
Rad(M) = MJ(R), so we have MJ(R) = M. By Proposition 5.2.8, there is
a free R-module F such that F =~ M @ N for some R-module N. We can, with-
out loss of generality, identify M and N with their images in F' and assume that
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F=M®&@N.Letnm: F — M be the canonical projection and assume that {xq} A is
a basis for F. If x € M, then there is a finite subset I" of A such that x = ) " xgaq.
Now M = MJ(R), so for each o € T, there is a finite subset I'y, € A such that
T(xy) = Zra Xpagp with each ayg in J(R). This shows that there is finite subset
A C A such that

0=x—m(x) = Z Xqlo — Z 7 (Xg)adg

a€A a€A
(3 (i) - (£ (X s
a€A  BeA a€A BeA
= Z xﬁ( Z(‘Saﬁ _aaﬂ)aa),
BeA aeA

where 84 is such that §o 3 = Oif @ # B and 8o = 1 when o = B. If card(A) = n,
then, since the xg are linearly independent, this gives n equations

Z(Saﬂ —agp)ag =0 foreach B € A.
aeA

This in turn leads to a matrix equation

(In = (aap))(@e) = 0.

where I, is the n x n identity matrix of M, (R) and (a4g) is a matrix in M, (J(R)).
Hence, we see from Corollary 7.2.7 that (ayg) € J(M,(R)), so Proposition 6.1.8 in-
dicates that I, —(aqg) has a leftinverse in M, (R). Thus, (a¢) = 0and so x = 0. But
x was chosen arbitrarily in M, so M = 0, contradicting the assumption that M # 0.
Consequently, a nonzero projective R-module must have a maximal submodule. O

Corollary 7.2.9. If M is a projective R-module, then Rad(M') ~>M.
We now consider rings over which every finitely generated module has a projective
cover.

Semiperfect Rings

Definition 7.2.10. A ring R is said to be a semiperfect ring if every finitely generated
R-module has a projective cover.

Remark. Later we will see that semiperfect rings are left-right symmetric, so that the
omission of the modifier “right” is justified in the definition of a semiperfect ring.
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Previously we called a commutative ring R local if R had a unique maximal ideal. It
was shown in Example 2 that local rings are semiperfect. We now extend the concept
of a local ring to noncommutative rings. These noncommutative local rings are also
semiperfect.

Proposition 7.2.11. The following are equivalent for a ring R.
(1) R has a unique maximal right ideal.
(2) J(R) is a unique maximal right ideal of R.
(3) R/J(R) is a division ring.
4) J(R) ={a € R | aisnotaunitin R}.
(5) Ifa € R, then either a or 1 — a is a unit.
(6) R has a unique maximal left ideal.
(7) J(R) is a unique maximal left ideal of R.

(8) IfU(R) is the the group of units of R, then a +b € U(R) implies thata € U(R)
orb € U(R).

Proof. (1) = (2). If R has a unique maximal right ideal m, then m = J(R), so (2)
is immediate. Now assume (2). If a + J(R) € R/J(R) and a ¢ J(R), then aR +
J(R) = Randsoab +c¢ = 1forsome b € R and ¢ € J(R). Hence,ab — 1 € J(R)
which implies that (@ + J(R))(b+ J(R)) = 14 J(R). Thus, every nonzero a + J(R)
has a right inverse in R/J(R). Therefore, R/J(R) is a division ring, so we have that
(2) = (3). To see that (3) = (1), let m be a maximal right ideal of R. Then J(R) C
m and m/J(R) is a maximal right ideal of R/J(R). But R/J(R) is a division ring
and as such has no proper nonzero right ideals. Consequently, m/J(R) = 0 and we
have mt = J(R). Thus, every maximal right ideal of R coincides with J(R) and so
R has a unique maximal right ideal. Therefore, (1) < (2) < (3) and in a similar
fashion we can show (3) < (6) < (7). Next, assume that (2) holds. We claim that
J(R) is the set of nonunits of R. If @ € R — J(R) and if aR is a proper right ideal,
then we know that a R is contained in a maximal right ideal of R which must be J(R).
Hence, a € aR € J(R), a contradiction. Thus, aR = R and so there is a b € R such
that ab = 1. Now J(R) is a proper ideal of R, so b ¢ J(R). If the same argument is
now applied to b, then there is a ¢ € R such that bc = 1. Consequently, b has a left
and a right inverse, so it follows that b is a unit of R with b~ ! = ¢ = c. Therefore,
a is a unit with inverse b and so every a € R — J(R) is a unit of R. Since J(R)
can contain only nonunits, we see that the nonunits of R form the ideal J(R). Thus,
(2) = (4). Now suppose that (4) holds. If a € R and a ¢ J(R), then a is a unit
since every nonunit of R is in J(R). If a € R and a € J(R), then Proposition 6.1.7
shows that 1 — a is a unit. Hence, (4) = (5). Finally, we claim that (5) = (2). If m
is a maximal right ideal of R, then J(R) C . If a € m, then a is not a unit of R.
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But if (5) holds, then 1 — @ is a unit in R and it follows from Proposition 6.1.7 that
a € J(R). Therefore, J(R) = m, so J(R) is a unique maximal right ideal of R.
Finally, we show (3) < (8). Suppose that (3) holds and let a + b € U(R). If
a ¢ U(R), then (4) indicates that @ € J(R). If ¢ € R is such that c(a + b) =
(a +b)c = 1,then bc = 1 —ac has aright inverse in R. Thus, there isa d € R such
that bcd = (1 —ac)d = 1. Thus, b has a right inverse in R. Similarly, b has a left
inverse in R, so b € U(R). Conversely, suppose that (8) holds and let a + J(R) be
a nonzero element of R/J(R). Then a ¢ J(R), so there is a maximal right ideal m
of R such that a ¢ m. This gives aR + mt = R and so ab + ¢ = 1 for some b € R
and ¢ € m. It follows that (¢ + m)(b + m) = 1 + m, so every nonzero element
of R/J(R) has a right inverse in R/J(R) and this suffices to show that R/J(R) is
a division ring. m|

Definition 7.2.12. A ring R is said to be a local ring if R satisfies one of the equiva-
lent conditions of Proposition 7.2.11.

From this point forward, the term “local ring” will mean noncommutative local ring
unless stated otherwise.

Examples

4. If D is a division ring, then D is a local ring.

5. If Ris alocal ring, then R[[X]], the ring of formal power series over R, is a local
ring. This follows since J(R[[X]]) consists of all power series each of which has
its constant term in J(R). Hence, we see that R/J(R) = R[[X]]/J(R[[X]]) is
a division ring.

Remark. A local ring contains no idempotents other that 0 and 1. To see this, suppose
that e is an idempotent of a local ring R. Due to Proposition 7.2.11 either e or 1 — e
is a unit. If e is a unit, then there is an a € R such that ea = ae = 1. Hence, ea = e
gives e(a — 1) = 0 which in turn gives a = 1. Butif @ = 1, then ea = 1 produces
e = 1. Likewise, if ]| —e isaunit,then 1 —e = 1,s0e = 0.

Local rings are also semiperfect. The proof given in Example 2 for the commutative
case carries over with only minor changes required. Because of Proposition 7.2.11,
local rings are left-right symmetric. It follows that if R is a local ring, then every
finitely generated R-module has a projective cover as does every finitely generated
left R-module. Right artinian rings are also semiperfect. To show this, we need the
concept of lifting idempotents.

Definition 7.2.13. If / is an ideal of R and f is an idempotent in the ring R/, then
we say that f can be lifted to R if there is an idempotent e € R such thate + 1 = f.
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If e is an idempotent of R such thate + I = f , then we also say that e lifts f
modulo / or that f can be lifted to R modulo /.

There is no assurance that idempotents in R/ can be lifted to R. For example,
the ring of integers Z has only 0 and 1 as idempotents while [0], [1], [3] and [4] are
idempotents in Zg. Clearly, the idempotents [3] and [4] of Ze do not lift to Z. The
ability to lift idempotents from R/ to R is often determined by properties of the
ideal 7.

Proposition 7.2.14. If n is a nil ideal of R, then idempotents of R/u can be lifted
to R.

Proof. Let n be a nil ideal of R, suppose that f_ is an idempotent of R/u and let
u € Rbesuchthatu +n= f. Thenu’+n=f>=f=u+n,sou” +n=f
for any integer n > 1. Furthermore, u — u? € m, so there is a positive integer n such
that (u — u?)" = 0. Thus, we see, via a binomial expansion, that

u" —u"tlg =0, (7.1)

where g = g(u) is a polynomial in u. Furthermore, ug = gu and (7.1) gives u" =

u"tlg Soif e = u"g", then
ez — uznan — un—l(un+1g)g2n—l — un—lunan—l — u2n—1g2n—1
— un—2(un+1g)g2n—2 — un—Zunan—Z — u2n—2g2n—2 —_ .. = ungn —e

Hence, e is an idempotent element of R. We also have
etu=u"g" +u="+0)g" +n)=f(" +n)
and u” = u"*1g implies that

f=u"+n=u"tlg+n=vug+u=u"tgug+n

— un+2g2+n — ... :uzngn 41
=@ +u)(g" +0) = 2" +n) = f(g" + ).
=e+n.
Therefore, e lifts f_ to R. O

If f1 and f5 are orthogonal idempotents of R/I that lift to the idempotents e;
and e, of R, then there is no assurance that e; and e, are orthogonal. However if
I C J(R), then orthogonality can be preserved.
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Proposition 7.2.15. If idempotents of R/I can be lifted to R modulo an ideal 1
contained in J(R), then any countable set of orthogonal idempotents of R/I can be
lifted to a countable set of orthogonal idempotents of R. Furthermore, a complete
set {f1. fa..... fu} of orthogonal idempotents of R/ can be lifted to a complete set
{e1,ea,...,en} of orthogonal idempotents of R.

Proof. The proof is by induction. Let I be an ideal of R contained in J(R) and
suppose that idempotents in R/I can be lifted to R. Suppose also that { A faee,
f,,, ...} is a countable set of orthogonal idempotents in R//. By assumption, there
is an idempotent e in R such thate; + 1 = f_l so make the induction hypothesis
that there are orthogonal idempotents eq, e2,...,e; of R such thate; + I = f_, for
i=12,...,j.Ife =e1 + ez +--- 4 ¢;, then e is an idempotent of R and

fivie+ D = fizrler+ 1 +ex+1+--+e;+1)
(it fteeet )
=J;j+1ﬁ+fj+1ﬁ+---+ﬂ+1ﬂ
=0.
Similarly, (e + 1) f 7+1 = 0. Next, let g be an idempotent of R such that g + 1 =
f]+1 Thenge+1 =(g+ 1)+ 1) = fJ.H(e I)=0,s0ge €I C J(R).
Likewise, eg + I = 0, so we have ge + I = eg + I. Since ge € J(R), 1 — ge is, by
Proposition 6.1.7, a unitin R. Letej+1 = (1 —e)(1 — ge) lg(1 —e). We claim that

ej+1+ 1 = fj+1 and that e is orthogonal to e; fori = 1,2,..., j. First, note
that

ejr1+l=(-e)(1l—ge) 'g(l—e)+1
=(—-e)(l—ge) ' (g—g%e)+ 1
=(l—e)(l—ge) ' (1—ge)g+1

=(1-e)g+1
=g+ —eg+1
=g+1
=fj+1-

Next, leti be suchthat 1 <i < j. Then
ejr1ei = (1—e)(1—ge)'g(1 —e)e;
=(1—e)(1—ge) 'gle; —ee;)

= (1—e)(1—ge) "glei —e)
= 0.
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Similarly, e;ej+1 = 0, so we have by induction that a countable set {f_l, f_z cees
fn, ...} of orthogonal idempotents of R/ can be lifted to a countable set {e1, ez, ...,
en, . ..} of orthogonal idempotents of R.

Finally, suppose that { f_l, fz, R fn} is a complete set of orthogonal idempotents
of R/I. Then {fi, fa...., fu} can be lifted to a set {e1,ea....,en} of orthogonal
idempotents of R. We claim that the set {e1,e3,...,e,} is complete. Lete = e +
er+--+e,. Thene+I = fi+ fa+--+ fy=1+1.Thus,1 —e € I C J(R)
and this implies that e = 1, since J(R) cannot contain nonzero idempotents. a

Corollary 7.2.16. If R is a right (or left) artinian ring, then any countable set of or-
thogonal idempotents of R/J(R) can be lifted to a countable set of orthogonal idem-
potents of R. Furthermore, any complete set of orthogonal idempotents of R/J(R)
can be lifted to a complete set of orthogonal idempotents of R.

Proof. If R is right (or left) artinian, then, by Proposition 6.3.1 we have that J(R) is
anil ideal of R, so Propositions 7.2.14 and 7.2.15 give the result. a

Lemma 7.2.17. A cyclic R-module M has a projective cover if and only if there is an
idempotent e in R and a right ideal A of R contained in J(R) such that M = eR /e A.
Under these conditions, the natural mapping n : eR — eR/eA composed with the
isomorphism eR /e A =~ M produces a projective cover of M.

Proof. Suppose that M =~ eR/eA, where e is an idempotent of R and A is a right
ideal of R such that A € J(R). Now A C J(R) implies that eA C eJ(R) and since
J(R) is small in R, eJ(R) is small in eR. It follows that eA4 is small in eR. Note also
that eR is a projective R-module since eR is a direct summand of R. The fact that
Kern = eA shows that n : eR — eR/eA =~ M is an R-projective cover of M.

Conversely, suppose that ¢ : P — M is a projective cover of the cyclic R-mod-
ule M. Since M is cyclic, there is an epimorphism f : R — M.If g : R — P is the
completing map for the diagram

R

S

P—2 M 0

given by the projectivity of R, then P = g(R) + Ker¢. But Ker ¢ is small in P, so
g is an epimorphism. Hence, the short exact sequence

O—>Kerg—>R£>P—>0

splits and we have R =~ P @ Kerg. Thus, there is an idempotent e of R such that
eR =~ P. If we identify P with eR under this isomorphism and let B = {b € R |
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@(eb) = 0}, then B is a right ideal of R such that eB = Ker¢. Therefore, eB is
small in eR and eB C eJ(R) € J(R). If welet A = eB, then A C J(R) and
eR/eA =~ M. The fact that n : eR — eR/eA composed with the isomorphism
eR/eA = M produces a projective cover of M is now immediate. |

Corollary 7.2.18. If R is a right artinian ring and f is an idempotent of R/ J(R),
then f(R/J(R)) has a projective cover as an R-module.

Proof. 1f R is right artinian, then J(R) is a nil ideal of R. So if £ is an idempotent of
R/J(R), then f can be lifted to an idempotent e of R. The proposition and the fact
that eR/eJ(R) and f(R/J(R)) are isomorphic R-modules establishes the corollary.

O

We can now show that right (left) artinian rings are semiperfect. We prove the case
for right artinian rings.

Proposition 7.2.19. If R is a right artinian ring, then R is semiperfect.

Proof. If R is right artinian, then R/J(R) is right artinian and Jacobson semisim-
ple and thus R/J(R) is, by Proposition 6.6.2, a semisimple ring. Hence, there is
a complete set { fi}?:l of orthogonal idempotents of R/J(R) such that R/J(R) =
®i-, fi(R/J(R)) and each f;(R/J(R)) is a minimal right ideal of R/J(R). Now
suppose that M is a finitely generated R-module. Then M/MJ(R) is an R/J(R)-
module and so M/ M J(R) is a direct sum @ 5 Sq of simple R/J(R)-submodules of
M/MJ(R). Since M/ M J(R) is finitely generated, the S, are finite in number and
each S is isomorphic to f; (R/J(R)) for some i,1 < i < n. If these isomorphisms
are used to reindex the S, with the corresponding i, 1 < i < n, then Corollary 7.2.18
shows that there is an R-projective cover ¢; : P; — S; and so, by Proposition 7.2.3,
we have an R-projective cover ¢ : @j_; Pi — M/MJ(R) of M/MJ(R), where
¢ = @?:1 @; . Next, consider the commutative diagram

n .
@, P;
¢ (4

M - M/MJ(R) — 0

where n : M — M/MJ(R) is the natural mapping and ¢ is the completing map
given by the R-projectivity of @;_; Pi. Now ¢ is an epimorphism, so M = Im @ +
MJ(R). But Proposition 6.1.12 indicates that MJ(R) is small in M, so ¢ is an
epimorphism. Since Kerp C Ker ¢, Ker ¢ is a small submodule of @;_, P; and we
have that ¢ : @;’:1 P, — M is a projective cover of M. |
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We have seen that local rings and right (left) artinian rings are semiperfect. Our
goal now is to give conditions that will characterize semiperfect rings. We begin with
the following proposition.

Proposition 7.2.20. The following statements about a nonzero projective R-module
P are equivalent.

(1) P is a projective cover of a simple R-module.
(2) PJ(R) is a small, maximal submodule of P.
(3) Endg(P) is a local ring.

Moreover, if o : P — S is a projective cover of a simple R-module S, then P = eR
for some idempotent e of R.

Proof. (1) = (2). Suppose that ¢ : P — S is a projective cover of the simple
R-module S. Then Ker ¢ is a small, maximal submodule of P. Now by Proposi-
tion 7.2.4, Rad(P) = PJ(R), so PJ(R) is the intersection of the maximal submod-
ules of P. Hence, PJ(R) € Ker¢. But Corollary 6.1.15 shows that PJ(R) contains
every small submodule of P, so Ker¢ € PJ(R). Thus, Ker¢p = PJ(R).

(2) = (3). If PJ(R) is a small submodule of P, then by Corollary 7.2.6 we
have Endg(P)/J(Endgr(P)) =~ Endg(P/PJ(R)). But since PJ(R) is a maximal
submodule of P, P/PJ(R) is a simple R-module, so Schur’s lemma indicates that
Endg(P/PJ(R)) is a division ring. Thus, Endg(P)/J(Endg(P)) is a division ring
and Proposition 7.2.11 shows that Endg (P) is a local ring.

(3) = (1). Assume that Endg(P) is a local ring. Proposition 7.2.8 indicates that
P has a maximal submodule, say N. We claim that P together with the natural map
n: P — P/N is a projective cover of the simple R-module P/N. This requires
that we show that N is a small submodule of P. Suppose that N’ is a submodule
of P such that N + N’ = P. Then P/N = (N + N)/N = N'/(N N N’). If
n:N"— N’/(N N N’) is the natural map, then, since P is projective,

Homg (P, N') - Homg(P, N'/(N N N')) = 0

is exact. Thus, if /' € Homg(P, N'/(N N N')), then there is a g € Homg(P, N')
such that f = n,(g) = ng. Therefore, if f # 0, thenImg £ N, so it follows from
Corollary 6.1.15 that Im g cannot be a small submodule of P. Proposition 7.2.5 now
shows that g ¢ J(Endg(P)) and, by Proposition 7.2.11, we see that g is a unit in
Endg(P). Hence, P = g(P) € N’,so N’ = P. Thus, N is a small submodule of P
and so we have that (1), (2) and (3) are equivalent.

Finally, if S is a simple R-module and x € S, x # 0, then f : R — S defined
by a + xa is an epimorphism. If ¢ : P — S is a projective cover of S, then the
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diagram

S

5

P25 0
can be completed commutatively by an R-linear mapping g : R — P. But P =
Im g + Ker¢ and Ker ¢ is small in P, so g is an epimorphism. Thus, the sequence

0 — Kerg — R LA SN splits and we have R = Ker g @ P. Hence, there is an
idempotent e € R such that P = eR. m|

Corollary 7.2.21. The following are equivalent for a ring R and an idempotent e
of R.

(1) eR/eJ(R) is a simple R-module.

(2) eJ(R) is a unique maximal submodule of eR.

(3) eRe is a local ring.
Proof. Left to the reader. Note that Endg (e R) and eRe are isomorphic rings. |

Clearly, if we replace eR and eJ(R) by Re and J(R)e, respectively, in (1) and (2)
of Corollary 7.2.21, then the “new” (1) and (2) are each equivalent to (3).

Proposition 7.2.22. If I is an ideal of R such that I C J(R), then the following are
equivalent.

(1) Idempotents of R/ 1 lift to R.
(2) Every direct summand of the R-module R /I has an R-projective cover.

(3) Every complete set of orthogonal idempotents of R/ 1 lifts to a complete set of
orthogonal idempotents of R.

Proof. (1) = (2). Let A be aright ideal of R containing I such that A/ is a direct
summand of the R-module R//. Then A/ is a direct summand of R/[ asan R/I-
module. Such an R/I-summand of R/ is generated by an idempotent f € R/I
which, by (1), can be lifted to an idempotent e of R. Since eR/el =~ f(R/I) =
A/I, we can apply Lemma 7.2.17 to obtain the result.

(2) = (3). Let {f1, f2..... fn} be a complete set of orthogonal idempotents of
R/I. Then

R/I=fi(R/D)® f(R/I)® & fu(R/])

and since I € J(R), Proposition 6.1.12 shows that / is small in R. Hence, the natural
map 77 : R — R/I is an R-projective cover of R/I. By assumption each cyclic R-
module f;(R/I) has an R-projective cover ¢; : P; — fi(R/I). It follows from
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Proposition 7.2.15 and Lemma 7.2.17 that there is a complete set {e1, ez, ..., e} of
orthogonal idempotents of R suchthat R = e R® e RS+ -+ ey R withe; R =~
P; fori = 1,2,...,n. Furthermore, for each i, (¢; + I)R/I = n(e;R) = fi(R/I),
so it follows that e; lifts f_, toRfori =1,2,...,n.

(3) = (1). If f is an idempotent of R/, then { f, lr/1 — £} is a complete set of
orthogonal idempotents of R/ which lifts to a complete set {e¢, 1 g — e} of R. Thus,
e lifts / to R modulo I. O

Remark. If P is a projective module such that Homg (P, S) # 0 for every simple
R-module S, then P generates Modg. To show that P generates Modg, it suffices to
show that P generates R. Let T = ), f(P), where A = Homg(P, R). If T # R,
then there is a maximal right ideal mt of R that contains 7 and Hompg (P, R/m) # 0.
If f € Homg(P, R/m) is nonzero, then the projectivity of P produces a nonzero
R-linear map g : P — R such that f = ng, where n : R — R/m is the canonical
map. ButlImg € 7 € mand so f = ng = 0, a contradiction. Thus, T = R, so P
generates R.

Finally, we are in a position to prove several equivalent conditions, due to Bass [51],
that are necessary and sufficient for a ring to be semiperfect.

Proposition 7.2.23 (Bass). The following are equivalent for a ring R.
(1) R is semiperfect.
(2) R/J(R) is semisimple and idempotents of R/J(R) can be lifted to R.
(3) R has a complete set{ey, ea, ..., ey} of orthogonal idempotents such that e; Re;
is alocal ring fori = 1,2,...,n.

(4) Every simple R-module has a projective cover.

Proof. (1) = (2). If (1) holds, then every finitely generated R-module has a projec-
tive cover. In particular, every direct summand of R/J(R) has an R-projective cover,
0 by Proposition 7.2.22, idempotents of R/J(R) lift to R. We claim that R/J(R) is
a semisimple ring. Suppose that A is a right ideal of R such that J(R) € A. Since
the cyclic R-module R/A has a projective cover, we see by Lemma 7.2.17 that there
is a right ideal B of R such that B € J(R) and an idempotent e of R such that
R/A = eR/eB. But then eB C eJ(R), so (eR/eB)J(R) = (R/A)J(R) = 0.
Hence, eJ(R) = (eR)J(R) C eB and so eB = eJ(R). Therefore, R/A =
(e + J(R))R/J(R) is a projective R/J(R)-module. Consequently, the short exact
sequence

0 A/J(R) = R/J(R) — R/A — 0

splits which shows that A/J(R) is a direct summand of R/J(R). Thus, R/J(R) is
a semisimple ring.
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(2) = (3). If R/J(R) is a semisimple ring, then R/J(R) = P;_, fi(R/J(R)),
where {f1. f2..... fx} is a complete set of orthogonal idempotents of R/J(R),
and each f;(R/J(R)) is a simple R/J(R)-module. Since idempotents of R/J(R)
can be lifted to R, it follows from Proposition 7.2.15 that the set of idempotents
{f1. f2. ..., fn} canbe lifted to a complete set {e;, ex, . .., e, } of orthogonal idempo-
tents of R. Also each f;(R/J(R)) is a simple R /J(R)-module, so each f;(R/J(R))
is a simple R-module. But for each i, ¢; R/e; J(R) = f;(R/J(R)), so the fact that
each e; Re; is a local ring is a consequence of Corollary 7.2.21.

(3) = (4). If (3) holds, then Corollary 7.2.21 indicates that each e; R/e; J(R) is
a simple R-module. Furthermore, since

R/J(R) = e1R/e1J(R) @ e2R/e2J(R) @ --- D enR/en J(R),

each simple R-module is isomorphic to one of the R-simple summands of R/J(R).
Lemma 7.2.17 now shows that each simple R-module has an R-projective cover.

(4) = (1). Since the isomorphism classes of simple R-modules form a set, we
can choose a set & of representatives of simple R-modules, exactly one from each
isomorphism class. Next, for each S € §, choose one and only one projective cover
P(S) — S of S. If 2 is this set of projective covers, then & generates every simple
R-module S’, so P = @4 P(S) is such that Homg(P, S") # 0 for every sim-
ple R-module S’. The preceding Remark shows that P is a projective generator for
Modpg and since & generates P, & generates Modg. Thus, if M is a finitely gen-
erated R-module, then there is a finite set { Py, P>, ..., P,} of modules in # and an
epimorphism

9:0=P1®P& &P~ M
But ¢(QJ(R)) = MJ(R) and it follows that we have an induced epimorphism
P1/P1J(R)® P2/ P2J(R) ® -+ ® Py/PnJ(R) — M/MJ(R).

Using Proposition 7.2.20, we see that each P;/P;J(R) is a simple R-module,
so M/MJ(R) is a direct sum of simple R-modules. Hence, by Proposition 7.2.3,
M/MJ(R) has a projective cover ¢ : P —> M/MJ(R). If n: M — M/MJ(R) is
the natural mapping and f : P — M is such that n f = ¢, then M = Im f+ Ker 7.
But Proposition 6.1.12 indicates that Ker 7 is small in M and so f is an epimorphism.
Moreover, Ker f € Kerg, so f : P — M is a projective cover of M and we have
that R is semiperfect. m]

Perfect Rings

We have seen that local and right artinian rings are semiperfect and Proposition 7.2.23
shows that a ring R is semiperfect if and only if R/J(R) is semisimple and idempo-
tents of R/J(R) can be lifted to R. Thus, a semiperfect ring is left-right symmetric, so
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every finitely generated R-module has a projective cover if and only if every finitely
generated left R-module has a projective cover. We will now characterize the right
perfect rings of Bass [51], the rings over which every R-module has a projective cover.
The description of right perfect rings begins with the following lemma.

Lemma 7.2.24. Letay,as, ... be a sequence of elements of R. If F is a free R-mod-
ule with basis {x;}n, let yi = x; — xjy1a; for eachi € N. If M is the submodule
of F generated by {y;}N, then

(1) M is a free R-module with basis {yn}N and
2) M = F if and only if for each k € N, there is an integer n > k such that

ananp—1---ay = 0.

Proof. (1) Since {y; }n generates M, we need only show that {y; }y is a set of linearly
independent elements of M. Let yg, Yx+1. ..., Yn be a finite set of the y; and suppose
that by, bg+1,...,bn € R are such that

kb + Yiy1bk41 + -+ yubp = 0.

Then

Yibk + Yk41bkt1 + -+ Yubn = (X — Xpy1ax)bg + (X1 — X420k +1)br 41
+ -+ (xn - xn-l—lan)bn
= Xibk + X 41(bg41 —axbg) + -+

+ Xp(by — an—1bp—1) — Xn1anby

gives by = by —agby = -+ = by —ap—1byp—1 = ayb, = 0. But this implies that
by = bg41 = -+ = by, = 0 and so the y; are linearly independent.

(2)If M = F,then x; € M foreachk € N, so we can write x; = y1b1+ y2b2 +
.-+ + ynby for some integer n > 1. But then, as in the proof of (1),

Xi = x1b1 + x2(ba —a1by) + -+ + xg—1(bg—1 — ag—2br—2)
+ X (bg — ag—1bk—1) + X1 (bp+1 — arbi)
+ -+ xn(bn - an—lbn—l) - xn+1anbn~

Hence, by = by = -+ = by—y = 0, b = 1 and by —arby = -+ = by —
an—1bp—1 = apb, = 0. Butby = 1l and by —apby = -+ = by —ap—1byp—1 =
anb, = 0 show that aya,—1---ay =0andn > k.

Conversely, suppose that for each k € N, there is an integer n > k such that
anan—1---ar = 0. Let k € N and suppose that n > k is such an integer. Now
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Vi = Xj — Xj4+14i,80 X; = y; + Xj4+14a;, for eachi € N. Hence, we see that

Xk = Yk + Xk410k
= Yk + (Vi1 + Xk+2ak+1)ak
= Yk + Yk+14k + Xg+2(ak+14k)
= Yk + Yi+1ak + (V42 + Xk+30k+2)ak+1ak

= Yk + Vk+1ak + Yi+2(@x+1ak) + Xk 3@k 420k +10k)

= Yk + Yk+1ak + -+ yn(an—1an—2---ar) + Xn41(anan—1---ag).
Butanan—1---ar = 0,s0 xp € M. Therefore, M = F. O

The necessary and sufficient condition for M = F in (2) of Lemma 7.2.24 leads to
the following definition.

Definition 7.2.25. A subset K of R is said to be right T-nilpotent (T for transfinite) if
for each sequence ay,as, as, ... of elements of K, a, ---aza; = 0 for some integer
n € N and left T-nilpotent if ayas - --a, = 0 for some n € N.

Note that if a right ideal A of R is left or right T-nilpotent, then it is nil. Indeed, if
a € A,thena,a,a,...is asequence in A, so a” = 0 for some n € N.

Lemma 7.2.26. If A is a right ideal of R, then the following are equivalent.
(1) A is right T-nilpotent.
(2) MA ~>M for every nonzero R-module M .
(3) MA is a small submodule of M for every nonzero R-module M .
(4) FA is a small submodule of every countably generated free R-module F.

Proof. (1) = (2). f MA = M # 0, then A € ann,(M), so there is at least
one a; € A such that Ma; # 0. Next, let n € N and assume that we can find
ai,asz,...,a, € Asuchthat Mayan—1---a; # 0.1fay,as,...,a, € Aissuchase-
quence, then M Aaya,—1---a; = Maya,—1---a; # 0. Hence, there are ay, as, .. .,
an,an+1 € A such that Ma,y1a,---a; # 0. Consequently, induction shows that
there is a sequence ay, ds, ... of elements of A such that Maya,—,---a; # 0 for
each n € N. So for this sequence we clearly have a,a,—1 ---a; # 0 foreachn € N,
so A cannot be right T-nilpotent. Hence, if A is right T-nilpotent, then M A ~>M.

(2) = (3). If N is a proper submodule of M # 0, then M/N # 0. From (2) we
have (M/N)A # M/N.But(M/N)A = (MA+N)/N,so(MA+N)/N # M/N.
Hence, MA + N # M. Therefore, for every proper submodule N of M, we have
MA+ N # M. Thus, M A is a small submodule of M.
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(3) = (4). Obvious.

(4) = (1). Let F be a free R-module with basis {x; }iy and suppose thatay, as, ...
is a sequence in A. Then by (1) of Lemma 7.2.24 we have that {x; — x;+14a;}N is
a basis for M = ) n(x; —x;+1a;)R. If x € F, then x = )y x;b;, where each
b; isin R and b; = 0 for almost all i. Thus, we have x = ) (x; — x;j+1ai)b; +
Y N Xi+1(aibj) € M + FA,so M + FA = F. But we are assuming that FA is
a small submodule of F, so it must be the case that M = F. Lemma 7.2.24 now
shows that A is right T-nilpotent. a

Definition 7.2.27. A ring R is said to be a right perfect ring, if every R-module has
a projective cover. Left perfect rings are defined similarly. A ring that is left and right
perfect is referred to as a perfect ring.

Bass [51] has given the following characterization of rings over which every module
has a projective cover.

Proposition 7.2.28 (Bass). The following are equivalent for a ring R.
(1) R is aright perfect ring.

(2) R/J(R) is semisimple and every nonzero R-module contains a maximal sub-
module.

(3) R/J(R) is semisimple and J(R) is right T-nilpotent.

Proof. (1) = (2). If R is right perfect, then R is semiperfect, so R/J(R) is a semi-
simple ring. If M is a nonzero R-module, then M has a projective cover ¢ : P — M.
Since P is projective, it follows from Proposition 7.2.8 that P has a maximal sub-
module, say N. Also Ker¢ is small in P, so it must be the case that Ker¢p C
Rad(P) € N. Hence, N/ Ker ¢ is a maximal submodule of P/ Kerp =~ M.

(2) = (3). If M is anonzero R-module and N is a maximal submodule of M, then
M/ N is a simple R-module. Since (M/N)J(R) = 0, we have MJ(R) C N ~»M.
Hence, Lemma 7.2.26 indicates that J(R) is right T-nilpotent.

(3) = (1). Since J(R) is right T-nilpotent, J(R) is a nil ideal of R, so Propo-
sition 7.2.14 shows that idempotents of R/J(R) can be lifted to R. Thus, (2) of
Proposition 7.2.23 shows that R is a semiperfect ring and (4) of Proposition 7.2.23
indicates that every simple R-module has a projective cover. Next, suppose that M
is a nonzero R-module. Since R/J(R) is semisimple, M/MJ(R) is a semisimple
R/J(R)-module and, as a consequence, is a direct sum of simple R/J(R)-modules.
Let M/MJ(R) = @A Sa. where each Sy is a simple R/J(R)-module. Since each
S¢ is also a simple R-module, it follows from Lemma 7.2.17 that, for each o € A,
there is an idempotent e, of R such that eqR/eqJ(R) = So. If P = @D, eaR,
then P/PJ(R) = @PpeaR/eaJ(R) = M/MJ(R) and we have an epimorphism
f: P — M/MJ(R) with kernel PJ(R). Now (3) of Proposition 7.2.26 shows that
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PJ(R) is small in P and that MJ(R) is small in M. Thus, if ¢ : P — M completes
the diagram

P
¢ f

M - M/MJ(R) — 0

commutatively, then Im¢p + MJ(R) = M which shows that ¢ is an epimorphism.
Since Ker¢p C Ker f = PJ(R), we see that ¢ : P — M is a projective cover of M.
Hence, every R-module has a projective cover, so R is a right perfect ring. ]

There are additional conditions that describe right perfect rings. The proof of the
following proposition can be found in [51].

Proposition 7.2.29 (Bass). The following are equivalent for a ring R.
(1) R is aright perfect ring.
(2) R satisfies the descending chain condition on principal left ideals.
(3) Every flat R-module is projective.

(4) R contains no infinite set of orthogonal idempotents and every nonzero left R-
module contains a simple submodule.

We saw in Examples 1 and 2 of Section 5.3 that every projective module is flat but
that there are rings over which a flat module need not be projective. When R is right
perfect the preceding proposition points out that the class of projective R-modules
and the class of flat R-modules coincide.

Remark. Bonah has shown in [62] that if R satisfies the descending chain condition
on principal left ideals, that is, if R is right perfect, then R satisfies the ascending chain
condition on principal right ideals. However, the ring Z shows that the converse fails.
Thus, these two conditions are not equivalent. Furthermore, Bjork proved in [53] that
aring R is right perfect if and only if R satisfies the descending chain condition on
finitely generated left ideals.

Problem Set 7.2

1. Prove that a (not necessarily commutative) local ring is semiperfect. [Hint:
Similar to Example 2.]

2. Let R be any ring.
(a) Prove that J(R[[X]]) consists of all power series with constant term in J(R).
[Hint: If A = Pre, XK R, then A is a right ideal of R and R[[X]]/A =~ R via
@]20:0 Xkak + A+ agp.]
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(b) If R is a local ring, prove that R[[X]]/J(R[[X]]) = R/J(R). [Hint: Con-
sider Y 20, Xkay + J(R[[X]]) = a0+ J(R).] Conclude that R[[X]] is a local
ring.

. Establish the isomorphism eR /eJ (R) 2= f(R/J(R)) of the proof of Corollary

7.2.18.
Prove Corollary 7.2.21.

. A nonzero idempotent e of R is said to be a primitive idempotent if e cannot be

written as e = f + g, where f and g are nonzero orthogonal idempotents of R.
An idempotent e of R is a local idempotent if eRe is a local ring.

(a) Show that a nonzero idempotent e in R is primitive if and only if the only
idempotents in the ring eRe are 0 and e.

(b) Suppose that idempotents in R/ can be lifted to R, where I € J(R). If e
is a primitive idempotent of R, prove that e + [ is primitive in R/1.

(c) If e is a local idempotent of R, prove that e is primitive. [Hint: Suppose that
e = f + g, where f and g are orthogonal idempotents of R and show that f
and g are in the local ring eRe.]

(d) Prove that an idempotent e of R is primitive if and only eR is an indecom-
posable right ideal of R. [Hint: If e = f + g, where f and g are orthogonal
idempotents of R, then eR = fR & gR.] Conclude by symmetry that e is
primitive if and only if Re is an indecomposable left ideal of R.

(e) Show by example that a primitive idempotent need not be local.

(f) If e is a primitive idempotent in a regular ring, prove that eRe is a division
ring.

. (a) Let I be an ideal of R and suppose that M isan R/I-module. Ifp : P — M

is a projective cover of M as an R-module, show that ¢ : P/PI — M is
a projective cover of M as an R/[-module, where ¢ is the induced map. [Hint:
Exercise 1 in Problem Set 6.1.]

(b) If R is a right perfect ring and [ is an ideal of R, prove that the ring R/ is
also right perfect.

If P is a projective R-module, prove that P/PJ(R) has a projective cover if
and only if PJ(R) is a small submodule of P.

If M and N are R-modules, then we will say that N covers M if there is an
epimorphism f : N — M. Let M be an R-module that has a projective cover
¢ : P — M. Prove that every projective R-module Q that covers M also
covers P and that P is isomorphic to a direct summand of Q. Note that this is
the dual of (a) of Exercise 1 in Problem Set 7.1. [Hint: If /' : Q — M is acover
of M and g : Q — P issuchthat pg = f, show that P = Im g + Ker¢.]
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9.

10.

11.

12.

13.

Prove that a finite ring direct product of semiperfect rings is a semiperfect ring.

Show that the following are equivalent for a right ideal A of R.

(a) A is right T-nilpotent.

(b) For any left R-module N, ann® (4) = 0 implies that N = 0.

(c) For any R-module M, it MA = M, then M = 0.

(d) If N is a submodule of an R-module M and MA+ N = M,then N = M.

[(a) = (b), Hint: Assume that annY (4) = 0Oand N # 0. If x € N, x # 0,
then there is an a; € A be such that a;x # 0. Next, let ap € A be such that
azaix # 0 and so forth.]

[() = (c), Hint: Assume that M # 0 and let B = ann, (M), then B ~>R is an
ideal. If N = R/B, then annév (A) = (B : A)/B. Now show that MA # M .]

[(c) = (a),Hint: Letay, az,as, ... be asequence of element of A and suppose
that FF = @;’il R; is a free R-module with basis {x;}{2,, where R; = R
for each i. Let S be the submodule of F generated by elements of the form
Xn — Xpt1dp+1 forn =0,1,2,... If M = F/S,then X,;, = Xp+1an+1 in M
gives MA = M and so, by assumption, M = 0. Hence, F = §. This means
that we can write xg = (xg—x1a1)b1 + (x1—x2a2)by+- -+ (xpn—1—Xxnan)by.
Compare coefficients of xg, x1,...,X, on the right of this equation with the
coefficients of xg, X1, ..., X, on the left and show that a,a,—1 ---aza; = 0.]

Conclude that the concept of right T-nilpotent extends the ideas presented in
Nakayama’s lemma to arbitrary modules.

Let f : M — N be an epimorphism with small kernel. Prove that ¢ : P — M
is a projective cover of M if and only if ¢ f : P — N is a projective cover
of N.

Prove that a ring R is semiperfect if and only if R has a complete set {e, ez,
...,en} of orthogonal idempotents such that e; Re; is a local ring for i =
1,2,...,n.

Let X be a class of R-modules that satisfies the following three conditions.

(i) X is closed under isomorphisms: If X € X and X’ =~ X, then X’ € X.

(i) X is closed under finite direct sums: If {X; }7_, is a family of modules in X,
then P7_; Xi € X.

(iii) X is closed under direct summands: If X € X and X' is a direct summand
of X, then X' € X.

For an R-module M, an X -cover of M is an X € X together with an R-linear
mapping ¢ : X — M such that the following two conditions are satisfied.
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14.

(1) For any R-linear mapping ¢’ : X’ — M with X’ € X, the diagram

can be completed commutatively by an R-linear mapping f : X' — X.

(2) The diagram
X

%

>

can be completed commutatively only by automorphisms of X .

If ¢ : X — M satisfies (1) but maybe not (2), then ¢ : X — M is said to be
an X-precover of M. Additional information on X -(pre)covers can be found
in [12] and [46].

(a) If an R-module M has an X-cover ¢ : X — M, prove that X is unique up
to isomorphism.

(b) Suppose that M has an X-cover ¢ : X — M. Prove thatif ¢’ : X' — X is
any X-precover of M, then X is isomorphic to a direct summand of X’.

(c) If every R-module M has an X-cover ¢ : X — M, show that for every
such X -cover the mapping ¢ is a surjection if and only if X contains all the
projective R-modules.

[Hint: The definition of an X-(pre)cover and (a), (b) and (c) are dual to the
definition of an X -(pre)envelope and the exercises of Exercise 7 in Problem
Set 7.1.]

Let & be the class of projective R-modules and note that & satisfies conditions
(i), (ii) and (iii) given in Exercise 13 for a class of R-modules. Prove that the
following are equivalent.

(a) M has a P-cover ¢ : P — M, where #-cover is defined as in Exercise 13.
(b) M has a projective cover ¢ : P(M) — M in the sense of Definition 7.2.1.
[Hint: This is the dual of Exercise 8 in Problem Set 7.1.]
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7.3 Quasi-Injective Envelopes and Quasi-Projective Covers

In this section we investigate quasi-injective envelopes and quasi-injective covers.
We will see that every module has a quasi-injective envelope that is unique up to iso-
morphism. As in the case of projective covers, a module may fail to have a quasi-pro-
jective cover. However, we will show that every module will have a quasi-projective
cover if and only if every module has a projective cover, that is, if and only if the ring
is right perfect.

Quasi-Injective Envelopes

Definition 7.3.1. If M is an R-module and f : M — N is a monomorphism, where
N is a quasi-injective R-module, then f : M — N is said to be a quasi-injective
extension of M. A quasi-injective extension ¢ : M — E4(M) of M is a quasi-
injective envelope of M if whenever f : M — N is a quasi-injective extension
of M, there is a monomorphism g : E,(M) — N such that the diagram

Eq(M)

is commutative. To simplify notation, a quasi-injective envelope will often be denoted
by ¢ : M — E,. We say that a quasi-injective envelope ¢ : M — E; of M is unique
up to isomorphism if whenever ¢’ : M — E (’1 is another quasi-injective envelope
of M, there is an isomorphism g : E; — E; such that g = ¢'.

Since M C E(M), every module is contained in a quasi-injective module. How-
ever, Johnson and Wong were able to show in [61] that there is a smallest quasi-
injective submodule of £ (M) that contains M.

Proposition 7.3.2. If M is an R-module and H = Endg(E(M)), then:
(1) HM is a submodule of E(M) containing M and HM is quasi-injective.

(2) HM is the intersection of the quasi-injective submodules of E(M) that con-
tain M .

(3) M = HM ifand only if M is quasi-injective.

Proof. (1) It follows easily that HM is a submodule of E(M) and M C HM since
M C E(M)and M = idg(M) € HM. If N is a submodule of HM and
f : N - HM is R-linear, then f extendstoa g € H. Butthen g(HM) C HM,
soifg = glgm.theng: HM — HM and g|y = f. Thus, HM is quasi-injective.
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(2) Let Q be a quasi-injective submodule of E(M) that contains M. We claim
that HM C Q. Let f € H. Then Qs = {x € Q | f(x) € Q} is a submodule
of 0,50 g : Qs — Q defined by g(x) = f(x) is an R-linear map. But Q is quasi-
injective, so g extends to an R-linear mapping & : Q9 — Q. Using the injectivity
of E(M), h can be extended to an h € H. If Or # Q, then (h— f)(Q) # 0
and, since M € Q C E(M) implies that Q is an essential submodule of E(M),
ON(h—£)(Q) #0.Lety € QN(h—f)(Q), y # 0, and suppose that x € Q is such
that (h— f)(x) = y. Then h(x)— f(x) € Q. Buth agrees with h on Q and h(x) € Q,
so it follows that f(x) € Q. Therefore, h(x) = f(x), so y = 0, a contradiction that
gives Oy = Q. Hence, f(Q) € Q. Also M C Q,so HM < HQ < Q.
Hence, if { Oy} is the family of quasi-injective submodules of £ (M) each of which
contains M, we see that HM C () A Qa. Moreover, (1) shows that HM is one of
the Qq, so we have (|, Qo © HM. Thus, HM = (A Q.

Parts (1) and (2) clearly give (3). a

Corollary 7.3.3. HM is the smallest quasi-injective submodule of E(M) that con-
tains M. Furthermore, HM is an essential extension of M.

Because of the minimality of HM in E(M), HM together with the canonical
embedding i : M — HM is a candidate for a quasi-injective envelope of M. To
establish that i : M — HM actually is a quasi-injective envelope, we need to show
thati : M — HM satisfies the requirements of Definition 7.3.1.

If N is a submodule of M, then we call N closed in M if N has no proper essential
extensions in M.

Lemma 7.3.4. Let M be a quasi-injective R-module and suppose that N is a closed
submodule of M. If L is a submodule of M, then any R-linear mapping f : L — N
can be extended to an R-linear mapping g : M — N.

Proof. If &8 is the family { f’ : L’ — N} of all R-linear mappings, where M D L’ D
L and f’|; = f, then an application of Zorn’s lemma shows that § has a maximal
element. Let f : L — N be a maximal element of §. Since M is quasi-injective,
f can be extended to a map g € Endg(M). Suppose that g(M) € N and let N, be
a complement of N in M. Then since N is closed in M, N is a complement of N,.
Since g(M) + N 2 N, we have (g(M) + N) N N¢ # 0. Let

x=y+ze(gM)+N)NN,, wherex#0, yecg(M)andz € N.
If y e N,thenx € N N N, = 0, acontradiction. Therefore, y ¢ Nandy = x—z €

Ne®N. It X ={w e M | g(w) € No ® N}, then X is a submodule of M that
contains L. If w € M is such that g(w) = y,then w € X,but w ¢ L since y ¢ N.
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Consequently, if 7 : No @ N — N is the canonical projection, then 7g : X — N is
a proper extension of f : L — N. Therefore, the assumption that g(M) € N gives
a contradiction, so g(M) € N and the proof is complete. |

Proposition 7.3.5. If M is a quasi-injective R-module and N is a submodule of M,
then M contains a maximal essential extension of N that is quasi-injective and a di-
rect summand of M .

Proof. Let § be the collection of submodules of M that are essential extensions of N .
Then & # @ and an easy application of Zorn’s lemma shows that § has a maximal
element, say N. Clearly N is closed in M and, due to Lemma 7.3.4, the identity map
idy - N e N can be extended to a mapping f : M — N such that fi = id37,
where i : N — M is the canonical injection. Thus, i is a splitting map for f, so it
follows that M = N @ Ker f. Hence, by Proposition 5.4.4, N is quasi-injective. [

Corollary 7.3.6. If ¢ : M — E, is a quasi-injective envelope of M, then (M) is
an essential submodule of Eg.

Proof. Suppose that ¢ : M — E is a quasi-injective envelope of M. Then by the
preceding proposition, there is a quasi-injective extension M of ¢(M) contained in
E, that is a maximal essential extension of ¢(M). Since ¢ : M — E, is a quasi-
injective envelope, it follows from Lemma 7.3.4 that there is a monomorphism g :
E4 — M such that gp = f, where f : M — M is such that f(x) = ¢(x). If X is
a submodule of E4 and 9(M) N X = 0, then gp(M) N g(X) = glp(M) N X) = 0.
But o(M) = f(M) = gp(M), so (M) N g(X) = 0in M. Thus, g(X) = 0 and
this gives X = 0. O

Proposition 7.3.7. Every R-module has a quasi-injective envelope ¢ : M — E, that
is unique up to isomorphism.

Proof. Suppose that f : M — N is a quasi-injective extension of M and let H* =
Endgr(E(N)). Then H*N = N and if H = Endgr(E(M)),theni : M — HM is
a quasi-injective essential extension of M. Thus, f can be extended to a monomorph-
ism g : HM — E(N) such that the diagram
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is commutative. Now g(H M) is quasi-injective, so it follows that H*g(HM) C
g(HM)andso H*X C X,where X = NNg(HM). Therefore, X is quasi-injective
and g~1(X) is a quasi-injective extension of M contained in HM . But HM is the
smallest quasi-injective extension of M contained in E(M), so g~ (X)) = HM.
Thus, g(HM) = X C N, so the diagram

0 M HM

S

N

is commutative and g is an injection. Therefore, i : M — HM is a quasi-injective
envelope of M. Uniqueness up to isomorphism of quasi-injective envelopes now
follows easily. a

Quasi-Projective Covers

Definition 7.3.8. A quasi-projective module P, (M) together with an epimorphism
¢ : Pg(M) — M is said to be a quasi-projective cover of M if Ker¢ is small in
P4(M) and if K is a nonzero submodule of Ker ¢, then P,(M)/K is not quasi-
projective. A quasi-projective cover of M will often be denoted simply by ¢ :
P, — M. A quasi-projective cover ¢ : P; — M of M, is said to be unique up
to isomorphism if whenever ¢’ : P(; — M is another quasi-projective cover of M,
there is an isomorphism g : P; — Pé such that ¢’g = @. A submodule N of an
R-module M is said to be stable under endomorphisms of M if f(N) C N for each
f € Endr(M).

The proof of the following proposition is left as an exercise.

Proposition 7.3.9. A quasi-projective cover of an R-module M, if it exists, is unique
up to isomorphism.

Wu and Jans proved in [72] that if a module has a projective cover, then it has
a quasi-projective cover. To establish this result, we need the following two lemmas.

Lemma 7.3.10. If ¢ : P — M is a projective cover of M and Ker ¢ is stable under
endomorphisms of P, then M is quasi-projective.
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Proof. Consider the diagram

P
|o
h M
v

P M_—N—0

where £ is given by the projectivity of P. Since Ker ¢ is stable under endomorphisms
of P, h(Ker¢) C Ker ¢, so there is an induced map h* : P/ Kergp — P/ Kerg. But
P/Kerg = M, so we have a mapping h* : M — M that makes the inner triangle
commute. Thus, M is quasi-projective. |

Lemma 7.3.11. If¢ : P — P /K is a projective cover of the quasi-projective module
P /K, where ¢ is the natural surjection, then K = Ker ¢ is stable under endomorph-
isms of P.

Proof. If f € Endg(P), then f induces an R-linear mapping f* : P/K —
P/(K + f(K)) given by f*(x + K) = f(x) + K + f(K), so consider the di-
agram

P/K
f*

P/K -~ P/(K + f(K)) — 0

where 7 is the natural mapping and S is the map given by the quasi-projectivity of
P /K. This gives a commutative diagram

p—*% pP/K

g

p—% P/K

o

where « is given by the projectivity of P. Now let
X={xeP| f(x)—ax) e K}.

We claim that X = P. Since pa(K) = Bp(K) = 0, we have «(K) C K and o gives
an induced map

a*: P/K — P/(K + f(K))suchthata®(x + K) = a(x) + K + f(K).
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Hence,

(f*—a®)(x+K)= f*(x + K)—a*(x + K)
=nf(x + K) — (a(x) + K + f(K))
=npx + K) — nea(x)
=nf(x + K) — nBe(x)
=nBx + K)—np(x + K)
= 0.

Therefore, f(x) + K + f(K) — (a¢(x) + K + f(K)) = 0 and this gives f(x) —
a(x) € K+ f(K). Now let f(x) —a(x) = k1 + f(kz), where k1,k, € K. Since
a(ky) € a(K) C K, we see that f(x —kz) —a(x — k) = k1 + a(kz) € K. Hence,
x—kyeXandso P = X + K. But K issmallin P so X = P. Hence, if x € K,
then x € X, so f(x) —a(x) € K. Thus, f(x) € K, since a(x) € K. Therefore,
f(K) € K and K is stable under endomorphisms of P. a

Proposition 7.3.12. If an R-module has a projective cover, then it has a quasi-pro-
jective cover.

Proof. Let ¢’ : P — M be a projective cover of M and via Zorn’s lemma choose
X maximal in K = Ker¢’ such that X is stable under endomorphisms of P. If
@ : P/X — M issuchthat ¢(x + X) = ¢’(x), then we claim thatg : P/X — M is
a quasi-projective cover of M. First, note that Ker ¢ = K/X and since K is small in
P, it follows that Ker ¢ is small in P/X. Since X C K, the natural map P — P/X
is a projective cover of P/ X, so since X is stable under endomorphisms of P, Lemma
7.3.10 shows that P/ X is quasi-projective. Finally, if ¥ is such that X € ¥ C K,
then Y/X € K/X and (P/X)/(Y/X) = P/Y. It follows that the natural map
P — P/Y gives aprojective cover of P/Y . Butin this setting, Lemma 7.3.11 shows
that Y is stable under endomorphisms of P. Thus, the maximality of X gives X =Y.
Hence, Y/X = 0 and we have that P/ X is a quasi-projective cover of M. a

In the previous section, rings were characterized over which every module has
a projective cover. It is natural to ask the question, What are the characteristics of
a ring over which every module has a quasi-projective cover? The following proposi-
tion is due to Koehler [65].

Proposition 7.3.13. The following are equivalent for a ring R.
1. R is right perfect.

2. Every R-module has a quasi-projective cover.



Section 7.3 QI-Envelopes and QP-Covers 251

Proof. (1) = (2) is the result of Proposition 7.3.12, so we need only prove (2) = (1).
Assume that every R-module has a quasi-projective cover, let M be an R-module and
let 6 : RM) s M be a free module on M. Ifo: Py — RM & Misa quasi-
projective cover of R™) @ M, then we have a commutative diagram

RWM)

idR(M)

Py %+ RM g p 7L RM) 0

where 71 is the canonical projection and f is the completing map given by the
projectivity of R™) . Since m1¢p f = idgan, if M* = Ker(m1¢), then, since
S is a monomorphism, we can assume that P; = RM) @ M*. If * = ¢|p+,
then ¢* : M* — M is an epimorphism and we claim that ¢* : M* — M is
a projective cover of M. To show this, let N be a submodule of M* such that
Kerg*+N = M*. Then RM) @ (Kerp* + N) = RM) @ M* and Ker ¢* € Kerg
give RM) @ N = RM) g M*. Thus, N = M* and so Ker ¢* is small in M *. Next,
consider the commutative diagram

R(M)
0 0
M* 2 M 0

where 0* is given by the projectivity of R™) and note that 6* is an epimorphism
since Ker ¢* is small in M *. Hence, we have a commutative diagram

RWM) e M*

id

9*

M*

RM g p* T gD 0



252 Chapter 7 Envelopes and Covers

with the map g being given by the quasi-projectivity of RM) @ M* . If g* = n1gi»,
then the inner triangle is commutative and g* is a monomorphism. Therefore, M * is
isomorphic to a direct summand of R™M) andso M* isa projective R-module. Hence,
every R-module has a projective cover, so R is a right perfect ring. a

Problem Set 7.3

1. Let N be a submodule of M and suppose that N, is a complement of N in M.
Show that there is a complement N, = (N.). in M of N, such that N, 2 N.
Show that N.. is a maximal essential extension of N in M. Conclude that if N
is a closed submodule of M and if N, is a complement of N in M, then N is
a complement in M of N,.

2. Prove that an R-module M is quasi-injective if and only if every f €
Hompg (N, M) can be extended to an endomorphism of M for each essential
submodule N of M.

3. If M is an R-module, let A be an ideal of R and set N = anné” (A).
(a) Prove that M is a quasi-injective R-module if and only if N is a quasi-
injective R/A-module.
(b) Prove that if MA = 0, then M is a quasi-injective R-module if and only if
M is a quasi-injective R/A-module.

4. Complete the proof of Proposition 7.3.7 by showing that quasi-injective en-
velopes are unique up to isomorphism.

5. Prove Proposition 7.3.9.

6. (a) If {My}a is a family of R-modules such that @, M is quasi-injective,
prove that each My, is quasi-injective.
(b) Show that the Z-modules QQ and Z ,, are quasi-injective, where p is a prime
number and consider the Z-module M = Q & Z,. Show that the canonical
epimorphism 7 : Z — Z, cannot be extended to a Z-linear mapping Q — Z .
Conclude that the map Z & 0 — Q @ Z, such that (n, 0) — (0, [n]) can not be
extended to a Z-linear map in Endz (M) and therefore that M cannot be quasi-
injective. Thus, a direct sum of quasi-injectives need not be quasi-injective and
so the converse of (a) may not hold.

7. (a) If a quasi-injective R-module M contains a copy of Rg, show that M is
injective.
(b) Prove that if the direct sum of every pair of quasi-injective modules is

quasi-injective, then every quasi-injective module is injective. [Hint: Consider
E(R)y® M.]

8. Show that if direct sums of quasi-injective R-modules are quasi-injective, then
R is right noetherian. Note the converse fails since (b) of Exercise 6 gives
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a direct sum of a pair quasi-injective modules over the noetherian ring Z that is
not quasi-injective.
Note that this Exercise shows that noetherian rings are not characterized by
direct sums of quasi-injective modules being quasi-injective, whereas Proposi-
tion 7.1.6 indicates that this is the case if direct sums of injective modules are
injective.

9. Prove that the following are equivalent.
(a) R is a semisimple ring.
(b) Every R-module is quai-injective.



Chapter 8
Rings and Modules of Quotients

It is well known that if R is an integral domain and R* is the set of nonzero elements
of R, then the relation ~ defined on R X R* by (a,b) ~ (c,d) if and only if ad =
bc is an equivalence relation. If a/b denotes the equivalence class determined by
(a,b) € R x R* and Q is the set of all such equivalence classes, then Q is a field,
called the field of fractions of R, if addition and multiplication are defined on Q by

a ¢ ad+bc g 4c_ac

badT Thd M bdTha
foralla/b,c/d € Q. The additive identity of Q is 0/1 and the multiplicative identity
is 1/1. The mapping ¢ : R — Q defined by a — a/1 is an injective ring homo-
morphism, so R embeds in Q. In particular, if R = Z, then Q = Q, the field of
rational numbers. This procedure for constructing the field of fractions of an integral
domain provides a model for construction of a ring of quotients for a suitable ring
which may not be an integral domain. In fact, there is no need for such a ring to be
commutative.

8.1 Rings of Quotients

The Noncommutative Case

If o : R — Q is the field of fractions of an integral domain, then there are three
properties that are evident from the construction of Q.

1. R*, the set of nonzero elements of R, is closed under multiplication, 1 € R*
and 0 ¢ R*.

2. If b € R*, then ¢(b) has a multiplicative inverse in Q.

3. Every element of Q can be written as ¢(a)@(b) ™! for some a € R and b € R*.

These properties motivate the following definition. The ring R is not assumed to
be commutative and it can have zero divisors.

Definition 8.1.1. A nonempty subset S of R is said to be multiplicatively closed if
st € S whenever s, € S. If § is a multiplicatively closed subset of R, then S is
a multiplicative systemin Rif 1 € S and 0 ¢ S.
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Examples

1. If a € R is not nilpotent, then S = {a" | n = 0,1,2,...} is a multiplicative
system in R.

2. If p is a prime ideal of a commutative ring R and S = R — p, then S is a mul-
tiplicative system. This follows since if a,b € S and ab ¢ S, then ab € p, so
either a € p or b € p, a contradiction. Hence, if a,b € S, thenab € S.

3. A nonzero element of R is said to be a regular element of R if it is not a zero
divisor in R. If R is the set of regular elements of R, then R is a multiplicative
system in R.

Definition 8.1.2. Let S be a multiplicative system in R and suppose that ¢ : R — R’
is a ring homomorphism. Then ¢ is said to be an S-inverting homomorphism if ¢(s)
has a multiplicative inverse in R’ for each s € S. A ring Rg together with a ring
homomorphism ¢ : R — Rgy is said to be a right ring of quotients of R at S provided
that the following three conditions hold.

(1) ¢ is S-inverting.
(2) Every element of Rg is of the form ¢(a)¢@(s)~! for some (a,s) € R x S.
(3) Kero ={a € R|as =0forsomes € S}.

The modifier “right” will now be suppressed so that ring of quotients of R will mean
right ring of quotients of R. A left ring of quotients of R at S is similarly defined.

By assuming that R has a ring of quotients at .S, conditions can be found that will
allow us to construct a ring of quotients of R at §.

Proposition 8.1.3. Let S be a multiplicative system in R. If R has a ring of quotients
¢ : R— Rg at S, then:

(1) Foreach (a,s) € Rx S, thereisa (b,t) € R x S such that at = sb.
(2) If sa =0for(a,s) € R xS, thenthereisat € S such that at = 0.

Proof. (1)If (a,s) € R x S, consider the element ¢(s) " '¢(a) of Rg and let (b, 1) €
R x S be such that ¢(s) " 1p(a) = ¢(b)@(t)~!. Then at — sb € Ker ¢, so there is an
s’ € S such that (at — sb)s’ = 0. This gives a(ts’) = s(bs’) and (bs’,ts’) € R x S.

(2) If sa = 0, then p(s)p(a) = 0, so ¢(a) = 0 since ¢(s) has an inverse in Rg.
Therefore, a € Ker ¢, so there isa ¢ € § such that at = 0. O

Definition 8.1.4. If S is a multiplicative system in a ring R, then S is a right per-
mutable set if (1) of Proposition 8.1.3 holds. If S satisfies condition (2), then S is
said to be right reversible. If S is right permutable and right reversible, then § is
a right denominator set in R. Left permutable, left reversible and left denominator
sets are defined in the obvious way.
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Remark. One method that can be used to distinguish right permutable sets from those
that are left permutable is given by the following.

(1) A right permutable set. If (a,s) € R x S, then there is a (b,t) € R x S
such that at = sb: Write (b, t) on the right of (a,s) as in (a, 5)(b, t). Then the
product of the outside members of the ordered pairs is equal to the product of
the inside members with order maintained in multiplication.

(2) A left permutable set. If (s,a) € S x R, then thereis a (¢, ) € S x R such that
ta = bs. If we write (¢, b)(s, a) and then apply the same procedure as in (1) we
getta = bs.

Lemma 8.1.5. Let S be a right denominator set in R and suppose that the relation
~ is defined on R x S by (a,s) ~ (a’,s') if and only if there are b, b’ € R such that
sb = 5'b’ € S and ab = a’'b’. Then ~ is an equivalence relation on R x S.

Proof. 1tis easy to show that ~ is reflexive and symmetric, so we will only verify that
~ is transitive. Suppose that (a,s) ~ (a’,s’) and (a’,s") ~ (a”,s”). Then there are
b,b',c,c’ € Rsuchthatsb = s'b’ € S,ab =a'b’,s'c = s"c’ € Sanda’c = a’c’.
Now (s’c,s’b’) € R x §, so since S is right permutable, there is an (r,7) € R x S
such that s’ct = s’b’r. Thus, s’(ct —b’r) = 0 and so since S is right reversible, there
isat’ € S such that ctt’ = b'rt’. Hence,

shr = s'b'r =5'ct =s"c’t € S implies that s(brt’) = 5" (c'tt’) € S.

We also have
a(brt’y =a'b'rt’ =d'ctt’ = d"(c'tt),
so (a,s) ~ (a”,s"). O

Notation. If S is a right denominator set in R and ~ is the equivalence relation
defined on R x S as in Lemma 8.1.5, then RS ™! will denote the set of all equivalence
classes a/s determined by the ordered pairs (a,s) € R x S.

If o : R — RS~ !issuchthat a — a/1 for all ¢ € R, then we claim that
¢ : R = RS~ !is aring of quotients of R. Showing that RS~! is a ring in the
following proposition is technical and often quite tedious. For this reason the proof is
sketched. Proofs of the ring properties of RS ! are left to the interested reader.

Proposition 8.1.6. Let S be a multiplicative system in R. Then ¢ : R — RS~ is
a ring of quotients of R at S if and only if S is a right denominator set in R.

Proof. If ¢ : R — RS~ is aring of quotients at S, then Proposition 8.1.3 shows that
S is a right denominator set in R. Conversely, assume that S is a right denominator
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set in R and define addition and multiplication on RS~! by
a/s+ b/t = (au + bc)/su, where (c,u) € R x S is such that su = tc,

and
(a/s)(b/t) = (ac)/(tu), where (c,u) € R x S is such that bu = sc.

These well-defined operations turn RS~! into a ring with additive identity 0/1 and
multiplicative identity 1/1. It is easy to verify that ar/sr = a/s for any r € R such
that s € S. Now let ¢ : R — RS™! be such that ¢(a) = a/1. If a,b € R, then
p(a)p(b) = (a/1)(b/1) = (ac)/u, where (c,u) € R x § is such that bu = lc.
Hence, (ac)/u = (abu)/u = ab/1 = @(ab). Similarly, ¢(a + b) = ¢(a) + ¢(b),
so ¢ is a ring homomorphism which is clearly S-inverting. Moreover, every element
of RS~ is of the form ¢(a)p(s)~!. Finally, @ € Kerg if and only if a/1 = 0/I,
which is true if and only if (a,1) ~ (0, 1). That is, if and only if there are b, b’ € R
such that 1» = 15’ € S and ab = 0b’ = 0. Hence, a € Ker ¢ if and only if there is
ans € S such that as = 0. Thus, ¢ : R — RS~ ! is aring of quotients of R at S. O

Definition 8.1.7. If S is a right denominator setin R and ¢ : R — RS~ ! is aring of
quotients of R at S, then elements a/s of RS™! will be called fractions or quotients
and the ring homomorphism ¢ will be referred to as the canonical ring homomorphism
from R to RS™!. If ¢ : R — RS~ ! is a ring of quotients of R at S, we will often
refer to RS™! as a ring of quotients of R at S with the map ¢ understood.

Remark. The ring of quotients RS™! is called the localization of R at S, even
though RS~! may not be a local ring. This is probably due to the fact that the
construction of RS™! is a generalization of the localization of R at a prime ideal
in a commutative ring which is a local ring. The localization of a commutative ring at
a prime ideal will be discussed later.

Proposition 8.1.8. If S is a right denominator setin R and ¢ : R — RS~ is a ring
of quotients of R at S, then ¢ : R — RS~ has the universal mapping property in the
sense that for every S-inverting ring homomorphism f : R — R’, there is a unique
ring homomorphism g : RS™' — R’ such that the diagram

RS™!

4

R g

N

R/

is commutative.



258 Chapter 8 Rings and Modules of Quotients

Proof. If we define g : RS™! — R’ by g(a/s) = f(a)f(s)~L, then gp(a) =
g(a/1) = f(a)f(1)™' = f(a), so the diagram is commutative. The fact that
g is a ring homomorphism follows directly from the fact that f is a ring homo-
morphism. If g’ : RS™! — R’ is also a ring homomorphism which makes the
diagram commutative, then (g — g’)(¢(a)) = 0 for each a € R. In particular,

(g—¢")(1/1) =(g—g)(e() =0,50g =g’ a

Corollary 8.1.9. If ¢ : R — RS~ is a ring of quotients of R at S, then RS™1 is
unique up to ring isomorphism.

Proof. If we form the category € whose objects are S-inverting ring homomorphisms
f : R — R’ and whose morphism sets

Mor(f :R— R',g: R — R")

are composed of ring homomorphisms 4 : R — R” such that hf = g, then the
proposition shows that ¢ : R — RS~ is an initial object in €. As a consequence,
RS~ is unique up to ring isomorphism. a

If S is a left denominator set in R, then S~! R will denote a left ring of quotients of
R at S with the canonical map ¢ : R — S~!R understood. If S is a left and a right
denominator set in R, then it follows that S™1R =~ RSL.

Examples

4. Ore’s Condition. If R is the set of regular elements of R, then R is clearly
a multiplicatively closed set that is right reversible. If R is right permutable,
then R is said to satisfy the right Ore condition and the ring of quotients RR ™!
of R at R, denoted by Q[,(R), is the classical (right) ring of quotients of R.
In this case, ¢ : R — Q[(R) is an injective ring homomorphism and we may
consider R to be a subring of Q[;(R) by identifying a € R witha/1 in Q[;(R).
If R satisfies the right Ore condition, then R is said to be a right Ore ring.
Left Ore rings are defined similarly. If R is a left and right Ore ring, then R is
simply referred to as an Ore ring. If R is an Ore ring, then one can show that
Qfl(R) =~ Q! (R). Clearly, any commutative ring is an Ore ring. If R is a right
Ore ring without zero divisors, then Q7 (R) is a division ring. In particular,
if R is an integral domain, then Q| (R) is the field of fractions of R. Right (and
left) Ore rings are named in honor of Oystein Ore who discovered the right (left)
permutable condition on &R. Details can be found in [69].

5. If R is a right noetherian ring without zero divisors, then R is a right Ore ring.
Since R is a right reversible, to prove that R is a right Ore ring we need only
show that if (a,s) € R x R, then there is a (b,1) € R x R such that at = sb.



Section 8.1 Rings of Quotients 259

If (0,5) € R x R, then (0,7) € R x R is such that 0t = 50, for any t € R.
Thus, we can assume that a # 0. Consider the ascending chain

SRCSR+asRC---CsR+asR+a*sR+---+a"sRC ---

of right ideals of R. Since R is right noetherian, there is a smallest integer n > 0
such that

SR4+asR+a’sR+---+a"sR = sR+asR+a’*sR+---+a"sR+a"T1sR.

Letrg,r1,...,r, € R be such that

a"tls = sro +asry + a%srp + -+ a"sry.

This gives

n—1

a(sri+asry +---+a"" sry, —a"s) = s(—ro),

so if we can show that
sr1+asry+ -4+ a"lsr, —a"s # 0,
we will be finished for then we can let
b=—ro and t=sry +asry+--+a" Lsr, —a’s.

If
sri+asra+ - +a" lsr, —as =0,
then

a"sR = (sr1 +asry+---+a" 'sr,)R C sR+asR + --- + a" " 'sR
and this leads to a contradiction of the minimality of 7.

One property that holds in RS ™! that is often useful for proving properties of frac-
tions is the following common denominator property.

Lemma 8.1.10 (Common Denominator Property). Let S be a right denominator set
in R. For any integern > 1, if s1,82,...,5, € S, then there exist ay,asz,...,an € R
and s € S such that 1/s; = a;/s fori =1,2,...,n.

Proof. Ifn = 1,leta; = s; ands = sf. Then 1/s1 = sl/sf = ay/s, so the lemma
holds when n = 1. Next, make the hypothesis that if » = k and if s1,52,...,85; €
S, then there exist a1,d2,...,a; € Rand s € S such that 1/s; = a;/s fori =
1,2,...,k. If s1,82,...,5k+1 € S, then, by hypothesis, there are a1, a2, ...,ar € R



260 Chapter 8 Rings and Modules of Quotients

and s € S such that 1/s; = a;/sfori =1,2,...,k. Since (sg+1,5) € R x S, there
isan (r,a; ;) € R x S such that sgyap,, = sr. If welets™ = sgyqa; | = sr,
then s* € S and 1/sg41 = ag,/s*. Now letaj = a;r fori = 1,2,...,k. Then
we also have 1/s; = a;/s = a;r/sr = al’-"/s*, fori = 1,2,...,k, and the lemma
follows by induction. a

Corollary 8.1.11. If S is a right denominator set in R and if ai/s1,az/s2, ...,
ay/sn € RS™Y, then there is an s € S such that

(al/S])S, (a2/s2)sa'--s (an/sn)s € R
and there are b1, bo, ...,b, € R such that
ai/s1+az/szy+ -+ an/sn = (by + b2+ -+ by)/s.

If S is aright denominator set in R, then we need to establish a connection between
the right ideals of R and the right ideals of RS~!. If ¢ : R — RS~ is the canonical
ring homomorphism and A4 is a right ideal of R, then ¢(A4)(RS™!) is a right ideal
of RS~! that will be denoted by A¢ and referred to as the extension of A to RS™!.
Moreover, if A is a right ideal of RS™1, then A¢ = ¢~ 1(A) is aright ideal of R called
the contraction of A to R. (Note the distinction between A€ and A, the complement
of aright ideal A in R.)

Proposition 8.1.12. The following hold for any right denominator set S in R.

(1) If Ais aright ideal of R, then A ={a/s|a € Aands € S}.

(2) If A is a right ideal of R, then A°“ = {a € R | as € A for some s € S}.

(3) If A is a right ideal of RS™!, then A°¢ = A.

(4) Suppose that @ p Aq is a direct sum of right ideals of RS ~1 and suppose that
@l 4 is an injection for each a € A, where ¢ : R — RS~ is the canonical
ring homomorphism. Then @ 5 A, is a direct sum of right ideals of R.

(5) If @A Aq is a direct sum of right ideals of R, then @ o A is a direct sum of
right ideals of RS ™.

(6) If R is right artinian (right noetherian), then so is RS™1.

Proof. We prove (5) and leave the proofs of (1) through (4) and (6) as exercises.
Suppose that @ 5 A is a direct sum of right ideals of R, then by (1) each finite sum
in ) 5 A¢ can be expressed as a1/s1 + az/s2 + --+ + an/sn, where a; € Aq,; and
si € Sfori =1,2,...,n. By Lemma 8.1.10, there are b1, b5, ...,b, € Rands € R
suchthat 1/s; = b;j/sfori = 1,2,...,n. Hence,a;/s; = a;jb;/sfori =1,2,...,n.
From these observations, we have

ar/s1 +az/sy + -+ an/sp = (a1b1 +arby + -+ + anby)/s.
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Therefore, if a1/s1 + az/s2 + -+ + an/sp = 0/1 in RS™!, then it follows that
(a1b1 + azby + -+ ayby)/1 = 0/1in RS™Y. Hence, a1b; + azbs + -+ + a,by,
is in the kernel of the canonical map ¢ : R — RS™!, so there is at € S such that
arbit + azbot + --- + apybyt = (a1b1 + azbs + --- + apby)t = 0in R. Moreover,
aibit € Ay, for each i, so aibit = axbrt = --- = aybyt = 0, since the sum
P A Aq is direct. But this indicates that a;b; € Ker ¢ for each i and so a;b; /1 = 0/1
in RS~ fori = 1,2,...,n. Thus, for each i, we have ai/si = a;bij/s = 0/1 in
RS~! which shows that the sum 5 A% is direct. O

The proof of the following proposition is left to the reader.

Proposition 8.1.13. The following hold for a right denominator set S of regular ele-
ments of R.

(1) If A and B are right ideals of R such that A C B, then A is essential in B if
and only if A€ is essential in B®.

(2) If A and B are right ideals of RS~ such that A C B, then A€ is essential in
B€ if and only if A essential in B.

The Commutative Case

When R is a commutative ring, every multiplicative system in R is a denominator set
and the equivalence relation established in Lemma 8.1.5 takes the form given in (2)
of the following proposition.

Proposition 8.1.14. The following are equivalent for a commutative ring R and a
multiplicative system S in R.

(1) If (a,s),(b,t) € R x S, then there are c,c¢’ € R such that sc = tc’ € S and
ac = bc'.

(2) If (a,s),(b,t) € R x S, then there is au € S such that (at — sb)u = 0.

Proof. (1) = (2). Let (a,s), (b,t) € R x S and suppose that there are ¢, ¢’ € R such
that sc = t¢’ € S and ac = bc¢’. Multiplying the first equation by b and the second
by t gives atc = sbc, so (at —sb)c = 0. If weletu = sc € S, then (at —sb)u = 0.

(2) = (1). Suppose (a,s),(b,t) € R x S and let u € S be such that atu = bsu.
If c = tu and ¢’ = su, then sc = t¢’ and ac = bc’, so we are finished. m|

Corollary 8.1.15. If R is a commutative ring and S is a multiplicative system in R,
then the relation ~ defined on R x S by (a,s) ~ (b,t) if and only if there isau € S
such that (at —sb)u = 0 is an equivalence relation on R x S. Furthermore, ~ yields
the same equivalence classes as the equivalence relation of Lemma 8.1.5 and the
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operations of addition and multiplication defined on RS~ in the proof of Proposi-
tion 8.1.6 become

a/s+ b/t = (at + sb)/st and (a/s)(b/t) = ab/st.

It follows that the lemmas, propositions, corollaries and examples that were given
in the section on noncommutative localization also hold for commutative rings.

Examples

6. If R is acommutative ring and p is a prime ideal of R, then we saw in Example 2
that S = R — p is a multiplicative system in R. In this case, RS™!, denoted
by Ry, is a local ring with unique maximal ideal pS™! = {a/s | a € p,s € S}.

7. If K is a field, then K[X] is an integral domain and K[X]R™! is the field of
rational functions, where R is the multiplicative system of nonzero polynomials
in K[X]. If R is a commutative ring, let R[[X]] be the ring of power series in X
over R. If S = {X" | n = 0,1,2,...}, then S is a multiplicative system in
R[[X]] and R[[X]]S™! is the ring of Laurent power series R[[X]]S~!. Every
element of R[[X]]S~! can be written as

ap + Xai + X?a» + X3az + -
Xn
which, with a change of notation, can be written as

X_na—n+X_n+la—n+l +--+ Xa—1 +ap + Xa; +X2a2+--- ,

where ay € R for each integer k > —n. The ring R[[X]]S ™! is usually denoted
by R[[X, X ~!]]. Note that

ap + Xa; +X2a2—|—X3a3+~~
1

so it follows that R[[X]] is a subring of R[[X, X ~1]].

= ao + Xai + X%az + X3az + -+,

Problem Set 8.1

In the following exercises, S is a right denominator set in R.

1. Letp : R — RS~ be aring of quotients of R at S. Then an element a € R is
said to be S-torsion if there is an s € R such that as = 0.
(a) If #(R) is the set of all S-torsion elements of R, prove that #(R) is a right
ideal of R and note that Ker ¢ = ¢(R). Conclude that ¢ (R) is an ideal of R.
(b) Prove that the induced ring homomorphism ¢ : R/t(R) — RS~!is an
injection.
(¢c)Ifn: R — R = R/t(R) is the canonical surjection, prove that S = 5(S) is
a right denominator set in R and that RS ™! 2~ RS~! as rings.
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2. Prove Corollary 8.1.11.

3. Prove properties (1) through (4) and (6) of Proposition 8.1.12. [(1), Hint: Write
the sum ay/s1 + az/sa +---+ay/spin{a/s € R |a € Aands € S} with
a common denominator.] Note that (3) gives (6).

4. Prove Proposition 8.1.13. [(1), Hint: If A4 is essential in B and a/s is a nonzero
element of B¢, let ar be nonzero in A. For the converse, assume that A€ is
essential in B¢ and let a be a nonzero element of B. Then a(rs~!) = bt~ !is
nonzero for somer € R, b € Aand s,t € S. Now write rs~! and br~1 with
a common denominator. ]

5. Prove that the canonical map ¢ : R — RS™! is an isomorphism if and only if
every element of S is a unit in R.

In the following exercises, R is a commutative ring and S is a multiplicative system
in R. Additional information on localization of commutative rings at a multiplicative
system can be found in [6].

6. Prove Corollary 8.1.15.

7. (a) Suppose 0 is permitted to be an element of S in the construction of RS™!.
Show that if 0 € S, then RS™! = 0.
(b) Suppose that R is a ring without an identity and define a multiplicative sys-
tem S in R to be a multiplicatively closed subset of R such that 0 ¢ S. Prove
that RS~! can be constructed in the same manner as when R has an identity
and 1 € S. Show that under this “new” construction of RS~1, s/s is an identity
for RS™! for any s € S. Observe that this construction of RS~! works even if
R has an identity and 1 ¢ S.
(c) If R has an identity and 1 ¢ S, let S’ = SU{1}. Prove that RS ™! =~ RS'~!
as rings, where RS™! is constructed as in (b) and RS’~! is constructed in the
usual fashion.
(d) Prove that any ring without zero divisors can be embedded in a field even if
the ring fails to have an identity.

8. (a) Let R and R’ be isomorphic rings, both without identities, that are free of
zero divisors. If S and S’ denote the set of nonzero elements of R and R/,
respectively, construct RS~ and R’S’~! as in (b) of Exercise 9. Prove that
RS~ is isomorphic to R’S’~!. Conclude that isomorphic rings that are free
of zero divisors have isomorphic fields of fractions. Show also that RS ™! =
R’S’7Vif R and R’ have identities.

(b) The converse of (a) is false: If S is the set of nonzero elements of Z, let
27 denote the ring of even integers and let 2.5 denote the set of nonzero even
integers. Prove that ZS~12(27)(2S)~! as rings, where (2Z)(25)~! is con-
structed by the method suggested in (b) of Exercise 9. Note that ZS~!= Q,
so we have (2Z)(25)~! = Q. What is the isomorphism (2Z)(2S)~! — Q?
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Conclude that it is possible for the fields of fractions of two rings that are free
of zero divisors to be isomorphic and yet the two rings are not isomorphic.

9. Let R = {a + b/n | a,b € Z}, where n is a square free integer, and de-
fine addition and multiplication on R in the usual way. If S is the set of
nonzero elements of R, form RS™! and prove that RS™! and the quadratic
field Q(n) = {§ + 5+/n | 5,5 € Q} are isomorphic rings. [Hint: Example 10
in Section 1.1.]

8.2 Modules of Quotients

Let S be aright denominator set in aring R. If M is an R-module, then a construction
similar to that developed for the construction of RS ™! can be carried out to establish
a module of quotients of M which, as it turns out, is an RS~ !-module. Of course, any
RS~ !-module can be viewed as an R-module by pullback along the canonical map
from R to RS~! which we now denote by ¢z : R — RS™!. Furthermore, RS ™! is
an (R, R)-bimodule by pullback along ¢ p.

Definition 8.2.1. Let S be a right denominator set in R and suppose that M is an
R-module. An RS~ !-module M S~ is said to be a module of quotients of M at S if
there is an R-linear mapping ¢ : M — M S~! such that

(1) Every element of M S~ can be written as ¢(x)@ g (s) ™!, where (x,s) € M xS,
and
(2) Kerp ={x € M | xs = 0 for some s € S}.
The R-linear mapping ¢ is called the canonical map from M to MS™!.

Lemma 8.2.2. Let S be a right denominator set in R and suppose that M is an R-
module. If the relation ~ is defined on M x S by (x,s) ~ (y,t) if and only if there are
a,a’ € R such that sa = ta’ € S and xa = ya’, then ~ is an equivalence relation
on M x S.

Proof. 1t is straightforward to show that ~ is reflexive and symmetric, so let us show
that ~ is transitive. Suppose that (x,s) ~ (y,¢) and (y,t) ~ (z,u). Then there are
a,a’,b,b’ € R such that sa = ta’ € S,xa = ya’,tb = ub’ € S and yb = zb'.
Now (tb,ta’) € R x S, so since S is right permutable, there is a (r, w) € R x S such
that tbw = ta’r. Thus, t(bw — a’r) = 0 and so since S is right reversible, there is
aw’ € S such that bww’ = a’rw’. Hence,
sar = ta'r = thw = ub’w € S implies that s(arw’) = u(b'ww’) € S.
We also have
x(arw') = ya'rw’ = ybww' = z(b'ww’),

80 (x,8) ~ (z,u). a
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Proposition 8.2.3. If S is a right denominator set in R, then every R-module has
a module of quotients at S.

Proof (sketched). Let ~ be the equivalence relation on M x S of Lemma 8.2.2 and
let MS~! denote the set of all equivalence classes x/s determined by the ordered
pairs (x,s) € M x S. Define addition and the RS~ !-action on M S~! by

x/s 4+ y/t = (xu—+ yc)/su, where (c,u) € R x S is such that su = tc,
and

(x/s)(a/t) = xc/tu, where (c,u) € R x S is such that au = sc.

These well-defined operations turn M S~! into an RS ~!-module with additive iden-
tity 0/1. If ¢ : M — M S~ is such that ¢(x) = x/1, then ¢ is an R-linear mapping
and every element of M S~ is of the form ¢(x)@(s)~' = x/s. Finally, note that
x € Kerg if and only if x/1 = 0/1 and this holds if and only if (x, 1) ~ (0, 1). That
is, if and only if there are b,b’ € R such that 1> = 15’ € S and xb = 0b' = 0.
Hence, x € Kerg if and only if there is an s € S such that xs = 0. Thus, ¢ is
the canonical map from M to MS~! and so M S~ together with ¢ is a module of
quotients of M. m|

We now need the following lemma.

Lemma 8.2.4. If S is a right denominator set in R, then for any R-module M, M @ g
RS™! =~ MS~! as RS~ -modules.

Proof. Consider the diagram

where p((x,a/s)) = x ® a/s and p'((x,a/s)) = xa/s. Then p and p’ are R-ba-
lanced maps, so the definition of a tensor product ensures the existence of a unique
group homomorphism # : M ® g RS™! — M S~! such that h(x ® a/s) = xa/s
forall x ® a/s in M ® g RS™!. Moreover, it follows easily that / is an RS~ !-epi-
morphism. Note that / is also injective for if A(x ® a/s) = 0, then xa/s = 0/1,
so (xa,s) ~ (0,1). Hence, there are b,b’ € R such that xab = 00’ = 0 and
sb =1b" € §. Thus, x ® a/s = x ® ab/sb = xab ® 1/sb = 0, so h is injective.
Therefore, h is an RS~ !-isomorphism. m|
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Proposition 8.2.5. If S is a right denominator set in R and ¢ : M — MS™! is
a module of quotients of M at S, then for every RS~ '-module N and every R-linear
mapping f : M — N, there is a unique RS™-linear mapping g - MS™' — N
such that the diagram

MS!

is commutative.
Proof. Using Proposition 3.4.5, adjoint associativity, we see that
Homgg—1(M ®g RS™', N) = Homg (M, Homgg—1 (RS™1, N)) = Homg (M, N).
Hence, using the lemma immediately above, we have
Hompgg—1(MS™!, N) = Homg(M, N).

Therefore, given an R-linear map f : M — N, there is a corresponding RS ~!-lin-
earmap g : MS™! — N such that if x € M, then g(x/1) = f(x). It follows that
g(xa/s) = g(x/a/s = f(x)a/sforallx/1 € MS~!and a/s € RS™!. Hence, if
x € Mandg: M — MS™!is the canonical map, then gp(x) = g(x/1) = f(x),
so the diagram

MS~!

is commutative.

If g : MS™' — N is also an RS~ !-linear mapping that makes the diagram
commutative, then go(x) = g’¢(x) for each x € M. Thus, g(x/1) = g'(x/1) for
all x € M, so for each s € S we have g(x/1)(1/s) = g’(x/1)(1/s). But g and g’
are RS~ !-linear, so g(x/s) = g’(x/s). Therefore, g = g’ and we have that g is
unique. a

Corollary 8.2.6. The module M S~ is unique up to isomorphism in Mod g s—1.
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Proof. The proposition shows that ¢ : M — M S~ has the universal mapping prop-
erty and a category € can be constructed that has ¢ : M — M S~! as an initial object.
Furthermore, morphisms in € are RS~ !-linear mappings, so M S~ is unique up to
RS~ !-isomorphism. m|

Note that if R is a commutative ring and § is a multiplicative system in R, then the
equivalence relation ~ defined on M x S in Lemma 8.2.2 becomes (x,s) ~ (y,1)
if and only if there is a u € S such that (xt — ys)u = 0. If M S~ is the set of all
equivalence classes of M x S determined by ~, then M S~ is an RS~!-module if
addition and the RS ~!-action are defined on M S~! by

(x/s)+ (y/t) = (xt + ys)/st and (x/s)(a/t) = xa/st

forall x/s,y/t € MS™'anda/t € RS™!.

Problem Set 8.2
In the following exercises, S is a right denominator set in R.

1. (a)If M is aright RS~ !-module, prove that the canonical map ¢ : M — M S~}
is an isomorphism.

(b) If U is also a right denominator set in R and U C S, show that M S™! =
(MUYHS™! = (MS™Y)U~!. Conclude that if M is any R-module, then
MS ' MS™HS ! x (MS™HSHS 1 ...,

(c) If M is an (R, R)-bimodule and if § is also a left denominator set in R, then
is it the case that S™!M =~ MS~1?

2. If M is an R-module, then an element x € M is said to be an S-torsion element
of M if there is an element s € S such that xs = 0.

(a) If 1 (M) denotes the set of all S-torsion elements of M, show that (M) is
a submodule of M.

(b) An R-module M is said to be an S-forsion module if t(M) = M and
an S-torsion free module if t(M) = 0. Show that the R-module M/t(M) is
S-torsion free and that the induced mapping @ : M/t(M) — MS~!is an
R-linear embedding. Conclude that the canonical map ¢ : M — MS~!is
a monomorphism if and only if (M) = 0.

3. Make M S~ ! into an R-module by pullback along the canonical map ¢ g : R —
RS™!. An R-module M is said to be S-injective if for each right ideal A of R
that contains an element of S and for each R-linear mapping f : A — M there
isan x € M such that f(a) = xa for eacha € A. An R-module M is called
S-divisible if for each s € S and each y € M, there is an x € M such that
xs = y, thatis, ift Ms = M for each s € S. Decide which, if any, of the
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following implies the other(s). [Hint: Look at Baer’s criteria, Exercise 2 and
Proposition 5.1.9.]

(a) M is S-torsion free and S-injective.
(b) M is S-torsion free and S-divisible.
()M = MS™!.

. Let R be a ring, let X be a noncommuting indeterminate and let 0 : R — R

be a ring homomorphism. Suppose also that R[[X, o]] is the ring of skew power
series over R. [Hint: Example 2 in Section 1.3.]

(a) Show that R[[X, o]] is noncommutative even if R is commutative.

(b)Ifo : R — Risaring isomorphism, show that S = {X” | n is a nonnegative
integer} is a left and a right denominator set in R[[X, o]].

() If 0 : R — R is a ring isomorphism, describe the rings S~ R[[X, o]]
and R[[X,0]]S™! and show that ST!R[[X,0]] = R[[X.c]]S™'. The ring
R[[X,0]]S™!, often denoted by R[[X, X!, ]], is called the ring of skew Lau-
rent power series over R.

. Let o : R — R be an injective ring homomorphism, where R is an integral

domain. Prove that if R is a right Ore ring, then the skew polynomial ring
R[X, o] is a right Ore ring. [Hint: Example 2 in Section 1.3.]

Let § be a derivation on an integral domain R. Show that the differential poly-
nomial ring R[X, §] is a right Ore ring if and only if R is a right Ore ring. [Hint:
Example 9, Section 1.1.]

Common Denominator Property. If x1/s1,x2/52,...,Xn /Sy are in M S~
show that there are x{, x5,...,X, € M andans € S such that x; /sy +x2/s2 +
vt Xp/sn = (X x5 44 xp) /5.

In the following exercises, R is a commutative ring and S is a multiplicative system

in R.

8. (a) Prove that the equivalence relation ~ defined on M x S in Lemma 8.2.2 is

equivalent to the relation ~ on M x S defined by (x,s) ~ (y,¢) if and only if
there is a u € S such that (xt — ys)u = 0.

(b) Under the conditions of (a) show that the operations defined in Proposi-
tion 8.2.3 become

x/s+y/t = (xt+ ys)/st and (x/s)(a/t) = xa/st.

.@If f : M — N is an R-linear mapping, show that the mapping fS~! :

MS~™! — NS~ !definedby fS~!(x/s) = f(x)/sis an RS~ !-module homo-
morphism.

b)If f: My - M and g : M — M, are R-linear mappings, deduce that
(gf)S7!' =gS7lfS
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10.

11.

12.

13.

14.

() If M - M — M, is exact, show that M1 S~ — MS™! - M,S1is
exact. Conclude thatif 0 - M; —- M — M, — 0 is a short exact sequence
in Modg, then 0 — M;S™! — MS™! — M,S™! — 0is exact in Mod gg—1
and that S~! preserves monomorphisms and epimorphisms.

(d) Prove that S~! : Modr — Mod Rrs—1 is a functor (which (e) shows to be
exact). Show also that if f,g € Homg(M, N), then (f + g)S~! = fS~! +
¢S~ ! so that S~ is an exact additive functor.

(a) If N is a submodule of M, show that NS~! is a submodule of M S~! and
that (M/N)S~! =~ (MS~1)/(NS™1). [Hint: Consider (c) of Exercise 9.]

(b) If N1 and N, are submodules of M, show that (N; + N2)S~! = NS~ +
NS~ ! and that (N; N N2)S™! = NiSTI NN, S—L

(c) Show that if M is a flat R-module, then M S~! is a flat RS~ !-module.
[Hint: Use (a) and Lemma 8.2.4.] Conclude that RS ! is a flat RS~ !-module
as well as a flat R-module.

(a) If I is an ideal of R, prove that IS~! = {a/s | a € I, s € S} is an ideal of
RS

(b) Show that 7 is an ideal of RS~ if and only if there is an ideal / of R such
that /S™! = 7. [Hint: Let ] = RN 1.]

(c) Prove that the function p — pS~! is a bijective function from the prime
ideals of R that are disjoint from S and the prime ideals of RS™!.[Hint: If p is
a prime ideal of RS™!,letp = RN Pp.]

(d) Let p be a prime ideal of R. Show that Ry is a local ring with unique
maximal ideal pS 1.

If p is a prime ideal of R, then the module of quotients M S~! of an R-module
M at § = R —pis often denoted by M,,. With this notation in mind, prove that
the following are equivalent.

(aM =0.

(b) My, = 0 for every prime ideal p of R.

(¢c) My = 0 for every maximal ideal m of R.

[Hint: For (¢) = (a),letx € M, x # 0, and suppose that 1 is a maximal ideal
that contains ann(x). Consider x/1 in My, and show that My, # 0.]

Show that if M and N are R-modules, then (M ®g N)S™' = MS™! @ g1
NSTL

Answer each of the following for an R-module M .

(a) If M is projective, then is M S~ a projective RS~!-module?

(b) If M is free, then is M S™! a free RS~ !-module?

(c) If M is finitely generated, then is M S~ a finitely generated RS ~!-module?
(d) If M is finitely generated, then can it be said that M S~—! = 0 if and only if
there is an s € S such that Ms = 0?

(e) If M is finitely presented, then is M S~! a finitely presented RS ~!-module?
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8.3 Goldie’s Theorem

We now consider rings that have a semisimple classical ring of quotients.

Definition 8.3.1. An R-module M is said to be (Goldie) finite dimensional if M
does not contain an infinite collection of nonzero submodules whose sum is direct. If
R is finite dimensional as an R-module, then R is a (right) finite dimensional ring.
The right annihilator of a nonempty subset of M is called an annihilator right ideal
of R or simply a right annihilator. Annihilator left ideals have a similar definition.
If Ay € A € Az C --- is an ascending chain of right annihilators in R, then
we say that R satisfies the ascending chain condition on right annihilators if every
such ascending chain terminates. A finite dimensional ring that satisfies the ascending
chain condition on right annihilators is said to be a right Goldie ring.

The following lemmas play a central role in the development of conditions that are
necessary and sufficient for R to have a semisimple classical ring of quotients.

Lemma 8.3.2. If R is finite dimensional and a € R is such that ann,(a) = 0, then
aR is an essential right ideal of R.

Proof. If aR is not an essential right ideal of R, then there is a nonzero right ideal A
of R such thataR N A = 0. Since ann, (a) = 0, we claim that this gives a direct sum
APaA®a’APacA @ --- of right ideals of R. Suppose that

atby +a"by +---+a"bj =0

isanelementof A ® aAd P a?A®aA@---,wheren; <np <--- < nj. Then the
fact that ann, (a) = 0 gives

by +a" by + -4+ a" TMb; = 0.

Therefore, a"2™"1by 4 --- +a" /7" bj = —by € aR N A = 0 and we have b; = 0.
Furthermore,

anz—n1b2 + .. _|_anj_n1bj =0

implies that a"3™"2b3 + --- + a"/ 7 "2b,, = —by € aR N A = 0. Thus, b = 0
and a"37"2b3 + --- + a"/7"2b, . = 0. Continuing in this way we finally arrive at
by = by = --- = b; = 0, so the sum is direct. But R is finite dimensional, so we
have a contradiction. Hence, a R must be an essential right ideal of R. O

Lemma 8.3.3. If R is semiprime and if R satisfies the ascending condition on right
annihilators, then R has no nonzero nil left ideals and no nonzero nil right ideals.
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Proof. Let A be anil leftideal of R. If A has a nonzero element a, then Ra # 01is anil
left ideal of R. Since R satisfies the ascending chain condition on right annihilators,
then by the Remark immediately preceding Proposition 4.2.5, the set A = {ann, (b) |
b € Ra,b # 0} has a maximal element when ordered by inclusion. So suppose that
b € Ra,b # 0, is such that ann,(b) is maximal in +. For each ¢ € R, let k be
the index of nilpotency of ¢b € Ra. Then (ch)¥ = 0 and ann, (b) C ann, ((ch)*~1).
Thus, ann, (b) = ann, ((ch)*~1) by the maximality of ann, (b). Hence, ¢b € ann, (b),
so beb = 0. Since ¢ was chosen arbitrarily in R, bRb = 0 and since R is semiprime,
Proposition 6.2.20 indicates that b = 0, a contraction. Hence, A cannot have nonzero
elements, so A = 0. Thus, R has no nonzero nil left ideals. A similar argument shows
that R also has no nonzero nil right ideals. m|

Lemma 8.3.4. If M is an R-module, then
Z(M) = {x € M | ann,(x) is an essential right ideal of R}

is a submodule of M and Z(RR) is an ideal of R. Furthermore, if N is an essential
submodule of M and Z(N) = 0, then Z(M) = 0 as well.

Proof. First, note that Z(M) # @ since ann, (0) = R is an essential right ideal of R.
If x,y € Z(M), then ann,(x) N ann,(y) € ann,(x + y) and ann, (x) N ann,(y) is
an essential right ideal of R. Hence, ann,(x + y) is an essential right ideal of R, so
x+yeZ(M). If x € Z(M) and a € R, then we need to show that ann, (xa) is an
essential right ideal of R. Suppose that there is a nonzero right ideal A of R such that
ann, (xa)NA = 0. Under this assumption, if b € A, b # 0, then xab # 0,soab # 0.
Therefore, a A is a nonzero right ideal of R. But ann, (x) is an essential right ideal of
R, so ann,(x) NaA # 0. Let ¢ be an element of A such that ac # 0 and xac = 0.
Then ¢ € ann,(xa) N A = 0, a contradiction. Thus, ann, (xa) is an essential right
ideal of R, so xa € Z(M) and we have that Z(M ) is a submodule of M. Moreover,
Z(RR) is an ideal of R since if b € R and a € Z(RR), then ann,(a) C ann,(ba).
Finally, suppose that N is an essential submodule of M such that Z(N) = 0. If
Z(M) #0,1et0 #£ x € N N Z(M). Then ann,(x) is an essential right ideal of R, so
x € Z(N) = 0, a contradiction. Hence, Z(M) = 0. O

Definition 8.3.5. The submodule Z(M) is called the singular submodule of M and
Z(RR) is the right singular ideal of R. If Z(M') = 0, then M is said to be a nonsin-
gular module and if Z(M) = M, then M is said to be singular. If Z(Rg) = 0, then
R is a right nonsingular ring. Left singularity and left nonsingularity have analogous
definitions.

Remark. Earlier it was pointed out that Osofsky proved that a ring R is semisimple
if and only if every cyclic R-module is injective. In [15], Goodearl described the rings
over which every singular module is injective. Today these rings are called SI-rings.
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Lemma 8.3.6. If R satisfies the ascending chain condition on right annihilators, then
the right singular ideal of R is nilpotent.

Proof. Let Z = Z(RR). If Z = 0, there is nothing to prove, so suppose Z #0 and
that Z is not nilpotent. If n > 2 is an integer, then Z" # 0, so there are nonzero
z € Zsuchthat Z" "1z £ 0. Let A = {ann,(z) | z € Z and Z" "'z # 0}. We claim
that +4 contains a maximal element. If ann,(z;) € + is not maximal, then there is
az, € Zsuchthat Z"~ 1z, # 0and ann,(z;) ~ann,(z). If ann, (z5) is not maximal
in #, then there is a z3 € Z such that Z"~'z3 # 0 and ann, (z3) ~>ann,(z3) and so
on. Hence, if 4 does not contain a maximal element, then we can construct a strictly
increasing chain ann,(z;) ~ann,(z3) ~ann,(z3) ~>--- of right annihilators in R,
a clear contradiction. Thus, # contains a maximal element.

Now suppose that ann, (@) is a maximal element of 4. For each z € Z, ann,(z)
is essential in R, so ann,(z) NaR # 0. Hence, there is a b € R such that ab # 0
and yet zab = 0. Therefore, we see that ann, (a) ~ann,(za), so it must be the case
that Z"1za = 0. Since z was chosen arbitrarily in Z, we have Z"a = 0. Hence,
ann, (Z"~!) ~> ann,(Z") for each integer n > 2, so we have a strictly increasing
chain ann,(Z!) ~»> ann,(Z?) ~> ann,(Z3) ~>--- of right annihilators in R. This
contradiction shows that Z must be nilpotent. a

Lemma 8.3.7. The left annihilator of any nilpotent ideal of R is an essential right
ideal of R.

Proof. Suppose that 1 is a nilpotent ideal of R and let A be a right ideal of R such
that (anng(n)) N A = 0. Then an # 0 for each a € A, a # 0. Let n be the index
of nilpotency of n and suppose that a is a nonzero element of A. Since an # 0,
choose ab; € anu to be such that ab; # 0. Then since aby € A, abin # 0, so
there must be a b, € u such that ab1b, # 0. Likewise, there is a b3 € n such that
ab1bybs # 0. Continuing in this way we finally arrive at ab1b, --- b, # 0, where
b1,bo,...,b, € n. This is a clear contradiction since b1 b, --- b, = 0. Thus, such an
a cannot exist, so we have A = 0. O

Sufficient mathematical machinery has now been developed for a proof of the main
result of this section known as Goldie’s theorem [57].

Proposition 8.3.8 (Goldie). The following are equivalent for a ring R.
(1) R is a semiprime right Goldie ring.
(2) A right ideal A of R is essential if and only A contains a regular element of R.

(3) R has a semisimple classical ring of quotients.
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Proof. (1) = (2). Suppose that R is a semiprime right Goldie ring and let A be an
essential right ideal of R. Then A # 0, so let

A = {ann,(a) | a € A and ann,(a?) »R).

If A = @, then ann, (a?) = R for each a € A which indicates that > = 0 for each
a € A. Thus, A is a nil right ideal of R which is impossible by Lemma 8.3.3. Hence,
A # @, so since R satisfies the ascending chain condition on right annihilators, there
is a nonzero element a; € A such that ann,(a1) = ann, (a%). Indeed, the set A
has a maximal element, say ann,(a;). But ann,(a;) € ann, (a%), so ann,(a;) =
ann,(a?). Likewise, if

A1 = {ann,(a) | a € ann,(a1) N A and ann, (¢?) ~>R}

and ann,(a;) N A # 0, then we can find a nonzero element a, € - such that
ann,(ap) = annr(ag). Similarly, for each n > 3, if

An_1 = {ann,(a) | @ € ann,(a;) N ---Nann,(a,—1) N A and ann,(a?) ~R}

and ann,(ap) N --- N anng(ay—1) N A # 0, then there is an a, € A,—1 such that
anng(a,) = annr(a,%). We claim that the sum a1 R + a; R + --- + a, R is direct for
each n > 1. The case for n = 1 is obvious, so suppose that the sum a; R 4+ as R +
-+ 4+au—1R,n > 2,is direct and let

anby, = a1by + azby + -+ + ap—1bp—1 € (@1 R+ aR+---+ay,—1R) NayR.

By construction, a; € ann,(aj) N ann,(az) N --- N anny(a;—1), for each i such that
2 < i < n,so it follows that 0 = a;ja; wheneveri < k, fork = 1,2,...,n. If the
equation

anby = a1b1 +a2ba + -+ an—1by—1

is multiplied through on the left, first by a;, then by a; and finally by a,—1, we get
by € anny(ay), by € ann,(az),...,by—1 € ann,(a,—1). Hence,

arby +axby + -+ an—1bp—1 =0,

sothesumaj R + a>R + -+ + ay R is direct.
Since R is finite dimensional, the process just described must terminate. If it termi-
nates at the nth stage, then we have

ann,(a;) Nann,(az) N---Nanny(a,) N A =0
which gives

anny(aq) Nanng(az) N--- Nann,(ay) =0
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since A is essential in R. Since the sum a1 R + a2 R + --- + a, R is direct, we have
ann,(a1) Nanny(az) N---Nann,(a,) = ann,(a; +az + -+ + ay).

Therefore, if a = a1 + a, + --- + an, then we have found an element a € A
such that ann,(a¢) = 0. If we can now show that anny(a) = 0, then a will be
the desired regular element in A. First, note that since ann,(¢) = 0, Lemma 8.3.2
shows that aR is an essential right ideal of R. If b € anng(a), then baR = 0, so
aR C ann,(b). Thus, ann,(b) is essential in R since aR is, so b € Z(Rpg). Thus
anng(a) € Z(Rg). Lemma 8.3.4 and Lemma 8.3.6 show that Z(Rpg) is a nilpotent
ideal of R, so Z(RR) = 0 since a semiprime ring contains no nonzero nilpotent ide-
als. Hence, anny(a) = 0 and we can conclude that every essential right ideal of R
contains a regular element of R.

Conversely, suppose that A is a right ideal of R that contains a regular element,
say a. Then ann,(a) = 0, so using Lemma 8.3.2 again we see that aR is an essential
right ideal of R. Hence, aR C A implies that A is an essential right ideal of R.

(2) = (3). The first step is to show that R is a right Ore ring. For this, leta,s € R
with s regular and set (sR : @) = {r € R | ar € sR}. Since sR is an essential
right ideal of R, it follows that (sR : a) is essential in R. This means there is a regular
element ¢ € (sR : a) such that at = sb for some b € R. Thus, the right Ore condition
is satisfied and so R has a classical ring of quotients Q[;(R).

It remains to show that Q7 (R) is a semisimple ring. If A is an essential right ideal
of QZI(R), then in view of Proposition 8.1.13, it follows that A€, the contraction of A
to R, is an essential right ideal of R. Hence, A€ contains a regular element a of R.
But then for any regular element s of R, a/s is a unit of Q/,(R) and a/s € A, the
extension of A€ to Q[;(R). But from (3) of Proposition 8.1.12 we see that A = A°¢,
and so A contains a unit of Q7,(R). Thus, A = Q[(R) and so Q;(R) has no proper
essential right ideals. Hence, by Corollary 6.4.6, Q! (R) is a semisimple ring.

(3) = (1). We now identify R with its canonical image in Q[,(R) and treat R as
a subring of Q7 (R). So suppose that R has a semisimple classical ring of quotients

QL(R). If
A1 A DA D -

is an infinite direct sum of nonzero right ideals of R, then by (5) of Proposition 8.1.12
A A DA D -

is an infinite direct sum of nonzero right ideals of Q/,(R). But Q! (R) is semisimple,
so, by Corollary 6.4.12, we see that Q7 (R) is right noetherian. Thus, Q,(R) is finite
dimensional, so there is a positive integer n such that AS, = 0 for each m > n. But
this gives A, = 0 for all m > n which means that R is finite dimensional. Next, let

annf(Sl) c annf(Sz) - annf(S3) cC-.. 8.1
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be an ascending chain of right annihilators in R, where each S; is a nonempty subset
of R. Then

ann?*™ @nnf(51)) 2 ann @R (52)) 2 ann " @nnf (53)) 2 -+

is a decreasing chain of left ideals in Q[}(R) which must stabilize since Q[ (R) is left
artinian. Therefore, the chain

RN annZQ“r‘(R)(annf(Sl)) ORN anneQCr'(R)(annfe (S2))

ODRN annEQCr‘(R) (annfe (S3) 2 ---

stabilizes, so it follows that the chain

annf(R N annKQS(R) (annfe (S1))) S annf2 (RN anneQ‘r'(R)(annﬁ2 (S2)))

c annfe (RN annZQCr‘(R) (annf(S3))) C ..
must stabilize too. But
annf(Sn) = annf(R N ann?“rl(R) (annf(Sn))),

for each integer n > 1, so (8.1) stabilizes. Hence, R satisfies the ascending chain
condition on right annihilators and so R is a right Goldie ring.

Finally, to complete the proof, we need to prove that R is semiprime. Let n be
a nonzero nilpotent ideal of R. Then Lemma 8.3.7 shows that anny (1) is an essential
right ideal of R. But if anng(n) is an essential right ideal of R, then (anng(n))¢ is an
essential right ideal of Q[;(R). Since Q! (R) is semisimple, (anny(n))® = QL (R)
and so we have

lor(r) = ri(ai/s1) + ra(az/s2) + -+ rn(an/sn),

where r; € anng(n), a; € R and s; is a regular element of R fori = 1,2,...,n.
Corollary 8.1.11 gives a regular element s of R such that (aj/s1)s, (az/s2)s, ...,
(an/sn)s € R, so

su C ri(ai/s1)sn + ra(az/s2)sn + -+ + ruan/sp)su
Crin+rnu+---+rpn=0.
It follows that 1 = 0 which contradicts the assumption that n # 0. Hence, R can

have no nonzero nilpotent ideals, so Proposition 6.2.27 shows that R is a semiprime
ring. O
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We also have the following result due to Goldie [58] and Lesieur—Groisot [67].

Corollary 8.3.9 (Goldie, Lesieur—Groisot). A ring R has a simple artinian classical
ring of quotients if and only if R is a prime right Goldie ring.

Proof. For this proof, we identify R with its canonical image ¢(R) in Q/;(R) and
assume that R is a subring of Q[;(R). If R has a simple artinian ring of quotients
Q!,(R), then by Goldie’s theorem we need only show that R is prime. Let A and B
be ideals of R such that AB = 0. Then (BQ!,(R)A) N R is an ideal of R such that
(BOL(R)A N R)? = 0. But from Goldie’s theorem we know that R is semiprime, so
BQ!I,(R)A N R = 0. This gives BQ!,(R)A = 0, since R is essential in Q7,(R)g.
Since Q;(R) is a simple ring, Q[ (R) is prime, so either BO[,(R) = Oor QL (R)A =
0. Hence, either A = 0 or B = 0 and R is therefore prime.

Conversely, suppose that R is a prime right Goldie ring. Then R is a semiprime
right Goldie ring, so Q;(R) is semisimple and therefore artinian. Since a semisimple
prime ring is simple, we need only show thatQ? (R) is prime. If/; and I, are ideals
of Q!(R) such that/1I, = 0, then(/; N R)(/2 N R) = 0, so either /; N R = O or
I, N R = 0 since R is prime. Hence, either /; = 0 or I, = 0, since R is essential
in Q/,(R). Thus, Q7,(R) is a semisimple prime ring, so Q/,(R) is a simple artinian
ring. o

Problem Set 8.3

1. (a)Prove that f(Z(M)) C Z(M) for any R-module M and each f'€ Endg(M).
(b) If { M} A is a family of R-modules, deduce that Z(P, My) = P p Z(My).
Suppose that N is a submodule of an R-module M and prove each of the fol-
lowing.

(©)Z(N)=NnNZ(M).
(d) If N is essential in M, then is Z(N) an essential submodule of Z(M)?

2. (a)If K is a field, show that the matrix ring (& £) is both left and right nonsin-
gular.

0

[Hint: Let x = () [(1)]) and compute anng(x) and ann, (x).]

(c) Show that there are modules M such that Z(M/Z(M)) # 0. [Hint: For the
ring R of (b), show that Z(rR) = {0, x}. Next, show that Z(g R/Z(gR)) =
{0, x'}, where x" = (8 [(1)]) + Z(r R). Note that since (b) was at hand, this was
used to give the result for left R-modules.]

(d) If Z(RR) = 0, then Z(M/Z(M)) = 0 for every R-module M. [Hint:
If x +Z(M) € Z(M/Z(M), then ann, (x 4+ Z(M)) is an essential right ideal
of R. Thus, (Z(M) : x) is an essential right ideal of R such that x(Z(M) : x) C
Z(M). If A is arightideal of R. leta € AN (Z(M) : x), a # 0, consider

(b) Prove that the ring R = ( z %i ) is right nonsingular but not left nonsingular.
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xa € x(Z(M) : x) € Z(M) and show that ann, (x) is an essential right ideal
of R.]

3. Determine if the following are equivalent for a ring R.
(a) Every R-module is nonsingular.
(b) Every left R-module is nonsingular.
(c) R is a semisimple ring.
[(a) < (c), Hint: If A is a right ideal of R, show that R/(A & A.) is a singular
right R-module, where A, is a complement of A in R. Conversely, if R is
semisimple and x € Z(M), then ann, (x) is an essential right ideal of R.]

4. Prove that every noetherian and every artinian R-module is finite-dimensional.
5. In each of the following, show that O = Q[ (R).

@R=(§%)and 0 =(73)

(b) R = (§ Kix1) and @ = (& K4%)), where K is a field and K(X) is the
field of fractions of the integral domain K[X].

6. Prove that aR is a nil right ideal of R if and only if Ra is a nil left ideal of
R. [Hint: Consider (ab)"**! = a(ba)"b.] Conclude that R has no nonzero nil
right ideals if and only if R has no nonzero nil left ideals. Use this to complete

the proof of Lemma 8.3.3.

7. If R is a semiprime (prime) right Goldie ring, then is e Re is a semiprime (prime)
right Goldie ring for a nonzero idempotent e of R?

8.4 The Maximal Ring of Quotients

We will now develop a maximal (right) ring of quotients Q' . (R) of R. This ring

max
has the property that a ring of quotients RS ™! of R at S embeds in Q" (R) when
R is S-torsion free, that is, when ¢ € R and s € S is such that as = 0, then
a = 0. However, if R is not S-torsion free, there is no assurance that there is even
a nontrivial homomorphism from RS™! to O «(R). So in general, a right ring of
quotients RS ™! is quite distinct from Q" (R). Another distinction is that every ring
R has a maximal ring of quotients Q" (R) in contrast to RS™! which exists if and

only if § is a right denominator set in R.

Definition 8.4.1. An R-module N is said to be a rational extension of a submodule
M if forall x,y € N, y # 0, there is an a € R such that xa € M and ya # 0.
If R is a subring of a ring S, then S is a rational extension of R, if Sg is a rational
extension of Rg. Rational extensions of left R-modules are defined analogously.

One immediate consequence is that if NV is a rational extension of M, then M is an
essential submodule of N.
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Lemma 8.4.2. The following are equivalent for an R-module M.
(1) N is a rational extension of M.

(2) If N' is a submodule of N containing M and f : N' — N is an R-linear
mapping such that f(M) = 0, then f = 0.

Proof. (1) = (2). Let N be a rational extension of M, suppose that N’ is a sub-
module of N containing M and let f/ : N’ — N be an R-linear mapping such
that (M) = 0. If f # 0, then there is an x € N’ such that f(x) # 0. Thus,
x, f(x) € N with f(x) # 0, so there is an a € R such that xa € M and f(x)a # 0.
But f(x)a = f(xa) = 0 gives a contradiction, so f = 0.

(2) = (1). Let x,y € N, y # 0 and suppose that y(M : x) = 0, where
M :x)={ae€e R|xae M}. f NN =M+ xR, then f : N/ — N given
by f(x" + xa) = ya is a well-defined R-linear map such that /(M) = 0. Hence,
f = 0,300 = f(x) = y. This contradiction shows that y(M : x) # 0, so N is
a rational extension of M. a

Examples

1. The motivation for the concept of a rational extension is probably due to the fact
that the field of rational numbers as a Z-module is a rational extension of the
ring of integers viewed as a Z-module. Indeed, if p/q,s/t € Qz, s/t # 0,

then (p/q)q € Z and (s/t)q # 0.

2. If S is a right denominator set in R and R is S-torsion free, then RS™! is
a rational extension of R and the canonical map a + a/1 from R to RS™! is
an injection. Hence, we can consider R to be a subring of RS ~! by identifying
a with a/1 for each @ € R. Now let a/s,b/t € RS™! with b/t # 0. If
(c,u) € R x § is such that sc = tu € S, then (a/s)(sc) = ac € R and
(b/t)(tu) = bu # Osince u € S and R is S-torsion free. In particular, if R is
aright Ore ring, then Q;(R) is a rational extension of R.

Definition 8.4.3. If M is an R-module, then a rational extension (M) of M is said
to be a maximal rational extension of M if whenever N is a rational extension of M,
there is a unique monomorphism f : N — £(M) such that the diagram

N
o/
M f

N

ig(M)

§(M)

is commutative, where iy and ig(ps) are canonical injections.
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The proof of the following lemma is left as an exercise.

Lemma 8.4.4. The following are equivalent for an R-module M .
(1) &(M) is a maximal rational extension of M.

(2) If the rational extensions of M are ordered by inclusion and N is a rational
extension of M that contains £E(M), then (M) = N.

Proposition 8.4.5. If M is an R-module, E(M) is an injective envelope of M and
A =1{h € Endgr(E(M)) | h(M) = 0}, then

§(M) = ()| Kerh
A

is a maximal rational extension of M.

Proof. Let M be an R-module and suppose that E(M ), A and £(M) are as stated in
the proposition. Then £(M) is a submodule of E(M) containing M, so suppose that
N is a submodule of £(M) containing M. If h: N — §(M) € E(M) is an R-linear
mapping such that 2#(M) = 0, then & can be extended to an / € Endg(E(M)) and
h' € A. Hence, E(M) C Kerh’, so h = 0. Thus, Lemma 8.4.2 shows that £(M) is
a rational extension of M.

Next, we claim that £(M) contains every rational extension N of M that is con-
tained in E(M). If N is a rational extension of M contained in E(M) and N ¢
&(M), then there is an & € A such that A(N) # 0. Let N' = {x € N | h(x) € M}.
Since M is essential in E(M), M N h(N) # 0, so h(N') # 0. Now N’ is a sub-
module of N containing M and ' : N’ — N defined by 4’(x) = h(x) is such that
h'(M) = 0. Hence, we must have &/ = 0, since N is a rational extension of M. This
gives h(N') = 0, a contradiction which shows that if & € A, then #(N) = 0. It now
follows easily that N C §(M).

Now suppose that N is a rational extension of M not necessarily contained in
E(M). Using the injectivity of E(M), we see that there is an R-linear mapping
h: N — E(M) such that the diagram

0 MY N

iE(M)\ /

E(M)

is commutative, where iy and i g(pr) are canonical injections. First, / is an injection
forif x € M NKerh, then x = igar)(x) = hin(x) = h(x) = 0. Hence, Kerh = 0,
since M is essential in N. The next step is to show that #(N) is a rational extension
of M. Clearly M C h(N), so let h(x), h(y) € h(N), h(y) # 0, where x, y € N and
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y # 0. Since N is a rational extension of M, there is an @ € R such that xa € M
and ya # 0. But / is the identity map on M, so we have h(x)a = h(xa) = xa € M
and h(y)a = h(ya) # 0. Thus, h(N) is a rational extension of M. But we have just
seen that £(M) contains every rational extension of M that is contained in E(M).
Therefore, h(N) C §(M), so the diagram

0 M N
iE(M)\ /
E(M)

is commutative.

Next, we show that the injective mapping # : N — &£(M) is unique. Suppose that
K : N — &(M) also makes the diagram commute. Then (h — h')(M) = 0, so if
g W (N) — E(M) is such that g(h'(x)) = h'(x) — h(x), then g(M) = 0 and so (2)
of Lemma 8.4.2 shows that g = 0. Therefore, A’ = h and we have that % is unique.
Thus, £(M) is a maximal rational extension of M. a

Corollary 8.4.6. If £(M) is a maximal rational extension of M, then £ (M) is unique
up to isomorphism via an R-linear mapping that extends the identity on M.

Proof. This follows immediately since the existence of the unique R-linear map % :
N — &(M) for each rational extension N of M shows that ig(pr) : M — §(M),
where ig(pr) is the canonical injection, has the universal mapping property. So an
appropriate category can be constructed that has ig(ar) : M — §(M) as a final object.

[}

We can conclude from Proposition 8.4.5 and its corollary that every module has
a maximal rational extension that is unique up to isomorphism.

Remark. Let M be an R-module and suppose that H = Endg(E(M)). Then E(M)
is an (H, R)-bimodule and the maximal rational extension of M is given by £(M) =
annf(M)(annf (M)). This follows since
annf! (M) = {h € H | k(M) = 0}, so
annf @) (annfl (M) = {x € E(M) | h(x) = 0 forall h € annf (M)}
=(\Kerh. where A ={he H |h(M)=0}.
A

= §(M).
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Definition 8.4.7. If D is aright ideal of R and if R is a rational extension of D as an
R-module, then we say that D is a dense right ideal of R. If R is a subring of aring Q,
then Q is said to be a general right ring of quotients of R if Q is a rational extension
of R as an R-module. The modifier “right” will be omitted with the understanding
that general ring of quotients means a general right ring of quotients.

Examples

3. If {Rq} A is an arbitrary family of rings, then €P Ry is a dense left ideal and
a dense right ideal of the ring direct product [ [5 Rg.

4. An ideal I of R is a dense right ideal of R if and only if anny(/) = 0. With

this in mind it is easy to show that the ideal / = ( [o] /%) of the matrix ring

R = (ﬁ;j H%? ) is not a dense right ideal of R.

Lemma 8.4.8. The following hold in any ring R.
(1) If D is a dense right ideal of R, then D is essential in R.
(2) If{D}7_, is a family of dense right ideals of R, then ﬂ;’zz D; is a dense right
ideal of R for each integer n > 2.
(3) If Q is a general ring of quotients of R, then (R : q) = {a € R | qa € R} is
a dense right ideal of R for each q € Q.
(4) If Z(RR) = 0 and A is essential in R, then A is dense in R.

Proof. (1) Let D be dense in R and suppose that A is a nonzero right ideal of R. If
a € A, a # 0, then, since R is a rational extension of D, there is a » € R such that
ab € D,ab # 0. Hence, 0 # ab € D N A.

(2) If n = 2, then we need to show that D; N D5 isdensein R. Ifa,a’ € R,a’ # 0,
then since D is dense in R, there is a b € R such that ab € D and a’b # 0. But
D5 is also dense in R, so there is a ¢ € R such that abc € D and a’bc # 0. Hence,
we have found an element bc € R such that a(bc) € D1 N D3 and a’(bc) # 0,
so D1 N D, is dense in R. Now suppose that ﬂ?zz D; is dense in R and consider

"4} D;. Since (', Di = (N5 Di) N Dyt1, it follows from the case for n = 2
that ﬂf:zl D; is dense in R. Hence, the result follows by induction.

(3) Suppose that Q is a general ring of quotients of R. If ¢ € Q, then we need
to show that (R : ¢) is dense in R. If a,b € R, b # 0, then ga,b € Q, so there is
ac € Rsuchthat gac € R and bc # 0. Hence, ac € (R : q) and bc # 0.

(4) Suppose that Z(Rg) = 0 and let A be an essential right ideal of R. If @, b € R,
b # 0, then (A4 : a) is essential in R. However, ann, (b) cannot be essential in R since
Z(RR) = 0. It follows that (A : a) € ann,(b), so there is an ¢ € (A4 : a) such that
¢ ¢ ann,(b). Hence, ac € A and bc # 0, so R is a rational extension of A4. O

Parts (1) and (4) of the proposition above show that for a right nonsingular ring, the
notions of “essential” and “dense” are equivalent.
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Example

5. If § is a right denominator set in R and R is S-torsion free, then Example 2
shows that RS~ is a general ring of quotients of R as is Q! (R) when R is
a right Ore ring.

Remark. If Q is a general ring of quotients of R, note that the elements of O may
not be fractions in the same sense that the elements a/s € RS™! are fractions.

We saw in the opening remarks of Section 6.5 that if M is an R-module and
H = Endgr(M), then M is an (H, R)-bimodule and there is a canonical ring homo-
morphism ¢ : R — Endg (M) given by ¢(a) = fu, where f, : gM — gM is
such that (x) f; = xa for all x € M. Moreover, ¢ is an injective ring homomorphism
when M is faithful. So since E(Rp) is a faithful R-module, we have an embedding
¢ : R —> Endyg (E(RR)).

We promised earlier to develop a maximal general ring of quotients. This begins
with the next proposition.

Proposition 8.4.9. There is a ring Q and a canonical ring embedding ¢ : R — Q
such that if R is identified with its image in Q, then Q g is a maximal rational exten-
sion of RRg.

Proof. Let E(R) be an injective envelope of Ry, suppose that H = Endg(E(R)) and
let Q = Endg (E(R)). Then E(R) is an (H, R)-bimodule and an (H, Q)-bimodule.
The remarks immediately proceeding the statement of the proposition show that the
canonical ring homomorphism ¢ : R — Q is an embedding, so we can consider R
to be a subring of Q. The proof will be complete if we can show that Q =~ &(R) as
R-modules. First, note that if ¢ € Q, then (1g)g € E(R),solet¢ : Q — E(R)
be given by ¢(q) = (1gr)q. We claim that ¢ is an isomorphism from Q to £(R).
This map is clearly well defined and R-linear, so it remains only to show that it is
a bijection.

¢ is an injection: If x € E(R), then gx : R — E(R) such that gx(a) = xa is an
R-linear mapping that can be extended to an R-linear mapping iy € H. If ¢ € Ker ¢,
then (1g)g = 0,500 = hx((1g)g) = (hx(1g))g = (x)q. Since this is true for each
x € E(R), we have ¢ = 0 and so Ker¢ = 0.

Im¢ C &(R): From the Remark immediately following Corollary 8.4.6, the max-
imal rational extension £(R) of R is given by £(R) = annf(R) (annf (R)). Now let
(1Rr)g € Im¢ and note that i € annf (R) if and only if #(R) = 0 which in turn is
true if and only if #(1g) = 0. For such an 4, we see that 0 = (h(1r))q = h((1Rr)q),
s0 (1r)g € annf ® annf (R)) = £(R).

¢ is surjective: If X € &(R), then we need to find a ¢ € Q such that ¢(q) =
(1r)g = x. Define g : gE(R) — gE(R) by (h(1g))g = h(x). The domain of ¢
is E(R) since we have previously seen that for each x € E(R), thereisan h, € H
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such that hix(1g) = x. Furthermore, the map ¢ is clearly H -linear. Note also that
h(1g) = 0 implies that #(R) = 0 which in turn gives ~(§(R)) = O since £(R) is a
rational extension of R. Hence, (X)) = 0, so g is well defined. If 7 = idg (), then it
follows that (1g)g = X, so ¢ is surjective. |

Definition 8.4.10. The ring Q = Endg (E(R)) is a maximal general ring of quotients
of R that will be denoted by Q7 .. (R). We will refer to Q! (R) as a complete ring
of quotients of R.

r
max

The following proposition shows that¢ : R — Q
property.

(R) has the universal mapping

Proposition 8.4.11. If Q is a general ring of quotients of R, then there is a unique

injective ring homomorphism h : Q — Q! . (R) such that the diagram

0

O nax (R)
is commutative, where ig and ¢ are the canonical ring embeddings.

Proof. Note first that i and ¢ are R-linear mappings. Since Q! (R)g is a maximal

rational extension of Rg, there is a unique R-linear injection 2 : Q — Q7 . (R) that
will render the diagram

0
e
R h
PN
O ax (R)
commutative. We claim that ~ is a ring homomorphism. Let ¢,¢q’ € Q and
consider the R-linear mapping g : O/ (R) — O]..(R) given by g(x) =

(h(gq") —h(g)h(g))x.Ifa € (R:q') ={a € R| q'a € R}, then
g(a) = h(gq"a — h(q)h(q")a
= h(qq'a) — h(g)h(q'a)
= h(g)q'a — h(g)h(1r)q'a
= h(g)q'a — h(g)q'a
=0.
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But Q is a rational extension of R, so by (3) of Lemma 8.4.8, R is a rational extension
of (R : ¢’). This means that g(R) = 0 which in turn gives g = 0. In particular,

g(1r) = 0,50 h(qq’) = h(q)h(q'). a

Corollary 8.4.12. The complete ring of quotients Q} .. (R) of R is unique up to ring
isomorphism via a ring homomorphism that extends the identity map on R.

r

Proof. 1t is easy to show that ¢ : R — Q] .. (R) is a final object in an appropriately
defined category. a

Corollary 8.4.13. If Q! (R) exists, then there is a unique injective ring homomorph-
ism f: QL (R) — Q.. (R) suchthat f|gr = idg.

Example

6. If S is a right denominator set in R and R is S-torsion free, then RS™! is
a general ring of quotients of R, so RS™! embeds in Q7 (R). If we identify

max

RS~! with its image in 0! .x(R), then we can consider RS ~1 to be a subring

of O] .«(R). In particular, if R is a right Ore ring, then Q7,(R) can be viewed

as a subring of Q7 (R).
A complete left ring of quotients of R, denoted by Qf;laX(R), can be developed in
a similar fashion by beginning with the injective envelope of the left R-module g R.
There is a connection between right nonsingular rings and rings that have a regu-
lar complete ring of quotients. To establish this connection, we need the following
proposition. Recall that J(R) denotes the Jacobson radical of a ring R.

Proposition 8.4.14. If M is an injective R-module and H = Endg (M), then
(1) J(H) ={h € H | Kerh is an essential submodule of M },

(2) H/J(H) is a regular ring, and

(3) idempotents of H/J(H) can be lifted to H.

Proof. First, we prove (1) and (2). Let I = {h € H | Ker & is an essential submodule
of M}. If h € H, then we claim there is an element f € H suchthath —hfh € I.
If K. is a complement of Ker %, then Ker/s & K, is an essential submodule of M.
Consider the mapping g : h(K.) — K, defined by g(h(x)) = x. If h(x) = h(y),
x,y € Ke,thenx —y € Kerh N K, = 0,s0 x = y. Thus, g is a well-defined
mapping that is easily shown to be R-linear. Hence, g can be extended to an R-linear
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mapping f € H.If x + y € Kerh & K., then

(h—hfh)(x +y) =h(x+y)—hfh(x+y)
=h(y) = hfh(y)
=h(y) —h(y)
= 0.

Therefore, h — hfh € I since Kerh & K, is an essential submodule of M.

The proof of (1) and (2) will be complete if we can show that J(H) = [I. If
heland f € H,then Kerh C Ker fh, so Ker fh is an essential submodule of M.
But Ker fh N Ker(idyy — fh) = 0 and so we have Ker(idys — fh) = 0. Hence,
idps — fh is an injective mapping and the injectivity of M can be used to produce
a left inverse of idps — fh in H. Therefore, by (3) of Proposition 6.1.8, & € J(H)
andso I € J(H).

Conversely, if 7 € J(H), then we have seen in the first paragraph of this proof
that there is an f € H such that h — hfh € I. But J(H) is an ideal of H, so
hf € J(H). Part (3) of Proposition 6.1.7 indicates that idys — Af has an inverse
in H,so (idyy —hf) Y (h — hfh) = (idps — hf)"V(idps — hf)h = h. If I is a left
ideal of H, then h € I and we will have J(H) C I. But [ is a left ideal of H, since
ifh,h' € I and f € H, then

Ker(h +h') D Kerh N Kerh’ and Ker(fh) D Kerh.
Therefore, I = J(H) and so
h+JH)=hfh+JH)="+JH)(Sf +JH)(h+ J(H)).

Thus, H/J(H) is a regular ring.

(3) Suppose that e + J(H) is an idempotent of H/J(H). Then e — e? € J(H),
so K = Ker(e — e?) is an essential submodule of M. Since E(eK) embeds in M,
we can consider E(eK) to be a submodule of M, so that E(eK) is a direct summand
of M. Thus, there is an idempotent endomorphism & € H such that tM = E(eK).
Since # is the identity map on eK, we see that (he — e) K = 0. But this gives K C
Ker(he — e) and so it follows that he — e € J(H). Hence, he + J(H) = e + J(H).
If f =h+he(idy —h),thenhf = f, fh =hand f2 = f. In particular, f is an
idempotent in H.

Finally, let K’ = (idps —h)M + eK. Then K’ is an essential submodule of M and
(f —he)K' =0, so Ker(f — he) is essential in M. Therefore, f — he € J(H) and
we have f + J(H) = he + J(H) = e + J(H). Hence, f liftse + J(H) to H.

O
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Proposition 8.4.15. The following are equivalent for any ring R.
(1) R is right nonsingular.
(2) H = Endr(E(R)) is Jacobson semisimple.
3) QI .. (R) is a regular ring.

max

Proof. (1) <& (2). Suppose that Z(Rg) = O and let h € J(H). Then, by Propo-
sition 8.4.14, Ker & is an essential submodule of E(R). But Z(Rg) = 0 and Lem-
ma 8.3.4 shows that Z(E(R)) = 0. Hence, E(R) is a rational extension of Ker /.
Since h(Kerh) = 0, (2) of Lemma 8.4.2 gives i = 0. Therefore, J(H) = 0, so H is
Jacobson semisimple. Conversely, suppose that J(H) = Oand leta € Z(Rg),a # 0.
Then ann, (a) is an essential right ideal of R. The R-linear mapping f : R — R given
by f(b) = ab can be extended to an R-linear mapping # : E(R) — E(R). Since
ann, (a) = Ker f C Ker , Ker & is an essential submodule of E(R). Thus, by Propo-
sition 8.4.14, h € J(H) = 0, so we see that ann,(a) = 0, a contradiction. Hence,
Z(Rg) =0.

2) = (3). If J(H) = 0, then because of the equivalence of (1) and (2),
Z(Rg) = 0. But this gives Z(E(R)) = 0, so it follows that E(R) is a rational
extension of R. Thus, there is an injective R-linear mapping f : E(R) — O] ..(R)
that extends the identity mapping on R. Hence, R € f(E(R)) € QO (R). But

max

J(E(R)) is an injective R-module, so there is an R-submodule N of Q! (R) such
that N @ f(E(R)) = Qr.«(R). Since R is an essential R-submodule of Q! (R)
and since RN N = 0, we have N = 0. Therefore, f(E(R)) = O} ..(R) and we can
identify the R-modules E(R) and f(E(R)), so that Rg € E(R)r = QL. (R)r.
It follows that the ring operations on Q7 .. (R) induce ring operations on E(R) that
extend the ring operations on R. Hence, E(R) is a complete ring of quotients of R
when Z(Rg) = 0.

Finally, we claim that H and E(R) are isomorphic rings. As in the proof of Propo-
sition 8.4.9, for each x € E(R), there is an h, € H suchthat h,(1g) = x. Ifh € H
is also such that #(1g) = x, then (h — hy)(1g) = O implies that (A — hy)(R) = 0.
But E(R) is a rational extension of R, so i = hy. Thus, h, is uniquely determined
by x. Now define ¥ : E(R) — H by ¥(x) = hy. It is easy to show that ¢ is
an R-linear isomorphism, so H is also a complete ring of quotients R. Part (2) of
Proposition 8.4.14 indicates that Q] .. (R) is a regular ring.

(3) = (1). Suppose that Q7 (R) is a regular ring. Foreacha € R € Q! (R),

max max
a # 0, there is an ¢ € Q! . (R) such that a = agqa, so e = ga is a nonzero

idempotent element of Q7 (R). Now annrQ'r“‘“(R)(e) = (lgr (R) — €)Qhax(R) and
RN annrQ ‘i‘a”(R)(e) = annR(e). Since Rp is an essential submodule of Q7 (R)g,

we have R N (e Q! . (R)) # 0. This gives

r
max

RN (eQ;an(R)) n annf(e) - eernax(R) N (1Q"MX(R) - e)Qll;lax(R) =0,
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SO annf (e) is not an essential right ideal of R. Since annfe (a) C annfa (e), we have
a ¢ Z(RR),so Z(Rg) = 0. |

Goldie’s theorem gives the necessary and sufficient conditions on R that will en-
sure that Q[}(R) exists and that Q/;(R) is a semisimple ring. We will now develop
a condition on R that is sufficient to give Q[ [(R) = O} ..(R), whenever Q[ (R)
exists.

Proposition 8.4.16. If R is a right Ore ring and every dense right ideal of R contains
a regular element of R, then Q7(R) = Q.. (R).

max

Proof. 1t suffices to show that if ¢ € Q7 (R), then ¢ = a/s for some a in R and

max
some regular element s of R. Since Rp is dense in Q7 . (R)g, we have, by (3) of
Lemma 8.4.8, that (R : ¢) is a dense right ideal of R. Therefore, (R : ¢) contains
a regular element of R, say s. If a = gs, then ¢ = a/s € Q[ (R), so we have the

result. o

Corollary 8.4.17. If R is a semiprime right Goldie ring, then Q.. (R) is a semisim-
ple ring and, in fact, Q7 . (R) = QL (R).

Proof. If R is a semiprime right Goldie ring, then in view of the proposition and (2)
of Goldie’s theorem, Proposition 8.3.8, we have Q,(R) = Q] .. (R) . The fact that
I ax(R) is a semisimple ring is (3) of Goldie’s theorem. O
Goldie’s theorem gives necessary and sufficient conditions for R to have a semisim-
ple classical quotient ring. Our goal now is to develop necessary and sufficient con-
ditions on R in order for Q] . (R) to be semisimple even if Q7 (R) fails to exist. For
this we need the concept of a uniform module.

Definition 8.4.18. A nonzero R-module M with the property that every nonzero sub-
module is essential in M is said to be a uniform module.

Recall that an R-module M is indecomposable if M cannot be written as a direct
sum of nonzero submodules. It follows easily that the following implications hold for
an R-module M.

simple = uniform = indecomposable

and

injective + indecomposable = uniform.
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We now need the following lemma.

Lemma 8.4.19. The following are equivalent for any R-module M.
(1) M is uniform.
(2) Any two nonzero submodules of M have nonzero intersection.
(3) The injective envelope of M is indecomposable.

(4) Every nonzero submodule of M is indecomposable.

Proof. The equivalence of (1) and (2) is a direct consequence of the definition of
a uniform module.

(2) = (3). Let E(M) be an injective envelope of M. If £ and E, are nonzero
submodules of E(M) such that E(M) = E1 & E»,then Ny = M N E; # 0 and
N, = M N E; # 0, since M is an essential submodule of E(M). But this gives
N1 N Ny = 0 which contradicts (2).

(3) = (4). Let N be a nonzero submodule of M that has nonzero submodules N;
and N; such that N = Ny @ Nj. If N, is a complement of N in M, then N & N,
is an essential submodule of M, so, by Proposition 7.1.5, E(M) = E(N & N.) =
E(N) & E(N;). Therefore, E(N.) = 0, since E(M) is indecomposable. But this
gives N, = 0 and so we have E(M) = E(N) = E(N1) ® E(N>). Hence, either
E(Ny) or E(N>) is zero, so either Ny or N» is zero, and we have that N is indecom-
posable.

(4) = (2). If (2) does not hold, then there exist nonzero submodules Ny and N,
of M such that Ny N N, = 0. But then the nonzero submodule N; & N, is not
indecomposable, a contradiction. a

Lemma 8.4.20. If M is a finite dimensional nonzero R-module, then M contains
a uniform submodule.

Proof. Suppose that M does not contain a uniform submodule. Then if N is a nonzero
submodule of M, then N is not uniform, so there must exist nonzero submodules
Ni and Nj of N such that Ny N Nj = 0. Thus, we have a direct sum N; @ N}
and N, cannot be uniform. If N, and Nj are nonzero submodules of N, such that
N> N N} = 0, then we have a direct sum Ny @ N, @& N} and N} cannot be uniform.
Continuing in this way, we can construct an infinite direct sum N; & N, @ N3 @ - --
which implies that M is not finite dimensional. a

Proposition 8.4.21. The following are equivalent for an R-module M.
(1) M is finite dimensional.

(2) M contains an essential submodule of the form N1 & N @ --- & Ny, where
each Nj is uniform.

(3) The injective envelope of M is a direct sum of a finite number of indecomposable
R-modules.
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Proof. (1) = (2). By Lemma 8.4.20, M contains a uniform submodule N;. If Ny is
essential in M, then we are done. If N is not essential in M, let N be a complement
of Ny in M. Then Ny @& N is essential in M, so if N, is uniform, then we are
finished. If N, is not uniform, then N, contains a uniform submodule, say N,. If
N1 & N, is essential in M, then the proof is complete. If N3 & N, is not essential
in M, let N/ be a complement in M of N; @& N,. Then N1 & N @ N/ is essential
in M. If N/ is uniform, then N1 & N> & N/ is the desired submodule of M. If N/ is
not uniform, then N/ contains a uniform submodule N3 and the sum N1 & N> @ N3
is direct. Since M is finite dimensional, this process cannot be continued forever, so
we must eventually arrive at a submodule Ny & N, @ --- @ N,, that is essential in M,
where each N is uniform.

(2) = (3). Let Ny & N & --- & Ny, be an essential submodule of M such that Ny
is uniform for k = 1,2, ..., n. Then in view of of Proposition 7.1.5, it follows that

EM)=EWN1®N2&---® Np) = E(N1) ® E(N2) @ --- & E(Np).

Furthermore, since each Ny is uniform, Lemma 8.4.19 shows that each E(Ny) is
indecomposable.

(3) = (1). Suppose that E(M) = Pj_; Ex, where each Ej is an indecom-
posable (and necessarily injective) R-module. If M is not finite dimensional, then
there is an infinite family { Ny} A of nonzero submodules of M whose sum is direct.
Clearly we can assume that A = N. Moreover, we can assume that Py Nk is essen-
tial in M. If not and N is a complement in M of Py N, then N & (Py N ) is
essential in M, so by reindexing we can produce a collection of nonzero submodules
of M such that Py N ,é is essential in M. Proposition 7.1.5 now gives

P EW < E@ N = P Er.
N N k=1

Therefore, the injective R-module E(Ng) is a direct summand of @y _; Eg, fork =
1,2,3,.... Buteach Ej is indecomposable, so it follows that each E(Ny) is a direct
sum of some of the Ej. Hence, only a finite number of the E(Nj) can be distinct.
Since the sum @ E (Ng) is direct, this means that E(Ng) = 0 for almost all k and
this in turn gives Ny = 0 for almost all k. This contradiction means that M must be
finite dimensional. |

Recall that a nonzero idempotent e of R is said to be a primitive idempotent if e
cannot be written as e = f + g, where f and g are nonzero orthogonal idempotents
of R and that an idempotent e of R is a local idempotent if eRe is a local ring. We
have previously seen that (1) if e is a local idempotent of R, then e is primitive and
(2) if e is a primitive idempotent of R, then e + [ is primitive in R/ for any ideal /
of R such that I € J(R).



290 Chapter 8 Rings and Modules of Quotients

Remark. If R is a regular ring and e is a primitive idempotent of R, then eR is
a minimal right ideal of R. To see this, suppose that A C eR, where A is a right
ideal of R. If a € A, a # 0, then since R is a regular ring, there is an idempotent
f € Rsuchthat fR = aR C eR.Now R = fR ® (1 — )R, so the modular law
(Example 10 in Section 1.4) gives eR = fR@ [eRN (1 — f)R]. But e is primitive, so
eR is indecomposable. Hence, eRN (1— f)R = 0and so eR = fR. Thus, A = eR,
so eR is a minimal right ideal of R.

To prove the next proposition, we need the following lemma.

Lemma 8.4.22. If M is an indecomposable injective R-module, then Endg(M) is
a local ring.

Proof. Let f € Endgr(M) be a nonunit in Endg(M). If Ker f = 0, then f(M) >
M and f(M) =~ M indicates that f(M) is an injective submodule of M. Hence,
M = f(M) & N for some submodule N of M. But M is indecomposable and
so N = 0. Thus, M = f(M) which means that f is a bijection and so f unit in
Endg (M), a contradiction. Thus, Ker f # 0. Likewise, if g € Endg(M) is also
a nonunit in Endg (M), then Ker g # 0. Since M is injective and indecomposable,
M is uniform. Hence, we have 0 # Ker f N Kerg C Ker(f + g) andso f + g is
not a unit in Homg (M'). With this at hand, Proposition 7.2.11 shows that Endg (M)
is a division ring. Consequently, Endg (M) is a local ring. a

Proposition 8.4.23. If M is a finite dimensional injective R-module, then H =
Endg (M) is a semiperfect ring.

Proof. If M is finite dimensional, then, by Proposition 8.4.21, we see that M =
@Dk—1 Ex. where each Ej is an indecomposable injective R-module. It follows
that H =~ (P;_; Endg(Ex) and since each Ej is injective and indecomposable,
Lemma 8.4.22 shows that each Endg (Ey ) is alocal ring. Hence, there is a set {ex }} _,
of local idempotents of H such thatidg = e; + e + - -+ + e;. But local idempotents
are primitive, so each ey is primitive and each e; + J(H) is primitive in H/J(H).
Thus, idg + J(H) =e1 + J(H) +e2 + J(H) + --- + e, + J(H) and it follows
that H/J(H) is a direct sum of a finite number of indecomposable right ideals in
H/J(H). But Proposition 8.4.14 indicates that H/J(H) is a regular ring, so, by
the preceding Remark, these right ideals must be minimal right ideals of H/J(H).
Hence, H/J(H) is a semisimple ring. Proposition 8.4.14 also shows that idempo-
tents of H/J(H) can be lifted to H, so we have, by Proposition 7.2.23, that H is
a semiperfect ring. a

Remark. One can actually show that if M is a finite dimensional R-module and if
Ni@® N, ®---® Ny and N{ @ Ny & --- & N,, are essential submodules of M
with uniform summands, then n = m. For such a module, the Goldie dimension
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of M, denoted by G.dim M, is defined to be the unique integer n. If M is not finite
dimensional, then G.dim M is defined to be co. Additional information on Goldie
dimension can be found in [2], [13] and [26].

We conclude this chapter by fulfilling an earlier promise to develop conditions on R
that are necessary and sufficient for Q7 . (R) to be a semisimple ring.
Proposition 8.4.24. The following are equivalent for any ring R.

(1) R is a finite dimensional, right nonsingular ring.

(2) Ol (R) is a semisimple ring.
Proof. (1) = (2). If R is finite dimensional, then we know from Proposition 8.4.23
that H = Endgr(E(R)) is a semiperfect ring. Hence, by Bass’ theorem, Proposi-
tion 7.2.23, H/J(H) is a semisimple ring. But R is right nonsingular and so Propo-
sition 8.4.15 gives J(H) = 0. Thus, H is semisimple. Moreover, as we have seen in
the proof of Proposition 8.4.15, Q7 . . (R) = H,so Q.. (R) is a semisimple ring.

(2) = (1). If QI .. (R) is a semisimple ring, then by Proposition 6.6.2 we have that

max
I ax (R) is aregular ring, so Proposition 8.4.15 indicates that R is a right nonsingular
ring. Since R is right nonsingular, then, as before, we see that Q! (R) = H. Thus,
there is a complete set {e;}'_, of orthogonal primitive idempotents of H such that
idg = e1 +ex+ -+ + ep. It follows that E(R) = P7_, e; E(R), where each

e; E(R) is an indecomposable R-module. Proposition 8.4.21 shows that R is finite

dimensional. m|
Problem Set 8.4
1. (a) If D is a dense right ideal of R, show that (D : a) is dense in R for each
a € R.

(b) If f : R — R is an R-linear mapping and D is a dense right ideal of R,
prove that £ ~1(D) is dense in R.

(c) If D is a dense right ideal of R, show that (D : ¢) is dense in R for each
q € Qhnax(B).
(d) If D is a dense right ideal of R and ¢ € Q] . (R) is such that gD = 0, show
that g = 0.

2. Verify Examples 3 and 4.

3. (a) If N is a rational extension of M, show that M is an essential submodule
of N.

(b) If M is an essential submodule of N and Z(M) = 0, show that N is a ra-
tional extension of M.

(c) If N is a rational extension of M, show that for any submodule N’ of N,
N is a rational extension of N’ N M.
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(d) If N’ is a rational extension of N and N is a rational extension of M, prove
that N’ is a rational extension of M .

(e) Construct a category € such that the maximal rational extension
(§(M),igar)) is a final object in €.

4. Prove Lemma 8.4.4.

5. Aright R-module M is said to be rationally complete ift M = £(M).

(a) Prove that £(M) is rationally complete.

(b) If R is an integral domain, prove that Rg is rationally complete if and only
if R is a field.

(c) If M is a nonsingular R-module, show that £(M) is an injective envelope
of M. [Hint: Use (b) of Exercise 3.] Conclude that if M is a nonsingular R-
module that is rationally complete, then M is an injective R-module. Note that
an injective R-module M is rationally complete regardless of whether or not M
is nonsingular.

(d) If {My} A is a family of R-modules each of which is rationally complete,
then is [[5 Mo (DA M) rationally complete?

An element x of an R-module M is said to be left fixed by an R-linear mapping
h:M — M if h(x) = x. Show that £(M) is the set of all elements of E(M)
that are left fixed by all 7 € Endg(E(M)) that leave each element of M fixed.

. Let S be aright denominator setin R and set #(R) = {a € R | as = 0 for some

seS}

(a) Show that § = {s+7(R) | s € S}isaright denominator setin R = R/¢(R).
(b) Prove that RS~! embeds in Q7. (R/t(R)) as a ring.

Conclude that if R is S-torsion free, then RS™! embeds in Q7 (R) as a ring

and that if R is a right Ore ring, then Q. (R) contains a copy of Q[;(R).

8. Fill in the details of the proof of Corollary 8.4.6 and of Corollary 8.4.12.

Let D be the collection of all dense right ideals of R and consider the set
Ugp Homg (D, R).

(@) If f € JgpHompg(D, R), then the dense right ideal of R that is the domain
of f will be denoted by D r. Define the relation ~ on | o Hompg (D, R) by
f ~ gifandonly if f and g agree on D y N Dg. Prove that ~ is an equivalence
relation on (_J o Homg (D, R).

(b) Let Q denote the set of equivalence classes [ f] in |y Homg(D, R) deter-
mined by ~. Prove that Q is a ring if addition and multiplication are defined

on Q by
[f1+1g)=1[f +gl. where Dyy, =Dy D, and
[fllg] = [fgl.  where Dsy = g~ (D ).
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10.

(c) Prove that Q = Q] . (R). [Hint: If [f] € Q and f : Dy — R, let
hy : E(R) — E(R) be an R-linear mapping such that i ¢|p , = f. Consider
[T hy]

For any a € R, prove that the inner derivation §, defined on R by §,(b) =
ab — ba for each b € R has a unique extension to Q! (R). Use this fact to
show that if R is commutative, then so is Q.. (R). [Hint: See Example 9 in
Section 1.1 and Exercise 3 in Problem Set 1.1.]



Chapter 9
Graded Rings and Modules

In this chapter we begin an investigation of graded rings and modules. One use of
rings and modules with gradings is in describing certain topics in algebraic geometry.
We will touch upon several concepts presented in the previous chapters, but they will
now be reformulated for graded rings and modules and studied in this “new” setting.
Proofs of the lemmas and theorems involving these reformulated concepts are often
similar to the proofs of the ungraded results, so they may be left as exercises. Graded
topics corresponding to ungraded concepts may also appear in the exercises.

Graded rings and modules can be defined with a group G as the set of degrees. The
group G can be written either additively or multiplicatively and G may or may not
be commutative. We have chosen to limit our discussion to an introduction to graded
rings and module with the additive abelian group Z as the set of degrees. A complete
development of graded rings and modules with a group G as the set of degrees would
warrant a text in itself. The interested reader can consult [35] and [36] for a more
extensive account of this subject.

9.1 Graded Rings and Modules

Graded Rings

As a way of introducing graded rings, consider the polynomial ring R[X]. For each
neZletX"R ={X"a|aec R}, where X"R = 0 foreachn < 0and X° = 1.
Then each X" R is a subgroup of the additive group of R[X] and it follows easily
R[X] = @z X"R. Thus, each p(X) = ao + Xa; + X?ay + -+ + X"a, in
R[X] can be written uniquely as a finite sum of elements in the set of subgroups
{X" R}z and each summand X*a; € X*R in p(X) is a homogeneous polynomial
of degree k. Finally, we see that (X" R)(X"R) € X™*"R for each m,n € Z.
These observations regarding the polynomial ring R[X] provide the motivation for
the following definition.

Definition 9.1.1. A graded ring is aring R together with a set { R, }z of subgroups of
the additive group of R such that R = @, R, and such that R, R, € R4, for all
m,n € Z. The family of subgroups {R;}z is said to be a grading of R. Such a ring
R is said to have Z as its set of degrees. A nonzero element a € R, is referred to as
a homogeneous element of R of degree n, denoted deg(a) = n. If deg(a) = n, then
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we will often write a, for a to indicate that a € R,. Also, if {R,}z is a grading of R,
then not all of the R, need be nonzero. If R, R, = R+, forallm,n € Z, then R is
said to be strongly graded by {R, }z. A graded ring R is positively graded if R, = 0
for all n < 0. In this case, the zero subgroups R, n < 0, are suppressed and we write
{Rn}n>o for the grading of R. Similarly, R is negatively graded if R, = 0 for all
n > 0 and, in this case, we express the grading of R by {R, }n<o0-

If S is a subring of a graded ring R and if S,, = S N R, foreachn € Z, then S is
said to be a graded subring of R,if S = @y S,. A right ideal (A left ideal, An ideal)
A of a graded ring R is a graded right ideal (graded left ideal, graded ideal) of R, if
A =Py An, where A, = AN R, foreachn € Z.

If R is a graded ring and S is a graded subring of R, then (S N R,)(S N R,) C
S N Ry4p for all m,n € 7Z. Hence, a graded subring S of R is a graded ring.
Moreover, if R is a graded ring, then each nonzero a € R has a unique expression as
a finite sum of nonzero homogeneous elements of R. If a = ), aj,, then each aj, is
said to be a homogeneous component of a. Note also that if A is a graded right ideal,
then each a € A can be written as a finite sum of nonzero homogeneous components
of R, each belonging to A.

Remark. If R is a graded ring, then 0 € R, for each n € Z, so no degree is assigned
to 0. Furthermore, the zero ideal is to be viewed as a graded ideal of R that is a graded
subideal of every graded right or graded left ideal of R.

Examples

1. Trivial Grading. If Ry = Rand R, = Oforalln # 0, then {R,}7 is a grading
of R called the trivial grading of R. Thus, every ring can be viewed as a graded
ring.

From this point forward, if we say that R is a graded ring, then we mean,
unless stated otherwise, that the grading { R, }z of R is nontrivial.

2. Polynomial Rings. As we saw in the opening remarks of this section, every
polynomial ring R[X] is positively graded with grading {X" R},>¢. More gen-
erally, if p(X1, X2,..., Xi) is a polynomial in R[X1, X>, ..., Xi], then a term
X' x5? legka of p(X1, X2, ..., Xy) is said to have degree n if j; + j» +
-+« jg = n. A polynomial p(X1, X2,...,Xg) in R[X1, X3, ..., Xi] is said to
be a homogeneous polynomial of degree n if every term of p(X1, X2, ..., Xg)
has degree n. If n > 0 and P, is the set of all homogeneous polynomials of
R[X1, X3, ..., X}] of degree n together with the zero polynomial, then P, is
a subgroup of the additive group of R[X1, X2,..., X,]. Moreover, R[X1, X5,
cos Xu]l = B,50 Pn.so R[X1, X2, ... Xg] is a positively graded ring.
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3. Not every right ideal of a graded ring must be graded. Consider the posi-

tively graded ring R[X] with grading {X" R},>0. Since | + X € (1 + X)R[X]
and 1 ¢ (1 + X)R[X], 1| + X cannot be written as a sum of homogeneous
elements of (1 + X)R[X]. Thus, the right ideal (1 + X)R[X] of R[X] is not
graded.

. Laurent Polynomials. Let R be a commutative ring and consider the poly-

nomial ring R[X]. If S = {X" | n = 0,1,2,...}, then S is a multiplicative
system and elements of R[X]S ™! look like

aop+ Xay + X?%ar + -+ X"a,
xm ’

m,n=20,1,2,....

Thus, with a change of notation, we see that elements of R[X]S~! are “polyno-
mials” of the form

p(X) :X_ma—m+"'+X_la_1 +ao+ Xa1 + -+ X"a,,
m,n=0,1,2,....

Each p(X) in R[X]S™! is called a Laurent polynomial and R[X]S~! is re-
ferred to as the ring of Laurent polynomials, usually denoted by R[X, X ~1].
R[X, X~ !]is a graded ring graded by the subgroups {X” R}z, where X" R =
{X"a | a € R} foreachn € Z. Since

aop + Xai + X?%ar + -+ + X"a,

. =ag + Xa; + X%ay + -+ X"ay,

R[X] can be viewed as a graded subring of R[X, X ~1].

. Zj as a set of degrees. In the opening remarks of this chapter, it was indicated

that a ring can be graded using an arbitrary group as a set of degrees. For
instance, if S = M3(R) is the ring of 3 x 3 matrices over a ring R, then

RRO 00 R
Sqq=|RR O], Spy={0 0 R],
00 R RRO

is a grading of S with the group Z, = {[0], [1]} as the set of degrees.

Recall that U(R) denotes the multiplicative group of units of a ring R.

Proposition 9.1.2. If R is a graded ring, then
(1) Ro is a subring of R,
(2) ifan € Ry NU(R), thena;! € R_, N U(R), and
(3) R is strongly graded if and only if 1 € R, R—,, for each n € Z.
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Proof. (1) Since RoRo < Ro, we need only show that 1 € Rg. Let 1 = ) e,
be the unique decomposition of 1 into its homogeneous components. If a;;, € Ry,
then a,, = > 7 enam. Now each term on the left side of a,, = >, epam must
correspond to a term on the right side of a,, = ), enan, with the same degree.
Since deg(enam) = n + m for each n € Z, it follows that the only possibility is that
am = eoam. Similarly, a,, = aneq, so eg acts as an identity element for R,, for each
m € Z. But if this is the case, then e acts as an identity for all elements of R and so
1 =¢e9 € Ryp.

(2) Suppose that a, € R, N U(R). If a,' = > ;bm, then 1 = aya,! =
Y 7 anbm. Now deg(l) = 0, so by comparing degrees on the left and the right
side of 1 = )" anby,, it follows that it must be the case that b, = 0 for all m # —n.
Hence, a;l =b_, € R_,.

(3) If R is strongly graded, then R, R, = R4, forall m,n € Z. In particular,
1 € Ry = R,R—_;,. Conversely, suppose that 1 € R,R_, for eachn € Z. Since
Ry R, C Ry,44, it suffices to show that Ry, 4+, € R, R, for all m,n € Z. Now
1€ RpR_y; gives Rg = Ry R—py, SO

Rm+n = RORm+n = (RmR—m)Rm+n = Rm(R—mRm+n) C RmRy. o

Corollary 9.1.3. If R is a graded ring, then Ry, is a left and a right Ry-module for
eachn € Z.

Definition 9.1.4. If R and S are graded rings, then a ring homomorphism f : R — S
is a graded ring homomorphism if f(R,) C S, foreachn € Z. If R and S are graded
rings, then R =&" § will indicate that there is a graded ring isomorphism f : R — S.

Clearly, if R, S and T are graded rings and if f : R - Sandg : S — T are
graded ring homomorphisms, then gf : R — T is a graded ring homomorphism.
It follows that we can form the category Gr-Ring of graded rings whose objects are
graded rings and whose morphisms are graded ring homomorphisms.

Proposition 9.1.5. If R is a positively graded ring, then
(1) Ry =@, > Rn is anideal of R and
(2) R/R4 and Ry are isomorphic rings.

Proof. (1)Ry is clearly closed under addition, so let Y, ., an, € Ry and suppose
that ,-0bn € R. Then (3,,»1 @n)bx = 3,1~ anbi and anby € R, 4y forn > 1
and k > 0. Thus, (3_,,~; @n)bx € @D, Rusx S R+ foreach k > 0, so it follows
that (3_,>1 an)(X_,50bn) € R Similarly, for (3_,50bn) (3,51 an)-

(2) By Proposition 9.1.2, Ry is a ring and the obvious surjective ring homomorph-
ism R — Ry has kernel R . O
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We can now prove an analog for graded rings that corresponds to parts of Proposi-
tions 1.3.3 and 1.3.5. For the proof, we will need the following lemma.

Lemma 9.1.6. If R is a graded ring and I, I # R, is a graded ideal of R, then R/I
is a graded ring with grading {(I + Ry)/1}z and the natural map n: R — R/I is
a surjective graded ring homomorphism.

Proof. If {R,}z is the grading of R and if n : R — R/I is the canonical ring
homomorphism, then R/I = n(R) = n(3_z Rx) = > 7z n(Rn) = > 7(I + Ru)/I.
IfY y(an+1)e€) 5z(I+ Ry)/I, wherea, € R, foreachn € Z, and )", (a, +
I) = 0,then 3.z an) +1 = 0. Hence, ) ya, € I = @z(I N Ry) = Py In.
so it follows that a, € I,, for eachn € Z. Thus, a, + I = 0 for each n € Z and so
the sum ) (I + R,)/I is direct. Thus, R/I is graded by {( + R,)/I}z. Since
we clearly have n(R,) € (I + Ry)/I,n: R — R/I is a surjective graded ring
homomorphism. a

The ring R/1 with grading {(I + R,)/I}z is referred to as a graded factor ring
of R. Now for the proposition.

Proposition 9.1.7. The following hold for a nonzero graded ring homomorphism f :
R —S.

(1) Im f is a graded subring of S.
(2) K = Ker f is a graded ideal of R.

(3) The induced map f : R/K — Im f such that f(a + K) = f(a) is a graded
ring isomorphism.

Proof. Let{Ry,}z and {S,}z be gradings of R and S, respectively.

(1) Set T, = Im f N S, foreachn € Z. Let f(a) € Im f and suppose that
a =) yan, where a, € R, foreachn € Z. Then f(a) =), f(an) and f(an) €
Imf N f(R,) CImfnNS, =T, foreachn € Z. Thus,Im f < Y, T,. On the
other hand, if b € Y, T, and b = ) _, by, where b, € T, = Im f N S,, then for
each n there is an @’ € R such that f(a’) = b,. If a’ = ) _, a),, where a,, € R, for
each n € Z, then f(a') = ) 5 f(ay). Butdeg(f(a’)) = n and deg(f(a;) = k
for each k € Z. Hence, it follows that f(a’) = f(a,,), so there is an @, € R, such
that f(a@n) = b, foreachn. If @ = ) 5 au, then f(a@) = > 5 f(an) =Y zbn =0,
$0Y 7 Ty CIm f. Thus, Im f = )", Tp.

(2) Suppose that K, = R, N K for eachn € Z. Clearly >, K, € K, and if
a € K,thena € R,soa = Y g an, where a, € R, for each n € Z. Hence,
> 7 flan) = f(a) = 0, so it follows that f(a,) = O for each n. Thus, a, € K, for
each n and we have a € ), K,,. Therefore, K =) , K.

(3) We know from Lemma 9.1.6 that R/K is a graded ring with grading {(K +
R,)/K)}z. The induced map f : M/K — Im f is an isomorphism, so we need
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only show that £ is graded. Since f((K + Ry)/K) = f(Rn) C Sn. it follows from
the proof of (1) that f ((K + R,)/K) C Ty,. |

Graded Modules

Definition 9.1.8. If R is a graded ring, then an R-module M is said to be a graded
R-module if there is a family {M,}z of subgroups of M such that M = P, M,
and My Ry, C M4y for all m,n € Z. If M is a graded R-module and if N is
a submodule of M, then N is a graded submodule of M, if N = @, N,, where
N, = N N My, for each n € Z. The additive abelian group Z is said to be the set
of degrees of M. If M is a graded R-module, then M is said to be positively graded
if M, = 0 for all n < 0. Similarly, M is negatively graded if M,, = 0 for all
n > 0. A nonzero element x € M, is referred to as a homogeneous element of M of
degree n, denoted by deg(x) = n. We often write x,, for x to indicate that x € M,,.

If M is a graded R-module and N is a graded submodule of M, then (N N
MR, € N N M4+, for all m,n € Z. Hence, N is a graded R-module with
grading {N N M, }z. Also, each nonzero element x of a graded R-module M can be
expressed uniquely as a finite sum x = ), x, of nonzero homogeneous elements
of M and each summand is referred to as a homogeneous component of x. Clearly,
if M is a graded R-module, then each M, is an Ro-module and if R has the trivial
grading, then each M, is an R-submodule of M. It is also easy to see that if R is a
graded ring, then R is a graded R-module. Furthermore, if A is a right ideal of R,
then A is a graded right ideal of R if and only if A is a graded submodule of Rpg.

Remark.

() f M = @y M, is a graded R-module, then 0 € M, for every n € Z, so no
degree is assigned to 0. Moreover, the zero submodule is considered to be a
graded submodule of every graded module. As with rings, if x € M and x # 0,
then when x is written as a finite sum of its homogeneous components, 0 is not
a member of this decomposition of x.

(2) If M is a graded R-module, then M has a set of homogeneous generators. If
{xa}A is a set of generators of M in Modg, then x, can be written as a finite
sum Xq = ).y Xq,, Where xo, € M, foreach @ € A and eachn € Z.
If {Xa,n}(a,n)erxz is the set of homogeneous components of the set {xq}a of
generators of M, then {Xq,n}(a,n)eaxz 1s a set of homogeneous generators of
M . Furthermore, if M is finitely generated, then {Xq,» }(a,n)eAxz contains only
a finite number of nonzero homogeneous elements, so in this case, M is finitely
generated by homogeneous elements.

(3) If Ris atrivially graded ring, then an R-module M is said to be trivially graded
by {My}z if My = M and M,, = O for eachn € Z, n # 0. However, if R
is not trivially graded, then M should not be viewed as trivially graded. For if
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{Ry}z is a nontrivial grading of R and M is trivially graded, then for Ry # 0
we would have MR, = MoR;, € M; = 0. However, in general, MR, # 0
for an R-module M.

If M is a graded R-module, we now assume, unless stated otherwise, that
the grading { R, }z of R and the grading {M,}z of M are nontrivial.

Proposition 9.1.9. If M is a graded R-module and if N is a submodule of M, then
the following are equivalent.

(1) N is a graded submodule of M.
(2) The homogeneous components in M of elements of N belong to N.

(3) N has a set of homogeneous generators.

Proof. Suppose that N is a graded submodule of M. If x € N, then we can write
X =Y y7Xxn € Py My, where x, € M, foreachn € Z. Now N =) (N N M,),
SOX =Y 7 ¥n € ) z(N N My,), where y, € N N M, for each n. Thus, ) ", x, =
Y7 Yn, so it follows that x, = y, € N for each n, so we have that (1) = (2).
The fact that (2) = (3) is obvious, so the proof will be complete if we can show
that (3) = (1). If {xq}A is a set of nonzero homogeneous generators of N, then
{xa}A S N and every x € N can be expressed as x = ZA Xgqdq, Where ag € R
and ag, = O for almost all @« € A. Foreacha € A, letay = ) 7 da,m € Py R,
where ay,m is the homogeneous component of a, of degree m. Thus, we have x =
DA Xala = Y A 7 Xqla,m). Now deg(xXqaa,m) = deg(xq) + m, so if we collect
the terms of ) o X¢ (7 da,m) that have degree n for each n € Z, then

X = Zx"‘(;a“””) = XZ:( Z xaaa,m) € @(N N My).

A A,deg(xy)+m=n Z

Hence, N € @, (N NM,) andso N = @, (N N M,). Consequently, N is a graded
submodule of M. O

Definition 9.1.10. If M and N are graded R-modules and f : M — N is an R-
linear mapping, then f is said to be a graded R-module homomorphism of degree
k, if f(My) € Nu4r for each n € Z. An injective (A surjective, A bijective)
graded module homomorphism of degree zero is a graded module monomorphism
(graded module epimorphism, graded module isomorphism). If M and N are graded
R-modules and if there exists a graded module isomorphism f : M — N of degree
zero, then we write M =8 N. Graded homomorphisms without an indication of
degree are understood to have degree zero.
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As with graded rings and graded ring homomorphisms, we can form the category
Grp of graded R-modules whose objects are graded R-modules and whose mor-
phisms are graded module homomorphisms (of degree zero). If M and N are objects
in Grg, then Homg;, (M, N) will denote the additive abelian group of morphisms
in Grg from M to N. Note that if M is an R-module with gradings {M,}7z and
{M,}z, then the graded module M with grading {M,,}z and the graded module M
with grading {M,, }7z are distinct objects in Grg. Note also that the definitions and
the results obtained previously in this chapter hold for left R-modules. Thus, we can
also form the category rGr of graded left R-modules. This observation also holds
for subsequent definitions and results concerning graded R-modules when applied to
graded left R-modules.

Examples

6. If M is a graded R-module and a € cent(R), the center of R, is homogeneous
of degree k, then f : M — M such that f(x) = xa is a graded module
homomorphism of degree k.

7.1f f: M - M and g : M’ — M" are graded module homomorphisms
with degrees ki and k», respectively, then gf : M — M" is a graded module
homomorphism of degree k1 + k».

8. Let M be a graded R-module with grading {M,}7z and k a fixed integer. If
M, (k) = My, foreachn € Z, then M = @y Mu(k) and {M,(k)}z is
a grading of M. The grading {M, (k)}z is said to be obtained by shifting the
grading {M,}z by a factor of k.

A graded R-module M with the grading of M shifted by a factor
of k will be denoted by M (k).

If N = @y Ny is a graded R-module, then, as above, N(k) is graded by
{Np(k)}z. Consequently, if f : M — N is a graded module homomorphism
of degree k, then f(M,) C Nyt = Np(k),so f : M — N(k) is a graded
R-module homomorphism of degree zero. Conversely, if f : M — N(k) is
a graded module homomorphism of degree zero, then f can be considered to
be a graded module homomorphism f : M — N of degree k.

9. By definition, M =& N if and only if there is a bijective graded module homo-
morphism f : M — N. If f : M — N is a bijective graded module homo-
morphism of degree k, then we do not write M =&" N since f shifts the grading
of N by a factor of k and N and N (k) are distinct objects in Grg. However, it
does follow that M =& N(k) since f gives a bijective graded module homo-
morphism f : M — N(k) of degree zero.
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The proofs of the following lemma and proposition are left as exercises. The proofs
are similar to the corresponding results for graded rings given in Lemma 9.1.6 and
Proposition 9.1.7.

Lemma 9.1.11. If M is a graded R-module and N is a graded submodule of M,
then M/N is a graded R-module with grading {(N + M,)/N }z and the natural
map 1 : M — M/N is a graded module epimorphism.

Proposition 9.1.12. If f : M — N is a graded module homomorphism, then
(1) Im f is a graded submodule of N,
(2) K = Ker f is a graded submodule of M, and

(3) The induced map f : M/K — Im f such that f(x + K) = f(x) is a graded
module isomorphism.

The R-module M/N with grading {(N + M,)/N }z is said to be a graded factor
module of M.

Schur’s lemma indicates that if S is a simple R-module, then Endg(S) is a division
ring. There is an analog to Schur’s lemma for graded simple modules. For this we
need the following definition.

Definition 9.1.13. A graded nonzero R-module S is said to be a graded simple R-
module (or a simple object in Grg), if the only graded submodules of S are 0 and S.
A graded ring D is said to be a graded division ring if every nonzero homogeneous
element of D is a unit in D. If a graded division ring is commutative, then it is
a graded field.

Example

10. If K[X, X~1] is the ring of Laurent polynomials of Example 4, where K is
a field, then K[X, X ~!] is a graded field, since it follows easily that each non-
zero homogeneous element of K[X, X ~!]is a unit. However, K[X, X 1] is not
a field, so a graded field need not be a field.

If M and N are graded R-modules and if we let HOMg(M, N); be the set of
graded module homomorphisms from M to N of degree k, then HOMg (M, N ), is
a subgroup of the additive abelian Homg (M, N). Furthermore,

HOMRg(M, N)o = Homgr,(M,N) and
HOMRg(M, N); = HOMg(M, N(k))o = Homg,, (M, N(k))
= HOMg(M(—k), N)o = Homgr, (M(—k), N).

Next, let HOMg(M, N) = @5 HOMRg(M, N);. Then HOMRg(M, N) is a graded
Z-module with grading {HOMpg(M, N )i}z and HOMgr(M, N) is a subgroup of
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Hompg(M, N). Moreover, ENDRr(M) = @, ENDR(M )y is a graded ring and
ENDR (M) is a subring of Endg (M).

The following lemma is a restatement of Schur’s lemma (Lemma 6.4.13) in the
setting of graded rings and modules. Note that if S is a graded simple R-module, then
so is S(k) for each k € Z. (See Exercise 9.)

Lemma 9.1.14 (Schur’s lemma for graded modules). Let M be a nonzero graded
R-module and suppose that S is a graded simple R-module.

() If f: S — M is a nonzero graded module homomorphism, then [ is a mono-
morphism.

Q) If f : M — S is a nonzero graded module homomorphism, then f is an
epimorphism.

(3) ENDR(S) = @4 ENDR(S)k is a graded division ring.

Proof. If f : S — M is a nonzero graded module homomorphism, then Ker f # S
and, by (2) of the previous proposition, Ker f is a graded submodule of S. Hence,
Ker f = 0, so f is a monomorphism and therefore (1) holds. If f : M — S is
a nonzero graded module homomorphism, then f(M) is, by (1) of the proposition
above, a nonzero graded submodule of S. Hence, f(M) = S and we have (2). To
prove (3), it suffices to show that each nonzero element of END g (S) has an inverse
in ENDR(S)_g. If f € ENDR(S)k, f # 0, then by shifting the grading of S by
a factor of k gives a graded R-module homomorphism f : S — S(k) of degree zero.
So since S(k) is also a graded simple R-module, it follows from (1) and (2) that
f S — S(k) is a graded isomorphism. This gives a graded module isomorphism,
f71: S(k) - Ssuchthat f~'f = idg and ff~! = idg(x). But £~ can be
viewed as amap S — S of degree —k, so f has an inverse in ENDg(S)_. |

Definition 9.1.15. If M is a graded R-module, then a graded submodule N of M is
said to be a maximal graded submodule of M, if M/N is a graded simple module.
A right ideal of a graded ring R is said to be maximal graded right ideal if it is
a maximal graded submodule of Rg.

The proof of the following lemma is an exercise.

Lemma 9.1.16. The following hold for a graded R-module M and a graded submod-
ule N of M.

(1) N is a maximal graded submodule of M if and only if N # M and N +
xR = M for each homogeneous element x € M — N.

(2) If N is a maximal graded submodule of M, then N is a maximal element among
the graded submodules of M.
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Previously we have seen that S is a simple R-module if and only if there is a maxi-
mal right ideal mt in R such that R /m = S. The following proposition links maximal
graded right ideals in a graded ring R to graded simple R-modules.

Proposition 9.1.17. The following hold for a graded simple R-module S.
(1) Foreachn € Z such that Sy, # 0, Sy, is a simple Ry-module.

(2) There is at least one integer k such that R [y =8 S(k), where wy is a maxi-
mal graded right ideal of R.

Proof. (1) Suppose that S, # 0 and let x, € Sy, x, # 0. Then x, R is a nonzero
submodule of S with a homogeneous generator. Thus, Proposition 9.1.9 shows that
Xn R is a graded submodule of S, sox,R = S. If y, € Sy, vy, #0,then y, € S =
xpR. Consequently, if y, = x,a = X, ) g ar = Y 7z Xnaj, Where each ay is in
Ry, and a; = 0 for almost all k € Z, then, by comparing degrees on the left and the
right side of y, = Y  x,ay, we see that x,ar = 0if k # 0. Hence, y, = xnao.
Therefore, S,, € x,Ro, so x,R9 = S,. Finally, if N is a nonzero Rg-submodule
of S, and x, € N, x,, # 0, then x, € S, and as above x, Ry = S;. Therefore, if
Yn € Sp, then y, = xpag for some ag € Ry, so y, € N. Hence, S;, € N and so
N = ;. Thus, Sy is a simple Ry-module.

(2) Let x € S, x # 0, and suppose that deg(x) = k. Then f : R — S de-
fined by f(a) = xa is such that Im(f) = xR = S. Moreover, f(R;) € S,1k,
so f is a nonzero graded module homomorphism of degree k. Shifting the grading
of S by a factor of k gives a nonzero graded module homomorphism f : R — S(k)
of degree zero. Hence, Proposition 9.1.12 indicates that m; = Ker f is a graded
right ideal of R. Using Proposition 9.1.12 again, we see that f : R/my; — S(k)
such that f(a + my) = f(a) is a graded isomorphism. Hence, R/my =& S(k)
and since S(k) is a graded simple R-module, m; is a maximal graded right ideal
of R. a

Corollary 9.1.18. If S is a graded simple R-module, then S is a semisimple Ro-mod-
ule.

Example

11. A submodule of a graded R-module of M may be a maximal graded sub-
module of M and yet not be a maximal submodule of M. For example, if
R = K[X, X !]is the graded ring of Example 10, then the zero submodule
of the module Rg is a maximal graded submodule of Rr and yet zero is not
a maximal submodule of Rg.
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Problem Set 9.1

1. If R is a graded ring and U*"(R) = (Jz(U(R) N Ry), then U (R) is the set of
units of R that are homogeneous. Prove each of the following.
(a) US'(R) is a subgroup of U(R).
(b) The map d : U¥(R) — Z defined by d(x) = deg(x) is a group homo-
morphism from the multiplicative group U#'(R) to the additive group Z. More-
over, Ker(d) = U(Ry).
(c) d is an epimorphism if and only if U(R) N R, # 0 foreachn € Z.

2. Let R be a graded ring graded by {R,}z. Prove that {R,[X]}z is a grading of

the polynomial ring R[X]. Show also that if R is strongly graded, then R[X] is
strongly graded by {R,[X]}z.

3. Show that the only possible grading of the ring Z is the trivial grading. [Hint:
Show that deg(1) = 0.]

4. Let M be an (R, S)-bimodule and N an (S, R)-bimodule and consider M =

( 15 ]‘54 )- Then M is a ring, if addition of matrices is defined in the usual fashion

and multiplication is defined by

ry mq rp ma\ rir rimo +miss
ni1 s ny s niry + sin2 5152 )

(a) Show that M is a graded ring with grading

00 R O oM
M_l—(N 0), Mo—(o S), Ml—(o 0) and

00 .
I\\/I[n_(o O) ifn # —1,0, 1.

(b) Prove that ( 1‘\‘,1/ Ag’) is a graded right ideal of MI, where M’ is an R-submod-

ule of M, N’ is an S-submodule of N and A4 and B are right ideals of R and S,
respectively, such that AM € M’ and BN € N'.

5. (a) Verify Examples 2, 4 and 5.
(b) Verify Examples 8 and 9.

6. Suppose that N is a graded R-module, that L is a graded submodule of M and
that M is a graded submodule of N. Is L a graded submodule of N ? That is,
decide if “graded submodule” is a transitive concept.

7. Prove Lemma 9.1.11. [Hint: Lemma 9.1.6.]
8. Prove Proposition 9.1.12. [Hint: Proposition 9.1.7.]
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10.

11.

12.
13.

14.

15.

(a) If S is a graded simple R-module, prove that S(k) is graded simple for each
kelZ.

(b) If D is a division ring and if D[X, X~!] is graded by {X" D}z, then is
D[X, X~1] a graded division ring?

(c) If R is a graded division ring, prove that R has no divisors of zero and that
Ry is a field.

Prove that the following are equivalent for a graded ring R.

(a) R has no proper nonzero graded right ideals.

(b) R has no proper nonzero graded left ideals.

(c) R is a graded division ring.

(a) If K is a field with grading K = @, Kj, prove that {K,}7z is the trivial
grading of K. [Hint: Suppose that {K}}z is a nontrivial grading of K and let
x € Ky,x # 0andn > 0. Consider y = (1+x)~! = 3", yy, where "5 yy is
the homogeneous decomposition of y, and show that this gives a contradiction.]
(b) Show that K[X, X ~!] is a graded field, but that K[X, X ~!] is not a field.
Conclude from (a) and (b) that, in general, a graded field and a field that is
graded are distinct graded objects.

Prove Lemma 9.1.16.

Let M be a graded R-module and suppose that N is a not necessarily graded
submodule of M. Prove that ) ", (N N M,) is a graded submodule of M.

Let f : R — S be a ring homomorphism and view S as an R-module by
pullback along f. Prove that if R and S are graded rings, then f : R — S
is a graded ring homomorphism if and only if the grading of S is an R-module
grading.

(a) Let f : M — N be a morphism in Grg and suppose that X is a graded
R-module. If

Homg, (f, X) = f* : Homgr, (N, X) — Homgy, (M, X)

is such that f*(g) = gf, show that Homgr (—, X) is a left exact contravariant
functor from Grg to Ab. Prove also that if

HomGl‘R(X9 f) = f* :HomGrR(Xﬂ M) - HomGl‘R(X9 N)

and f«(g) = fg, then Homgr, (X, —) is a left exact covariant functor from
Grpg to Ab.

(b) Define HOMRg(—, X) and HOMRg (X, —) as in (a) and (b) for a graded R-
module X and a morphism f : M — N in Grg. Show that HOMg(—, X) and
HOMPEg (X, —) are left exact contravariant and covariant functors, respectively,
from Grpg to Gryg.
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16.

17.

18.

19.

20.

21.

(a) If {Nq}a is a family of graded submodules of M, prove that (|, Ny and
> A Ny are graded submodules of M. [Hint: If {Ng,,}7 is the grading of Ny
for each o € A, consider (o Na)n = (A Nen and (O A No)n = DA Nans
respectively, for each n € Z.]

(b) If x is a homogeneous element of a graded R-module M, show that ann, (x)
is a graded right ideal of R.

(c) If N is a graded submodule of a graded R-module M, prove that (N : M) =
{a € R| Ma C N} is agraded ideal of R.

(d) If N is a graded submodule of a graded R-module M, prove that ann, (N)
is a graded ideal of R.

Let M be a graded R-module and suppose that N is a submodule of M, N not
necessarily graded.

(a) Prove that there is a largest graded submodule N & of M such that N& C N.
[Hint: Use (a) of Exercise 16.]

(b) Prove that there is a smallest graded submodule Ng of M such that N C
Ng;. [Hint: Use (a) of Exercise 16.]

Conclude that N is graded if and only if N& = N = Ny;.

(a) Let R be a graded ring and suppose that a is a homogeneous element of R.
Prove that C4(R) = {b € R | ab = ba} is a graded subring of R.

(b) Let R be a graded ring and suppose that S is a graded subring of R. Show
that cent(S), the center of S, is a graded subring of R.

If M is a graded R-module and / is a graded ideal of R, prove that M1 is
a graded submodule of M and that M/ M I is a graded R/I-module.

If {My}a is a family of graded R-modules, decide which, if any, of the follow-
ing hold.

(@) Homgr (€D Ma V) = [T Homee (M N)

(b) Homgr (JAv [TMa) = ﬁ Homgr . (N, Ma)

© HOMR(@;Ia,N) gﬁHOMR(Ma,N)

) HOMpg (1Av I1 Ma) o~ ﬁHOMR(N, My)
A A

for a graded R-module N. [Hint: Proposition 2.1.12.]

Nakayama’s Graded Lemma. Let R be a positively graded ring. Prove that
each of the following hold for a finitely generated positively graded R-module
M . [Hint: Lemma 6.1.10 and Proposition 9.1.5.]

(@If MRy = M, then M = 0.

M®)If N + MR = M for a graded submodule N of M,then N = M.
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22. Recall that if S is a multiplicative system in R, then S is a right denominator

23.

set if the following two conditions are satisfied.
D; If(a,s) € Rx S, thenthereisa (b,t) € R x S such that at = sb.

D, If(a,s) € R x S is such that sa = 0, then there is a ¢ € S such that
at = 0.

If R is a graded ring, let A(R) denote the set of homogeneous elements of R.
Suppose also that S C h(R) is a multiplicatively system that satisfies the fol-
lowing two conditions.

D%r If (a,s) € h(R) x S, then there is a (b, t) € h(R) x S such that at = sb.

D" If (a,5) € h(R) x S is such that sa = 0, then there isa ¢ € S such that
at = 0.

Prove that if R is a graded ring and S C k(R) is a multiplicative system in R,
then Dy and D5 hold if and only if Df" and DS hold. Conclude that S is a right
denominator set in R if and only if D%r and D%r are satisfied.

Let R be a graded ring and suppose that S € A(R) is a right denominator set
in R.

(a) Prove that (RS™1), = {a/s | a € h(R) and deg(a) — deg(s) = n} is
a subgroup of the additive group of RS™! for each n € Z and that RS~ is
a graded ring with grading {(RS 1), }z.[Hint: If a/s and b/t are in (RS™1),,,
then by Exercise 22 there is a pair (c,u) € h(R) x S such thata/s + b/t =
(au + bc)/su, where su = tc. Thus, deg(a/s + b/t) = deg(au + bc)/su.
Now show that deg(au) = n + deg(su) and deg(bc) = n + deg(tc).]

(b) Let (MS™Y), = {x/s | x € h(M) and deg(x) — deg(s) = n} for each
n € Z, where M is a graded R-module and #(M) is the set of homoge-
neous elements of M. Show that each (M S™!), is a subgroup of the addi-
tive group of M S~! and that MS™! is a graded RS~ !-module with grading
{(MS™1),}z.[Hint: Similar to the proof of (a).] If MS~! is viewed as an
R-module by pullback along the canonical map a + a/1 from R to RS™!,
then is M S~! graded as an R-module?

9.2 Fundamental Concepts

In Chapter 2 we gave several fundamental constructions for rings and modules. In this
section these same constructions are reformulated in the setting of graded rings and
modules.
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Graded Direct Products and Sums

Suppose that { Mg } A is a family of graded R-modules and let { My, , }7 be the grading
of My foreacha € A. If P, = [[5 Ma,n, then Py is a subgroup of [ [, M for each
n € Z and

[1Me = [ [ Mo = D[ [ Mo = D P
A A Z Z A z

Hence, [[p M, is a graded R-module graded by {P,}z. Now let S, = G\ My n.
Then

@Ma Z@@Ma,n ZGB@Ma,n Z@Sny
A A Z Z A Z

s0 P My is a graded R-module graded by the subgroups {S, }z. These observations
lead to the following definition.

Definition 9.2.1. If {M,}A is a family of graded R-modules, then the R-module
[ 1o My, graded by the family of subgroups { P, }z, where P, = [[5 Mqy,n for each
n € Z, is said to be the graded direct product (or a direct product in Grg) of the
family {My}a. The notation ]_[gAr M, will indicate that the R-module [[p My is
being considered as a module in Grg with the grading {P,}7z. Likewise, @gAr My
indicates that 9, My is being viewed as a module in Grg with grading {S,}z.,
where S, = @\ Mg, for each n € Z. The graded module @gAr M, will be referred
to as the graded direct sum (or a direct sum in Grg) of {My}a. Finally, if M is
a graded R-module, then a graded submodule N of M is said to be a graded direct
summand of M (or a direct summand of M in Grpg) if there is a graded submodule
N’ of M suchthat M = N & N’. Note that if { N, }7 is the grading of N and {N,}7
is the grading of N’ then M is graded by {N, & N, }z.

Remark.

(1) Let U : Grg — Modpg be such that U(M) = M, where M is the R-module
M with the grading of M forgotten. If f : M — N is a morphism in Grg,
then U(f) = f, where f : M — N is such that f(x) = f(x) for each
x e M. It’s eas? to show that U is a (forgetful) functor, called the ungrading
functor. In what follows, if M is a graded R-module, then M will indicate that
the grading of M has been forgotten. Similarly, if f : M — N is a a graded
module homomorphism, then f : M — N will be as above.

(2) If R is a graded ring, then we will often write R rather than R, leaving it to the
reader to determine whether R is being considered as a graded or as an ungraded
ring. For example, if M is a graded R-module, then we will say that M is an
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R-module rather than M is an R-module. Moreover, if R is a graded ring then

Modr will continue to denote the category of R-modules as opposed to Modg.
(3) The notation M = N @& N’ will indicate that the direct sum is taking place in

Grg while M = N @ N’ will mean that the direct sum is formed in Modg.

The following proposition points out the connection between direct summands of
Gr g and those in Mod g.

Proposition 9.2.2. If M is a graded R-module and N is a graded submodule of M,
then N is a direct summand of M in Grg if and only N is a direct summand of M in
Mod R-

Proof. If N is a direct summand of M in Grg, then there is a graded submodule N’
of M such that M = N @& N’. It follows from the definition of a graded direct sum
that M = N @& N’'. Conversely, suppose that N is a graded submodule of a graded
R-module M such that there is a submodule X of M suchthat M = N & X. We
claim that there is a graded submodule N’ of M such that M = N @& N'. If
{N,, = N N M,}z is the grading of N, let Y;, be the subgroup @,ﬁén Nj and set

N, = (Yp + X) N M,, for each n € Z. Then as groups M = N, & Y, ® X and
N C M,,. The modular law of Example 10 in Section 1.4 gives

My=MNM,=(N, ®Y, ®X)N M,
= Nu ® ((Yn ® X) N My)
:N,,@N,’,.

Thus, if we set N’ = @@, N,,, then M = N @& N’ in Modz. Moreover, Y, R, C
Yim+n, s0o N,,R, € N/ It follows that N’ is a submodule of M that is in fact

m+n*

a graded submodule of M such that M = N @& N’. a

Corollary 9.2.3. A short exact sequence 0 — M, i> M s My — 0 in Grg splits
if and only if one of the following two equivalent conditions holds.

(1) There is a graded R-module homomorphism ' : M — My such that ' f =
idpy, -

(2) There is a graded R-module homomorphism g’ © My — M such that gg' =
idps, .

Corollary 9.2.4. A short exact sequence 0 — M, i) mE M, — 0 in Grg splits
in Grg if and only if one of the following three equivalent conditions holds.

(1) Im f is a graded direct summand of M.
(2) Ker g is a graded direct summand of M.
(3) M =5 M, &% M>.
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Graded Tensor Products

Let M be a graded R-module with grading {M;}z and N a graded left R-module with
grading {N;}z. Consider the abelian group M ®gr N. Since each M; and each N;
is a Z-module and since Corollary 2.3.8 shows that tensor products and direct sums
commute, it follows that as a Z-module we have

M @r N = (%M,-) ®z (@N,-) ~ P (M @z (EDN;))

i€Z JEZ
%@@(Mi X7 Nj) é@[ @ M; @7 Nj]
i€Z jeZ neZ i+j=n
=P M @z N)n.
Z

where (M ®z N)n = @;1;=n Mi ®z N; for each n € Z. Hence, if the ring
Z is given the trivial grading, then M ®g N is a graded Z-module with grading
{(M ®z N)n}z. (Note that we have seen in Exercise 3 in Problem Set 9.1 that the
only possible grading of the ring Z is the trivial grading.)

Definition 9.2.5. If M is a graded R-module and N is a graded left R-module, then
the object M ® g N in Grgz with grading {(M ®z N),}z will be referred to as the
graded tensor product of M and N (or the tensor product of M and N in Grg) and
denoted by M ®‘% N.

If f/: M — N is amorphism in Grg and g : M’ — N’ is a morphism in gGr,
then Proposition 2.3.5 shows that there is a unique group homomorphism f ® g :
M ®r N — M’ ®g N’ defined on generators by (f ® g)(x ® y) = f(x) ® g(»).
We claim that f* ® g is a morphism in Grz. This follows easily since f(M;) € M/
and g(N;) < Nj’. gives (f ® g)(M; ®z Nj) € M] ®z N]’.. Soifi + j = n, then
it follows that (f ® g)(M ®z N)») € (M’ ®z N’), and we have that f ® g is
a morphism in Gryz.

Proposition 9.2.6. If M is a graded left R-module, then R ®%§ M = M and if M
is a graded R-module, then M ®“j‘g R =8 M.

Proof. If f : R®r M — M is such that f(a ® x) = ax, then we have seen in
the proof of Proposition 2.3.4 that f is a well-defined R-linear isomorphism. Hence,
R®r M = M in gMod. If R; and M; are subgroups in the grading of R and M,
respectively, then f(R; ®7z M) € RiMj € M;4 ;. Ifi 4+ j = n, then it follows that
fU(R®z M),) € My, so f is a graded isomorphism. Therefore, R ®%Qr M =" M.
Similarly, M ®% R =& M. 0

The following proposition follows from Proposition 3.3.4. The proof is left as an
exercise.
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Proposition 9.2.7. If M, i) M LR My — 0 is an exact sequence in Grg, then for
any graded left R-module X, the sequence

S ®idx

. ®id
(1) My % X —5 i

M ®% X M, @% X — 0
is exact in Gryg. Similarly, if My i) M M, — 0 is an exact sequence in rGr,
then for any graded R-module X, the sequence

idx®f idy ®g
—_—

() X ®% M X®FM —— X Q@3 My -0

is exact in Gry,.

Graded Free Modules

Definition 9.2.8. A graded R-module F is called a graded free module (or a free
module in Grg) if F has a basis consisting of homogeneous elements.

Example

1. Let {ko}a be a set of distinct integers, suppose that R = @, R, is a graded
ring and let R, = R,(—kq) = R,_g, for each @ € A. Then R(—ky) =
@Dy R, = R foreacha € A and a € R), is such that deg(a) = n with respect
to the grading {R),}7z of R. Thus, 1 € Ry = R;ca, so deg(1) = kg in this
context and we write 1, to indicate that 1 € R} . Now Ry, = i, R and so we
have R(—ko) = R = @y Ry = Py 1k, R, = 1k, Py R, = 1k, R for each
a € A. Therefore, @gAr R(—kg) = @A 1k, R, so {1, }a is a homogeneous
basis for @gAr R(—kg). We will refer to {1y, }a as the canonical basis for the
free R-module EBgAr R(—ky).

Remark. A graded free R-module is clearly a free R-module. However, the converse
need not hold. For example, form the ring direct product R = Z x Z and let R have
the trivial grading. Consider the R-module M = Z x Z with grading My = Z x 0,
My =0xZand M, = 0ifn # 0, 1. Then M is a free R-module with basis {(1, 1)}
but M is not graded free. For this, suppose that {(x, 0), (0, y)} is a homogeneous basis
for M. Then for any (0, a), (b,0) € R, with (a,b) # (0,0), we have (x,0)(0,a) +
(0, y)(b,0) = (0,0), a contradiction. Thus, M cannot have a homogeneous basis and
so M is not a graded free R-module.

We know that every R-module is the homomorphic image of a free R-module and
that F is a free R-module if and only if there is a set A such that F = @ Ry, where
Ry is a copy of R for each o € A. Similar results hold for graded modules.
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Proposition 9.2.9. The following hold in Grg.

(1) F = @y Fn is a graded free R-module if and only if there is a set {kq}a of
integers such that EBgAr R(—ky) =8 F.

(2) Every graded R-module M is a graded homomorphic image of a graded free
module F. Furthermore, if M is finitely generated, then F can be selected to
be finitely generated.

Proof. (1) Let F = Py Fn be a graded free module with homogeneous basis
{Xk, Yaca, Where deg(xg,) = ko for each o € A and F, = ) A X, Rn(—kq)
for each n. We have seen in Example 1 that {1} is a homogeneous basis for
@gAr R(—kg), soif f : {1, } — {xk,}a is such that f(1g,) = xi, foreacha € A
and f is extended linearly to f : @gAr R(—kq) — F,then f is a bijective R-module
homomorphism. If we can show that f is graded, then @gAr R(—ky) =& F. Now

ar
P R(—ka) = D P Ru(—ke) = P P Ru(—ka) = P S,
A A Z Z A Z

where S, = @ Ru(—kg) foreach n, soif x = Y A 1x,ap—, € Su, then f(x) =
Yoa fUk)an—k, = Y A XkyAn—k, € Fn. Hence, f(Sp) € Fy, so f is graded.

Conversely, if f : EBgAr R(—kgy) — F is a graded isomorphism and f (1, ) = xg,
for each o € A, then {x, } A is a homogeneous basis for F. Thus, F is a graded free
module.

(2) Let M be a graded R-module and suppose that {xj,, } A is a set of homogeneous
generators of M. Then f : @i R(—kq) — M such that f(lg,) = xg, gives
a graded R-module epimorphism. Finally, if M is finitely generated, then M has
a finite set of homogeneous generators, so A can be selected to be a finite set. In this
case, @gAr R(—kq) will have a finite basis {1, }A- |

Problem Set 9.2

1. Suppose that M is a graded R-module and that there is a family {My}a of
graded R-modules such that M =& @gAr My. Is there is a family {Ny}a of
graded submodules of M such that M = @gAr Ng?

Prove Corollary 9.2.3. [Hint: Proposition 3.2.6.]
Prove Corollary 9.2.4. [Hint: Proposition 3.2.7.]

Prove Proposition 9.2.7. [Hint: Proposition 3.3.4.]

M

Let M be a graded R-module and suppose that N is a graded left R-module.
Prove that M (m) ®%§ N(n) =8 (M ®“;’; N)(m + n) forany m,n € Z.
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6. A short exact sequence 0 - M} —- M — M, — 0in Grp is said to be graded
pure if for each graded left R-module N,

O—>M1®%§N—>M®%;N—>M2®%;N—>O

is exact in Grg. Show that a short exact sequence in Grg is graded pure if and
only the corresponding ungraded sequence is pure in Modg. [Hint: Exercise 6
in Problem Set 5.3.]

7. Proposition 2.3.6 indicates that if M is an R-module and {Ny}A is a family
of left R-modules, then ¢ : M ®r (PA No) = DA(M ®r No) such that
¢[x ® (Yo)] = (x ® yq) is an isomorphism in Modg. If M is a graded R-
module and if {Ny}a is a family of graded left R-modules, then is there an
isomorphism ¢ : M ®% (D} No) > PR (M ®% Ne) in Grz?

9.3 Graded Projective, Graded Injective and Graded Flat
Modules

Graded Projective and Graded Injective Modules

Definition 9.3.1. A graded R-module M is said to be a graded projective module (or
a projective module in Grg) if every row exact diagram

M

S

>

L—2 N 0

of graded R-modules and graded R-module homomorphisms can be completed com-
mutatively by a graded R-module homomorphism /4 : M — L.

Modules that are projective in Grg are closely connected to projective modules in
Modr. To establish this connection we need the following lemma.

Lemma 9.3.2. Suppose that L, M and N are graded R-modules.

(1) Let f : M — N and g : L — N be graded R-module homomorphisms and
consider the diagram

M

S
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Ifh: M — L isan R-linear mapping such that f = gh, then there is a graded
R-module homomorphism h' : M — L such that the diagram

M

h 7

L—%2 N

is commutative.

2) Let f : N - M and g : N — L be graded R-module homomorphisms and
consider the diagram

N—2 .1

S

M

Ifh: L — M is an R-linear mapping such that f = hg, then there is a graded
R-module homomorphism h' . L — M such that the diagram

N —2 .

S

M

is commutative.

Proof. We prove (1) and leave the proof of (2) as an exercise. If x, € My, then
S(xXn) € Np, s0 gh(xn) = f(xn) € Nu. Now h(xn) € L, soif h(xp) = > 7 In,
where y, € L, foreachn € Z, then each y, is unique and gh(x,) =Y, g(¥n) € Ny.
But g(y») = g(yn) for each n € Z, so it must be the case that g(yx) = 0 for
k # n. Hence, if x, € My, then gh(x,) = g(y,). Next, define i’ : M — L
by h'(Y.7 xn) = Y.z yn, Where, for each n, y, is that unique y, € L, such that
gh(xy) = g(yn). It follows that 2’ is a well-defined graded R-module homomorph-
ism such that f = gh'. O

The following proposition is easily recognizable as a reformulation in Grg of re-
sults previously presented in an ungraded setting.

Proposition 9.3.3. The following hold in the category Grg.
(1) A graded direct sum of a family {My}a of graded R-modules is a graded pro-
Jjective R-module if and only if each My is a graded projective R-module.

(2) If R is a graded ring, then R(k) is a graded projective R-module for each
k € Z.



316 Chapter 9 Graded Rings and Modules

(3) Graded free R-modules are graded projective.

(4) A graded R-module M is graded projective if and only if M is graded isomor-
phic to a graded direct summand of a graded free R-module.

Proof. We prove (4) and leave the proofs of (1), (2) and (3) as exercises. First, let
M be a graded projective R-module. Then Proposition 9.2.9 gives a graded R-mod-
ule epimorphism f : F — M, where F is a graded free R-module. Since M is
graded projective, we have a splitting map g : M — F in Grg such that fig = idyy.
But g is a graded monomorphism, so we have M =& g(M). Moreover, Ker f is a
graded submodule of F', so it follows that F = g(M) &% Ker f. Therefore, a graded
projective R-module is isomorphic to a graded direct summand of a graded free R-
module. The converse follows from (1) and (3) and from the fact that if M =& N,
then M is graded projective if and only if N is graded projective. a

Proposition 9.3.4. A graded R-module M is a projective module in Grg if and only
if M is a projective module in ModRg.

Proof. Let M be a graded R-module and suppose that M is a projective module in
Modpg. A row exact diagram

M

S

L—% +N 0

in Grg gives a row exact commutative diagram

M

S

g

L N 0
in Mod g, where the R-linear mapping & : M — L is given by the projectivity of M.
The fact that M is a graded projective module now follows from (1) of Lemma 9.3.2.
Conversely, if M is a graded projective R-module, then, by (4) of the previous
proposition, M is a direct summand in Grg of a graded free R-module F. But F is
a free R-module, so M is a direct summand in Modg of a free R-module. But free
R-modules are projective and direct summands of projective modules are projective,
so M is a projective R-module. a
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Definition 9.3.5. A graded R-module M is said to be graded injective (or an injective
module in Grg) if every row exact diagram

0 N——~1L

of graded R-modules and graded R-module homomorphisms can be completed com-
mutatively by a graded R-module homomorphism 4 : L — M.

The following proposition is an analogue of Baer’s criteria for ungraded injective
modules given in Section 5.1.

Proposition 9.3.6 (Baer’s Criteria for Graded Modules). The following are equiva-
lent.

(1) M is a graded injective R-module.

(2) If A is a graded right ideal of R and [ : A — M is a graded R-module
homomorphism, there is a graded R-module homomorphism g : R — M such

that glga = f.
(3) If A is a graded right ideal of R and f : A — M is a graded R-module

homomorphism, there is an x € M such that f(a) = xa forall a € A.

Proof. The implications (1) = (2) = (3) are obvious. The proof of (3) = (1) is
a modification of the proof of (3) = (1) in Proposition 5.1.3. O

Proposition 9.3.7. If M is a graded R-module such that M is an injective module in
Modg, then M is an injective module in Grpg.

Proof. Use (2) of Lemma 9.3.2. O

The converse of the proposition above fails as shown by the following example.

Example

1. If K is a field and R = K[X, X ~!] is the ring of Laurent polynomials of Ex-
ample 10 in Section 9.1, then R is a graded field. Hence, the only graded ideals
of R are 0 and R. It follows from Baer’s criteria for graded modules that R is
graded injective. However, Rg is not an injective module in Modg.
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Graded Flat Modules

It has just been established in Chapter 5 that projective modules are flat. A similar
result holds for graded projective modules.

Definition 9.3.8. A graded R-module M is said to be graded flat (or a flat module
in Grg) if

®f

T id T
0—> M ®% Nj ——> M ®% N>

. . f . .
is exact in Grz whenever 0 — N; — N is an exact sequence in grGr.

Proposition 9.3.9. A graded R-module M is graded flat if and only if M is a flat
R-module.

Proof. Let M be a graded R-module, suppose that M is flat in Modg and let f :
N; — N, be a graded R-module monomorphism, where N1 and N, are graded left
R-modules graded by {N1,,}7z and {N, ,}7, respectively. Then

idy ®f
0>MQ®RN, ——> MQrN,

is exact in Modg, so let M; and Ny ; be such thati 4+ j = n. Now idp (M;) = M;
and f(N1,;) S Naj, so (idy ® f)(M; ®z N1,j) = idy (M;) ®z f(N1,;) S
M; ®z N>, j. Hence, (idy ® f)((M ®r N1)n) S (M ®R N3)n. Therefore,

idy ® f : M Qg N1 - M ®r N>

is a graded R-module monomorphism, so M is graded flat. One proof of the converse
uses the concept of an inductive limit, a concept not covered in this text. We outline
such a proof and leave it to the interested reader to consult [10], [12] or [43] for the
details on inductive limits. If M is graded flat, then M is an inductive limit of graded
free R-modules. But if F is a graded free R-module, then F free, so F is a flat
R-module. Thus, M is an inductive limit of flat R-modules and so M is flat. |

Corollary 9.3.10. Graded projective modules and graded free modules are graded
flat modules.

Proof. According to Proposition 9.3.4, a graded projective R-module is projective
and a projective R-module is flat. Hence the proposition shows that graded projective
R-modules are graded flat. From (3) of Proposition 9.3.3, we see that graded free
R-modules are graded projective, so graded free R-modules are also graded flat. O



Section 9.3 Projective, Injective and Flat Modules in Grg 319

Problem Set 9.3

1. Prove (2) of Lemma 9.3.2. [Hint: Dualize the proof of (1).]

2. Prove (1), (2) and (3) of Proposition 9.3.3. [(1), Hint: Proposition 5.2.3.] [(3),
Hint: Propositions 5.2.6 and 9.3.4.]

3. If {My} is a family of graded R-modules, prove that @gAr M, is a graded
submodule of [T Ma.

4. If M is a graded R-module, prove that the functors Homg,(M,—) and
HOMRg (M, —) are exact if and only if M is a graded projective module. [Hint:
Exercise 15 in Problem Set 9.1 and Propositions 3.3.2 and 5.2.11.]

5. Prove (3) = (1) in Proposition 9.3.6. [Hint: Proposition 5.1.3.]

6. Prove Proposition 9.3.7. [Hint: (2) of Lemma 9.3.2.]

7. Verify Example 1.

8. If M is a graded R-module, show that M is graded injective if and only if M (n)
is graded injective for each n € Z.

9. Let M and N be graded R-modules and suppose that N is a graded submodule
of M. If N is graded injective, show that N is a graded direct summand of M.
[Hint: Corollary 9.2.4.]

10. Prove that each of the functors Homgy, (—, M) and HOMg(—, M) is exact if
and only if M is a graded injective R-module. [Hint: Exercise 15 in Problem
Set 9.1 and Propositions 3.3.2 and 5.1.11.]

11. If0 — M, i> M < M, — 0 is a split short exact sequence in Grg and X is
a graded R-module, then are
0 — Homgr , (Ma, X) = Homgr . (M, X) 1> Homgs (M1, X) — 0 and
0 — Homgrg (X, M1) 2> Homge o (X. M) £ Homee (X. M) — 0
split short exact sequences in Ab?

12. If R and S are graded rings and g X5 is an (R, S)-bimodule, then X is a graded

(R, S)-bimodule if rX is an object in gGr and Xg is an object in Grg and
RiX;S; < X,-+j+k forall i, j, k € Z. Note also that if M is a graded R-mod-
ule and if X is a graded (R, S)-bimodule, then M ®%‘f X is a graded S-module
under the operation (x ® y)s = x ® ys.

(a) Let R and S be graded rings and suppose that Ng is an object in Grg. If X
is a graded (R, S)-bimodule, show that HOMg (X, N) is a graded R-module.
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(b) Adjoint Associativity. Let R and S be graded rings and suppose that Mg
and Ng are objects in Grg and Grg, respectively. If X is a graded (R, S)-
bimodule, prove that there a graded isomorphism

nun - HOMg (M ®%; X,N) > HOMg(M,HOM;s (X, N))
of graded abelian groups that is natural in Mg and Ng. In particular, show that
Homg,s (M ®% X, N) =% Homg,(M,HOMs (X, N)).

[Hint: Proposition 3.4.5.]

9.4 Graded Modules with Chain Conditions

A graded module can also satisfy chain conditions with respect to its submodules.
Many classical results of modules with chain conditions can be reformulated and stud-
ied in the setting of graded modules.

Graded Noetherian and Graded Artinian Modules

Definition 9.4.1. A graded R-module M is said to be graded noetherian (graded
artinian) or a noetherian (an artinian) module in Grpg if every ascending (descending)
chain of graded submodules of M terminates. If Rg is a graded noetherian (graded
artinian) R-module, then we will say that R is a right graded noetherian ring (right
graded artinian ring).

The proofs of the following two propositions are similar to the proofs of Proposi-
tion 4.2.3, Proposition 4.2.4 and Exercise 8 in Problem Set 4.2.

Proposition 9.4.2. The following are equivalent for a graded R-module M.
(1) M is graded noetherian.
(2) Every nonempty collection of graded submodules of M has a maximal element.

(3) Every graded submodule of M is finitely generated.

Proposition 9.4.3. The following are equivalent for a graded R-module M .
(1) M is graded artinian.
(2) Every nonempty collection of graded submodules of M has a minimal element.

(3) If{My} A is a family of graded submodules of M, there is a finite subset F of A
such that (g My = (A M.
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Remark. Let M be a graded R-module. The notation x, indicating that x,, € M} and
deg(x,) = n is convenient is some places and cumbersome in others. Consequently,
we will sometimes write x = x1 + X2 +-- -+ x, for the homogeneous decomposition
of x, where the subscript no longer denotes the degree of the x;. The context of the
discussion will indicate which notation is being used.

Let M be a graded R-module and suppose that N is a submodule of M. Then each
x € N can be expressed uniquely as x = x;1 + x + --- 4+ xp, where each x; is
a homogeneous component in M of x and

deg(x1) < deg(xz) < --- < deg(xp).

Form the set {xp}xen and let N* be the submodule of M generated by {xp}xen-
That is, N* is the submodule of M generated by the components of highest degree
in the homogeneous decomposition of the x € N. Likewise, Ny will denote the
submodule of M generated by the components of lowest degree in the homogeneous
decomposition of the x € N. Note that N*# and Ny are graded submodules of M since
they are generated by homogeneous elements.

We now need the following notation. If R is a graded ring and M is a graded
R-module, then for each ng € Z let Ry>ny = Dyzpy Rns Ru<ng = Dp<ny Rns
Muzny = @psno Mn and My<n, = D, <p, Mn- The notation Rp>ng, Rn<ngs
Mpy>no, My <n, Will have the obvious meaning.

Lemma 9.4.4. Let M be a graded R-module and suppose that ng € Z.. If X and Y
are submodules of M such that X C Y, then the following are equivalent.

(1) X =Y.

) X*=Y*and X N My<py, =Y N My<p,.

3) Xp =Ygand X N Mp>py =Y N Mpsp,.
Proof. (1) = (2) is obvious, so we show (2) = (1). Suppose that y € Y and let
Yy = y1 + y2 +--- + yp, be the homogeneous decomposition of y in M, where
deg(y1) < deg(y2) < --- < deg(yp,). If deg(yp,) < no,theny € ¥ N My <y, =
X N Mp<ny, 50y € X. If deg(yp,) = k > no, then y,, € Y* = X*# 50 there is an
x! € X such that x! = xl1 + x% + .+ x;“ + Yp,> Where deg(xll) < deg(x%) <
-+ < deg(x,y,,) < k. Thus,

y=xl =y by yp1 = (] X e X)),
and the degree of each term in
Vi Y2t vt = (] Xy X))

is at most k — 1. Hence, y — x! has a homogeneous decomposition such that the
degree of each component is at most k — 1. Now x! ¢ X C Y and y —x! € ¥, so
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suppose that y —x! = y} + y5 + -+ + Y}, is such that deg(y},) < k — 1. Then
y},z e Y* = X*, so there is an x2 € X such that x% = x% +x§ + .- +x,2nz + y},z,
where deg(xf) < deg(x%) <o < deg(x,znz) <k —1and

Y= X)) =y AV Y, — (T X+ X5).
Furthermore, the degree of each term in
YAVt Y = (O g )

can be at most k — 2. Now let s be the positive integer for which k —s = ng — 1.
If this process is repeated s times, then we arrive at

y— (P +x2 42 =V + VotV — O] X3+ X)),
where the degree of each term of
Vi+Vot+ o+ Vo — (XX Xy

is at most ng — 1. Thus, y — (x! 4 x? 4 --- 4+ x*) has a homogeneous decomposition
in Mp<py. Now x!+x24--+x5€ X CY,s0y—(x!+x2+---4+x%) € Y. Hence,
y—(xl+x2 4+ +x5) €Y N My<py = X N My<p, gives y € X. Consequently,
X=7Y.

The proof of the equivalence of (1) and (3) is similar. a

Corollary 9.4.5. Let R be a positively graded ring (negatively graded ring) and
suppose that M is a positively graded R-module (negatively graded R-module). If
X and Y are submodules of M, such that X C Y, then X = Y if and only if
X* =Y¥( Xy = Ya).

Lemma 9.4.6. Suppose that M is a graded R-module and let {xq}a be a set of
homogeneous generators of Mp R. If x is a homogeneous element of My, then x can
be written as x = ) A XqQq, where each aq € R is homogeneous and aq = 0 for
almost all « € A.

Proof. Let x be a homogeneous element of M. Then there are a, € R, @ € A,
such that x = )\ Xqdq, Where ag = 0 for almost all @ € A. Since deg(x) = n,
by comparing degrees we see that deg(xq,aq) = n for each @« € A. Suppose that
aq = ) 7 dq i is the homogeneous decomposition in R of a, for each o € A with
deg(agr) = k. Thenx = Y A Xa D 700k = ) A 2z Xala i and it follows that
deg(xqagy i) = n foreacha € A and each k € Z. If « is fixed and if deg(xy) = m,
then deg(aq k) = n —m for each k. Hence, ag = ) 7 g x € Ru—m, s0 each ay is
homogeneous. a
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The proof of the following lemma is an exercise.

Lemma 9.4.7. The following hold for a graded R-module M .
(1) Ru>o0 and Ry <o are graded subrings of R.
(2) Mp>o is a graded Ry>o-module and My <g is a graded Ry<o-module.

Proposition 9.4.8. The following hold for a graded noetherian R-module M .
(1) Foreachn € 7, My, is a noetherian Ry-module.
(2) Mp>o is a noetherian R, >o-module.
(3) Mpy<o is a noetherian Ry, <o-module.

Conversely, if My >0 and My <o are noetherian Ry>o and R, <o modules, respectively,
then M is a graded noetherian R-module.

Proof. (1) Lemma 9.4.7 indicates that M, >¢ is a graded R, >o-module and that M}, <¢
is a graded R;, <o-module. Moreover, each M, is clearly an Ro-module, so we need
only be concerned with proving that M}, is noetherian as an Rg-module.

Let N be an Ro-submodule of M,,. Since NR = @, (NRN M), NR is a graded
submodule of M. Hence, NR is finitely generated, so NR is finitely generated by
homogeneous elements. Suppose that {x1, x2,..., X5} is a set of homogeneous gen-
erators of NR. Now x; € NR fork = 1,2,...,s, so each x; can be written as
xg = 2P| xiiai., where x;, € N and a;, € R fori = 1,2,...,p with p
depending on k. Hence, if x € NR, then there are aj,as,...,as € R such that
X = ) ey Xklk, SO X = Y gy > i—1 Xi; (aipax). Thus, NR is generated by the
homogeneous elements x;, with each x;, belonging to N. Next, simplify notation
and let {x], x5, ..., x;} be a set of homogeneous generators of NR with x; belonging
toN fori =1,2,...,¢t. If y € N, then, by Lemma 9.4.6, there exist homogeneous
elements by, bs,...,b; € R such that y = Z§=1 xlfb,'. Since the deg(y) = n and
deg(xlf) =nfori =1,2,...,t, the degree of each h; must be zero. Thus, each b; is
an element of Ro, so N is generated as an Ro-module by x/, x5, ..., x;. Therefore,
M,, is a noetherian Rp-module.

(2) Let N = @,~¢ Nn be a graded R,>p-submodule of M,>9. Now NR =
@Dz (NRNM;), so NRisa graded submodule of M. Hence, NR is finitely generated.
It follows as in the proof of (1) that NR is generated by a set {x1,x2,...,Xxs} of
homogeneous elements of N. Thus, NR = x;R + xR + ---xsR, where 0 <
deg(x1) < deg(xz) < --- < deg(xy). Let ng = deg(xs). If y € N is homogeneous
and deg(y) > no, then there are homogeneous elements a1, as, .. .,as € R such that
y = X141 + x2a + --- + xsas and deg(a;) > 0 fori = 1,2,...,s. Hence, each a;
is in Rp>0, SO Nyp>p, is a finitely generated R,>o-module. Because of (1), each M,
is a noetherian Rg-module, so Mo & M1 & --- & My,—1 is a noetherian Ro-module.
Thus, No @& N1 @ --- @ Ny,—1 is a finitely generated Ro-module. If {y1, y2...., ¢}
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is a set of generators of No @ N1 @ --- @ Nyy—1, then {x1,x2,...,Xs, V1, Y2, ..., ¢t}
is a set of generators of N as an Rj,>o-module. Therefore, M;>¢ is a noetherian
Ry >0-module.

(3) Similar to the proof of (2).

For the converse, suppose that My, >0 and M, <o are noetherian R, >¢ and R;<o
modules, respectively, and let X; € X, € X3 C --- be an ascending chain of graded
submodules of M. Then

(X1)n>0 € (X2)n>0 € (X3)n>0 and

(X1)n<0 € (X2)n<0 € (X3)n<0 € -+

N

N

are ascending chains of graded submodules of Mo and M} <o, respectively. Since
Mpy>0 and M; <o are noetherian R,>o and R,<o modules, respectively, then My>¢
and M}, <o are graded noetherian R, >¢ and R, <o modules. Hence, there is an integer
no > 0 such that (Xg)n>0 = (Xng)n=0 and (Xg)n<o = (Xno)n<o for all k > ny.
But this gives Xy = X, for all k > ng, so M is a graded noetherian R-module. O

Proposition 9.4.9. If M is a graded R-module, then M is graded noetherian if and
only if M is a noetherian R-module.

Proof. Let M be a graded R-module. If M is a noetherian R-module, then it is obvi-
ous that M is a graded noetherian R-module, so suppose that M is graded noetherian.
If X; € X5 € X3 C .- is an ascending chain of submodules of M, then Exercise 8
shows that

(X1)* € (X2)* € (X3)f C -

is an ascending chain of graded submodules of M. Hence, there is an integer n¢ such
that (X)* = (X,,)* for all k > ng. We also have that

X1NMp<o S XoNMp<o € XsNMp<og C---

is an ascending chain of graded submodules of M, so there is an integer n; such that
XixNMp<o = X, NMp<o forallk > ny. If m = max{ng,n1}, then X = (Xn)*
and Xy N"Mp<o = Xm N My <o forall K > m. Butin view of Lemma 9.4.4 this means
that X = X;, forall kK > m, so M is a noetherian R-module. O

If M is a graded R-module and if M is an artinian R-module, then it follows easily
that M is graded artinian. However, the converse does not hold. For example, the
Laurent polynomial ring R = K[X, X~!], K a field, is a graded artinian R-module
that is not artinian when the grading of R is forgotten.
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Problem Set 9.4

1. Prove Proposition 9.4.2. [Hint: Proposition 4.2.3.]

2. Prove Proposition 9.4.3. [Hint: Proposition 4.2.4 and Exercise 8 in Problem
Set 4.2.]

3. Prove the equivalence of (1) and (3) of Lemma 9.4.4.

4. Prove Corollary 9.4.5.

5. Prove Lemma 9.4.7.

6. Recall that direct sums of families of injective modules are injective if and only
if R is a right noetherian ring. Does the graded version of this also hold?

7. In the proof of (2) of Proposition 9.4.8 it was pointed out that if M is a graded
R-module and if N = @nzo Ny, is a graded R;>o-submodule of M;,>¢, then
NR = @7 (NR N M;) so that NR is a graded submodule of M. Show that it
is actually the case that NR = @,z (NR N M;).

8. Prove that each of the following hold for a graded R-module M and submodules
XandY of M.

(@) X* and Xy are graded submodules of M .

(b) X = X* = Xy if and only if X is a graded submodule of M.

(c)If X C Y, then X* C Y#and Xy C Vs

(d) If N is a graded submodule of M, then (M/N)p>0 =& My>0/Nn>0
and (M/N)p<o = Mp<o/Nn<o. [Hint: M/N = @, (N + M,/N), so
(M/N)nZO = @nzo(N + Mn/N) = @nzo Mn/(Mn N N)]

9. Show that the Laurent polynomial ring R = K[X, X~!], K a field, is not ar-
tinian as an ungraded R-module.

9.5 More on Graded Rings

The Graded Jacobson Radical

Definition 9.5.1. If M is a graded R-module, then the graded Jacobson radical of
M, denoted by Rad® (M), is the intersection of the maximal graded submodules of
M . If M fails to have maximal graded submodules, then we set Rad®*" (M) = M. The
graded Jacobson radical of the graded module Rg (g R) will be denoted by J&'(RR)

(JE(RR)).

Lemma 9.5.2. If M is a finitely generated nonzero graded R-module, then M has at
least one maximal graded submodule.
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Proof. Let{x1,x2,...,X,} be aminimal set of homogeneous generators of M. Then
N =x2R+x3R+---+ xR

is a proper graded submodule of M. Let & be the set of proper graded submodules
N’ of M that contain N. If € is a chain in &, then

Lé)N’ - U(@(N’ mM,,)) - ?((Léjzv’) ﬂMn),

€

so e N’ is a graded submodule of M and Je N’ # M, since x1 ¢ Je N'.
Hence, & is inductive, so Zorn’s lemma indicates that § has a maximal element, say
N*. Thus, N € N* »M. It follows that M/N* is a graded simple module, so N *
is a maximal graded submodule of M. a

The proof of the following proposition closely follows that of the ungraded case.

Proposition 9.5.3. The following hold for a nonzero graded R-module M.
(1) If M is finitely generated, then Rad® (M) ~>M.
(2) Rad®" (M) = ﬂ {Ker f | f € Homgy, (M, S), S a simple module in Grg}
= ﬂ {Ker f | f € Hom,gr(M, S), S a simple module in rGr}.
(3) JE(RR) = ﬂ {ann, (S) | S a simple module in Grg}
= m {anng(S) | S a simple module in gGr}.
(4) JE(RR) is a graded ideal of R and J¥"(RR) = J&(RrR).
(5) If M and N are graded R-modules and f € HOMg(M, N), then

f(Rad®(M)) C Rad® (N).

(6) JE(R) is the largest graded proper ideal of R such that if a is a homogeneous
element of R and a + J¥(R) is a unit in R/ J&(R), then a is a unit in R.

Proof. The proof of (1) follows immediately from Lemma 9.5.2 and the proofs of (2)
through (5) are similar to the proofs of the classical results. We prove (6) and leave
the proofs of (2) through (5) as exercises.

(6) Let a be a homogeneous element of R such that a + J&(R) is a unit in
R/JE(R). Since a is homogeneous, aR is a graded right ideal of R, soif aR # R,
then Zorn’s lemma gives a maximal graded right ideal m of R such thataR C m »>R.
If b + J&(R) is the inverse of @ + J&(R) in R/J&(R), then (a + J&(R))(b +
JE(R)) =1+ J&(R). Hence, 1 —ab € J¥(R) Cmand ab € m, so 1 € m. Thus,
m = R, a contradiction. Therefore, aR = R, so thereis a ¢ € R such that ac = 1.
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Similarly, the assumption that Ra # R leads to a contradiction, so there is a ¢’ € R
such that ¢’a = 1. Hence, ¢/ = ¢ and so a is a unit in R.

Finally, we claim that J & (R) is the largest graded proper ideal of R with this prop-
erty. Suppose that [ is a proper graded ideal of R with the property that a homogenous
element ¢ € R is a unit in R whenever @ + [ isaunitin R/I. If I & J&(R), then
there is a maximal graded right ideal mt of R such that / € w, so I + m = R. Let
aelandb e mbesuchthata+b =1withb ¢ I.Ifa =) ya,andb =) 5 by,
where a,,b, € R, foreachn € Z, then ) 5 (an + bn) = 1. Now deg(l) = 0, so
an + by, = 0ifn # 0and ap + by = 1 with by ¢ I. Thus, we see that we can
select homogeneous elements @ € [ and b € m suchthata +b = 1 with b ¢ I.
Consequently, 1 + 1 = b + I,sob + I is aunitin R/I. Therefore, b is a unit in R,
so m = R, a contradiction. Hence, I C J&(R) and we are done. O

Because of (4) in the proposition above, we can unambiguously write J&"(R) for
the graded Jacobson radical of R.

Graded Wedderburn—-Artin Theory

Definition 9.5.4. If R is a graded ring, then R is said to be a right (left) graded
semisimple ring if R is a direct sum of minimal graded right (left) ideals of R. Like-
wise, a graded (left) R-module M is said to be a graded semisimple module (or
a graded completely reducible module) if M is a direct sum of graded simple sub-
modules of M. If every module in Grg (grGr) is graded semisimple, then we will
refer to Grgr (rGr) as a semisimple category.

A development of graded semisimple rings can be carried out using methods that
are similar to those used to investigate semisimple rings. Due to space limitations, we
provide, without proof, the main results of such a development. For the reader who
wishes to consider the details, we cite[35] and [36] as references.

Proposition 9.5.5. The following are equivalent for a ring R.
(1) R is a right graded semisimple ring.

(2) R has a decomposition R = A1 & Ay @ --- ® Ay, where each A; is a minimal
graded right ideal of R and there exist idempotents e; € R such that A; = e; R
fori =1,2,...,n.

(3) Grpg is a semisimple category.

Proposition 9.5.6. A ring R is right graded semisimple if and only if R is left graded
semisimple.

Due to the proposition above, a right or left graded semisimple ring can be referred
to simply as a graded semisimple ring.
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Proposition 9.5.7. If R is a graded semisimple ring, then R is a left and a right
graded noetherian ring and a left and a right graded artinian ring.

Definition 9.5.8. A graded semisimple ring R = A; & A, & -+ & A, is said to
be graded simple it HOMpg(A;, Aj) # 0 for each pair of integers (i, j) with 1 <
i,j =< n. Thatis, if there is an integer n;; such that A; =& A;(n;;) whenever
1<i,j<n.

Proposition 9.5.9. The following hold for a graded semisimple ring R = A1 & Ay &
e Ay
(1) For each A;, let A_LZ Y Aj, where Aj is such that Aj =2 A;(n;j) for some
integer njj. Then A; is a graded ideal of R, fori = 1,2,...,t, witht < n.

Q) R=A1® A ®--- @ A; and each A; is a graded simple ring.

Thus, we see that a graded semisimple ring is a finite direct product of graded
simple rings. A graded simple ring can be expressed in the form of a graded matrix
ring with entries from a graded division ring. To see, this let M, (R) be the ring of
n x n matrices over a graded ring R and suppose that m = (my,ma, ..., my) is an
n-tuple of integers. If

Rk Rk+m2—m1 Rk+m3—m1 Tt Rk-i—m,,—m]
Rk+m1—rn2 Ry Rk+m3—m2 tee Rk-i-mn—mz
M, (R ) (m) = Ri+my—ms Rk+my—ms Ry o Riymy—ms |,
Rk+m1—mn Rk+m2—mn Rk+m3—mn Tt Rk

then we obtain a graded ring M, (R) () with grading {M,,(Ry)(")}rcz. Conse-
quently, there are an infinite number of distinct gradings of the n X n matrix ring
M, (R). With this notation in mind, we have the following proposition and corollary.

Proposition 9.5.10. If R is a graded ring, then R is a graded simple ring if and only
if there is a graded division ring D and an n-tuple of integers m such that R ~=#&
M, (D)(m).

Corollary 9.5.11. R is a graded semisimple ring if and only if there are graded divi-
sion rings D1, D,, ..., Dy and n;i-tuples of integers m; such that

R =* My, (D1)(m1) X Mp,(D2)(m2) X -+ x My, (D) (7).
The following graded version of a result of Hopkins, Corollary 6.6.6, also holds.

Proposition 9.5.12. If R is a right graded artinian ring, then R is right graded
noetherian.
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Problem Set 9.5

1. In the proof of Lemma 9.5.2 it was pointed out that if € is a chain of graded
submodules N of a graded R-module M, then | J N is a graded submodule of
M . Prove that this is the case by showing that (_Je N = Je (D7 (N NMy,)) =

Dz ((Ue N) N Mp).

2. Prove (2) through (5) of Proposition 9.5.3. [Hint: Consider the corresponding
results for the ungraded cases given in Section 6.1.]

3. If R is a graded ring, prove that if A4 is a graded right ideal of R, then there is
a maximal graded right ideal m of R that contains A. [Hint: Exercise 1.]

4. For a ring R, we know that J(R/J(R)) = 0. Is it the case that
JE(R/JE(R)) = 0 when R is a graded ring? [Hint: If f is a graded epimorph-
ism and Ker f C Rad(M), is there is a one-to-one correspondence among the
maximal graded submodules of N and the maximal graded submodules of M
that contain Ker f?]

5. If R is a graded semisimple ring, show that J&(R) = 0.

6. Let M, (R) be the ring of n x n matrices over a graded ring R and suppose that

m = (my,ms,...,my) is an n-tuple of integers. If
Rk Rk+m2—m1 Rk+m3—m1 T Rk—l—mn—ml
Rk+m1 —nip Rk Rk+m3—m2 e Rk—l—mn—mz
M, (R )(m) = Rk+m1—m3 Rk+m2—m3 Ry cee Rk+mn—m3 )
Rk+m1—mn Rk+m2—mn Rk+m3—m” tt Rk

verify that we obtain a graded ring M, (R) () with grading {Ml,, (R;) ()} ez,
[Hint: Verify this for, say n = 3, and then generalize.]

7. A proper graded ideal p of a graded ring R is said to be a graded prime ideal of
R if whenever A and B are graded ideals of R such that AB C p, then either
ACporB Cp.

(a) Prove that a proper graded ideal p is a graded prime ideal of R if and only
if whenever a and b are homogeneous elements of R such that aRb C p, then
eithera € p or b € p. If 0 is a graded prime ideal of R, then R is said to be a
graded prime ring.

(b) A graded prime ideal of R is said to be a minimal graded prime ideal of R

if it is a minimal element among the graded prime ideals of R. Prove that every
graded prime ideal of R contains a minimal graded prime ideal of R.
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(c) Let rad®"(R) denote the intersection of the graded prime ideals of R. rad®'(R)
is called the graded prime radical of R. Prove that rad®"(R) is the intersection
of the minimal prime graded ideals of R and that rad®"(R) C J&"(R).

(d) If rad® (R) = 0, prove that R has no nilpotent graded ideals. If rad®"(R) = 0,
then R is said to be a graded semiprime ring.

[Hint: Solutions for the parts of Exercise 7 can be modeled after the correspond-
ing results given in Section 6.2.]



Chapter 10
More on Rings and Modules

Reflexive modules (defined below) arise in several areas of mathematics. In particu-
lar, in functional analysis, where the modules under consideration are usually vector
spaces. As we will see, vector spaces are reflexive if and only if they are finite dimen-
sional. If we pass from vector spaces to modules over an arbitrary ring, then finitely
generated projective modules are reflexive. However, reflexivity often fails for finitely
generated modules if the module is not projective. Our goal is to find conditions on
aring R that will ensure that reflexivity holds for finitely generated modules. To do
this, we introduce a special class of rings known as quasi-Frobenius rings.

We begin our discussion of reflexive modules with definitions and basic concepts.
Let M be an R-module and set

M* = Hompg (Mg, RR).

Thus, if f € M* and we define (af)(x) = af(x) for x € M and a € R, then
af € M* and M* is a left R-module. Likewise, we can form

M™** = Homg(rRM™, RR),

so if (fa)(g) = f(g)afor f € M**, g € M* and a € R, then fa € M™** and
this makes M** into an R-module. If x € M and f; : M* — R is such that
fx(g) = g(x) foreach g € M*, then f,, € M™*, so let

Oy M — M**  besuchthat g, (x) = fy.

If x,y € M and a € R, then it follows easily that fyr, = fx + fy and fxa = fxa,
S0 ¢z is R-linear. If f : M — N is an R-linear mapping of R-modules, then

f* : Homg(Ng, Rr) — Homg(MRg, RR)
such that f*(h) = hf is an R-linear mapping of left R-modules and
f** . HomR(RM*, RR) — HomR(RN*, RR)

given by f**(h) = hf™ is an R-linear mapping of R-modules. This produces dia-
grams

M M M** x fx

oo |

N N N h(x) — faco)
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where x € M. Note that 1**( fx) = fxh™*,soif g € M™, then

R (fx)(8) = feh™(g) = fx(gh) = gh(x) = fu(x)(8)-

Hence, 1**(fx) = fn(x) and so the diagrams are commutative.

If M is an R-module, then the left R-module M* is said to be the dual of M
and the R-module M ** is the double dual of M . The left exact contravariant functor
(—)* = Homg(—, R) is often referred to as the duality functor. The R-linear mapping
@y 1s said to be the canonical map from M to M**. If ¢, is a monomorphism,
then we say that M is a forsionless module and if ¢y, is an isomorphism, then M is
reflexive. If M is a left R-module, then the preceding observations and definitions can
easily be adapted to M. In this case, M * is an R-module and M ** is a left R-module.

Remark. If F is a free R-module with basis 8 = {xq}A, {aa}a is any set of ele-
ments of R and

f 8 — R suchthat f(xq) = aq foreacha € A

is extended linearly to F, then f : F — R is an R-linear mapping belonging to the
left R-module F*. In particular, if

xy 8 — R issuch that x}(xg) = §up, Where

§:Ax A — R isthe Kronecker delta function,

and each x is extended linearly to F, then 8* = {x}}a is a linearly independent
set of elements of F*. Indeed, if ) 5 aqxy = 0in F*, where ay = 0 for almost all
o € A then 0 = (D 5 dexy)(Xg) = D paaXy(xg) = ag forall B € A. As we
will see, B* may not be a basis for F*, so, in general, @, Rx} ~> F*. However,
if it turns out that {x}} A is a basis for F'*, then this process can be repeated and we
can, for each a € A, set x;*(xz) = 84p forall B € A and then extend x* linearly
to F**. In this case, B** = {x;*} € F** and we have

‘PF(xot)(x;) = fxa(xZ) = x;(xa) = x;*(xz), $0 9 (Xa) = fx, = x;*'

If B = {xq}a is abasis for F and B* = {x}} is a basis of F*, then B* is said
to be the basis dual to B or the dual basis of B.

10.1 Reflexivity and Vector Spaces

Proposition 10.1.1. IfV be a finite dimensional vector space over a division ring D,
then V* and V** are finite dimensional vector spaces with bases B8* and B**, re-
spectively. Furthermore, dim(V) = dim(V*) = dim(V™**) and V is reflexive.
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Proof. It follows as in the Remark above that 8* = {x]}?_, is a set of linearly
independent vectors in V*. We claim that 8* spans V*. Let f € V* and x € V.
If x = x1b1 + x2b3 + -+ + x, by, is a representation of x with elements of 8, then
f(x) = f(x1)b1+ f(x2)ba+---+ f(xn)by. If f(xj) =a; fori =1,2,...,n,then
f(x) =a1by +azby + -+ + apb,. We claim that ' = a1x] + azxx5 + -+ anx;,.
If g =aix] +axxy +---+aux,, then

g(x) = (a1x] + azxy + -+ + anxy)(x)
= (a1x] +azx; + -+ +anx;)(x1b1 + x2b2 + -+ + x,by)
=aiby +azby + -+ + anby
= f(x).

Hence, f = aix] + axx3 + -+ 4+ apx,; and so B* is a basis for V*. Since 8* is
a basis for 1*, a similar proof shows that 8** = {x*}"_, is a basis for V** and so
dim(V) = dim(V*) = dim(V**) = n. Finally, the canonical map ¢y : V — V** is
such that ¢, (x;) = x;"* fori =1,2,...,n, so ¢y is an isomorphism. Hence, V is
reflexive. m]

Proposition 10.1.2. A vector space over a division ring D is reflexive if and only it is
finite dimensional.

Proof. We have just seen in the previous proposition that if a vector space V over
a division ring D is finite dimensional, then V is reflexive. So it remains to show
that if V' is reflexive, then V is finite dimensional. Suppose that V' is an infinite
dimensional with basis 8 = {xq}a. Then card(A) > Vg, so let ' € A be such
that card(I") > R and for each ¢ € I let a4 be a nonzero element of D. Then
{aq )T is an infinite set of nonzero elements of D. Define f on elements of 8* by
f(x}) =aqfora € T'and f(x}) = 0whena € A —T. If f is extended linearly
to V*, then f € V** If x is an arbitrary element of V', let x = ), xgbhg, where
bg = 0 for almost all B € A and xg € B for each B € A. Then ¢y (x) = fx and
fx(xy) = x3(3_A xgbg) = by foreacha € A, so fy(xy) = 0 foralmostall @ € A.
But f(x}) = aq and aq # O for an infinite number of & € A, so there are ¢ € A
such that fx(xy) # f(xJ). Hence, it must be the case that ¢y (x) = fy # f for
all x € V, so ¢y is not surjective and ¢, cannot be an isomorphism. Consequently,
if V is not finite dimensional, then V is not reflexive. O

In the Remark given in the introduction to this chapter, it was pointed out that if
{xa}A is abasis for a free R-module F, then {x; } A may not be a basis for F*. To see
this, suppose it is always the case that if {x, } A is a basis for a free R-module F, then
{x3}a is a basis for F*. If V is an infinite dimensional vector space over a field K,
then V is a free K-module, so, due to our assumption, if {xy}A is a basis for V, then
{x3}a is a basis for *. Hence, V* is a free K-module with basis {x;}A and so
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V** is a free K-module with basis {x}*}a. But this means that the canonical map
oy V. — V** defined on basis elements by ¢y (xo) = x3* for each o € A,
is an isomorphism which indicates that V' is reflexive. But this contradicts the fact
established in the previous proposition that IV must be finite dimensional in order to
be reflexive. Hence, if {xq4} A is a basis for a free R-module F, then {x}}a need not
be a basis for F*.

Problem Set 10.1

1. Prove each of the following for a vector space V' over a division ring D, where
U, U; and U, are subspaces of V, X, X; and X, are subspaces of V* and

ann] (U) ={f € V*| f(x) =0forallx € U} and
ann) (X) = {x € V | f(x) = 0forall f € X}.

(a) anng* (U) is a subspace of the left D-vector space V* and
annl/ (X) is a subspace of V.

(b) If Uy C U,, then ann}/* (Uy) C annépk (Uy) and
if X1 C X», then annY(Xz) C ann}/(Xl).

U< anny(anng* (U)) and
X C anng* (annl/ (X)).

(d) anny* ) = annl/* (anng(anny* (U))) and
anny (X) = ann;/(anng* (anny(X))).

(e) ann}/* Uy 4+ Uy) = annl/*(Ul) N anny* (Us) and
ann! (X1 + X2) = ann) (X1) Nann? (X3).

2. Let V be a finite dimensional vector space over a division ring D. Prove that

each basis of V* is dual to some basis of V. [Hint: If {x;}?_, is a basis for V'*,
then {x}"_, is a basis for V** and V' = V** ]
3. Let V be an n dimensional vector space over a division ring D. If f,g € V*,

assume that f # g, that neither f nor g is zero, and that Ker f # Kerg.
Compute the dimensions of each of the following.

(a) Ker f and Ker g
(b) Ker f NKerg.
(c) Ker f + Kerg.

4. Consider the R-vector space R3. Show that 8 = {x; = (1,0,1), xp =
(=1,1,0), x3 = (0,1,2)} is a basis for R and compute B8*. [Hint: Show
that the representation of the vector (x, y, z) relative to this basis is x; (2x +
2y —z) +x2(x +2y —2) + x3(=x =y +2).]
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10.2 Reflexivity and R-modules

Since only finitely generated vector spaces are reflexive, if we are to study reflexive
R-modules, it would appear that we will have to restrict our investigation to finitely
generated free modules. However, if the module is finitely generated and projective,
then we can show that it is reflexive.

Lemma 10.2.1. A finitely generated free R-module is reflexive.

Proof. If F is a finitely generated free R-module, then F has a finite basis, so there is
a positive integer n such that F 2 (Rg)™. This gives F* =~ (g R)™ which in turn
shows that F** = (Rg)™ ~ F. O

Proposition 10.2.2. Let M be a projective R-module generated by n elements. Then

(1) M™ is a projective left R-module generated by n elements, and

(2) M is reflexive.

Proof. (1) If M is a finitely generated projective R-module, then there is a split short

exact sequence 0 — N i) F i M — 0, where F is a free R-module with a finite

* *

basis. Now 0 — M* £ F* f—> N* — 0 is split exact, since the contravariant
functor Homg (—, R) preserves split short exact sequences. Since there is an integer n
such that F =~ (RR)™, F* =~ (RR)™, so F* is a free left R-module with a basis of
n elements. Now F* =~ M*@N*, soif {x1,x2,...,x,}is abasis for M *@® N*, then
each x; can be written as x; = (xpx, Xy>), where Xpr € M* and XN € N* for
i =1,2,...,n. It follows that {xM* Xpz .y Xpx} 18 a set of generates for M*,

so M* is generated by n elements. Slnce M * is isomorphic to a direct summand of
the projective left R-module F*, M* is projective.

(2) As in (1) there is a split short exact sequence 0 — N i) Fi M- 0, so
F >~ M & N. It follows that F** >~ M** @ N**. Moreover, we have a commutative
diagram

ko

w b1

M M M**

where 7 : M @ N — M is the canonical projection. Now F is finitely generated and
free, so by Lemma 10.2.1, F is reflexive. Since ¢ ¢|pr = ¢y, it follows that ¢, is
an isomorphism. o
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Observe that the proof of (2) of Proposition 10.2.2 shows that a direct summand
of a reflexive module is reflexive. If the condition that the module is projective is
removed from the preceding proposition, then the proposition, in general, fails. Recall
that over a principal ideal domain a module is projective if and only if it is free.
(See Proposition 5.2.16.) A simple cardinality argument shows that Z,, n > 2, as
a Z-module is not free and hence cannot be projective. Moreover, Zy = Z,* = 0,
so in this case, Proposition 10.2.2 does, in fact, fail. Thus, if the projective condition
is to be removed, and if finitely generated modules are to remain reflexive, then the
class of rings under consideration will have to be restricted. Toward this end, we
investigate self-injective rings, rings that contain a copy of every simple R-module,
and semiprimary rings.

Self-injective Rings

Definition 10.2.3. A ring R is said to be right self-injective if Rg is an injective
R-module. Left self-injective rings are defined similarly.

Lemma 10.2.4. The following properties of a ring R are equivalent.

(1) If A is a finitely generated right ideal of R and f : A — R is an R-linear
mapping, then there is an x € R such that f(a) = xa forall a € A.

(2) @ If {Ai}!_, is a family of finitely generated right ideals of R, then
anng (7= 4i) = Y_;—, anng(4;) and
(b) for any a € R, anng(ann,(Ra)) = Ra.

Proof. (1) = (2a). If A and B are right ideals of R, then anny(A) + anny(B) C
anng(A N B). So suppose that A and B are finitely generated, that ¢ € anng(A N B)
andlet f : A+ B — R be such that

f(a)=aifae A and f(b)=(A+c)bifb e B.

(Since the two expressions for f agree on A N B, this map is well defined and R-
linear.) Due to (1) there is an x € R such that f(r) = xr forallr € A+ B. Ifa € A,
then xa = a, so (x — 1)a = 0. Hence, x — 1 € anny(A). If b € B, then

A+c—x)b=A+c)b—xb= f(b) —xb=xb—xb=0,
so 1 + ¢ —x € anng(B). Thus,
c=(x—1)4+ 1+ c—x) €anng(A) + anny(B)
and we have anng(A N B) C anny(A) + anng(B). Therefore,

anng(A N B) = anng(A) + anng(B).



Section 10.2 Reflexivity and R-modules 337

It now follows by induction that anng((\7=; 4i) = > ;—; anng(A) for any family
{4;}/_, of finitely generated right ideals of R.

(1) = (2b). If a € R, then we immediately have Ra C anng(ann,(Ra)). On the
other hand, if b € anny(ann, (Ra)), then f : aR — bR C R suchthat f(ar) = br is
a well-defined R-linear map. By (1), there is an x € R such that f(ar) = xar for all
ar € aR. Hence, br = xar for all r € R. In particular, for r = 1, we have b = xa
and this gives b € Ra. Hence, anny(ann,(a)) € Ra, so

anng(ann, (Ra)) = Ra.

(2) = (1). Let A be a finitely generated right ideal of R and suppose that f :
A — R is R-linear. We proceed by induction on 7, the number of generators of A.
If n = 1, then A = aR, so suppose that f : aR — R is a module homomorphism
and let ¢ = f(a). Then c - ann, (Ra) = 0, so (b) gives ¢ € anng(ann,(Ra)) = Ra.
Hence, ¢ = xa for some x € R and the map f : aR — R givenby f(ar) = xar for
all ar € aR is a well-defined module homomorphism. Next, let A = a; R + a2 R +
-++ 4 a, R and make the induction hypothesis that (1) holds for all finitely generated
right ideals of R with k generators, where 1 < k <n. If f : A — R is an R-linear
mapping, then there are x’, x” € R such that f(a) = x'aifa € A’ =a1R+axR +
co-+ay—1Rand f(a) = x"aifa € ap,R. Ifa € A’ NayR, then (x' —x")a = 0, so it
follows from (2a) that x’ — x” € anng(A’ N a, R) = anng(A") + anng(a, R). Hence,
x'—=x" =b'—b",where b’A’ = 0and b"a, R = 0and so x'—b" = x""—b". From this
we see thatifa = ¢ +a,r € A’ +a, R, then (x'—b")(c +aur) = (x"=b")(c +ayr).
Hence, if we let x = x’ — b/, then f(a) = xa forall a € A and we have (1). O

Proposition 10.2.5. If R is a right self-injective ring, then
() if {AY'_, is a family of right ideals of R, then anng(()j_; A;) =
Yo' anng(A;) and
(2) if A is a finitely generated left ideal of R, then anng(ann,(A4)) = A.
Conversely, if (1) and (2) hold and R is right noetherian, then R is right self-injective.

Proof. If R is right self-injective, then the proof of (1) = (2a) of Lemma 10.2.4 with
the finitely generated condition removed works and so (1). For the proof of (2), let
A = Ray + Raj + ---+ Ray, be a finitely generated left ideal of R. It follows easily
that ann, (}_7_, Ra;) = (/—, ann,(Ra;) and so

anng(ann, (A4)) = anny <annr <2": Ra,-)) = anny ( ﬁ ann; (Ra,-)).
i=1 i=1

Now {ann, (Ra;)}"_, is a family of right ideals of R, so (1) gives

i=1

anng (") ann, (Ra;)) = 3 anng(ann,(Ray))

i=1 i=1
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and (2b) of Proposition 10.2.4 shows that anng(ann,(Ra;)) = Ra; fori = 1,2,
...,n. Hence,

anng(ann,(A)) = Ra; + Raz +--- + Ra, = A.

Conversely, if R is right noetherian, then Lemma 10.2.4 and Baer’s criteria show
that R is right self-injective. a

Proposition 10.2.6. A right noetherian right self-injective ring is left noetherian.

Proof. Let J = J(R). Since R is right self-injective, Proposition 8.4.14 shows that
R/J is aregular ring. We also see that R/J is right noetherian since R is, and so it
follows from Proposition 6.6.2 that R/J is a semisimple ring. Also since R is right
self-injective, Proposition 8.4.14 indicates that

J ={a € R | ann,(a) is an essential right ideal of R}.
We claim that J is nilpotent. Consider the descending chain
J2JP2 P2

Since R is right noetherian, the ascending chain

ann,(J) C ann,(J?) C ann,(J>) C ---
of right ideals of R terminates. If

ann,(J") = ann, (J" ) = ...

then we claim that J” = 0. Assume that J” # 0, let

A = {ann,(y) | y € Rand J"y # 0}

and choose a maximal element ann, (x) from 4. Then J"x # 0. If a € J, then
anny(a) N xR # 0, so axy = 0 for some y € R with xy # 0. Now ann,(x) »>
anny(ax), so the maximality of ann,(x) means that J”ax = 0. Since this holds
for each a € J, we see that J”t1x = 0. Hence, x € ann,(J"t!) = ann,(J").
Therefore, J"x = 0, so we have a contradiction. Thus, J” = 0.

Hence, we have a decreasing chain

RDJDJ?D-.2Jloyn=0

and since R/J is semisimple each factor module Ji_l/Ji, i=1,2,...,n,isadirect
sum of simple R/J-modules. But this sum is finite by Lemma 6.6.4, so each factor
module J'~!/J% has a composition series. Thus, it follows that J?~1/J? is right
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artinian fori = 1,2...,n. Italso follows, exactly as in the proof of Proposition 6.6.5,
that R is right artinian.
Finally, let

A1 C Ay C A3 C---
be an ascending chain of finitely generated left ideals of R. Then
anny (A1) 2 ann,(A42) 2 ann,(A43) 2 -
is a descending chain of right ideals which terminates, since R is right artinian. If

anny(A,) = anny(Ap4+1) =---, then

anng (anny (A,)) = anng(anny (Ap+1)) = -+ .

But by Proposition 10.2.5, A;, = Ap,+1 = -+ and so R satisfies the ascending chain
condition of finitely generated left ideals. It is straightforward to show that a ring R
that satisfies this condition on finitely generated left ideals is R is left noetherian. O

Kasch Rings and Injective Cogenerators

Definition 10.2.7. A ring R is said to be a right (left) Kasch ring if R contains a copy
of each simple (left) R-module. A left and right Kasch ring is referred to simply as
a Kasch ring. An injective R-module M is an injective cogenerator for Modpg if
every R-module is cogenerated by M. Injective cogenerators for gMod are defined
in the obvious way.

We now develop several conditions that will ensure that a right self-injective ring
will be a cogenerator for Modg. Left and right self-injective cogenerator rings are
important in our investigation of rings over which every finitely generated (left) R-
module is reflexive.

Lemma 10.2.8. The following are equivalent for a maximal right (left) ideal m of R.
(1) R/ embeds in R.
(2) m = ann,(x) (m = anny(x)) for some x € R, x # 0.
(3) anng(m) # 0 (ann, () # 0).
(4) m = ann,(anng(m)) (m = anng(ann, (m))).
S)IfyeRand(m:y)={ae R|yaem}((m:y)={a € R|ay € m})
then there is a y € R such that anng((m : y)) # 0 (anng((m : y)) # 0).
Proof. (1) = (2). If f : R/mu — R is an R-linear embedding and f(1 4+ m) =

x # 0, then ann, (x) = m.
(2) = (3). Since xm = x ann,(x) = 0,0 # x € anng(m).
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(3) = (4). Since anny () # 0, we see that mt C ann, (anng (1)) ~>R. Hence, the
maximality of m gives m = ann, (anng(m)).

4) = (5). Ifanng((m : y)) = O for all y € R, then anng((m : 1)) =
anng(m) = 0. But then ann, (anny(m)) = R and this contradicts (4).

(5) = (1). Let y € R be such that anng((m : y)) # 0. If 0 # x € anng((m : y))
andif f : R/(m : y) > Rand g : R/(m : y) — R/m are such that f(a +
(m:y)) =xaand g(a + (m : y)) = (y + m)a, then f and g are well-defined R-
linear mappings. If g(a + (m : y)) = 0,then 0 = (y + m)a = ya + m, S0 ya € m.
Hence,a € (m : y),soa+ (tu : y) = 0. Thus, g is an injection. Since (1 : y) # R,
R/(m : y) # 0,s0 g # 0. Consequently, g must be an isomorphism since R/m
is a simple R-module and since Im(g) is a nonzero submodule of R/m. Finally, we
can write R/m =(y + m)R, so fg~!: R/m — Ris such that fg=1((y + m)a) =
f(a + (m : y)) = xa. Hence, if fg~! = 0, then xa = 0 foreacha € R. In
particular, we have x = 0, when a = 1. But this contradicts the fact that x # 0
and so fg~! # 0. Hence, Ker( fg') is a proper submodule of the simple R-module
R/m, so Ker(fg~!) = 0. Therefore, fg~! : R/m — R is an embedding and we
have (1).

The left-hand version of the proposition has a similar proof. m|

Proposition 10.2.9. The following are equivalent for a right (left) self-injective
ring R.

(1) R isaright (left) Kasch ring.

(2) RR (RR) is a cogenerator for Modg (rRMod).

(3) Hompg (M, R) # O for every nonzero cyclic (left) R-module M.

(4) Homg (M, R) # 0O for every nonzero (left) R-module M.

(5) anng(A) # 0 (ann,(A) # 0) for every proper right (left) ideal A of R.

(6) ann,(anng(A)) = A (anng(ann,(A)) = A) for every right (left) ideal A of R.

Proof. (1) = (2). Suppose that R is a right Kasch ring. If M is a nonzero R-module,
let x € M, x # 0. Since xR is finitely generated, by considering Proposition 6.1.2,
we see that xR has a maximal submodule, say Nx. The composition of the maps

xR 5% xR /Ny ﬁ) R, where 7, is the natural surjection and fy is an embedding
of the simple R-module xR/N, into R, gives an R-linear map g, : xR — R with
kernel N, such that gx(x) # 0. For each x € M, x # 0, choose exactly one such
gx | XR — R. If H is this set of homomorphisms, then ¢ : M — R such
that ¢(x) = (gx(x)) for each x € M is an R-linear mapping and we claim that
Ker¢p = (\yKergy = 0. If z € (g Kergy, z # 0, then z € [, cps Nx. In
particular, z € N; which means that g;(z) = 0, a contradiction. Hence, Ker¢ = 0,
so R is a cogenerator for Modg.
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(2) = (3). If M = xR is a nonzero cyclic R-module, then as in (1) = (2), the

composition map xR T, xR/N & R shows that Hompg (M, R) # 0.

(3) = (4). If M is a nonzero R-module and x € M, x # 0, then Homg(xR, R)
# 0. Since R is right self-injective, any nonzero map in Hompg (xR, R) extends to
a nonzero map in Hompg (M, R).

(4) = (5). If A is a proper right ideal of R, then R/A is a cyclic R-module with
generator 1 + A. If 0 # f € Homg(R/A, R) and f(1 + A) = x, then x # 0 and
f(r+ A)=xrforallr + A € R/A. Since xA = 0, x € anng(A), so anng(A) # 0.

(5) = (1) If m is a maximal right ideal of R, then anny (1) # 0. Hence, we see
from Lemma 10.2.8 that R/t embeds in R. Thus, R contains a copy of each simple
R-module, so R is a right Kasch ring.

(2) = (6). Let f : R/A — R® be an embedding. If f(1 + A) = (ag), then
A = ann;((ay)), so

ann, (anng(A4)) = ann, (anng(ann, ((a))) = ann,((aq)) = A.

(6) = (1) follows from Lemma 10.2.8.
The left-hand version of the proposition follows by symmetry. m|

Semiprimary Rings

We now prove two propositions that establish properties of rings that will be required
in our investigation of rings over which every finitely generated module is reflexive.
J continues to denote the Jacobson radical of R.

Definition 10.2.10. A ring R is said to be semiprimary if J is nilpotent and R/J is
a semisimple ring.

Proposition 10.2.11. If R is a semiprimary ring, then an R-module is artinian if and
only if it is noetherian.

Proof. A technique similar to that used in the proof of Proposition 6.6.5 can be used
to prove the proposition, so this is left as an exercise. |

Proposition 10.2.12. A ring R is right artinian if and only if it is semiprimary and
right noetherian.

Proof. If R is semiprimary and right noetherian, then R is right artinian by the pre-
ceding Proposition.

Conversely, if R is right artinian, then Corollary 6.6.6 shows that R is right noethe-
rian and Proposition 6.3.1 indicates that J is nilpotent. Since R/J is right artinian
and Jacobson semisimple, Proposition 6.6.2 shows that R/J is semisimple. Thus,
R is semiprimary. m|
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Quasi-Frobenius Rings

Finally, we are in a position to investigate rings over which every finitely generated
R-module is reflexive. Previously, we called a ring artinian (noetherian) if it was left
and right artinian (left and right noetherian). The left and right modifiers will now be
added for clarity and emphasis.

Definition 10.2.13. A ring R is said to be a quasi-Frobenius ring or simply a QF-ring
if R is left and right artinian and

(a) ann,(anng(A)) = A for all right ideals A of R and
(b) anng(ann,(A)) = A for all left ideals A of R.

There are various conditions on a ring that will render it a QF-ring.

Proposition 10.2.14. The following are equivalent for a ring R.
(1) Risa QF-ring.
(2) R is a right (left) noetherian ring that satisfies the conditions
(a) ann, (anng(A)) = A for all right ideals A of R and
(b) anny (ann, (A)) = A for all left ideals A of R.
(3) R is right (left) noetherian and right (left) self-injective.
(4) R is left (right) noetherian and right (left) self-injective.
Proof. (1) = (2). Since R is right artinian, Corollary 6.6.6 shows that R is right
noetherian.

(2) = (3). To show that R is right self-injective, let A and B be right ideals of R.
Then using (2a) we have

ann,(anng(A) + anng(B)) = ann,(anng(A)) N ann,(anng(B)) = AN B,
so by taking left annihilators and using (2b), we get
anng(A) + anng(B) = anng(A N B).

Induction and Proposition 10.2.5 shows that R is right self-injective.

(3) = (4). This is Proposition 10.2.6.

(4) = (1). This proof will be divided into several parts. For each part we assume
that R is left noetherian and right self-injective.

Part I. Part (2) of Proposition 10.2.5 gives anng(ann,(A4)) = A for each finitely
generated left ideal A of R. Since R is left noetherian, we have

anng(ann,(A)) = A for each left ideal A of R.
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Part II. Note first that R/J is left noetherian and since R is right self-injective,
R/J is a regular ring due to Proposition 8.4.14. Hence, the left-hand version of
Proposition 6.6.2 shows that R/J is semisimple. We claim that J is nilpotent. Con-
sider the descending chain J 2 J2 D J3 D ... of ideals of R. Then ann,(J) C
ann,(J?) C ann,(J3) C --- is an ascending chain of ideals of R which terminates,
since R is left noetherian. If ann, (J”) = ann,(J"*1!) = ... then anng(ann, (J")) =
anng(ann, (J"*1)), so by Part I, J”* = J"*! Hence, Nakayama’s lemma (Lem-
ma 6.1.10) gives J” = 0. Thus, R is a semiprimary ring and the left-hand version of
Proposition 10.2.11 shows that

R is left artinian.

Part 111. If we can show that R is a right Kasch ring, then Proposition 10.2.9 will
give

ann,(anng(A)) = A for each right ideal A of R.

For this, first note that as in Part II, J is nilpotent. So Lemma 8.3.7 indicates that
anng(J) is an essential right ideal of R. If Hy, H»,..., H, are the homogeneous
components of Soc(g R), then the H; are ideals of R and A; = anng(J) N H; # Ois
an ideal of R fori = 1,2,...,n. From Part II we see that R/J is a semisimple ring,
so since Proposition 6.1.7 gives A;J = 0, each A; is a semisimple R/J-module.
Thus, A; contains a simple R/J-module S; which is also a simple R-module. If S is
a simple R-module, then SJ = 0, so S is a simple R/J-module. Thus, S = §; for
some i, 1 <i <n,so R contains a copy of each simple R-module, and R is therefore
a right Kasch ring.
Part IV. Finally, we need to show that R is right artinian. If

A1 2422432+
is a decreasing chain of right ideals of R, then
anng(A1) € anng(A4z) C anng(A3) C -+

is an ascending chain of left ideals of R. This latter chain terminates since R is
left noetherian. If anng(A4,) = anng(A,+1) = ---, then ann,(anng(A4,)) =
ann, (anng(A,+1)) = ---. But Part IIl gives A, = Ap4+1 =---, 50

R is right artinian

and the proof is complete. (A QF-ring is left-right symmetric, so the parenthetical
versions of the proposition also hold.) m|

Remark. Corollary 6.6.6 shows that if a ring is right (left) artinian, then it is right
(left) noetherian. It follows that a ring R is a QF-ring if and only if R is left and right
noetherian and left and right self-injective.
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Examples

1. If K is a field, then K is a QF-ring.

2. If R is a principal ideal domain, then R/(a) is a QF-ring for each nonzero
nonunit a € R. Hence, Z, is a QF-ring for each integer n > 2. Note Z is not
self-injective, so Z is not a QF-ring.

3. If R = ]_[;1:1 R;, then R is a QF-ring if and only if each R; is a QF-ring.

We have one more proposition to prove before we can consider finitely generated
modules over a QF-ring. One result of the following proposition is that over a QF-ring
the class of projective modules and the class of injective modules coincide.

Proposition 10.2.15. If R is a QF-ring, then the following are equivalent for an R-
module M.

(1) M is injective.
(2) There is a family {eq } A of idempotents of R such that M = @ 5 eq R.
(3) M is projective.

Proof. (1) = (2). Since R is right noetherian and M is injective, it follows from
Proposition 4.2.10 and Corollary 5.1.14 that M = @@, E4, where each Ey is an
indecomposable injective R-module. Let x € E4, x # 0, and consider the R-
linear mapping f : R — E4 given by f(a) = xa and the induced embedding
R/Ker f — E,. If {4y} is the family of right ideals of R that properly contain
Ker £, then, since R is right artinian, {44 }A has a minimal element, say A. But
then A/ Ker f is a simple R-module, so we see that each E, contains a simple sub-
module Sy. But Sy is essential in its injective envelope E(Sy), so E(Sy) embeds
in E,. It follows that Ey =~ E(Sy), since Ey is indecomposable. Now R is a right
Kasch ring, so Sy is isomorphic to a minimal right ideal of R, and since R is right
self-injective, Ey embeds in R. Thus, E, = ey R for some idempotent e, of R.

(2) = (3). Each ey R is a direct summand of R and so is projective. But direct
sums of projectives are projective and this gives (3).

(3) = (1). Since R is right noetherian, direct sums of injectives are injective. (See
Proposition 7.1.6.) Hence, every free R-module is injective since Rp is injective. But
every projective R-module is a direct summand of a free R-module, so it follows that
M is injective. a

We can now address reflexivity of finitely generated modules.

Proposition 10.2.16. The following hold for a QF-ring R.
(1) Every (left) R-module is torsionless.
(2) Every finitely generated (left) R-module is reflexive.
(3) A right (left) R-module M is finitely generated if and only if the left (right)
R-module M* is finitely generated.
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Proof. (1) Every R-module is the homomorphic image of a free R-module, so there
is a free R-module F and an epimorphism f : F — E(M), where E(M) is the
injective envelope of M. Since the preceding proposition indicates that E(M) is
projective, there is an R-linear mapping g : E(M) — F such that fg = idgr). It
follows that g is a monomorphism, so we can assume that £ (M) is a submodule of F.
Hence, M C E(M) C F. But Exercise 3 indicates that free modules are torsionless
and submodules of torsionless modules are torsionless, so M is torsionless. A similar
result holds for a left R-module, so over a QF-ring every left and right R-module is
torsionless.

(2) Suppose that M is a finitely generated R-module. Then we have a short exact

sequence 0 - N — F i) M — 0, where F is a finitely generated free R-module.
Since R is left and right self-injective, Corollary 5.1.12 shows that the contravariant
functors Homg (—, Rr) and Hompg (—, g R) are exact. Hence, we have a commutative
diagram

0 N F—' o m 0
N OF ‘PM\

and Proposition 10.2.2 indicates that ¢  is an isomorphism. But (1) indicates that
M is torsionless, so ¢, is an injection. Furthermore, f** is an epimorphism and
a simple diagram chase shows that ¢,, is also an epimorphism. Hence, ¢, is an
isomorphism and so M is reflexive. Symmetry gives the same result for left R-mod-
ules.

(3) If M is a finitely generated R-module, then we have a surjective mapping
(RR)(”) — M for some integer n > 1. So as in (1), we have an injective map-
ping M* — (Rg)™* =~ (gR)"™. But R is left noetherian so it follows that M*
is finitely generated. Conversely, suppose that M * is finitely generated. What we
have just proved also holds for left R-modules, so if the left R-module M * is finitely
generated, then M ™** is a finitely generated R-module. Now (1) indicates that M is
torsionless, so ¢, : M — M™* is an injection. Since R is right noetherian, we see
that M is finitely generated. O

Therefore, over a quasi-Frobenius ring every finitely generated left and right R-
module is reflexive. It is also the case that if R is a left and a right noetherian ring and
if every finitely generated left and right R-module is reflexive, then R is a QF-ring.
A proof of this fact will be delayed until Chapter 12 where a proof will given using
homological methods.

Remark. We also point out a nice result on quasi-Frobenius rings obtained by Faith
and Walker. They proved that a ring R is quasi-Frobenius if and only if every pro-
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jective R-module is injective if and only if every injective R-module is projective.
Details can be found in [14]. Also, recent results as well as open problems on QF-
rings and related rings can be found in [56].

Problem Set 10.2

1. Show that the following are equivalent for an injective R-module E.
(a) E is a cogenerator for Modg.
(b) Hompg (S, E) # 0 for every simple R-module.
(c) Every simple R-module embeds in E.
(d) E cogenerates very simple R-module.

[(b) = (a), Hint: Let M be a right R-modules and suppose that x is a nonzero
element of M. Then xR is finitely generated, so Proposition 6.1.2 indicates that
X R contains a maximal submodule, say N. Thus, xR/ N is a simple R-module
and (b) gives Homg(xR /N, E) # 0. Consider the commutative diagram

0 XR M

|

xR/N

|

E

and Exercise 3 in Problem Set 4.1.]

2. Verify Examples 1, 2 and 3. [2, Hint: Exercise 14 in Problem Set 5.1.] [3, Hint:
Show that R is right noetherian if and only each R; is right noetherian and that
R is right self-injective if and only if each (R;)g is injective if and only if each
(R;)R, is injective.]

3. Answer each of the following questions or prove the given statement.
(a) Are free modules are torsionless?
(b) Submodules of torsionless modules are torsionless. [Hint: Let N be a sub-
module of the torsionless R-module M, let iy : N — M be the canonical
injection and consider the commutative diagram

N ON N**

iN in**

M N M** ]
(c) Factor modules of torsionless modules need not be torsionless.

(d) If {M;}"_, is a family of reflexive modules, then is @7_; M; reflexive?
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10.

(a) Let R be an integral domain and suppose that M is an R-module. If 1 (M)
denotes the torsion submodule of M and n : M — M/t(M) is the canonical
surjection, prove that n* : (M/t(M))* — M* is an isomorphism.

(b) If R is a principal ideal domain and M is a finitely generated R-module,
prove that M ** and M/t (M) are isomorphic.

. If R is a ring without zero divisors, prove that R is right self-injective if and

only if R is a division ring.

Prove each of the following for an integer n > 1.

(@) (RR)™* = (rR)™ and (Rp)™** = (Rp)™.
(0) (RR)™* = (RR)™ and (RR)™** = (RR)™.

. Prove Proposition 10.2.11. [Hint: Proposition 6.6.5.]

. (a) Show that an R-module M is torsionless if and only if for each x € M,

x # 0, there is an f € M* such that f(x) # 0. [Hint: ¢, : M — M™* must
be an injection.]

(b) If R is an integral domain, prove that if M is a finitely generated torsionless
R-module, then M is torsion free. [Hint: Use (a).]

. If D is a division ring, show that the ring R = (lg g) is not a QF-ring. [Hint:

Consider the right ideal m = (8 ID) ) of R and compute ann, (anng (m)).]

Suppose that R is a commutative ring and let M and N be R-modules.

(a) Show that ¢ : M*®r N — Hompg(M, N) such that ¢(f ® y)(z) = f(2)y
is an R-linear mapping.

(b) If M and N are free R-modules of rank m and n, respectively, show that
M* g N and Homg(M, N) are free R-modules of rank mn. Conclude that
M* ® g N and Homg (M, N) are isomorphic R-modules. In particular, show
that ¢, as defined in (a), is an isomorphism.



Chapter 11
Introduction to Homological Algebra

We know that every module is the homomorphic image of a projective module and that
every module can be embedded in an injective module. These observations provide
the tools necessary to build projective and injective resolutions that play a central role
in homological algebra and in the theory of derived functors. We continue with the
assumption from Chapter 3 that the term “functor” means covariant functor.

11.1 Chain and Cochain Complexes

A sequence M = {M,,a,}z of R-modules and R-module homomorphisms, also
denoted by
Cpn41 an an—1
M: '-'—>Mn+1 —)Mn —)Mn_l — Mn—2 —> e

is said to be a chain complex if apa,+1 = 0 for each n € Z. Each mapping o, :
M, — M,_, is said to be a boundary mapping (or a differential operator). Note
that for a chain complex the subscripts decrease from left to right and the subscript on
each boundary map agrees with the subscript on its domain. A chain complex M is
said to be exact at M,, if Im(o,+1) = Ker(oy,) and M is exact if it is exact at M, for
each n € Z. A chain complex of the form

M: o> My 25 My_y — - — My —5 My — 0,

where the additional zeroes to the right have been omitted, is said to be positive. Sim-
ilarly, a sequence M = {M",«a"}z of R-modules and R-module homomorphisms,
also denoted by

n—1 "' n @ ayr o't n+2
M: oo ML oy & gyt 2

such that ¢ 1g” = 0 for all n € Z, is a cochain complex. For a cochain complex,
the superscripts increase from left to right and the superscripts on the boundary maps
agree with the superscripts on their domains. A cochain complex M is exact at M " if
Im(a;,—1) = Ker(ay) and it is exact if it is exact at M™ for each n € Z. A cochain
complex M is said to be positive if M™ = 0 for all n < 0, that is, if M is of the form

0 n—1
o _ o
M:0>M" S M > ..M S M ..
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where the additional zeroes to the left have been suppressed. Using descending
subscripts for chain complexes and ascending superscripts for cochain complexes
cannot always be strictly adhered to. For example, if ¥ : Modg — Modg is
an additive contravariant functor and M = {M,,«,}z is a chain complex, then
FM) ={F (M), F(ay)}z is a cochain complex
F(an-1) o~ F(an) ~
FM): - > F(Mp—p) —— F(My—1) —> F(My) — ---

with lower indices. Moreover, the subscripts on the mappings ¥ («,), n € Z, no
longer agree with the subscripts on their domains. Both of these notational anomalies
could be easily corrected by a change in notation, but such a change would only
introduce additional notation. It is more efficient to forgo any notational change and
to simply interpret the notation correctly from the context of the discussion.

Finally, if M = {M,,a,}z is a chain complex, then M can be converted to
a cochain complex N = {N", 8" }7 by raising indices, that is, by setting N* = M_,
and 8" = a_, for all n € Z. Similarly, a cochain complex can be converted to
a chain complex by lowering indices. Thus, we see that the only difference between
a chain complex and a cochain complex is in the notation used. For this reason, a re-
sult obtained for a chain complex can often be obtained for a cochain complex simply
by raising indices and conversely.

Definition 11.1.1. If M is a chain complex, then H,(M) = Kera,/Imao,4; is
called the nth homology module of M and if M is a chain complex of abelian groups,
then we call H, (M) the nth homology group of M. Similarly, if M is a cochain
complex, then H"(M) = Kera”/Ima” ! is the nth cohomology module of M.

Another important concept in homological algebra is that of a (co)chain map.

Definition 11.1.2. If M and N are chain complexes, then a chain map £ : M — N of
degree k is a family f = {f,;, : M,, — N, 4}z of R-linear mappings such that the
diagram

On+1 oy an—1
M, Myog —21=0e
fn fn—l
Butk+1 Btk Buik—1
oo ——— Npjk — Nppp1 ——— ++-

is commutative for each n € Z. Cochain maps f = {f" : M" — N"tk}; and the
degree of a cochain map are defined in the obvious way. If f : M — N is a (co)chain
map and no degree is specified, then it will be assumed that f has degree zero. If
a (co)chain map f is such that f;, (f") is a monomorphism (an epimorphism, an
isomorphism) for each n € Z, then we will refer to f as a monomorphism (an epi-
morphism, an isomorphism).
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If M is a chain complex, then it is obvious that M is exact at M, if and only if
H, (M) = 0. A similar observation holds if M is a cochain complex.

Remark. Whenever possible the notation for boundary maps will be in matching
alphabetical order with the order of the (co)chain complexes. For example, if L, M
and N are chain complexes, then the boundary maps for these complexes will be
denoted by oy, B, and y,,, respectively.

If M and N are chain complexes and f : M — N is a chain map, then for eachn € Z
there is an induced nth homology mapping H,(f) : H,(M) — H,(N) established by
the following proposition.

Proposition 11.1.3. If f : M — N is a chain map, then for each n € Z there is an
R-linear mapping H, (f) : H,(M) — H,(N) defined by

H,®)(x +Imay41) = fulx) + Imﬂn—{—l
forall x +Imay 41 € Hy(M).

Proof. For each n € Z, we have a commutative diagram

41 Mn (477] Mn—l OUp—1
fn\ fn—l \
ﬂn+1 Nn ﬂn Nn—l ﬂn—l

so let H, (f) be as stated in the proposition. If x € Ker «,, then

Bnfn(x) = fp—10n(x) =0,

so fn(x) € Kerp,. Hence, Hy(f) maps Kero/Imoay+q to Kerf,/Imp, ;| as
required. Next, let x, x’ € Kera, and suppose that x + Imay4+1 = x' + Imay4q.
Then x — x’ € Im oy, 41, so there is a y € My, 41 such that o, 41(y) = x — x’. Thus,

fn(x) - fn(x/) = fulx _x/) = fapr1(y) = ﬂn—{—lfn—l—l(y),

$0 fu(x) — fu(x') € Im B, ;. Therefore, Hy, (f) is well defined. It is immediate that
H, (f) is R-linear since f; is, so the proof is complete. m|

There is also an nth cohomology mapping H" (f) : H"* (M) — H"(N) defined by
H"(f)(x +Ima™ 1) = f*(x) + Imp" !

forall x + Ima”~! € H* (M), where f : M — N is any cochain map.

An important question in homological algebra is, “When do two (co)chain maps
f,g : M — N induce the same nth (co)homology map from the nth (co)homology
module of M to the nth (co)homology module of N?” To answer this question, we
need the following definition.



Section 11.1 Chain and Cochain Complexes 351

Definition 11.1.4. If f,g : M — N are chain maps, then a homotopy ¢ from f to g,
denoted by ¢ : f — g, is a chain map ¢ = {¢,, : M, = Np41}z of degree +1 such
that f, —gn = Bp119n +¢,_10n foreachn € Z. The following diagram illustrates
a homotopy for chain maps.

Op41 [e77]

Mn+1 Mn Mn—l - =
| | /
fnl+l gn}}l/@\\/ Jln g{n Q°/\ fn{—l gnl—l
"
Nn+1 Bn+l Nn b Nn—l

If there is a homotopy ¢ : f — g, then f and g are said to be homotopic chain maps. If
f and g are cochain maps, then a homotopy ¢ : f — g is a cochain map of degree —1
such that £ — g" = p" 1g" 4+ "1™ for each n € Z. A cochain homotopy is
illustrated in the following diagram.

o o’

R ¥ Lt M" M1
fnlfl gn|71 &N/]Jn g|" ‘\X\/fn|+l gn|+1

/N N LR

.. Nn—l Nn Nn+1

The notation f &~ g will indicate that f and g are homotopic (co)chain maps. Two
(co)chain complexes M and N are said to be of the same homotopy type if there exist
(co)chain maps f : M — N and g : N — M such that gf ~ idy and fg ~ idy,
where idy; and idy are the identity (co)chain maps on M and N, respectively. Such a
(co)chain map f (or g) is called a homotopy equivalence.

Remark. The diagrams of Definition 11.1.4 are no longer commutative. For exam-
ple, in the first diagram of the definition, there is no reason to expect that the triangle
formed by the maps ¢,,, B, and f, is commutative.

Proposition 11.1.5. If f,g : M — N are homotopic chain maps, then H,(f) =
H, (g) for each n € Z.

Proof. 1f ¢ is a homotopy from f to g, then f, — gn = B, 119, + ¢,_1an for each
nelZ If x+Imay,y1 € Hy(M), where x € Kera,, then we see that f,(x) —
gn(x) = :Bn+1§0n(x) + @p1on(x) = ﬂn—{—l(/)n(x) € ImIBn—}-l' Therefore, fu(x) +
ImpB, 1 = gn(x) +1Imp, . The fact that f,(x) and g, (x) are elements of Ker 3,
was demonstrated in the proof of Proposition 11.1.3. Hence, H, (f) = H,(g). |

Iff,g : M — N are homotopic cochain maps, then it follows by an argument
similar to that given in the proof of Proposition 11.1.5 that H"(f) = H"(g).

Chain complexes and chain maps form an additive category that we denote by
Chaing. If f : L — Mand g : M — N are chain maps, then gf is defined in
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Chaing by gf = {gn fn : Ln — Ny,}z. Furthermore, if f,g : L — M are chain
maps, then f + g : L — M is also a chain map if f 4+ g is defined in the obvious way.
The following proposition presents a useful relation among chain maps.

Proposition 11.1.6. Let M and N be chain complexes. Then the relation ~ on
Mor(M, N) given by f ~ g if there is a homotopy ¢ : £ — g is an equivalence
relation on Mor(M, N) in Chaing.

Proof. ~ is reflexive. If f is a chain map in Mor(M, N), then the zero homotopy
0: f — fshows thatf ~ f.

~ is symmetric. Suppose that f and g are chain maps in Mor(M, N) such that
f~ g lIfe:f— gisahomotopy, then f, — gn = B,11¢, + ¢,_1a, implies
that g, — fn = Bpy1(—9,) + (—¢,_1)a, for each n € Z. This gives a homotopy
p:g—>fsog~f.

~ is transitive. Letf, g and h be chain maps in Mor(M, N) and suppose that f ~ g
andg~ h.If ¢ : f — gand ¥ : g — h are homotopies, then for each n € Z we have

fn —&n = IBn—i—l(pn + Qp_10n and
8&n — hn = :3n+11pn + 1/fn—105n-

So

fn - hn = IBn—l—l((pn + 1pn) + ((pn—l + ¢n—1)0ln
gives a homotopy ¢ + ¥ : f — h and we have f ~ h. a

If f : M — N is a chain map in Chaing, then the equivalence class [f] determined
by the equivalence relation of Proposition 11.1.6 is called the homotopy class of f.

The proofs of the following two propositions are straightforward and are left as
exercises.

Proposition 11.1.7. For eachn € Z, H, : Chaing — Modg, is an additive functor.

If we form the category Cochaing of cochain complexes and cochain maps, then
H" : Cochaing — Modp, is also an additive functor. The functors H, and H" are
called the nth homology functor and the nth cohomology functor, respectively.

Proposition 11.1.8. Suppose that ¥ : Modr — Modg is an additive functor.
(1) If M is a chain complex in Chaing, then ¥ (M) is a chain complex in Chaing.
(2) If £: M — N is a chain map of degree k in Chaing, then

F@) : F (M) — F(N)

is a chain map of degree k in Chaing.
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(3) If £,g : M — N are homotopic chain maps in Chaing, then
F),F(@:FM) - F(N)

are homotopic in Chaing.
(4) If £,g : M — N are homotopic chain maps in Chaing, then
Hy (¥ (£)) = Hn(¥(g)) : Ho (¥ M) — Hp (¥ (N))
in Modg for each n € Z.
Clearly there is a dual version of Proposition 11.1.8 that holds for cochain com-
plexes and cochain maps. Part (4) of the preceding proposition shows that each ho-

motopy class [f] of a chain map f : M — N in Chaing produces exactly one homology
mapping from H, (¥ (M)) to H, (F (N)).

Homology and Cohomology Sequences

The category Chaing of chain complexes and chain maps enjoys many of the prop-

. f g
erties of the category Mod . For example, we can form a sequence L — M — N of
chain complexes and chain maps, we can form subchains of chain complexes, and we
can form factor chains of chain complexes. (These constructions will be addressed in

. f g . . . .
the exercises.) A sequence L — M — N of chain complexes and chain maps is said
. I g .
to be exact if L —> M ="> N is exact for each n € Z. A short exact sequence of

. f g . . . .
chain complexes 0 — L - M — N — 0 is actually a 2-dimensional commutative
diagram

0 —— Lpt1 Jny Mpi1 £ Ny 0
nt Bt Yot

0 Ly —" M, —% N, 0
o Bn Yn

0—— Ly —
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of R-modules and R-module homomorphisms, where the columns are chain com-

plexesand 0 — L, & M, LLN N, — 01is a short exact sequence in Mod r for each
n e Z.

Corresponding to each short exact sequence of chain complexes 0 — L —f> ML
N — 0, there is a long exact sequence

d, Hy,(f Hy, b,
L2 @y 2 g o 229 g oy 2
P, H,_1(f) H,_1(2) D,

— Hy—1(L) —— Hp-1(M) ——— Hp—1(N) —— -+~

of homology modules. The mapping &, is said to be a connecting homomorphism for
eachn € Z.

To establish the existence of the long exact sequence in homology, we begin with
the following lemma. But first note that if the diagram

o

0 Ker « M M, Cokera — 0
f f\ g\ é;
¥ P ¥

0 Ker 8 N1 N> Cokerf —— 0

of R-modules and R-module homomorphisms is commutative, then there are induced
mappings f : Kera — Ker f and g : Cokera — Coker §. Indeed, let f(x) = f(x)
for each x € Ker and g(x + Ima) = g(x) + Im 8 for all x + Ima € Coker .

Lemma 11.1.9 (Snake Lemma). Let

M, N M & M, 0
0 Ny /2 N 8 N,

be a row exact commutative diagram of R-modules and R-module homomorphisms.
Then there is an R-linear mapping ® : Kery — Coker « such that the sequence

_ ) o _ .
Ker o i> Ker 8 LN Kery — Coker o £> Coker 8 LEY Coker y
is exact.

Proof. Tt is not difficult to show that each of the sequences
A 81
Kera — Ker B — Kery and

Coker « ﬁ) Coker 8 2%, Coker y
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formed from the induced maps is exact. So it only remains to establish the existence
of ® and to show that the sequence is exact at Ker y and at Coker «.

The map @ : Kery — Coker« is defined as follows. If z € Kery, let x € M be
such that g1(x) = z. Then yg;(x) = 0, so g28(x) = 0. Hence, B(x) € Kerg, =
Im f>. Since f> is an injection, there is a unique y € Nj such that f2(y) = B(x).
Now define ® by ®(z) = y + Im«. To show that ® is well defined, we need to show
that the definition of ® is independent of the choice of x. Let x’ be another element
of M such that g1(x’) = z and suppose that y’ € N is such that f>(y") = B(x').
Then x — x’ € Kergy = Im f1, so there is a w € Mj such that fj(w) = x — x'.
We now have f2(y) — f2(y) = B(x) — B(x) = B fi(w) = fra(w) which gives
y—y —a(w) € Ker /5 = 0. Hence, y — y' = a(w) € Ima and so y + Ima =
y" 4+ Ima. Each mapping involved in the construction of ® is R-linear, so a direct
computation will verify that ® is also R-linear. Thus, we have an R-linear mapping
® : Kery — Cokero.

Next, let us show that the sequence is exact at Kery. Let z € Ker y be such that
z € Ker ® and suppose that x € M and y € N; are as above. Then 0 = ®(z) =
vy + Imea, so y € Ima. Hence, there is a u € M; such that w(u) = y. Thus,
B fi(w) = fra(u) = fo(y) = p(x), so we have x — fi(u) € Ker . If x — f1(u) =
w € Ker B, then z = g1(x) = g1(x) — g1 /1(u) = g1(w). Therefore, z € Im g1,
so Ker ® C Im g;. Conversely, let z € Kery be such that z € Img; € Im g;. Then
there is an x € Ker 8 suchthat g1(x) = zanda y € N; suchthat f>(y) = B(x) = 0.
Thus, y = 0 since f; is injective and this gives ®(z) = y + Ima = 0. Hence,
Im g; € Ker ® and we have Im g; = Ker ®.

The proof that sequence is exact at Coker « is an exercise. |

We also need the following lemma.

Lemma 11.1.10. If M is a chain complex, then the map oy : M, — My_1 induces
an R-linear mapping &, : Cokera,4+1 — Keroy,—1. Moreover, H,(M) = Kera,
and H,—1 (M) = Coker a,.

Proof. Ima,,+1 C Keray, gives an epimorphism o, : M,/ Imay,4+1 — M,/ Kera,,
such that x + Imay,4+1 — x + Kerw,. But M,/ Kere,, =~ Ima, C Keroy—iq,
so we have an R-linear mapping &, : Cokero,4+1 — Keroy—j. The proofs that
H,(M) = Kera, and H,_; (M) = Coker &, are straightforward computations. O

In the Snake Lemma, if fj is injective and g, is surjective, then f_l is injective

_ . L. . f g .
and g, is surjective. Thus, if 0 - L - M — N — 0 is a short exact sequence of
chain complexes, then for each n € Z we have a row and column exact commutative
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diagram
0 0 0
0 —— Keray, — Kerf8,, — Kery, —— 0
0 Ly M, Ny 0
Up Bn VYn
0 Lpoy —— My—1 —— Npoy — 0
0 —— Cokera, — Coker B, — Cokery,, — 0
0 0 0
Using this diagram and Lemma 11.1.10, we get a commutative diagram
H, (N)
Kery,

Cokeray+1 — Coker 8, ; — Cokery,,; — 0

@n Bn\ ¥n

0 —— Kerap—y — Kerf,_; — Kery, _;

Coker a,

Hn—l (L)

for each n € Z. Hence, for each n € Z, the Snake Lemma gives a connecting
homomorphism &, : H,(N) - Hy,_;(L) and so we have the following proposition.
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f
Proposition 11.1.11. Corresponding to each short exact sequence 0 — L — M LY
N — 0 of chain complexes, there is a long exact sequence in homology

o, H,(t Hy ®n
2wy 2 g, o 2 g, o) 2
Hy_1 () Hyp—1(g)

Pn @,
where ©y, is a connecting homomorphism for eachn € 7.

There is also a long exact sequence in cohomology that corresponds to each short
exact sequence of cochain complexes.

Proposition 11.1.12. Corresponding to each short exact sequence of cochain com-
f
plexes0 > L —- M ENo 0, there is a long exact sequence in cohomology

CD"_I H"(f H" ol
oo —— H™L) A0, H"(M) e, H"(N) —

(g

+1 H"
® Hn+1 (M)

n H" n+1
2oy 2229, Ny 2

where " is a connecting homomorphism for each n € 7.

Problem Set 11.1

1. The nth cohomology mapping H"(f) : H"(M) — H"(N), wheref: M — Nis
a cochain map, is defined by H” (f)(x 4+ Ima~') = f"(x) + Im " ~! for all
x +Ima""! € H"(M). Prove that H"(f) is a well-defined R-linear mapping
foralln € Z.

2. Iff,g : M — N are homotopic cochain maps, show that H"(f) = H"(g) for
eachn € Z.

3. (@ If M = {M,,a,}z is a chain complex, deduce that &, can be changed to
—ap in M for any integer n and the result will remain a chain complex. Show
that the same is true for a cochain complex.

(b) Let M = {M,,, o, } 7 be a chain complex. If «, is changed to —a;,, in M and
N is the resulting complex, compare H, (M) and H,(N).

UM = {M,,an}z(M = {M",a"}z) is a chain complex (cochain com-
plex), verify that M can be converted to a cochain complex (chain complex) by
lowering (raising) indices.

4. Let M 3) N denote the zero mapping. If {M,}z is any family of R-modules,
verify that

0 0
---—)Mn+1 —)Mn—>Mn_1 —> e

is a chain complex and compute H,(M,).
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. Verify that Chaing and Cochaing are additive categories and prove Proposi-

tion 11.1.7.

(a) Prove Proposition 11.1.8.

(b) State the analogue of Proposition 11.1.8 for chain complexes and an additive
contravariant functor ¥ : Modg — Modg.

(c) State the analogue of Proposition 11.1.8 for cochain complexes and an addi-
tive functor ¥ .

Show that each of the following hold in the category Chaing.

(a) If £, : L - M are homotopic chain maps and g : M — N is any chain
map, then gf ~ gf’. [Hint: If ¢ = {¢,, : L, = My+1}z is a homotopy from f
to f', show that y = {gn+19¢, : Ln = Nu+1}z is a homotopy from gf to gf’.]
Likewise, if h : L. — M is a chain map and f, ' : M — N are homotopic chain
maps, then fh ~ f'h.

) Iff,f : L - Mand g, g : M — N are chain maps such that f ~ f' and
g~ g/, then gf ~ g'f’.

It

Op41 o
M: ---> M1 ——mM, — My_; — -

is a chain complex, then a subchain of M is a chain complex

Bn+1 Bn
N: -+ > Nyy1 —> Ny — Ny—1 — ---

such that N, is a submodule of M,, and B, = au|n, foreachn € Z. If Nis
a subchain of M, then the factor (or quotient) chain of M by N is given by

Ap41

M/N: o= Myy1/Nos1 —> Myp/Ny = My—1/Ny—g = -,
where o, (x + Np) = ap(x) + Ny—q forall x + N, and n € Z.
(a) If f : M — N is a chain map, define the subchains Ker f and Imf.
(b) If f : M — N is a chain map, prove that there is a chain isomorphism from
M/ Kerf to Im f. Can we write M/ Ker f = Imf in the category Chaing?
Observe that all of the definitions given in this exercise can be dualized to
cochain complexes and cochain maps. Does the dual of (b) hold for cochain
maps?
Prove that each of the following hold for the Snake Lemma.
(a) The connecting homomorphism @ is an R-linear mapping.
(b) The sequences

Ker o i) Ker 8 LN Kery and

Coker o ﬁ) Coker 52 Coker y

are exact.
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(c) The sequence given in the lemma is exact at Coker «.
(d) If f1 is injective, then the map fl : Kera — Ker f is also injective.
(e) If g5 is surjective, then so is g, : Coker § — Coker y.
10. Let ¥ : Modg — Modg be an additive functor. Prove that ¥ is an exact

functor if and only if for each chain complex M of R-modules and R-module
homomorphisms ¥ (H,(M)) = H, (¥ (M)) foreachn € Z.

11. Let

0 L M N 0
f g\ h
0 L M’ N’ 0

be a commutative diagram of short exact sequences of chain complexes, where
f, g and h are chain maps.

(a) Prove that there is a chain map from the long exact sequence of homology
modules arising from

0 L—->M->N->0
to the long exact sequence of homology modules arising from
0L -M >N -0

and that the resulting diagram is commutative.

(b) Show that if any two of the chain maps induce isomorphisms in homology,
then so does the third.

11.2 Projective and Injective Resolutions

We now lay the groundwork to investigate the left and right derived functors of an
additive (contravariant) functor . Central to the development of these functors are
projective and injective resolutions of a module.

If C is the positive chain complex

C: --—-M,->My_1—>--—>M —>My— M —0,
then Cps will denote the chain complex
Cy: - -—>My,—>M, 1—-+—> M — My—0,
where M has been removed from C. Similarly, given a positive cochain complex

C:0-M—>M° > M' > ... 5 M1 5 M ...,
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CM will denote the cochain complex
M oM oM ..M M
with M removed.
Definition 11.2.1. An exact positive chain complex
P: o> Py 5 P> > P Pg S M >0

is said to be a projective resolution of M if P, is a projective module for n =
0,1,2,.... If P is a projective resolution of M, then Py is said to be a deleted
projective resolution of M. Dually, an exact positive cochain complex

O[fl aO anfl
E:0>-M—E" SE'»...5 F"m1 L E" ...,

where each E” is an injective R-module, is an injective resolution of M. If E is an
injective resolution of M, then EMis a deleted injective resolution of M .

Proposition 11.2.2. Every R-module M has a projective and an injective resolution.

Proof. If M is an R-module, then we know that there is a projective module Py and
i
an epimorphism ¢ : P9 — M. Hence, we have an exact sequence 0 — K =

Py Sy VN 0, where Ky is the kernel of «g and ig is the canonical injection. Con-
tinuing in this fashion, there are short exact sequences of R-modules and R-module
homomorphisms

0> Ko 2Py 2% M0
i )4
0> Ky — P —Kyg—0

0> K, 5P, 25K >0

0— K, 2 P, 2% Kyt — 0

where Py, is projective, Kj is the kernel of o, and i, is the canonical injection, for
n=20,1,2,... with pg = ap. If these short exact sequences are spliced together as
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shown in the following diagram

Puci — - — Py Po X% M —0

\4 \/
/\ /\

by letting oy, = iy—1pp forn = 1,2,3...., then Ima, = Keran_l = K, for
n=1,2,3,... and

oy o] oo
P:--->P,—P1—>--—>P—Pyp—M—>0

is a projective resolution of M.
An injective resolution

0 n

o o

0— M 22 EO E! — ... — E" Entl

N S NS

VA NEVAN

of M can be constructed by using the fact that every module can be embedded in an
injective module and by using cokernels C” in a manner dual to how kernels were
used in the development of a projective resolution of M. If

! 0« 1 n @ n+1
E0O-M —FEF —FE —--+-—>E"—E —

is such an injective resolution of M, then Ima”~ ! = Kera” = C” forn =
0,1,2,.... O
Remark. If
Qp o] ao
P:--->P,—P1—>—>P—Pyp—M-—=>0
is a projective resolution of M, then
oy 31
Py: - -—-P,—P,_1—>--—> P — Py—>0

and Hy(Pys) = Ker(Pyp — 0)/Ima; = Py/Ima; = Py/ Kerag = M. Similarly,
if E is an injective resolution of M, then H 0(EM ) = M. Thus, there is essentially
no loss of information when M is deleted from a projective resolution or from an
injective resolution since M can be recovered, up to isomorphism, by forming the Oth
homology or the Oth cohomology module of Pys or EM, respectively.
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Examples

oo Ze 272, 25 7, o 57,2 72, > 0 is a projective resolu-
tion of the Z4-module Z,, where ay([a]) = [2a] for n > 1 and a¢([a]) = [a].

2.5 0—>0—>2 %72 Zy — 0 is a projective resolution of the
Z-module Zy, where k > 2 and «; (a) = ka and ag(a) = [a] for all a € Z.

ol a . S .
3.0>%Z— Q— Q/Z — 0— 0 — ---is an injective resolution of the Z-
module Z, where o~ ! is the canonical injection and «’® is the natural mapping.

Our goal now is to show that any two projective resolutions of a module are of the
same homotopy type. For this, we need the following two lemmas.

Lemma 11.2.3. Let

P: P, P PP M0
be a chain complex such that P, is projective forn = 0,1,2, ... and suppose that
Q: ---—>N,,ﬁ>1v,,_1—>---—>Nlﬁ>N0@>N—>o

is exact. Then for any R-linear mapping f : M — N there is a chain map £ : Pyy —
Qun such that the diagram

P, Pp_1 Po M 0
Jn fn—l\ Jo f
. Nn :3n Nn—l ﬂnfl ﬂl NO :30 N 0

is commutative.

Proof. Since Py is projective and since we have an R-linear mapping Py ﬂ N,
then the fact that B is an epimorphism ensures that there is an R-linear mapping
fo : Po — Ny such that the diagram

POLM

Jo f

No —Po . N 0
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is commutative. Now suppose that R-linear mappings fo, f1, f2,..., fu—1 have been
found such that the diagram

o0

Py~ Pyy 25N Py, 22 L P M 0
fn fnfl fn2\ fO f
\4
. Nn ﬂn 1 ﬁn—l Nn—2 ﬂn—2 . ﬂl N() ﬂO N 0

is commutative. If we can produce an R-linear mapping f, : P, — N, such that
Bnfn = fa—10tn, then the proposition will follow by induction. From the last dia-
gram above, B, fa—1 = fa—20n—1, 80 Bp_1 fu—10n = fa—2ap—105 = 0 gives
Im f,—10p € KerfB,_; =1Im§p,. Since P, is projective, we have a diagram

Py
1 n

. Jn—1an
* B
N, —— ImB, —— 0
that can be completed commutatively by an R-linear map f, : P, — Nj. O

We will now refer to the chain map f : Pp; — Qu produced in Lemma 11.2.3 as
a chain map generated by f : M — N. There is no assurance that such a chain map
is unique. However, any two chain maps generated by f are homotopic.

Lemma 11.2.4. Let P and Q be as in Lemma 11.2.3. If f : M — N is an R-lin-
ear mapping, then any pair of chain maps £,g : Pyy — Qn generated by f are
homotopic.

Proof. Suppose that f,g : Ppy — Qpu are chain maps generated by f. We need
to produce a family ¢ = {¢, : P, — Nu+1}z of R-linear mappings such that
Jn—8&n = Buy19n + @n_1ay for each n € Z. Since Py is positive, we can let
¢, = 0 forall n < 0. Thus, in the Oth position we need to find ¢, : P9 — N; such
that fo — go = B¢, For this consider the diagram

o] o7

Py Py M 0
T

figr .8 fogo f

l l»":/s l B

N; —— Ng —>—+ N 0

Since Bo(fo—go) = f(ao—o) = 0,Im(fo—go) < Ker 8, = Im ;. It follows that
the projectivity of Py gives an R-linear mapping ¢, : Po — Nj such that fo — go =
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B1¢o- Next, suppose that R-linear maps ¢y, : Pr — Ni 41 have been found such that
Jk — 8k = Br19x + ¢x_1k,fork =0,1,2,...,n — 1, and consider the diagram

Up41 [6%7]

Pn+1 Py Pp—1
T U

Jot1 8n+1 @~ Jn &n N/\ Jn—1 &n—1
QY
l l ;"ﬂn-l—l l l/ ﬂn l l

v —— Npt1 Ny Npg —— -+

Since fr—1 — gn—1— Bn¥Pn—1 = Pn—2®¥n—1, we have

Bn(fn—8&n—@n_10n) = Bpfn — Bn&n — BnPn_19n
= fn—10n — &n—19n — B @p_10n
= (fu—1— 8n—1— Bn¥n_1)n
=@, 20p—10, = 0.

Hence, Im( f, — gn — ¢,—1n) S Ker B, = Im B, and so since P, is projective,
there is an R-linear mapping ¢,, : P, — N,41 that completes the diagram

Py

Sn—8n—@n—10n

ﬂn-‘,—l 0

Np+1 ImB, 4

commutatively. Therefore, f, —gn = B,,1.1¢, + ¢,_1an, so the proposition follows
by induction. a

Proposition 11.2.5. If P and Q are projective resolutions of M, then Py and Qg
are of the same homotopy type.

Proof. Suppose that the identity mapidys : M — M generates chain mapsf : Pyy —
Qs and g : Qpr — Pyy. The proposition follows from the fact that Lemma 11.2.4
gives gf ~ idp,, and fg ~ idq,,, where idp,, : Ppy — Pps andidg,, : Qumr — Qum
are the identity chain maps on Pjs and Qjy, respectively. Thus, Py, and Qps are of
the same homotopy type. a

The dual versions of Lemma 11.2.3, Lemma 11.2.4 and Proposition 11.2.5 are Ex-
ercises 2 and 3 in the following problem set.
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Problem Set 11.2

1. Verify Examples 1, 2 and 3. [3, Hint: Proposition 5.1.9.]
2. Let

D:0>N->N SN ... 5 NP NP sl
be an exact cochain complex and suppose that
E:0-M—>E°>E' ... E"l S En ...

is a cochain complex such that E” is injective forn = 0,1,2,....

(a) Show that for any R-linear mapping f : N — M, there is a cochain map
f: DY — EM such that the diagram

0 N ﬂ_l NO ﬂ() o ﬂn—l Nn ﬁn Nn+1
f fO fn fn—H
0 M a1 EO aO at—1 En ol En+1

is commutative.

(b) Deduce that any pair of cochain maps f,g : DY — EM generated by f are
homotopic.

(c) If D and E are injective resolutions of M, prove that DM and EM are of the
same homotopy type.

[Hint: The proofs of (a), (b) and (c) are duals of the proofs of results in this
section. ]

3. Let M be a chain complex and suppose that idy; and O are the identity and zero
chain maps from M to M, respectively. Prove that if idy and Oy are homotopic,
then M is exact.

4. If R is aright noetherian ring and M is a finitely generated R-module, show that
M has a projective resolution in which the projective modules and the kernels
of the boundary maps are finitely generated.

5. Exercise 11 in Problem Set 5.1 and Exercise 7 in Problem Set 5.2 gave Scha-
nuel’s lemma for injectives and projectives, respectively. Prove the following
long versions of Schanuel’s lemmas.

(a) If
0—>K,,—>Pn—>Pn_1—>---—>Poﬁ>M—>O and

O—>K;—>Qn—>Qn_1—>--~—>Q0£>M—>O
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are exact and Py and Q are projective fork = 0,1,2,...,n, then
Kn@®On®Pr1®0n2 2K, ®Pr®Qn1®Pra--.

[Hint: If K4 = Kera and Kg = Ker f, then Schanuel’s lemma for projectives
gives Qo @ Ky = Py ® Kg. Show that we have exact sequences

O—-Kpy—->Pr—>Pr1—>—>P,—=>000P1 - 00D Ky —0 and
0_>Kl/1_)Qn_>Qn—1_>"'_>Q2—>P0€BQ1—>P0€BK[,'—>O

and use induction.

(b) If
0->MED°— ... D" 5 D" 5 C" 50 and
0—>M£>E°—>---—>E”_1—>E”—>C”’—>O

are exact and D¥ and E¥ are injective fork = 0,1,2,...,n, then

Cn@EnEBDn_l EBEH—ZGB”_; CnIEBDn@En—l @Dn—Z@

@IEP: > P, 2 Py o5 P 25 P 2% M S 0isa
projective resolution of M such that Ker«,, is a projective R-module, prove
. Bn B B )
thatif Q : -+ - O — Qu—1 — - = 01 LEN Qo %M > 0isa

projective resolution of M, then Ker §,, is also projective.

a—] (XO ol . o .
b)If0 > M — D° — ... - D" — D"l _ ... i5 an injective reso-
: o . g B°
lution of M such that Im " is injective, deduce that if 0 > M — F LN
B" . e . .
- — E" — E"™*1 — ... is an injective resolution of M, then Im " is
injective as well.

. If Pps is a deleted projective resolution of an R-module M, then we have seen

that there is exactly one homotopy class of deleted projective resolutions of M,
denoted by [Pas]. Let Pps and Qp be deleted projective resolutions of M
and N, respectively, suppose that f : M — N is an R-linear mapping and
let [f] denote the homotopy class of f, where f : Pyy — Qp is a chain map
generated by f. Next, let € be the possible category whose objects are [Pps]
and whose morphism sets are [f] € Mor([Pys], [Qx]) for each pair of R-mod-
ules M and N. If composition is defined in € in the obvious way, then is €
a (an additive) category?
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11.3 Derived Functors

A central theme of homological algebra is that of left and right derived functors. Since
we are primarily interested in the left and right derived functors that can be developed
from Hom and ® in their first and second variables and since these functors take
Modpg to Ab or gMod to Ab, we will provide a general treatment for an additive
functor ¥ : Modg — Ab. The parallel but dual case for an additive contravariant
functor can be obtained from the covariant case simply by reversing the arrows and
making dual arguments.
Recall that if

oy o oo
P:.---—-P,—P, 1>+ —Py—>M—>0

is a projective resolution of M and ¥ : Modg — Ab is a functor, then ¥ (P) denotes
the sequence

FP®): oo F(P) 2 7Py = - 2 2Py T () > 0

of abelian groups and group homomorphisms. If ¥ is also additive, then
Fon)F (an+1) =0,

o ¥ (P) is a chain complex in Ab. However, ¥ (P) may not be exact and there is no
reason to expect that each ¥ (P,) is projective. Similar observations hold for ¥ (E)
if E is an injective resolution of M and for ¥ (P) and ¥ (E) when ¥ is an additive
contravariant functor.

If P and Q are projective resolutions of M and N, respectively, and f : M — N
is an R-linear mapping, then there is a commutative diagram

Un+1 On 23] @0

Pp1 Py Py Py M 0
Jn+1 Jn fn—l\ Jfo S
'Bn n
e —— Qn+1 +1 Qn —ﬁ> Qn—l ﬂl QO ﬂO N O

where f : Ppy — Qpu is a chain map generated by f. So if ¥ : Modg — Ab is an
additive functor, then we get a commutative diagram

- F(an+1) F(an 7 F -~
e F(Pag1) 22 (P T (P ) — - T # (P — 0
F (fa+1) F(fn) F (fn—-1) F (fo)
FBn+1) 7 37(/3 ) o~ FB1) .~
F(Ons1) —% F(Qn) — F(Qn-1) — =+ —— F(Qo) — 0
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where the top and bottom row are chain complexes. Hence, forn = 0, 1,2, ..., there
is a homology mapping H, (¥ (f)) that maps the nth homology group of ¥ (Pyy) to
the nth homology group of ¥ (Qu). If ¥ is additive and contravariant, then the ar-
rows reverse in the preceding diagram and, for each n, there is an nth cohomology
mapping H" (¥ (f)) taking the nth cohomology group of ¥ (Qx) to the nth cohomol-
ogy group of ¥ (Pyy).

Proposition 11.3.1. Let ¥ : Modr — Ab be an additive functor.

(1) If P and Q are projective resolutions of M, then for n > 0 the nth homology
group of ¥ (Pyy) is isomorphic to the nth homology group of ¥ (Qpr). More-
over, if f : M — N is an R-linear mapping and P and Q are projective
resolutions of M and N, respectively, then for n > 0 the group homomorphism
H,(F®) : Hy(F Pp)) — H,(F(Qp)) does not depend on the choice of
the chain map £ : Ppy — Qp generated by f.

(2) If D and E are injective resolutions of M, then for n > 0 the nth cohomology
group of F (DM) is isomorphic to the nth cohomology group of ¥ (EM). If
f : M — N is an R-linear mapping and D and E are injective resolutions of
M and N, respectively, then for n > 0 the group homomorphism H" (¥ (f)) :
H™(F (DM)) - H"(F(EN)) does not depend on the choice of the cochain
map £: DM — EN generated by f.

Proof. We prove (1) and omit the proof of (2) since it is similar. If P and Q are
projective resolutions of M and if the identity map idps : M — M generates chain
maps f: Pyr — Qpr and g : Qpr — Py, then Lemma 11.2.5 indicates that gf and fg
are homotopic to the chain maps idp,, and idg,, , respectively. It follows from (3) of
Proposition 11.1.8 that ¥ (gf) and ¥ (fg) are homotopic to F (idp,,) = id#p,,) and
F(idq,,) = idg (q,,), respectively. By applying (4) of Proposition 11.1.8 and using
properties of the functors H, and ¥, we see that

Hu (7 (2)) Ha (¥ (£)) = Hn(F (8) F (D)
= Hn(F (gf)) = Hp(¥ (idp,,))
= Hy(idgp,,)) = idg, (& @y))-
Similarly, Hy (¥ (£)) Hx (¥ (8)) = id g, (7 Q) SO
Hy(F (8) : Ho (¥ (Pym)) — Hu (¥ (Qum))

is an isomorphism.

Finally, suppose that f, g : Ppy — Qu are chain maps generated by f : M — N.
Then f and g are homotopic, so by (3) of Proposition 11.1.8 we see that ¥ (f), ¥ (g) :
F (Pp) — F(Qp) are homotopic as well. Hence, (4) of Proposition 11.1.8 shows
that

Hy (¥ (£)) = Hn(¥(8)) : Ho (¥ (Pyr)) — Hn (¥ (Qw))- o
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Proposition 11.3.1 provides the tools necessary to establish nth left and nth right
derived functors. The development of these functors proceeds as follows for an addi-
tive functor ¥ : Modr — Ab.

1. The Functor £, % : Modg — Ab. Choose and fix a projective resolution of
each R-module. If

P:---->P,—->P,1—>—Phy—>M—0
is the chosen projective resolution of M, then
FP): - > F(Pp) > F(Pyp—q) > > F(Py) >FM)—>0

is a chain complex in Ab. Form the homology groups H,(¥ (Pyr)), that is,
take homology and set £, (M) = H,(¥ (Ppr)). For an R-linear mapping
f:M — N,let H (¥ () : H,(¥F (Ppy)) — H,(F(Qp)) be the nth homol-
ogy map, where Q is the chosen projective resolutions of N and f: Pyy — Qn
is a chain map generated by f. Part (1) of Proposition 11.3.1 shows that
H,, (¥ (f)) depends only on f and not on the chain map f generated by f. If we
let £, F (f) = Hu(F (f)), then

LnF (f): LnF (M) — LnF (N)

and we have an additive functor £, ¥ : Modg — Ab for each integer n > 0.
However, £, % is not unique since its construction depends on the projective
resolutions chosen for the modules. If the projective resolutions are chosen
again and perhaps in a different way, then we obtain a second functor £, :
Modr — Ab constructed in exactly the same fashion as &£, % . The functors
£,% and £, F are, in general, distinct but the important point is that they are
naturally equivalent. From this we can conclude that £, and £,% can be
interchanged via isomorphisms.

2. The Functor R"F : Modr — Ab. Choose and fix an injective resolution of
each R-module. If

D:0>M-—>D°—>...5 D"l pn ...
is the chosen injective resolution of M, then
FD): 0> FM)—> FD° — - FD" - FD")— -
is a cochain complex in Ab. Take cohomology, that is, form the cohomology
groups in ¥ (DM) and let R*F (M) = H" (¥ (DM)). For an R-linear mapping

f M — N, let H*(F (f)) : H*(¥ (DM)) - H"(F (EV)) be the nth coho-
mology map, where E is the chosen injective resolution of N and f : DM — EV
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is a cochain map generated by f. Part (2) of Proposition 11.3.1 indicates that
H" (¥ (f)) does not depend on the cochain map f generated by f. Hence, if we
let R"F (f) = H"(F (f)), then

RUF(f): R"F (M) — R"F (N)

which establishes an additive functor R* % : Modg — Ab,forn =0,1,2,.

It follows that if mjectlve resolutions of the modules are chosen in a dlfferent
way, then a functor R"'F : Modg — Ab can be formed exactly in the same
manner as the functor R"F and the functors R"F and R F are naturally
equivalent.

Proposition 11.3.2. If ¥ : Modr — Ab is an additive functor, then the functors
—n
LnF and £, F are naturally equivalent as are R*¥ and R F .

Proof. If P and P’ are projective resolutions of M, then by (1) of Proposition 11.3.1
we see that Hy,(Pys) and H, (P),) are isomorphic and in fact the isomorphism is
given by H, (¥ (f)), where f is any chain map generated by idys : M — M. Further-
more, (4) of Proposition 11.1.8 shows that the isomorphism H, (¥ (f)) is unique, so
let s = Hy(F (). Next, suppose that Q and Q’ are projective resolutions of N. If
f : M — N is an R-linear mapping, then we have a commutative diagram

Ha(F (Pa)) = Hy(F (P)y)

H, (7 (®)

\ H, (¥ (2)

Hu(F (Qn)) 2% Ha(F (Qy))

where f : Py — Qny and g : P’M — Q’N are chain maps generated by f. Thus,

we have a natural isomorphism 1 : £, % — LnF .50 £, F and £, F are naturally
equivalent functors.

The proof that R" ¥ and R'F are naturally equivalent is just as straightforward.

[}

Hence, the functors £, % and R"¥ do not depend on the projective and injective
resolution chosen for their development. This fact underlies the construction of the
right derived functors of Hom and the construction of the left derived functors of ®.

Definition 11.3.3. If ¥ : Modg — Ab is an additive functor, then £,% and R"F
are called the nth left derived functor of ¥ and the nth right derived functor of ¥,
respectively, forn = 0,1,2,....

To complete the development of left and right derived functors, we note that there
are nth left and right derived functors that correspond to an additive contravariant
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functor both of which are unique up to natural isomorphism. If ¥ : Modg — Ab is
an additive contravariant functor, then

(1) £,F is constructed using injective resolutions and
(2) R"F is constructed using projective resolutions.

One useful and general result is that if & : Modg — Ab is a right exact additive
functor, then £9F and ¥ are naturally equivalent with a similar result holding when
F is left exact and additive.

Proposition 11.3.4. Let ¥ : Modr — Ab be an additive functor.

(1) If ¥ is right exact, then LoF (M) = ¥ (M), for each R-module M, so that
LoF and ¥ are naturally equivalent functors and if P is a projective R-mod-
ule, then £, ¥ (P) =0, forn =1,2,3,....

(2) If F is left exact, then ROF (M) = F (M), for each R-module M, so that
ROF and F are naturally equivalent functors and if E is an injective R-mod-
ule, then R"¥ (E) =0, forn =1,2,3,....

Proof. 1f P is a projective resolution of M, then
o oo
Pi— Py— M —0

is exact. Since F is right exact, it follows that

37(P1)—> (Po) FM)—0

is exact. By considering

F(P1) e, F(Po) — 0,
we see that
LoF (M) = Ho(¥ (Ppr)) = Ker(F (Po) — 0)/ Im F (1)
= F(Py)/ Ker F (g) = F(M).
Thus, there is an isomorphism 71,, : £oF (M) — F (M). We claim that the family
{ny : LoF (M) — F (M)} of these isomorphisms produces a natural isomorphism
n:£eF — F. Let f : M — N be an R-linear mapping and suppose that Q is

a projective resolution of N. If f : Ppy — Qp is a chain map generated by f, then
we have a commutative diagram

LoF (M) 4 7 (M)

Lo F () F

LoF (N) 22 F(N)
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where 1), and 7 are isomorphisms. Thus, £oF and ¥ are naturally equivalent
functors as asserted.
If P is a projective R-module, then

id p
P:.-.>0—->P—P—>0
is a projective resolution of P. This gives the chain complex
F®Pp): - —>0—>F(P)—0

and it follows immediately that £, % (P) =0, forn = 1,2,3,....
The proof of (2) is similar. m|

The proof of the following proposition is an exercise.

Proposition 11.3.5. Let ¥ : Modr — Ab be an additive contravariant functor.

(1) If F is left exact, then R°F (M) = F (M), for each R-module M, so that
ROF and F are naturally equivalent functors and if P is a projective R-mod-
ule, then R"¥ (P) =0, forn =1,2,3,....

) If ¥ is right exact, then £oF (M) =~ ¥ (M), for each R-module M, so that
LoF and F are naturally equivalent functors and if E is an injective R-mod-
ule, then £, ¥ (E) =0, forn =1,2,3,....

Problem Set 11.3

1. Let ¥ : Modg — Ab be an additive contravariant functor.

(a) If P and Q are projective resolutions of M, show that the nth cohomology
group of ¥ (Pyy) is isomorphic to the nth cohomology group of F (Qps). Also
if f: M — N is an R-linear mapping and P and Q are projective resolutions
of M and N, respectively, prove that the group homomorphism H" (¥ (f)) :
H"(¥(Qn)) — H"(F (Pyr)) does not depend on the choice of the chain map
f: Py — Qpu generated by f.

(b) If D and E are injective resolutions of M, prove that the nth homology group
of ¥ (DM) is isomorphic to the nth homology group of % (EM). Furthermore,
if f: M — N is an R-linear mapping and D and E are injective resolutions
of M and N, respectively, show that the group homomorphism H, (¥ (f)) :
H,(F (EN)) - H,(F DM)) does not depend on the choice of the chain map
f: DM — EN generated by f.

2. Outline the development of the left and right derived functors &£, % and R"F
of ¥,if ¥ : Modg — Ab is an additive contravariant functor.
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3. (a) Let ¥ : Modg — Ab be an additive functor. Prove that the functors £,
and R, F are additive. [Hint: Proposition 11.1.7.]

(b) Let ¥ : Modr — Ab be an additive contravariant functor. Show that the
functors £, % and R, F are additive.

4. Prove Proposition 11.3.5. [Hint: Dualize the proof of Proposition 11.3.4.]

11.4 Extension Functors

If X is a fixed R-module, then Homg(—, X) : Modg — Ab is a left exact addi-
tive contravariant functor. Indeed, if f : M — N is an R-linear mapping, then
Hompg(f, X) : Homg(N, X) — Homg(M, X) is such that if g, » € Homg(N, X),
then

Homg(f. X)(g +h) = f*(g+h)=(+Nh)f
=gf +hf=f Q)+ )
= Homg(f, X)(g) + Homg(f. X)(h).

Hompg(—, X) is clearly contravariant and we saw in Chapter 3 that Homg(—, X) is
left exact. Likewise, Hompg (X, —) is a left exact additive functor from Modg to Ab.

Right Derived Functors of Hompg (—, X)

IfP:..-. - P, 2ny P, —--—> P RN Py 2o, M — 0is a projective resolution
of an R-module M, then for a fixed R-module X, we have a cochain complex

o * (XZ
Homg(Pas, X) : 0 — Homg(Po, X) —> -+ =% Hompg(Py, X) —+ ...

Take cohomology in Ab and let
Extx (M, X) = H" (Homg(Ppy, X)).
Next, for an R-linear mapping f : M — N and a projective resolution Q of N, let
Extk (f, X) = H" (Hompg(f, X)),
where f : Py — Qu is a chain map generated by f. Thus, we have
Exty (f, X) : Exth(N, X) — Extp(M, X)
and so foreachn > 0

Extk(—, X) : Modg — Ab
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is an additive contravariant functor. By construction, Ext’ (—, X) = K" Homg(—, X)
is the nth right derived functor of Homg(—, X). One immediate observation is that
for any R-module M the group Ext’%, (M, X') depends only on M and X and not on
the projective resolution chosen for M. It also follows that Ext’s (—, X) is additive
since Homg(—, X) and H" are additive.

Definition 11.4.1. The contravariant functor Ext’s(—, X) : Modg — Ab is called
the nth extension functor of Homg(—, X), forn =0,1,2,....

Remark. The name “extension functor” comes from the fact that it is possible to turn
equivalence classes of n-fold extensions of M by X into an additive abelian group
isomorphic to Ext’z (M, X). (An exact sequence of the form

O X—->M,—»>--->M —-M—>0

is said to be an n-fold extension of M by X.) Such a development of Ext’y (—, X) is
not required for our purposes, so we only mention it in passing. Additional details can
be found in [8], [18] and [30].

For each short exact sequence 0 —- L. - M — N — 0 of R-modules and R-mod-
ule homomorphisms, there is a long exact sequence in cohomology corresponding to
the contravariant functor Ext'}e (—, X). To establish the existence of this sequence, we
need the following lemma.

Lemma 11.4.2 (Horse Shoe Lemma for Projectives). Consider the diagram

an Y2
P R
o] Y1
Po Ro
ao Yo
0 JAE Ny VR SN 0
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where the bottom row is exact and P and R are projective resolutions of L and N,
respectively. Then there is a projective resolution Q of M and chain maps f : P;, —
Qur and g : Qpr — Ry such that

o B2 V2
0 P L0, £ R, 0
a B1 71
0 Py fo 0o £+ Ry 0
ao Bo Yo
0 Ll M5 N 0
0 0 0

is a commutative row exact diagram. Furthermore, Q, = Py, @& R, for eachn > 0.

Proof. Consider the diagram

Py Ro
ao Yo
0 L— Mm% N 0
0 0

and let Q¢ = Po @ Ry. Since Ry is projective, there is an R-linearmap & : Ry —> M
such that gh = y,. Soif fo = ip : Po — Qo is the canonical injection and
8o = m2 : Qo — Ry is the canonical projection, let 8, : Qo — M be defined by
Bo(x,y) = fao(x) + h(y). We claim that B, is an epimorphism. If z € M, then
g(z) € N,sothereisay € R such that y,(y) = g(z). Now g(z—h(y)) = 0 and so
z —h(y) € Kerg = Im f. Hence, there is an x € Py such that fao(x) =z — h(y).
Thus, B¢(x,y) = z and so B is an epimorphism as asserted. Furthermore, the

Jo g0 .
sequence 0 — Py — Q¢ — Ro — 0 is exact. Hence, we have a row and column
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exact diagram

0 Po fo 0o £0 Ro 0
ag Bo Yo
0 L—f cm—% . N 0
0 0 0

and a simple diagram chase shows that this latter diagram is commutative. Now sup-
pose that the first # components

Qn—l:Pn—l@Rn—lh)"'_)Q=P0€DRO&M_>O

of a projective resolution Q of M and R-linear mappings fo, f1,..., fu—1 and go, g1,

.., &n—1 have been found such that the diagram formed by filling in the middle col-
umn and rows of the original diagram with these components results in a commutative
row and column exact diagram. At the nth position this gives a row and column exact
diagram

Py Ry
Py )2

0 — Keray,—1 Inmt Kerf,_; =% Kery,_, —— 0

with pi = o : P, — Ima, = Kera,—; and Py =vy,: Ry » Imy, =
Kery,_; and where f,_; and g,_; are the restrictions of f,—1 : Py—1 — On—1
and g,—1 : Op—1 — Ru—1 to Kero,—1 and Ker 8,,_;, respectively. An epimorphism

p,[f :Q0n =P, ®R, - Kerf,_; andmaps 0 — P, & Qnand Q, LN R, —0
can now be constructed exactly as B, fo and go were constructed and this gives a row
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and column exact commutative diagram

Jn Qn &n Rn 0

B vy
Ifiy | : Kerap—y — Py—1,i,_; : Ker, | — Op—1andi,_, : Kery, ; —

Ry —1 are canonical injections, then a, = i¥ ; py, B, = if_lp,[f andy, =i’ _,py.

Hence, the row and column exact diagram

0 P, Jn

On —"+ R, 0

oy Bn VYn

0 — Puoy 2= 0y E2L Ry — 0

0 L—L M5 N 0
0 0 0
is commutative and so the lemma follows by induction. m|

Proposition 11.4.3. If 0 — L i) M 5 N = 0is an exact sequence of R-mod-
ules and R-module homomorphisms, then for any R-module X, there is a long exact
cohomology sequence

* * q>0
0 = Homg(N, X) 5> Homg(M, X) > Homg(L, X)

oy Extl (g,X) Extl (f,X) P!
—> Exth(N, X) ——— Exth(M, X) —"5 ExtL(L, X) —

o " (g.X) n(f.X) o
AN ExtR(N X) Dtele ) Ext’h,(M, X) DRt Exts(L, X) —>

where ®" is a connecting homomorphism for each n > 0.
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Proof. If P is a projective resolution of L and R is a projective resolution of N, then
The Horse Shoe Lemma shows that there is a projective resolution Q of M and chain

f
mapsf:P—>Qandg:Q—>Rsuchthat0—>P—>QE>R—>Oisash0rt

exact sequence of chain complexes. From the way Q was constructed in the Horse

S g . . .
Shoe Lemma, 0 — P, —> 0n = R, — 0 is a split short exact sequence with

On = Pyp ® Ry for each n > 0. Since Hompg(—, X) preserves split short exact
sequences, it follows that we have a commutative diagram

0 0 0

0 — Homg(Ro, X) —— Homg(R1, X) —2— Homg(Ra, X) — ---
g6 g7 g5

*

0 — Homg(Po®Ro. X) L+ Homg(P1®Ry. X) 2> Homp(Py@® Ry, X) —» -

15 I Vol

*

*
ay ay

0 —— Hompg(Py, X) Hompg (P, X) Hompg(Py, X) — ---

0 0 0

where the columns are exact and the rows give Extyh (N, X), Exth(M,X) and
Ext’y (L, X) for each n > 0. Thus,

0 — Homg(Ry, X) £> Homg(Qps, X) 5> Homg(PL, X) — 0

is an exact sequence of cochain complexes. Since the contravariant functor
Hompg(—, X) is left exact and additive, (2) of Proposition 11.3.5 shows that we have

Ext% (N, X) = H°(Homg Py, X)) = Homg (N, X),
Extx(M, X) = H®(Homg (Qur. X)) = Homg(M, X) and
Ext%(L, X) = H°(Homg (R, X)) = Homg(L, X).
This, together with Proposition 11.1.12, gives the result. 0

The sequence given in Proposition 11.4.3 is called the long exact Ext-sequence in
the first variable. There is also a long exact Ext-sequence in the second variable.

To see this, suppose that 0 — L i> M £ N = 0is a short exact sequence of
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R-modules and R-module homomorphisms. Let P be a projective resolution of X
and recall that if P is a projective R-module, then Hompg (P, —) preserves short exact
sequences. So for each n > 0, the sequence

0 = Homg(Py. L) 2> Homp(Py. M) £ Homg(Py. N) — 0
is exact which leads to the short exact sequence of cochain complexes
| & *
0 — Homg(Px, L) — Homg(Px, M) =5 Homg(Px, N) — 0.

Taking cohomology in this sequence and applying Propositions 11.1.12 and 11.3.5
establishes the following proposition.

Proposition 11.44. If0 — L i) M 5 N = 0is an exact sequence of R-mod-
ules and R-module homomorphisms, then for any R-module X, there is an exact
cohomology sequence

* * @0
0 — Homg(X. L) 2> Homg(X, M) 5> Homg (X, N) 2

0 X./) (X.g) ®!
— Exth(X, L) R—>ExtR(X M) R—> Exth (X, N) —

Ppn—1 R( ) R( »&) (ol

- —— Exth(X, L) —— Ext%(X, )—> Exth(X,N) — ---,

where ®" is a connecting homomorphism for each n > 0.

Thus, we have a contravariant functor and a covariant functor
Extx(—, X) and Extgh(X,—)
from Modg to Ab, respectively, for each n > 0.

Proposition 11.4.5. The following are equivalent for an R-module P.

(1) P is projective.

(2) Ext (P, X) = 0 for each R-module X and every integer n > 1.

3) ExtR(P, X) = 0 for every R-module X.
Proof. (1) = (2). Suppose that P is projective. Since Hompg(—, X) is a left exact
additive contravariant functor, it follows immediately from (1) of Proposition 11.3.5

that Ext’y (P, X) = O for every integer n > 1.
(2) = (3) is obvious.
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B =0 It Ext}e(P, X) = 0 for each R-module X, then the long exact Ext-
sequence in the second variable shows that

0 — Homg(P, L) — Homg(P, M) - Homg(P,N) — 0
is exact for each short exact sequence
0—-L—->M-—>N—>0

of R-modules and R-module homomorphisms. Thus, we have by Corollary 5.2.12
that P is projective. a

Proposition 11.4.6. The following are equivalent for an R-module E.
(1) E is injective.
(2) Exth(X, E) = 0 for each R-module X and every integer n > 1.
3) Ext}e (X, E) = 0 for every R-module X .
4) Ext}e (X, E) = 0 for every cyclic R-module X .
5) Ext}e (R/A, E) = 0 for every right ideal A of R.

Proof. (1) = (2). Suppose that E is injective and let

On+1 Qn @0
P.---->Py1 —P,— P,y —>-—>Pp—>X—>0

be a projective resolution of X. Since E is injective, Corollary 5.1.12 shows that
the functor Hompg(—, E) preserves short exact sequences and so it follows that
Hompg (Py, E) is exact. Hence, Extz (X, E) = H"(Homg(Py, E)) = 0forn > 1.
2) = (3), (3) = (4) and (4) = (5) are obvious.
(5) = (1). If Ais aright ideal of R, then the short exact sequence 0 - A — R —
R/A — 0 gives rise to the long exact Ext-sequence

0 — Homg(R/A, E) — Homg(R, E) — Homg (A, E) — Exth(R/A,E) — --- .

But (5) gives Ext}2 (R/A, E) = 0 and this indicates that Homg (R, E) — Hompg (4, E)
is an epimorphism. Thus, Baer’s criteria shows that £ is injective. a

The derived functors of Hom can be used to gain information about rings and mod-
ules. To foretell things to come, we will see in the next chapter that the functors
Ext’y (—, X) can be used to define a projective dimension of an R-module. This di-
mension will in some sense measure “how far” a module is from being projective.
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Right Derived Functors of Hompg (X, —)

A parallel development to that of Ext’y (—, X) can be carried out using injective resolu-
tions rather than projective resolutions. The result is a functor E_xtz (X,-) : Modg —
Ab for each n > 0. We begin with a brief outline of a development of m,’;. Proofs
will be omitted since they are analogous to the proofs of propositions already given in
the development of the functor Ext’ (—, X).

Let X and M be R-modules and suppose D is an injective resolution of M. Con-
sider the cochain complex

(0] n—1 n

Homg(X,DM) : 0 — Homg(X, D®) 25 ... & Homg(X, D") &> ... .
Take cohomology in Ab and let
Extpr(X, M) = H"(Homg(X,DM))

for n > 0. Next, for an R-linear mapping f : M — N and an injective resolution E
of N, let Extp(X, f) = H"(Homg(X,f)), where f : DM — EN is a cochain map
generated by f. Then

Extg(X, /) : Extp(X, M) — Extz(X, N),

o) E_th (X,—) : Modg — Ab is a right derived functor of Hompg (X, —) which is
additive and covariant.

Definition 11.4.7. The covariant functor E_xtz (X,—) : Modr — Ab is (also) called
the nth extension functor of Homg (X, —), forn =0,1,2,....

Proposition 11.4.8 (Horse Shoe Lemma for Injectives). If

oL ME NSO

is a short exact sequence of R-modules and R-module homomorphisms and D and F

are injective resolutions of L and N, respectively, then there is an injective resolu-
tion E of M and cochain maps £ : DY — EM and g : EM — FVN such that

0DHESF—0

is a short exact sequence of cochain complexes, where E" = D" @& F" for each
n>0.

Applying Hompg (X, —) to the short exact sequence
0>DSESFS0

of cochain complexes of injective resolutions of L, M and N and taking cohomology
establishes the following proposition.
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Proposition 11.4.9. Corresponding to each short exact sequence 0 — L i) M LN

N — 0 of R-modules and R-module homomorphisms, there is a long exact cohomol-
0gy sequence

2 . 0
0 = Homg(X.L) 1> Homg(X. M) £ Homg(X. N) 2>

[ — Extz (X, f) Extg(X,g) !
=5 Exty(X. L) B Extp(X, M) Blee) g Extp(X,N) —

2 B L) BROS os Extp(X, M) MEmR(X N2

where ®" is a connecting homomorphism for each n > 0.

There is also a long exact Ext-sequence in the first variable corresponding to each

S g
short exact sequence 0 - L — M — N — 0 of R-modules and R-module homo-
morphisms. If X is an R-module and E is an injective resolution of X, then since E”
is injective, Hompg (—, E™) preserves short exact sequences. Therefore, the sequence

0 — Homg(N, E™) LN Homg (M, E™) f—> Homg(L,E™) — 0

is exact for each n > 0, so we have a short exact sequence

>k f*
0 — Homg (N, EX) LN Hompg(M,EX) — Homg(L,EX) > 0

of cochain complexes. Taking cohomology leads to the long exact cohomology se-
quence

* * &)0
0 — Homg(N, X) £, Hompg (M, X) f—> Hompg(L, X) —

Ext s Ext X
2, ExtR(N X) L ExtR(M X) L) ExtR(L X)

- .3 Xn (£, X) &
BN, X) B X) o Extp(M. X) BGRUX o Extp(L, X) —>

It can also be verified that m,’; (—, X) : Modg — Ab is a contravariant functor, so
= n = n
Extp(—, X) and Extg(X,—)

are contravariant and covariant functors from Modpg to Ab, respectively, for each
n>0.
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Proposition 11.4.5 shows that an R-module P is projective if and only if
Extn (P, X) = 0 for every R-module X and every n > 1. There is a similar re-
sult for injective modules. The implication (5) = (1) in the following proposition is
a result of Baer’s criteria and the long exact Ext-sequence in the first variable.

Proposition 11.4.10. The following are equivalent for an R-module E.
(1) E is injective.
(2) mﬁ (X, E) = 0 for each R-module X and every n > 1.
3) m}e (X, E) = 0 for every R-module X .
“) m}a (X, E) = 0 for every cyclic R-module X.

5) m}a (R/A, E) = 0 for every right ideal A of R.

Proposition 11.4.11. The following are equivalent for an R-module P.
(1) P is projective.
2) m}; (P, X) = 0 for each R-module X and everyn > 1.
3) m}z (P, X) = 0 for every R-module X.

Properties of the bifunctors Ext’, and m; are strikingly similar. Actually, these
functors are naturally equivalent. After this has been established, the distinction be-
tween these two functors can be ignored since they can be interchanged through the
use of isomorphisms. No loss of generality will result if both functors are denoted
by Ext’g.

Proposition 11.4.12. The bifunctors Exty and ﬁ; are naturally equivalent for
n>0.

Proof. The proof is by induction. If M is a fixed R-module and n = 0, then we

have seen that Ext(l)2 (M,N) = ﬁ% (M, N) = Homg(M, N), for each R-module N.
Hence, we need only let

% Ext% (M, N) — Exty(M, N)

be the identity map on Hompg (M, N) to establish that Ext(I)e (M, —) and ﬁ% (M, —-)

. u p
are naturally equivalent functors. Next, let the short exact sequence 0 > N — E —
C — Orepresent an embedding of N into an injective R-module E. Then Proposition
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11.4.4 gives the long exact Ext-sequence

* * @0
0— HomR(M,N)u—)HomR(M,E)p—>H0mR(M,C)—> (11.1)

@0 th (M,u) Extl (M, p) ®!
2 Exth(M, N) Bty (M0, Exth(M, E) —— Exth(M, C) 2>

pn—1 Ext’h (M ,u) Ext'L (M, p) &
.. —— Exth(M,N) —— = Ext4(M, E) ——— Ext4(M,C) —>

and from Proposition 11.4.9 we get the long exact Ext-sequence

(0]

0 — Homg(M, N) 2 Homg(M, E) 2% Homg(M, C) = (11.2)

EXIR( ) Xt;(Ma )

_ 3
2 Exih (M, Ny 2EM mqt v, By BEMPL w0y 2

-1 ___ ﬁn(M, ) — ﬁn(Ma ) — P
S Extp(M, N) — Y Exta(M. E) —2 0 Extp(M. C) 2 -

In view of Propositions 11.4.6 and 11.4.10, Ext’(M, E) = Extg(M, E) = 0 for
n=1,2,3,...,so we have a row exact commutative diagram

Hompg (M, E) > Hompg (M, C)—»ExtR(M N)—»ExtR(M E)y=0

1
MmN
—0

Homg (M, E) 25 Homg(M, C) 2+ Exty(M, N) — Extx(M, E) = 0.

From this we see that there is a group isomorphism

nyy : Exth(M. N) — BExtg(M. N)

for each R-module N. If the short exact sequence 0 — N’ L EeZ oo S0
also represents an embedding of an R-module N’ into an injective module E’, then
we also have long exact sequences such as (11.1) and (11.2) with N, E,C,u and p
replaced by N', E/,C’,u’ and p’, respectively. This gives a copy of the last row
exact commutative diagram immediately above, but with primes in the appropriate
places. If f : N — N’ is an R-linear mapping, then by using the injectivity of E’,
we see that there is an induced map g : C — C’. We have now established the
groundwork necessary to show that ’7}14 y 1s not only a group isomorphism but also
a natural transformation for each R-module N. The discussion to this point yields the
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diagram
Hompg(M, C) 8 Homg(M, C’)
% %
30 Hompg (M, C) B Homg (M, C’)
<I>/0
Exty (M, N) EXROLD, Bl (M. N')
' mn 0 'y — 0
(] [k
—1
_ o (M _
Exty(M, N) BROLD | Bt (M, N')

It follows that the top face of the diagram is commutative, as are the four faces on the
sides. Since the map ®° is an epimorphism, Exercise 6 in the Problem Set given in the
chapter on preliminaries to the text shows that the bottom face is also commutative.
Hence, we have that 77};4 y 1s a natural isomorphism for each R-module N, so the

functors Ext}a (M, —) and E_xt; (M, —) are naturally equivalent.

Finally, suppose that natural isomorphisms 77?\4 N ’711\/1 N g ]%, have been found
that fit the requirements of the proposition. Considering the sequences (11.1) and
(11.2) again, we see that there is a row exact commutative diagram

0 = Ext’s (M, E) — Exts '(M,C) 2 Exth(M,N) — Exth(M,E) =0

77"/\/[_61‘\ n’m\

n

0=Exty (M.E) — Exty (M.C) 2 Extp(M. N) — Extp(M.E) =0

An argument parallel to that given for 7711\/1  shows that 0y, is a natural isomorphism
for each R-module N, so it follows by induction that Ext’z (M, —) and E_xtz(M ,—)
are naturally equivalent functors for each n > 0. A similar argument can used to show
that Ext’z (—, N) and E_xt; (—, N) are naturally equivalent contravariant functors for
each n > 0. Therefore, the bifunctors Ext’ and EZ are naturally equivalent for each
n>0. m]

One result of Proposition 11.4.12 is that Ext’s (M, N') can be computed either by
using a projective resolution of M or by using an injective resolution of N. For this
reason, Exty is said to be a balanced bifunctor.
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Example

4. Consider the projective resolution

50502572 %% 7, 50

of the Z-module Zj, where k > 2 and «;(a) = ka and ag(a) = [a] for all
a € Z. Let M be a Z-module and form

a*
0 — Homy(Z, M) —> Homgz(Z, M) — 0 — 0 — - --

using the deleted projective resolution of Zy. Since ¢ : Homgz(Z, M) — M
defined by ¢(f) = f(1) is an isomorphism, the diagram

0 — Homgz(Z, M) 2+ Homyz(Z, M) 0 0
0 M ; M 0 0
is commutative, where £(x) = kx for each x € M. It follows that

Ext%(Zk,M) =~ Ker £ and thatExtlz(Zk,M) ~ M/kM.

Since E is an injective R-module if and only if Ext’z (X, E) = 0 for every R-mod-
ule X and all n > 1, we will see in the next chapter that Ext’l’z in the second variable
can be used to define an injective dimension for a module that will in some sense
measure “how far” the module is from being injective.

Finally, one might inquire as to why the left derived functors of Hom in the first and
second variable were not investigated. The answer is simply because the development
of these functors would provide no useful information about Hom. We have seen
that if # = Homg(—, X) or if ¥ = Hompg(X, —), then R°F and ¥ are naturally
equivalent functors. Because of this, Homg (—, X) and Homg (X, —) are linked to the
long exact Ext-sequences. However, Exercise 6 shows that if ¥ is an additive functor,
then £oF is right exact. Hence, it cannot be the case that £oF and ¥ are naturally
equivalent when ¥ = Hompg (X, —), since Hompg (X, —) is not generally right exact.
Similarly, £9F and ¥ cannot be naturally equivalent when ¥ = Hompg(—, X).
Thus, the left derived functors of Hom are not connected to Hom as are its right
derived functors.

Problem Set 11.4

1. Choose an injective resolution of each R-module, develop E_xtz (X, —) and then

~

choose another injective resolution of each R-module and construct Ext’s (X, —).
Prove that E;t’}e (X,—) and E_xtz (X, —) are naturally equivalent.
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2. Prove the Horse Shoe Lemma for Injectives. That is, given a column exact

diagram

0

0 L% po @ pr @ @
f

00— M
g

0 N po gt v g2 7
0

where the rows are injective resolutions of L and N respectively, show that
there is an injective resolution E of M and cochain maps f : DX — EM and
g : EM — FV such that the column exact diagram

0 0 0 0
0 L po @, pt ¥ pr @
f Jfo fi 2

—1 0 1 2

0 M B E© B El B E2 B
g 80 g1 82

0 A N A o) B AR - i
0 0 0 0

is commutative, where E” = D" @ F" for each n > 0. [Hint: Dualize the
proof of the Horse Shoe Lemma for Projectives.]

3. Prove Proposition 11.4.10. [(1) = (2), Hint: Proposition 11.3.4.] [(5) = (1),
Hint: Baer’s criteria.]
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Prove Proposition 11.4.11. [Hint: Proposition 11.3.5.]

. (a) Show that Ext’ (—, —) is additive in each variable.

(b) Suppose that0 - M; - P - M — 0and0 - N — E — N; — 0O are
short exact sequences where P and E are projective and injective R-modules,
respectively. Prove that Ext}z (M1, N) and Ext},e (M, Np) are isomorphic. [Hint:
Use the long exact Ext-sequences.]

. If ¥ is an additive functor, show that £¢¥ is right exact. [Hint: Let 0 — L i>

M 5 N — 0be an exact sequence of R-modules and suppose that P and R
are projective resolutions of L and N, respectively. Then, by the Horse Shoe
Lemma for Projectives, there is a projective resolution Q of M and chain maps

f
f:Pr > Qpandg: Qy — Ry suchthatO—>PL—>QME>RN — 0is
exact, where Q, = P, ® R, for each n > 0. This gives a long exact sequence

o Hy(F ) O @) Y B Ry)) -

Show that this in turn gives

EnF LnF n
s 2,7 BT o gy T g (N B £ F (L) -

P L£oF L£oF
2 om0y I gor ) 2258, 7 () - 0]

Show that if Ext}e (M, N) = 0, then every short exact sequence of the form 0 —

N L x & M = 0 splits. [Hint: 0 — Homg(M, N) > Homg(X, N) 1>

Homg(N, N) — ExthL(M, N).]

Prove that if 0 - L — M — N — 0 is a split short exact sequence of
R-modules and R-module homomorphisms, then

0 — ExtR(N, X) — Extp(M, X) — Extix(L,X) — 0 and
0 — Extj(X, L) — Extp(X, M) — ExtR(X,N) - 0

are split short exact sequences for any R-module X and any n > 0.

Ifo— K i> P £ M - 0is a short exact sequence with P projective, then
the sequence

0 = Homg(M, N) 5> Homg(P. N) 1> Homg (K. N)

is exact. Show that Ext}2 (M, N) = Coker f*.



Section 11.4 Extension Functors

389

10. Prove each of the following for an R-module N and a family of R-modules

{Moe}A-

(a) For any n > 0, Extp (DA Mo, N) = [[a Exti(My, N). [Hint: Use in-
duction. The case for n = 0 is Proposition 2.1.12. For each @ € A, let
0 - Ky - Py, —> M, — 0 be a short exact sequence with P, projective

and consider the diagram

Hompg (@PQ,N) —+ Hompg (@Ka,N) —» Extl, (@Ma,N) — Extl, (@Pa,N>
A A A

A

11.

D

A A

A

[ [Homg(Pa. N)— | [Homg(Ko. N) — [ | Exti(Ma. N) — [ [ Exty(Pa. N)
A

Show that the diagram is commutative, where @ and 8 are isomorphisms, and
then chase the diagram to establish that y is an isomorphism. This establishes

the case forn = 1.]

(b) For any n > 0, Ext'p (N, [[p Ma) = [ ExtR(N, My).
Prove that the following are equivalent.

(a) Ext’l‘{H (M, N) = 0 for every R-module N.

(b) There is a projective resolution of M of the form

P. - -->0->0—->P,—>--— Pp—> M —0.
(c) For every projective resolution

Q: ---—>Qnﬁ>Qn_1—>---—>Q0—>M—>O

of M, Ker §8,,_; is projective.

12. Prove that the following are equivalent.

(a) Ext’l’{H (M, N) = 0 for every R-module M.

(b) There is an injective resolution of N of the form
E:0>N—>E’> ... 5 E" 50>0—>---.

(c) For every injective resolution

a1

D:0>N—->D">»... D15 D" ...

of N, Ima" ! is injective.
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11.5 Torsion Functors

Left Derived Functors of — ® x X and X ®g —

We outline a development of the left derived functors of ® in both variables with the
details left as exercises.
Let X be a left R-module and suppose that

oy o] @0
P:..._)Pn—)Pn_l—)~--—)P1—>P()—>M_>0

is a projective resolution of an R-module M. Then we have a chain complex

o, Qidx o1 Qidy

Py®®RX: - —>P,QQr X ——> P, 1 Q®rX > -+ —— Ph®r X — 0.

Next, let N be an R-module and suppose that Q is a projective resolution of N. If
f : M — N is an R-linear mapping, then we have a commutative diagram

e P, X 28X b @R X L8 p @R X —— 0
Sn®idy Sn—1Q®idx fo®idx
B,®idx B1®idx
—> 0, QrX > 0y 1 QR X — - —> Qo Qr X — 0

of chain complexes, where f : Pp; — Qp is a chain map generated by f. If we let
Tor®(M, X) = H,(Ppy ®g X) and TorR(f, X) = H,(f ® idy), then

TorR(f. X) : Torg (M, X) — TorX (N, X),

so we have a right exact additive functor Tor,lf (=, X) : Modg — Ab such that
Tor®(—, X) = - ®r X.

If0— L i) M % N = 0is a short exact sequence of R-modules and R-module
homomorphisms, then there is a short exact sequence

0—>PL—f>QME>RN—>0

in Chaing, where P, Q and R are projective resolutions of L, M and N, respectively.
This gives a sequence

f®id ®id
0—>PM®RXJ>QM®RXM>RN®RX—>O
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in Chaing, so taking homology produces a long exact Tor-sequence in the first vari-
able

TorR (f,X) TorR (g,X) @,
o= TorR(L, X) —2 270 TorR(M, X) —57% TorR(N, X) =2

@, TorR (£, X) TorR(g,X)
BN Tor®(L, X) —— TorR(M, X) ——S TorR(w, X)

Ri
—>L®RX£——X—>M®RX—>N®RX—>O

where ®,, is a connecting homomorphism for each n > 1. There is also a long exact
Tor-sequence in the second variable. For this, let P be a projective resolution of X and

suppose that 0 — L L M £ N = 0is a short exact sequence of left R-modules
and left R-module homomorphisms. Since each P, is projective and hence flat,

®f idp, ®g
0—>Pn®RL—>Pn®RM—>Pn®RN—>O

is exact for each n > 0. Thus, we have a short exact sequence

idPX®f idpx®g
0 >PxQrL—>Px QM ———Px Qr N -0

of chain complexes, so by taking homology we have a long exact Tor-sequence

Tor,lle (X,1) Torn X,g)
— 5 5

@,
- — Tor®(X, L) Tor®(X, M) TorR(X, N) =

) TorR (X, f) TorR(X,g)
BN Torf(X, L) L4 Torf(X, M) L Tor1 (X, N)

b idy ® idy ®
—‘>X®RLX—f>X®RMX—f>X®RN—>o

in the second variable, where each ®, is a connecting homomorphism.
It is not difficult to show that Tor,lf (X,—) :r Mod — Ab is an additive functor,
where we let Tor(lf (X,—) = X ®g —. Hence, we have right exact additive functors

TorR®(—, X) : Modg — Ab and TorX(X,—) :x Mod — Ab
for each n > 0. Furthermore, the bifunctor Tor,If is balanced, that is, Torf (M,N)

can be computed by taking a projective resolution of M or by taking a projective
resolution of N.
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Example

1. Consider the Z4-module Z,. Then
SR PNy LSy R R P

is a projective resolution of Z,, where «,([a]) = [2a] for each n > 1 and
ao([a]) = [a]. Tensoring Z, with the deleted projective resolution of Z, gives

an®id22
--'—>Z4®Z4Z2———>Z4®Z4Z2—>-'-—>Z4®Z4Z2—>O.

It follows that this sequence can be replaced by
0 0 0
i >l —> Ty —> Ty —> > Tnp—>7Tp—0
and so Tor%“(Zz, Zy) = Zyp forn > 1.

Remark. If G is an additive abelian group and if #(G) is the torsion subgroup of G,
then one can show that TorlZ (Q/Z,G) = t(G). Hence, the name torsion functors and
the notation Tor for these functors.

Finally, we wish to point out that there is an important connection among the Tor
functors and flat modules. To establish this connection, we need the following lemma.

Lemma 11.5.1. If P is a projective left R-module, then Tor,If (M, P) = 0 for every
R-module M and all n > 1.

Proof. Part (1) of Proposition 11.3.4 proves the lemma. a

Now for the connection of flat modules to the Tor functors.

Proposition 11.5.2. The following are equivalent for an R-module F.
(1) F isflat.
(2) TorR(F, N) = 0 for every left R-module N.
3) Tor,lf (F,N) = 0 for every left R-module N and alln > 1.

Proof. It is obvious that (3) = (2), so suppose that
0O->L—>M-—>N-—>0

is a short exact sequence of left R-modules and left R-module homomorphisms. Then
the long exact Tor-sequence in the second variable gives the exact sequence

.o = TorR(F, M) - Tor®R(F.N) > FQRL - F®r M — F Qg N — 0.
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If TorR (F, N) = 0 for every left R-module N, then
0> FQrRL—->FQrM —-FQ®rN —0

is exact, so F is flat. Hence, (2) = (1). Finally, we need to show that (1) = (3).
Let F be a flat R-module and suppose that N is a left R-module. Then there is a
short exact sequence 0 - K — P — N — 0 of left R-modules and left R-module
homomorphisms with P projective. For n = 1, we have the exact sequence

0 = TorR(F, P) - TorR(F.N) - F R K - F ®g P.

where Torf(F, P) = 0is given by Lemma 11.5.1. But F is flat, so F Qg K —
F ®pg P is an injective map. Hence, Torf (F,N) = 0. Now make the induction
hypothesis that Torllf(F ,N) =0fork = 1,2,...,n — 1 and for every left R-mod-
ule N. Then the long exact Tor-sequence in the second variable gives

.-« = Tor®(F, P) — Tor®(F,N) — TorR_(F.K) — ---.

Using Lemma 11.5.1 again shows that Tor,ll2 (F, P) = 0 and the induction hypothesis
gives Tor,lf_l(F, K) = 0. Hence, Tor,If(F, N) = 0 and the fact that (1) = (3)
follows by induction. m|

Proposition 11.5.2 is obviously symmetric, that is, F' is a flat left R-module if
and only if Torf(M , F') = 0 for every R-module M and all n > 1. It was previously
mentioned that the functors Ext’y will be used in the following chapter to define a pro-
jective and an injective dimension of an R-module. A similar use will be made of the
functors TorX with regard to flat modules.

We close with the following two propositions. The first is an immediate result due
to the preceding proposition and Proposition 5.3.16, while the second follows directly
from the preceding proposition and Proposition 5.3.18.

Proposition 11.5.3. The following are equivalent for a ring R and all n > 1.
(1) R is left coherent.

(2) Tor,If (ITA Fa. N) = 0 for every family { Fo} A of flat R-modules and every left
R-module N.

3) Tor,If (R2, N) = 0 for every left R-module N and every set A.

Proposition 11.5.4. The following are equivalent for a ring R and alln > 1.
(1) R is a regular ring.
2) Tor,If(M, N) = 0 for every R-module M and every left R-module N .
3) Tor,lf (M, N) = 0 for every cyclic R-module M and every left R-module N.
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Problem Set 11.5

1.

Prove that F is a flat R-module if and only if Torf(F ,R/A) = 0 for every
finitely generated left ideal A of R. [Hint: Proposition 5.3.7.]

2. Show that Torff is additive in each variable for each n > 0.
3. Let M and N be R-modules and suppose that f : M — N is an R-linear

mapping. If X is a left R-module, show that
Tor,lf(f, X): Tor,If(M, X) — Tor,lf(N, X)
is independent of the chain map generated by f. [Hint: Exercise 2 and Propo-

sition 11.3.1.]

Prove that we can let Tor§ (—,N) = —®pg N for any left R-module N and that
we can set Tor(l)2 (M,—) = M ®g — for each R-module M. [Hint: Exercise 2
and Proposition 11.3.4.]

. Choose a projective resolution P of each R-module M and develop the functors

Tor,lf (—, X) for a fixed left R-module X. Now choose a projective resolution
P’ for each R-module M and develop the functors T_orf (—, X). Show that the

functors TorX (—, X) and T_or,ll2 (=, X) are naturally equivalent for each n > 0.
[Hint: Exercise 2 and Proposition 11.3.2.]

. Use the projective resolution -+ - 0 — 0 - Z RANg/ANiN Zy — 0 of Zj of

Example 2 in Section 11.2 to compute ToroZ (M, Z) and TorlZ (M, Z), where
M is a Z-module and k is a positive integer.

. Let M be an R-module and suppose that N is a left R-module. Prove each of

the following.

(@QMRN =N Qro M.

b If---—- P, > ---—> P > Py > M — 0, is a projective resolution of
M, then H,(Pys ®r N) = H,(N ®pgo» Ppyr) for all n > 0. [(a) and (b), Hint:
Show that there are group isomorphisms P, ® g N — N Qpgo Py, defined by
Xn ® y = y ® x,, for each n > 0 and that when n > 1 these maps give a chain
map Pyr @R N — N Qg Pyr.]

(c) Tor,If (M,N) =~ Tor,Ifop (N, M) for all n > 0. Conclude that if R is commu-
tative, then Torf,2 (M,N) =~ Torf (N, M) for all n > 0 and all R-modules M
and N.

Show that for any family {Ny}a of left R-modules and any family {My}a of
R-modules that

€)) Torf (M, EBN"‘> o~ @Torf(M, Ny) forallm >0 and
A A

2) Tor,If (@Ma,N) o~ @Tor,lf(Ma,N) foralln > 0.
A A



Chapter 12
Homological Methods

In the previous chapter it was pointed out that the extension and torsion functors can
be used to define a projective dimension, an injective dimension and a flat dimension
of modules that will, in some sense, measure “how far” a module is from being pro-
jective, injective or flat. The purpose of this chapter is to establish these dimensions
and to show how homological methods can be used to gain information about various
rings.

12.1 Projective and Injective Dimension

Definition 12.1.1. The projective dimension of an R-module M, denoted by pd-M, is
the smallest integer n > 0 such that Ext'lle'"1 (M, N) = 0 for every R-module N. If no
such integer exists, then pd-M = oo. Likewise, the injective dimension of an R-mod-
ule NV, denoted by id- N, is the smallest integer n > 0 such that Ext'}e"'l(M ,N)=20
for every R-module M, and we set id-N = oo if no such integer n exists. The right
global projective dimension of R is defined as

r.gl.pd-R = sup{pd-M | M an R-module}
and the right global injective dimension of R is given by
r.glid-R = sup{id-N | N an R-module}.
If an R-module M has a projective resolution of the form
P:0—-P,—> Py_q—>--—>Pyp—>M—0,

then we say that M has a projective resolution of length n. (Additional zeroes to
the left in P have been suppressed.) If no shorter projective resolution of M exists,
then P is said to be of minimal length. Similarly, if an R-module N has an injective
resolution of the form

E:0>N—>E>... > E"l 5 E" 50,

then N is said to have an injective resolution of length n. If no shorter injective
resolution of M exists, then E is of minimal length. Definitions analogous to those
above, but for left R-modules, can be given so that 1.gl.pd-R and 1.gl.id-R will have
the obvious meanings. Of course, if R is commutative, the prefixes r. and 1. can be
omitted.
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Part (2) of the following lemma relates the projective dimension of an R-module to
the kernel of a particular boundary map of a projective resolution of the module. The
lemma will be used to show that any projective resolution can be used to compute the
projective dimension of a module.

Lemma 12.1.2 (Dimension Shifting). Suppose that
ap ao
P...-—-P,—P,1—>:-+—>Pp—M—>0 and
.Bn :BO
Q: > 0,—0y—1—>—>00—M—>0

are projective resolutions of an R-module M and let Ker o;, = K,l; andKer B, = K,?
forn =0,1,2,.... Then for any R-module N

(1) Exty(K?, N) = Ext, (K, N) and
(2) Exth(K? 1,N) Ext%" (M, N), where K® | = M.

Proof. (1) Using the long form of Schanuel’s lemma for projectives, we have
K}:@Qn@Pn—leaQn—Z@g K,?GBPnGBQn—I@Pn—Z"' .

But Exth(—,N) commutes with direct sums and, by Proposition 11.4.5,
Ext%(X,N) = O for all n > 1 whenever X is a projective R-module. Hence, we
have Exty(KF, N) = Exth (K2, N).

2) Slnce Iman+1 = Kera, forn = 0,1,2,..., P can be “decomposed” into
short exact sequences

0— Kb - Py— M —0

0— K} — P — K§ =0

0—> K - P, > K\ | =0

If Ext% (=, N) is applied to 0 — KP — P; — K — 0,for j =0,1,2,...,then
by selectlng the appropriate sectlons of the resultlng long exact Ext-sequence in the
first variable, we see that

Ext& (P, N) — Extb (KT, N) 2, Extk+1( . N) = Extb (P N)

isexactfork > 0and j = 0,1,2,..., where each ok is a connecting homomorph-
ism. Since P; is projective, Extlfe(Pj, N) = Ext’;rl(Pj, N) = 0, so the connecting



Section 12.1 Projective and Injective Dimension 397

homomorphism @ is an isomorphism for each k > O and j = 0,1,2.... Thus, for
the pairs (k, j) = (n,0),(n —1,1),...,(2,n—2), (1,n — 1), we have isomorphisms

1

Ext%(K§, N) Extp (M, N),

prn—1
Exts V(KP,N) = Exth(Kb. N),
2 (kP e 3 (P
Extz(K,_,.N) = Extp(K,_3.N), and
o
Exth(KF_|,N) = Ext4(Kr_,,N).
Hence,
(I)nCDn_l CDZCDI . EXt}g(K,l:_l, N) - EXt’Il;_l(M, N)
is an isomorphism. O

We also have a dimension shifting lemma for injective resolutions whose proof
is similar to that of the preceding dimension shifting lemma. The proof of (1) of
this lemma can be effected by using the long form of Schanuel’s lemma for injective
modules.

Lemma 12.1.3 (Dimension Shifting). Suppose that
a~! af %
D:0>N—D" > pl ... p" =5 prtl ... 4nd
-1 BO ﬂn
E:0>N-—E S E' ... E" 5 Enil 5 ..
are injective resolutions of an R-module N and let Ima" = CJ} and Im B" = C{} for
n=20,1,2,.... Then for any R-module M
(1) Extx(M, C}) = Extx(M, Cf}) and
(2) Exth(M, Ci~1) =~ Extpt1 (M, N), where Cy' = N.
Using the shifting lemmas, we can now provide a sharpening of the tools that can
be used to compute the projective dimension and the injective dimension of a module.

A proof is offered for the first of the following two propositions while the proof of the
second is left as an exercise.

Proposition 12.1.4. The following are equivalent for an R-module M.
(1) pd-M = n.

(2) M has a projective resolution P of minimal length n.
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B)IfQ:---— 0Oy ﬁ) On—1—+— Qo —> M — 0is a projective resolution
of M, then K,,—1 = Ker ,,_; is projective and

Q:0-Ky1—>0p1—>-—>00—>M—0

is a projective resolution of M of minimal length n.

“) Ext’lce(M, N) = 0 for every R-module N and all integers k > n, but
Exty (M, N) # 0 for some R-module N.

Proof. (1) = (2). Let
P: oo Py Pyy = o> Py M — 0

be a projective resolution of M. Part (2) of Lemma 12.1.2 gives Ext}e(l{f;_1 ,N) =

Extrlz;rl( M,N) =0, so we see that K} _, = Kera,_ is projective. Thus,
P/: 0_)K5_1—)Pn_1—)"'—>P()—)M—>O

is a projective resolution of M of length n. If M has a projective resolution of shorter
length, then there is an integer k < n such that Ext’l‘e (M, N) = 0, aclear contradiction
since pd-M = n.

(2) = (3). Let

P: 0P, 5 Py =i Py—> M —0

be the projective resolution of M of minimal length n. If

Q: ---—>Qnﬁ>Qn_1—>---—>Q0—>M—>O

is also a projective resolution of M, let K? = Kera; and K? = Ker ;. Then
(1) of Lemma 12.1.2 shows that K;’ is projective if and only if K? is projective for
j=0,1,2,.... But K¥ | = P, is projective, so

Q: 0—>K,?_1—>Qn_1—>~-~—>Q0—>M—>O

is a projective resolution of M which clearly must be of minimal length .

(3) = (4). If (3) holds, then M has a projective resolution P of minimal length 7.
Using this projective resolution, it is obvious that Ext’f2 (M,N) =0forallk > n
and all R-modules N. Now suppose that Ext’z (M, N) = 0 for every R-module N.
Then (2) of Lemma 12.1.2 shows that Ext}e(K,I;_z,N) =~ Extj(M,N) = 0, so
K 5_2 = Kera,—; is projective. But this implies that M has a projective resolution
of length n — 1, a contradiction. Hence, there must exist an R-module N such that
Exty (M, N) # 0.

(4) = (1). Clear. a
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Proposition 12.1.5. The following are equivalent for an R-module M.
(1) id-N = n.
(2) N has an injective resolution D of minimal length n.

n—1
RIFE: 0> N - E° - ... - gn-l B—) E™ — --. is an injective

resolution of N, then C"~1 = Im ﬂn_l is injective and n is the smallest integer
for which this is so.

4) Ext’I‘-‘,(M, N) = 0 for every R-module M and all integers k > n, but
Exts (M, N) # 0 for some R-module M.

Proposition 12.1.4 shows that if pd-M = n, then any projective resolution of M
can in effect be terminated at n. If pd-M = n and

o
P:--->P, 5P, 1—>-—>Py—>M—>0
is a projective resolution of M, then Ker ;1 is projective, so
P:0—>Kerap1— Pr1——>Py—M—>0

is a projective resolution of M. In view of Proposition 12.1.5, we see that similar
observations hold for injective dimension and injective resolutions. So pd-M (id-M)
is just the length of the shortest projective (injective) resolution of M. Thus, we can
think of pd-M (id-M') as a measure of how far a module is from being projective
(injective).

There is also a connection between the projective dimensions of the modules L, M
and N in a short exact sequence 0 - L —- M — N — 0. Since it will be required
later, we prove (2) of the following proposition and leave the proofs of the remaining
parts of the proposition as exercises.

Proposition 12.1.6. [f0 — L — M — N — 0 is a short exact sequence of R-mod-
ules and R-module homomorphisms, then

(1) If pd-L < pd-M, then pd-N = pd-M,

(2) If pd-L = pd-M, then pd-N < 1 + pd-L, and

(3) If pd-L > pd-M, then pd-N =1 + pd-L.
Proof. (2) If pd-L = pd-M = oo, then (2) clearly holds, so suppose that pd-L =
pd-M = n. The short exact sequence 0 - L. - M — N — 0 and the long exact
Ext-sequence give

0 = ExtpT (L, X) — ExtpT2(N, X) — Ext} (M, X) = 0,
n+2

so Extz"“(N, X) = 0 for every R-module X. Hence, pd-N is at most n + 1, so
pd-N < 1+ pd-L. |



400 Chapter 12 Homological Methods

Example

1. Since Z is a free Z-module, Z is projective, so pd-Z = 0. However, 0 — Z —
Q@ - Q/Z — 0 — --- is an injective resolution of Z of minimal length, so
id-Z = 1. Thus, pd-Z # id-Z.

The example above shows that there are modules M such that pd-M # id-M.
Since Ext’y is balanced, the value of Ext’y (M, N)) can be computed by using a projec-
tive resolution of M or by using an injective resolution of N. This leads us to suspect
that r.gl.pd-R = r.gl.id-R and it turns out that this is the case even though there may
be modules such that pd-M # id-M .

Proposition 12.1.7. For any ring R, r.gl.pd-R = r.gl.id-R.

Proof. If r.gl.pd-R = n, then Ext’}:'l(M, N) = 0 for every R-module M. If E is
an injective resolution of N and C"~! = Im " ~1,(2) of Lemma 12.1.3 shows that
Ext}e (M, C" 1) = Ext’I’e+1 (M, N) = 0. Since this holds for every R-module M, by
using Proposition 11.4.6, we see that C" ! is injective. Thus, id-N is at most 7, so
we have id-N < r.gl.pd-R for every R-module N. Hence, r.gl.id-R < r.gl.pd-R. The
reverse inequality follows by a similar argument. a

Definition 12.1.8. Since r.gl.pd-R = r.gl.id- R for any ring R, this common value will
now be denoted by r.gl.hd- R and called the right global homological dimension of R.
The left global homological dimension of R has a similar definition.

We can now relate the right global homological dimension to specific rings.

Proposition 12.1.9. A ring R is semisimple if and only if r.gl.Lhd-R = 0.

Proof. Let N be any R-module. Then r.gl.pd-R = 0 if and only if Ext}e (M,N) =
0 for every R-module M which holds if and only if every R-module is projective.
Proposition 6.4.7 shows that this last condition is equivalent to R being semisimple.

[}

Because of the left-right symmetry of semisimple rings, we see that 1.gl.hd-R = 0
if and only if r.gl.hd- R = 0. However, there are rings for which 1.gl.hd-R # r.gl.hd-R.
For example, the matrix ring R = (‘(Z) 8) is such that r.gl.hd-R = 1 while L.gl.hd-
R = 2. The values of l.gl.Lhd-R and r.gl.hd-R measure how far R is from being
semisimple with both measures being zero when R is semisimple.

Recall that a ring R is right hereditary if every right ideal of R is projective. In
Proposition 5.2.15 it was established that a ring R is right hereditary if and only if
factor modules of injective modules are injective which in turn is true if and only
if submodules of projective modules are projective. Because of this, we have the
following proposition.
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Proposition 12.1.10. A ring R is right hereditary if and only if r.gl.hd-R < 1.

Proof. Let R be right hereditary and suppose that M is any R-module. If M is
embedded in the injective module E°, then

0>M—>E°>E'M —>0—---
is an injective resolution of M when M is not injective and
O M-—-M-—->0—---

is an injective resolution of M when M is injective. Thus, id-M < 1 for every
R-module M, so we have r.gl.hd-R < 1.

Conversely, suppose that r.gl.hd-R < 1, let M be a projective R-module and let N
be a submodule of M. The assumption that r.gl.hd-R < 1 implies that pd-M/N = 0
orpd-M/N = 1. If pd-M/N = 0, then M/ N is a projective R-module, so the short
exact sequence

0O—-N—->M-—>M/N—0

splits. Hence, N is a direct summand of M and is therefore projective. Now suppose
that pd-M/N = 1. Since M is projective, M/N has a projective resolution of the
form

i s Py Pi > M5 M/N =0,

where 7 is the canonical surjection. But the assumption that pd-M = 1 implies
that N = Kern is projective. In either case, submodules of projective modules are
projective, so R is right hereditary. m|

Since a right hereditary ring is not necessarily semisimple, the inequality in Propo-
sition 12.1.10 may be strict. If R is right hereditary but not semisimple, then r.gl.hd-
R=1.

Actually, we do not need to know the projective dimension of all R-modules in
order to determine r.gl.hd-R. In fact, it suffices to know the projective dimension
of the cyclic modules. Recall that an R-module M is cyclic if M = xR for some
x € M. This gives an epimorphism f : R — xR such that f(a) = xa foralla € R
which in turn leads to an isomorphism R/A =~ xR, where A = ann,(x). Hence, we
will know the projective dimension of all cyclic R-modules if we know the projective
dimension of R/A for each right ideal A of R. The following proposition is due to
Auslander [49].

Proposition 12.1.11 (Auslander). For any ring R,

r.gl.hd-R = sup{pd-(R/A) | A a right ideal of R}.
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Proof. If
sup{pd-(R/A) | A arightideal of R} = oo,

then it is immediate that r.gl.hd-R = oo and we are done. So suppose that
sup{pd-(R/A) | A arightideal of R} = n.

Then pd-(R/A) < n for every right ideal A of R. Hence, we see that
Ext’}eJrl (R/A, N) = 0 for every right R-module N. If E is an injective resolution
of N and C"! = Ima"~!, then Lemma 12.1.3 gives

Exth(R/A,C" 1) = Ext!T1(R/A,N) = 0.

Thus, we see by Propositions 11.4.10 and 11.4.12 that C"~! is injective, so we have
that id-N < n for every right R-module N. But

r.gl.hd-R = sup{id-N | N an R-module},
SO
r.glhd-R < n = sup{pd-(R/A) | A aright ideal of R}.
The reverse inequality follows from

{pd-(R/A) | A arightideal of R} C {pd-M | M an R-module}. a

Problem Set 12.1
1. Let M be an R-module and suppose that pd-M = n. Show that the kth kernel,
k < n, in any projective resolution of M has projective dimension n — k.

2. (a) r.gl.hd-R = sup{pd-M | M a cyclic R-module}. [Hint: If sup{pd-M | M
a cyclic R-module} = n, then Ext'lle"'l(M ,N) = 0 for every R-module N and
all cyclic M. This gives Exty" ' (M, N) = 0 for all R-modules M and N.]

(b) If r.gl.hd-R > 0, show that

r.gl.hd-R = 1 + sup{pd-A4 | A aright ideal of R}.
[Hint: Since r.gl.hd-R > 1, there is a cyclic R-module N such that pd-N # 0.
Consider 0 - A — R — N — 0 and show that 1 4+ pd-A = pd-N.]
3. If R is a principal ideal domain, deduce that gl.hd-R < 1.

4. Prove Proposition 12.1.5. [Hint: Dualize the proof of Proposition 12.1.4.]
5. Complete the proof of Proposition 12.1.7.
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6. Let0 > L - M — N — 0 be a short exact sequence of R-modules and R-
module homomorphisms. Show that pd-M < max(pd-L,pd-N) with equality
holding unless pd-N = 1+ pd-L. [Hint: Use Proposition 12.1.6 and consider
the three cases pd-L < pd-M, pd-L = pd-M and pd-L > pd-M .]

7. Let {My}a be a family of R-modules. Prove each of the following.

(a) pd-(Dp Ma) = sup{pd-My | @ € A}. Use this to show that P, My is
projective if and only if each M, is projective. [Hint: For each @ € A, construct
an exact sequence

0— Kyn — Pyn—1—>++— Py1— Pyo—> My —0

where P, i is projective fork = 0,1,2,...,n—1. Consider the exact sequence
0— @Ka,n — @Pa,n_l — e @Pa,l — @Pa,o — @Ma -0
A A A A A

constructed in the obvious way.]

(b) id-(J[po M) = sup{id-My | @ € A}. Use this result to prove that [ [, Mg
is injective if and only if each M, is injective.

(c) If R is right noetherian, then id-(G\ My) = sup{id-My | o« € A}.

8. Show that r.gl.hd-R = oo if and only if there is an R-module M such that
pd-M = oo. [Hint: If r.gl.hd-R = oo, then for every n > 0, there is an R-
module M such that pd-M > n. If one of these modules has infinite projective
dimension, then we are done. If not, then for each n > 0, there is an R-mod-
ule M, such that pd-M,, = k with k > n.]

9. Recall that a Dedekind domain is an integral domain that is hereditary. Prove
that if R is a Dedekind domain with quotient field Q, then an R-module N is
injective if and only if Extk(Q/R, N) = 0.

12.2 Flat Dimension

We will now develop the flat dimension of an R-module M and the global flat dimen-
sion of R. These concepts will be applied to specific rings and modules and compared
to the dimensions given in the preceding section.

Definition 12.2.1. The flat dimension of an R-module M, denoted by fd-M, is the
smallest integer n such that Tor,lf +1(M, N) = 0 for every left R-module N. The right
global flat dimension of R, denoted by r.gl.fd-R, is given by

r.gl.fd-R = sup{fd-M | M an R-module}.
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The flat dimension of M is also called the weak dimension of M and the right global
flat dimension of R is often referred to as the right weak global dimension of R. The
flat dimension of a left R-module and the left global flat dimension of R are defined
and denoted in the obvious way.

Since Proposition 11.5.2 shows that Torf(M , N) = 0 for every left R-module N
and every n > 1 if and only if M is a flat R-module, fd-M can be viewed as a mea-
sure of how far M is from being flat. Another result that follows immediately from
Proposition 11.5.4, is that a ring R is regular if and only if r.gl.fd-R = 0. Thus, the
right global flat dimension of R can be thought of as a measure of how far R is from
being a regular ring.

Proposition 12.2.2. For any ring R, 1.gl.fd-R = r.gl.fd-R.

Proof. If r.glfd-R = oo, then we clearly have l.gl.fd-R < r.gl.fd-R. So suppose
that r.gl.fd-R = n. Then Tor,If +1(M, N) = 0 for every R-module M and every left
R-module N. But for a given left R-module N, Tor,lf +1(M, N) = 0forevery R-mod-
ule M implies that fd-N is at most n. Since this is true for every left R-module N,
we see that l.gl.fd-R < r.gl.fd-R. The reverse inequality follows by symmetry. a

Because of Proposition 12.2.2 the prefixes /. and r. can be omitted from l.gl.fd-R
and r.gl.fd- R, respectively, and the common value can be denoted simply by gl.fd-R.
We will now refer to gl.fd-R as the global flat dimension of R.

The bifunctor Tor,Il2 : Modg xg Mod — Ab was developed in Chapter 11 us-
ing projective resolutions. We now show how Tor,If is related to flat resolutions of
modules.

Definition 12.2.3. An exact sequence of R-modules and R-module homomorphisms
an ao
F: - ->F,—F,_1—>—>F—>M-=—>0
is said to be a flat resolution of M if Fj, is a flat R-module forn =0,1,2,....

Since every projective module is flat and since every module has a projective res-
olution, we see that flat resolutions of modules do exist. However, there are flat res-
olutions that are not projective resolutions. For example, --- - 0 > Z — Q —
Q/Z — 0, where the maps are the obvious ones, is a flat resolution of the Z-module
Q/Z that is not a projective resolution of Q/Z. This follows since Z is free, hence
projective and therefore flat. Now Q is a flat Z-module, but Proposition 5.2.16 shows
that Q is not a projective Z-module since it is not free.

Proposition 12.2.4. The following are equivalent for an R-module M.
(1) fd-M = n.
(2) M has a flat resolution F of minimal length n.
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BIfG: ---—> Gy ﬁ>G,, 1=+ —> Gog —> M — 0is aflat resolution of M,

then Kn_1 = Ker ,,_; is flat and
G:0->Ky1>Gp1—>--—>Go—>M—0

is a flat resolution of M of minimal length n.

) Tor,f(M, N) = 0 for every R-module N and all integers k > n, but
Tor,lf (M, N) # 0 for some R-module N.

Proof. (1) = (2). Let

Fuci — - — Fy Fo— M — 0

NS NS

O/n\o O/KO\O

be a flat resolution of M, where the K are the kernels of the boundary maps with
K_1 = M, and suppose that N is a left R-module. Then the long exact Tor-sequence
in the first variable applied to 0 — K; — F; — K;j_1 — 0 produces a sequence

.. — F,

Tork+1(FJ,N) — Tork_H(Kj 1, N) —> Tork (K;j,N) —>T0r,§(Fj,N)

fork > 0and n = 0,1,2,..., where each &, is a connecting homomorph-
ism. Since Fj is flat, Torg, | (F;,N) = Torf(F;,N) = 0, so @4 is an iso-
morphism for each k > 0 and j = 0,1,2.... Thus, for the pairs (k, j) = (n,0),
n—-11),...,2,n—=2),(1,n — 1), we have isomorphisms

R 3]
Tor, (M, N)

3

1 R
Tor,; (Ko, N).

R

Tor,If(Ko,N) Tor,If_l(Kl,N),

&

TorX(Ky—3, N) TorX(Kn—2.N), and

(1354

TorR(K,—5. N) TorR(K,_1. N).
Hence,

ndy @315 TorR(Kpy—1, N) — TorR_ (M, N)
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is an isomorphism. If fd-M = n, then Tor,lfH(M, N) =0, so Torf(Kn_l, N)=0
for every left R-module N. Thus, Proposition 11.5.2 shows that K, is flat. There-
fore, M has a flat resolution of length n. If M has a flat resolution

0> F,—>Fq1—>--—>Fp—>M-—>0

of length k, k < n, it follows that Torf,  (M.N) = Torf(Fg,N) = 0 for
every left R-module N, a contradiction since n is the smallest integer such that
Tor,If +1(M, N) = 0 for every left R-module N. So M has a flat resolution of minimal
length n.

(2) = (3). Left as an exercise.

The implications (3) = (4) and (4) = (1) follow easily. a

If R is right perfect, then it follows from Proposition 7.2.29 that an R-module is
projective if and only if it is flat. Over these rings fd-M = pd-M for every R-module
M, sor.gl.hd-R = gl.fd-R. This leads to the more general question of how do gl.fd-R
and r.gl.hd-R compare in general?

Proposition 12.2.5. For any ring R,
gl.fd-R < min{l.gl.hd-R, r.gl.hd-R}.

Proof. 1f 1.gl.lhd-R = r.gl.hd-R = oo, there is nothing to prove, so suppose that
min{l.gl.hd-R, r.gl.hd-R} = n. If r.gl.hd-R = n and M is any R-module, then every
projective resolution of M has length at most n. If P is a projective resolution of M
of minimal length k < n, then P is a flat resolution of M, but as a flat resolution P
may not be of minimal length. Hence, fd-M < pd-M, so fd-M < n for every R-
module M. Thus, gl.fd-R < r.gl.hd-R. A similar argument works if l.g.hd-R = n, so
we also have gl.fd-R < 1.gl.hd-R. Hence, gl.fd-R < min{l.gl.hd-R, r.gl.hd-R}. a

We saw in the previous section that r.gl.hd-R can be computed using the cyclic
R-modules. The same is true for gl.fd-R.

Proposition 12.2.6. For any ring R

gl.fd-R = sup{fd-(R/A) | A a left ideal of R}
= sup{fd-(R/A) | A a right ideal of R}.

Proof. Since l.gl.fd-R = r.gl.fd-R = gl.fd- R, it suffices to show that
gl.fd-R = sup{fd-(R/A) | A arightideal of R}.
Using Exercise 3, the argument is similar to the proof of Proposition 12.1.11. a

Proposition 12.2.7. If R is a right noetherian ring, then gl.fd-R = r.gl.hd-R.
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Proof. Propositions 12.1.11 and 12.2.6 show that gl.fd-R and r.gl.hd-R can be com-
puted using R/ A as A varies through the right ideals of R. So it suffices to show that
if R is right noetherian, then fd-(R/A) = pd-(R/A). If R is right noetherian and
A is a right ideal of R, then the finitely generated R-module R/A has a projective
resolution

P: ~-~—>Pnﬂ>Pn_1—>-~—>P0—>R/A—>O

where all the projective modules and all the kernels of the boundary maps are finitely
generated. So if fd-(R/A) = n, then since P is also a flat resolution of R/A, we have
that Ker ;1 is finitely generated and flat. Also since R is right noetherian, Ker o;;—1
is easily shown to be finitely presented. Soif 0 - K — F — Kera,—1 — Oisa
finite presentation of Ker «;—1, then we can, without loss of generality, assume that
K is a submodule of F. Proposition 5.3.11 now shows that there is an R-linear map
f + F — Keray—1 such that f(x;) = x; fori = 1,2,...,n, where x1,x2,...,Xn
is a set of generators of Kera,—_;. Thus, f is a splitting map for the canonical in-
jection Kera,—; — F and so the sequence 0 - K — F — Keroy,—; — 0
splits. Hence, Kera;,_1 is projective, so pd-(R/A) is at most n. Consequently,
pd-(R/A) < fd-(R/A) and since it is always the case that fd-(R/A) < pd-(R/A),
we have fd-(R/A) = pd-(R/A). O

Clearly, if we switch sides in the proof of Proposition 12.2.7, we have that if R
is left noetherian, then gl.fd-R = l.gl.hd-R. Consequently, we have the following
proposition.

Proposition 12.2.8. If R is a noetherian ring, then gl.fd-R = l.gl.hd-R = r.gl.hd-R.

Problem Set 12.2
1. If
oy o
F:...-)Fn—)Fn_1—>-~-—)F0—)M—>O and
/gn ﬂO
G: --—>G,—Gp1—>-—>Gy—M-—=>0

are flat resolutions of M, prove that Ker«, is flat if and only if Ker §,, is flat.
[Hint: Consider the functor (—)™ : Modg — rMod and recall that M is a flat
R-module if and only if M T is an injective left R-module.]

2. (a) Show that an analogue of Schanuel’s lemma does not hold for flat resolu-
tions, that is, find two flat resolutions

0—-Ki—->F—->M—>0 and 0> Ky, > F, > M —0
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of M such that Ky & F» 2 K, & Fi. [Hint: Consider
0>Z—->Q—->Q/Z—-0 and 0> K—>F —>Q/Z — 0,

where F is a free Z-module.]
(b) Prove (2) = (3) of Proposition 12.2.4.

. Prove that the following are equivalent for an R-module M .

(a) M is a flat R-module.
(b) Tor,If (M, R/A) = 0 for every left ideal A of R and alln > 1.
() Tor{e (M, R/A) = 0 for every left ideal A of R.

(d) Tor,lf (M, R/A) = 0 for every finitely generated left ideal A of R and all
n>1.

(e) Tor{'e (M, R/A) = 0 for every finitely generated left ideal A of R.
[Hint: Proposition 5.3.7.]

. Complete the proof of Proposition 12.2.6. [Hint: Exercise 3 and Proposition

12.1.11.]

. Show that for any ring R,

gl.fd-R = sup{fd-(R/A) | A afinitely generated left ideal of R}
= sup{fd-(R/A) | A a finitely generated right ideal of R}.

[Hint: Exercise 3 and Proposition 12.2.6.]
If gl.fd-R > 0, prove that

gl.fd-R = 1 4 sup{fd-A | A a finitely generated left ideal of R}
= 1 + sup{fd-A | 4 a finitely generated right ideal of R}.
[Hint: Since r.gl.hd-R > 1, Exercise 6 indicates that there is a finitely gener-

ated right ideal A of R such that fd-(R/A) # 0. Consider 0 - A — R —
R/A — 0 and show that 1 + fd-A = fd-(R/A).]

Show that gl.fd-R < 1 if and only if every finitely generated right (left) ideal of
R is flat.

Show that each of the following hold for a family of R-modules {My}Aa.

(a) fd-EPp My = sup{fd-M, | @ € A}. [Hint: For each o € A, construct an
exact sequence

0— Kyn = Pyn—1—++— Py1— Pyo—> My —0
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where Py f is projective for k=0,1,2,...,n—1. Consider the exact sequence
0— @Ka,n — @Pa,n—l — e @Pa,l — @Pa,o — @Ma —0
A A A A A

constructed in the obvious way.]
(b) If R is right noetherian, then fd-[ [, My = sup{fd-My | « € A}.

9. In general, 1.gl.hd-R # r.gl.hd-R. If R is a perfect ring, decide whether or not
Lglhd-R = r.gl.hd-R.

12.3 Dimension of Polynomial Rings

We can now investigate the relation between the right global dimension of R and the
right global dimension of the polynomial ring R[X7, X5,..., X,] in n commuting
indeterminates. In particular, we will show that

r.glhd-R[X1, X2,..., Xn] = n 4+ r.glhd-R.

The technique used will be to show that r.gl.hd-R[X] = 1 +r.gl.hd- R with the general
case following by induction. The following lemma will be useful in establishing this
result.

Lemma 12.3.1.
(1) For any family {My}a of R-modules, pd-(D My) = sup{pd-My | @ € A}.
(2) Let f : R — S be a ring homomorphism and suppose that M is an S-module,

If M is made into an R-module by pullback along f, then pd-Mgr < pd-Mg +
pd-Skr.

Proof. (1) For each @ € A, construct an exact sequence
0— Kogn = Pyn—1—> = Py1— Pyo—> My — 0,

where each Py ; is projective. This gives rise to an exact sequence
0= D Ko > D Pan-t =+ > D Pat > D Pao > B Mo > 0
A A A A A

and @ 5 Po,; is projective if and only if Py ; is projective for each « € A. Hence,
pd-(Pp My) = n if and only if @ Kq,n is projective if and only if K , is pro-
jective for each « € A. Butif Ky , is projective for each o € A, then pd-M, < n
for each o € A, so sup{pd-My | « € A} < n. Thus, sup{pd-My | ¢ € A} <
pd-(Pp My). A similar argument gives pd-(EPp My) < sup{pd-My | @ € A}, so
pd-(Da Mo) = sup{pd-M, | o € A}.
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(2) If pd-Ms = oo or pd-Sg = oo, then there is nothing to prove, so suppose
that both are finite and let pd-Sp = m. We proceed by induction on pd-Mg. If pd-
Ms = 0, then Mg is projective and a direct summand of a free S-module S () 1t
follows that Mg is also a direct summand of .S (A) when S is viewed as an R-mod-
ule. If SI(QA) = MR @ Ng, then using (1), we have

pd-Mg < pd-(Mg & Ng) = pd-S\& = pd-Sg = pd-Ms + pd-Sg.

Finally, suppose that pd-Mgr < pd-Mg + pd-Sg holds for all S-modules such that
pd-Mg < n,n > 0. If M is an S-module such that pd-Mgs = n + 1, then we can

S .
construct an exact sequence 0 - Kg — Fs — Mg — 0, where F is a free S-mod-

o o . . .
ule. If++- —> Py, —> Pp_y — -+ — Py o, Kg — 0is an S-projective resolution of

Kg,then--- — P, n, P, q1—--— Py iOio—> Fg — Mg — 01is an S-projective
resolution of Mg. Since pd-Mg = n + 1, Kera,, is a projective S-module and so
pd-Ks = n. Thus, by our induction hypothesis, pd-Kg < pd-Kg + pd-Sgp = n +m.
Now 0 - Kgr — Fr - Mg — Oisexact and pd-Fg = pd-SI(QA) = pd-Sr = m,
so pd-Fr < pd-Sg. Thus, we have an exact sequence 0 - Kgr — Fr —> Mg — 0
such that pd-Fr < pd-Sg, so in view of Proposition 12.1.6 we have pd-Mr =
1 + pd-Kg. Hence, pd-Mgr <1+ n + m = pd-Mg + pd-Sg and we are done. O

As in [40], we call a € R normal if aR = Ra. Of course if a is in the center
of R, then a is normal. Unless stated otherwise, a will henceforth be a fixed normal
element of R that is neither a zero divisor nor a unit in R. The assumption that a is
normal in R means that aR is an ideal of R and that Ma is a submodule of M for any
R-module M. We also have that aR is a projective R-module, since assuming that a
is not a zero divisor gives aR = R.

The ring R/aR will now be denoted by S

and since a is a nonunit, we have S # 0. Finally, if M is an S-module, then we can
view M as an R-module by pullback along the canonical map n: R — S.

Lemma 12.3.2. The following hold for the rings R and S.
(1) If M is a nonzero S-module, then M is not a projective R-module.
(2) If F is a nonzero free S-module, then pd-Fr = 1.

Proof. (1) Let M be a nonzero S-module. If M is projective as an R-module, then
there is an R-linear embedding f : M — R™) for some set A. Suppose that x € M,
x # 0,and let f(x) = (agy). Since Ma = 0, wehave 0 = f(xa) = f(x)a = (aqa),
soaga = 0 forall « € A. Hence, a, = 0 for all @ € A since a is not a zero divisor
in R. Thus, f(x) = 0, so x = 0, a contradiction. Therefore, M cannot be a projective
R-module.
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(2) Since R/aR is a nonzero S-module, (1) shows that R/aR is not a projective
R-module. Now aR =~ Rand 0 - aR — R — S — 0 is a projective resolution
of Sg, so it follows that pd-Sg = 1. Thus, we see from Lemma 12.3.1 that if F is
any free S-module, then pd-Fg < 1. But from (1) we have pd-Fg = 1. O

To prove the next proposition we make use of the fact that if P is a projective R-
module, then P/ Pa is a projective S-module. Indeed, if P is a projective R-module,
then there is a free R-module F =~ R®) and an R-module Q suchthat F = P @ Q.
Since Fa 2 (aR)®), it follows that F/Fa =~ (R/aR)® = S®) so F/Fa is
a free S-module. Now Fa = Pa & Qa, so we see that F/Fa = P/Pa & Q/Qa.
Hence, P/ Pa is a projective S-module, since direct summands of projective modules
are projective.

Proposition 12.3.3 (Change of Rings). If M is a nonzero right S-module such that
pd-Ms = n, then pd-Mg = 1 + n.

Proof. The proof is by induction on n. If n = 0, then (2) of Lemma 12.3.1 indicates
that pd-Mgr < pd-Sg. Since Sg is a free S-module, (2) of Lemma 12.3.2 shows that
pd-Sg = 1. Hence, pd-Mg < 1. Moreover, by using (1) of the same lemma, we see
that pd-Mg # 0, so pd-Mgr = 1.

Next, make the induction hypothesis that if M is any nonzero S-module, such that
pd-Mg = k, then pd-Mr = k + 1 forall 0 < k < n. If pd-Ms = n, then Mg has
an S-projective resolution

0—>Pn—>---—>P1—>FSﬂ>MS—>O

of minimal length n, where Fg is a free S-module. If Kg = Kerayg, then pd-Kg =
n — 1 since

0—-P,—>--—>P —>Kg—0

is an S-projective resolution of Kg which must be of minimal length. Thus, the
induction hypothesis gives pd-Kr = n. If n > 1, we see that pd-Kg > 1 = pd-Fk,
where 1 = pd-Fpg is (2) of Lemma 12.3.2. Hence, (3) of Proposition 12.1.6 gives
pd-Mr = n + 1. Thus, it only remains to treat the case n = 1, so suppose that
pd-Mgs = 1. Then Mg has a projective resolution of the form

0—- Kg—> Fg—> Mg —>0
in Modg, where F is a free S-module. Since pd-Kg = 0, the induction hypothesis

gives pd-Kgr = 1 and, as before, pd-Fg = 1. Hence, pd-Kg = pd-FR, so we see
from (2) of Proposition 12.1.6 that pd-Mg < 2. We claim that equality holds. If not,



412 Chapter 12 Homological Methods

then pd-Mg < 1 and we have already seen in (1) of Lemma 12.3.2 that pd-Mg # 0,
so pd-Mgr = 1. Hence, Mg has a projective resolution of the form

0—> Kr— Fp—> Mg —0,

where Fp a free R-module and K is a projective R-module. Since Ma = 0,
F’a C K’, so we have an exact sequence

0—K'/Fa—F'/Fa—-M-—0

in Modg. The observation given in the paragraph immediately preceding this propo-
sition shows that F’/F’a is a free S-module and the assumption that pd-Mg = 1
means that that K’/ F’a is a projective S-module. Therefore, the exact sequence

0— F'a/K'a—> K'/K'a— K'/JF'a— 0

splits in Modg. Since a is not a zero divisor in R, F'/K' =~ F'a/K'a in Modg, so
the composition map M — F'/K' — (F'a)/(K’a) produces an R-linear isomorph-
ism that is also S-linear. Hence, K'/K'a = M & K’/ F’a. Using the observation
given in the paragraph preceding the proposition again, we see that K’/ K’a is a pro-
jective S-module which indicates that M is a projective S-module. But this cannot
be the case since we are assuming that pd-Mg = 1. Therefore, pd-Mg # 1, so
pd-Mgr = 2 and we are finished. a

Corollary 12.34. [f r.gl.hd-S = n, thenr.glhd-R > 1 + n.

Proof. If r.gl.hd-S = n, then pd-Mg < n for each right S-module M. Hence, by the
proposition, pd-Mgr < 1 + n for each S-module M and so

r.glhd-R = sup{pd-Mg | M an R-module}
> sup{pd-MRg | M an S-module}
=1+n. a
Corollary 12.3.5. If r.gl.hd-R = n, then
r.gl.hd-R[X] > 1+ n.

Proof. Note that X is a nonzero normal element of R[X] that is clearly neither a unit
nor a zero divisor in R[X]. Moreover, R[X]/XR[X] = R, so the result follows from
the preceding corollary. a

The assumption that pd-Mg < oo in Proposition 12.3.3 cannot be eliminated. For
example, let R = Z anda = 4,sothat S = R/aR = Z4. Now

o apn—1 ao
o> Ty = Tg —> T4 —> =Ty —> T —>0
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is a Z4-projective resolution of Z,, where «, ([a]) = [2a] for n > 1 and ag([a]) =
[a]. Since Kera,—1 = {[0], [2]} is not a projective Z4-module for n > 1, it follows
from Proposition 12.1.4 that pd-(Z3)z, = oo. As a Z-module, Z, has

025722 7,50

as a Z-projective resolution of minimal length, where o1 (a¢) = 2a and ag(a) = [a]
for each a € Z. Thus, pd-(Z2)z = 1 and so we have pd-(Z2)z # 1+ pd-(Z2)z,.

Definition 12.3.6. Suppose that X is an indeterminate that commutes with elements
of M and with elements of R. If M is an R-module, let M[X] denote the set
of formal polynomials of the form pp(X) = ZNO x; X', where x; = 0 for al-
most all i € Ny. Since x; = 0 for almost all i € Ny, py(X) = ZNO x;i X}
may also be written as pyr(X) = Y ;o xi X I if additional clarity is required. If
these polynomials are added in the obvious way, then M[X] is an additive abelian
group. Moreover, if pr(X) = ), a; X" is a polynomial in R[X] and if we set
pm(X)pr(X) = ZNO xl?"Xi,where x! = xjao + xi—1a1 + --- + xoa; for each
i € Ny, then M[X] becomes an R[X]-module. Note also that if f : M — N
is an R-linear mapping and pp (X) = ), x; X! € M[X], then f(py(X)) =
2 No f(x;)X" is apolynomial in N[X]. Thus, if ¥ : Modg — Mod g[x] is such that
F(M) = M[X]and ¥ (f) : M[X] — N[X], where ¥ (f)(pm (X)) = f(pm (X))
for each pp(X) € M[X], then ¥ is a functor called the polynomial functor from
Modg to Modg[x].

Lemma 12.3.7.
(1) The polynomial functor ¥ : Modgr — Modg[x] is exact.
(2) M[X] = M ®gr R[X] as R[X]-modules, for any R-module M.
(3) If F is afree R-module, then F[X] is a free R[X]-module.
(4) Every free R[X]-module is a free R-module.
(5) An R-module P is R-projective if and only if P[X] is R[X]-projective.

Proof. (1) Left as an exercise.

(2) Themap ¢ : M[X] — M ®pg R[X] defined by ¢(} xi X' = 2 N (Xi RX")
is an R[X]-linear mapping. Since the map M x R[X] — M[X] given by (x, X') >
x X' is R-balanced, the definition of a tensor product produces a group homomorph-
ismy : M ®g R[X] — M[X] such that (Y}, (xi ® X)) = Y, xi X'. Arou-
tine calculation shows that ¢ and v are R[X]-linear, that Y@ = idps[x] and that
oY = idyg,RrIx)- Hence, ¢ is an R[X]-isomorphism.

(3) Suppose that F is a free R-module with basis {xq}a, then each x, can be
viewed as a constant polynomial Xy in F[X]. It follows that {Xy}A is a basis for
F[X] as an R[X]-module and so F[X] is a free R[X]-module.
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(4) Since R is (isomorphic to) a subring of R[X], M[X] can be viewed as an R-
module. Now suppose that F is a free R[X]-module. Then Fg[x] = (RIX]D® for
some set A. But R[X] is a free R-module with basis {X ' }n,, so Fr = (RM0)y(A) —
RMoxA) Hence, F is also a free R-module.

(5) If P is a projective R-module, then there is a free R-module F such that F =
P & Q for some R-module Q. Since the polynomial functor is exact, we see that
F[X] = P[X] & Q[X] and (3) indicates that F[X] is a free R[X]-module. Hence,
P[X] is a projective R[X]-module.

Conversely, suppose that P[X] is a projective R[X]-module. Then there is a free
R[X]-module F such that F = P[X] & Q for some R[X]-module Q. This gives
Fr = P[X]r ® Qg and (4) shows that Fg is a free R-module. Hence, P[X] is
a projective R-module. Now the map P[X] — P ®MN0) defined by ZNO XX (%)
is an isomorphism and so PMNo) js 5 projective R-module. But a direct summand of
a projective R-module is projective, so P is R-projective. a

Lemma 12.3.8. For any R-module M, pd-Mg = pd-M [X]g[x)-

Proof. Suppose first that pd-Mr = n. Then M has an R-projective resolution of the
form

00— P, —> Pyp—q—>--—>Pp—>M—0.
Since the polynomial functor is exact, the sequence
0— Py[X] = Pp_1[X] — -+ = Po[X] > M[X]—0

is exact in Modg[x]. But each Py is a projective R-module and (4) of the previous
lemma shows that Py [X] is a projective R[X]-module fork = 0,1,2,...,n. But this
may not be the shortest R[X]-projective resolution of M [X] and so pd-M [X]g[x] <
pd-Mpg.

Conversely, if pd-M[X]g[x] = n, then there is an R[X]-projective resolution of
M [X] of the form

0> 0y —>0p_1—>--—> Qo— M[X]—0.

Moreover, since R € R[X], each Qf can be viewed as an R-module. As indicated
earlier, R[X] is a free left R-module, so R[X] =~ ;2 R;, where R; = R fori =
0,1,2,.... But tensor products preserve isomorphisms and tensor products commute
with direct sums, so Q; ®r R[X] = Q; ®r (Bi2y Ri) = P;2(Q; Qr Ri) =
P2, Q)i with Q;; = Q; for each j. But each Q; is a projective R[X]-module,
s0 P72, 0 and hence Q; ®g R[X] is a projective R[X]-module. Part (5) of the
previous lemma gives Q ;[X] = Q; ®g R[X], so Qj[X]is a projective R[X]-mod-
ule for each j. Hence, (2) of the same lemma indicates that each Q; is a projective
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R-module. Now M [X] 2 M ®™No) 50 we have an exact sequence
0— 0y — On—1 —>'-'—>Q0—>M(N0)—>0

which is an R-projective resolution of M ®Mo)  Since this may not be the short-
est R-projective resolution of M ®0) pd-(M MNo)yp < pd-M[X]g[x]- But (1) of
Lemma 12.3.1 gives pd-(M MNo))p = pd-Mpg, so pd-Mg < pd-M[X]g[x]- Hence,
pd-Mg = pd-M [X]R[x]-

If either dimension is infinite, then it clearly must be the case that the other di-
mension is infinite as well. Indeed, if pd-Mg = oo and pd-M[X]g(x] is finite,
then, as above, we can show that pd-Mg < pd-M[X]g[x], a contradiction. Hence
if pd-Mg = oo, then pd-M [X]g[x] = oo. Similarly, if pd-M [X]g[x] = oo, then
pd-M g = oo and this completes the proof. m|

The following proposition is a generalization of a well-known result of Hilbert.
Hilbert was the first to prove the proposition when the ring is a field.

Lemma 12.3.9. If M is an R[X]-module, then there is an exact sequence 0 —
M[X] — M[X] - M — 0 in Modg[x).

Proof. Due to the R[X]-isomorphism M [X] = M ® g R[X] of (2) in Lemma 12.3.7,
it suffices to show that if M is an R[X]-module, then there is an exact sequence

0— M ®g R[X] > M ®g R[X] > M — 0

in Mod R[X]-

If M is an R[X]-module and p : M x R[X] — M is defined by p(x, X*) = xX?,
then p is R-balanced and it follows that we have an R[X]-epimorphism f : M ®g
R[X] — M givenby f(3 7_o(xi ® X')) = Y7, x; X". Next, consider the R[X]-
homomorphism g : M ® g R[X] - M ®pg R[X] defined by

n n
g(Z(xi ®Xi)> = xoX ® 1 +Z(xiX—xi—l)®Xi —Xp ® X!
i=0

i=1
and note that

n
FxoX @1+ (X —xim) ® X' —x, ® X"*)

i=1

n
=xoX + Z(XiX — X)X — x,x"t1
i=1

=0.

Hence Img C Ker f.
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We claim that Ker f € Img. If Y7 o(yi ® X?) € Ker f, then we need to find
Yi—o(xi ® X') € M @R R[X] such that g(3_[_o(x; ® X*)) = Y7 _o(yi ® X*). If
Y _o(xi ® X?') is such an element of M ® g R[X], then we must have

n n
XX ®1+ > (X —xic) ® X —xy ® X" ="y ® X).
i=0

i=1
If we set
yo =x0X, y1=x1X—x0, y2=2x2X—x1,...,
Vn = XpX —Xp—1 and y, = —Xxp,
then these equations can be solved recursively to find the x; for which Z?:o(xi ®

X') € M ®g R[X] is such that g(3"Zo(x; ® X') = Y7oy ® X'). Thus,
Ker f € Im g and so we have Im g = Ker f. Therefore, the sequence

M ®g R[X] 5> M @ RIX] > M — 0
is exact in Mod g 7. _
Finally, we claim that g is injective. If Y 7, (x; ® X') € Ker g, then

n

g(Z(xi ® Xi))

1=
n
=xX®1+ ) (X —xi1)®X —x, ®X""!
i=1
=0, so

n
f(on ©1+ ) (X XD ®X —x, ® X”“)
i=1

n
= xoX + Z(x,-X — X)X = x, X1
i=1

=0.
But this gives
Xn =XnX —Xp—1 = Xp—1X —Xp—2=---=x1X—Xx90=0
and so it follows that x; = O fori = 0,1,2,...,n. Therefore, g is injective, so the

sequence

0> M &g RIX] S MerRIX] L M >0

is exact in Mod g x1- a
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Proposition 12.3.10. If R is any ring, then
r.glhd-R[X] = 1 4 r.gl.hd-R.

Proof. Due to Lemma 12.3.8 we can assume that r.gl.hd- R and r.gl.hd- R[ X] are finite.
Also note that Corollary 12.3.5 indicates that r.gl.hd-R[X] > 1 4 r.gl.hd-R, so we are
only required to show that r.gl.hd-R[X] < 1 + r.gl.hd-R.

If M is an R[X]-module, then Lemma 12.3.9 indicates that there is an exact se-
quence

0> M[X]>M[X]>M—0

in Modg[x]. Furthermore, (2) of Proposition 12.1.6 shows that pd-Mgix] < 1 +
pd-M [x]g[x]. But Lemma 12.3.8 indicates that pd-Mg = pd-Mpg[x] and so pd-
Mpx) < 1+ pd-Mg < 1+rglhd-R. Therefore, r.gl.hd-R[X] < 1 +r.glhd-R. O

Corollary 12.3.11. If R is any ring, then

r.gl.hd-R[X1, X5,..., X»] = n 4+ r.glhd-R
foranyn > 1
Corollary 12.3.12 (Hilbert). If K is a field, then

rglhd-K[X1, Xa. ..., Xn] = n.

Problem Set 12.3

1. Show that the polynomial functor ¥ : Modg — Modpg[x] is exact. [Hint: If
0> L - M — N — 0is exact in Modg, it suffices to show that 0 —
F(L)— F(M)— F(N)— 0is exact in Modg[x].]

2. If F is a free R-module with basis {x4}A, then each x, can be viewed as a
constant polynomial X, in F[X]. Show that {X4}A is a basis for F[X] as an
R[X]-module.

3. Prove Corollaries 12.3.11 and 12.3.12.

12.4 Dimension of Matrix Rings

We now turn our attention to how the right global dimension of a ring R relates to the
right global dimension of the #n x n matrix ring Ml,, (R).

Let f : R — M, (R) be defined by f(a) = I,, where I, is the n x n matrix with
a on the main diagonal and zeroes elsewhere. Since I, + I, = I,4p, Il = Igp
and I, is the identity matrix of M (R), f is an embedding, so we can consider R
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to be a subring of M, (R). Thus, any M, (R)-module is also an R-module and any
M, (R)-module homomorphism is an R-linear mapping. Observe also that if M is an
R-module, then M is an M, (R)-module with the M, (R)-action on M given
by

n n n
(x1,X2,...,xp)(aij) = (inail, inaiz, e inain)-

i=1 i=1 i=1
Finally, we see that as R-modules M (R) = R®™ via the map
(al]) = (r11r27---1rn)s

where r; = (aj1,ai2,ai3,...,aip) fori =1,2,3,...,n.
With these observations in mind, we have the following.

Lemma 12.4.1. The following hold for any R-module M .
0 1f

O—>L1>M£>N—>O

is exact in Modg, then
0— L™ 2L, o By g

is exact in Modyg, gy, where the map ® f : M® — N@® g given by

& f((x1,x2,...,xn) = (f(x1), f(x2),..., f(xn)). The map ® g is defined
similarly and (@ g)(®f) =D gf.

(2) M is a projective R-module if and only if M ™) s q projective My, (R)-module.
(3) pd-M ™y gy = pd-Mpg.

Proof. (1) Straightforward.

(2) First, note that if F is a free R-module, then there is a set A such that F' =~
R®. But then F"») =~ (R(A))(”z) ~ (R("z))(A) ~ M, (R)®), so F®) s a free
M, (R)-module. Now suppose that M is a projective R-module. Then there is a free
R-module F such that the sequence 0 - K — F — M — 0is split exact in Modg.
It follows that 0 — K@ — FO?) 5 p@® 5 (g split exact in Modyy, (r)-
But F@) is a free M, (R)-module, so M@ s a projective Ml,, (R)-module. Since
M @™ is isomorphic to a direct summand of M )it follows that M ™ is a projective
M, (R)-module.
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Conversely, suppose that M ™ js a projective Ml,, (R)-module. To show that M is
a projective R-module, it suffices to show that any row exact diagram

M

S

L—% . N 0

of R-modules and R-module homomorphisms can be completed commutatively by an
R-linear mapping 4 : M — L. Such a diagram gives rise to a row exact commutative
diagram

M@
o o

L g N@® 0

of My (R)-modules and M, (R)-module homomorphisms with 2* given by the
M, (R)-projectivity of M®™_ If h : M — L is such that h = m(h*i;, where
i1+ M —> M® is the first canonical injection and mq : L™ 5 [ is the first
canonical projection, respectively, then 4 is the required map. Thus, M is a projective
R-module whenever M ™ is a projective M, (R)-module.

(3) If pd-M g = oo, then it is obvious that pd—MI\(Z’)?( R = pd-Mpg, so suppose that
pd-Mp =m. If

0_)Pm—>Pm_1ﬁ-.._>P0_)M_>O
is a projective resolution of M, then because of (1) and (2)
0— (Pm)(n) — (Pm—1)(n) NN (PO)(n) S M® o

is an M, (R)-projective resolution of M ™. Thus, pd—M(”)Mn (R) is at most m, so
pd—M(”)Mn(R) < pd-Mpg. Next, we show that pd-(M ™) g < pd-M ™y (R)- Sup-
pose that pd-M(")Mn(R) < m and let

0—>Pm—>Pm_1—>-~—>P0—>M(”)—>O

be an M., (R)-projective resolution of M. Then it follows from (2) that Py is
a projective R-module for k = 0,1,2,...,m, so pd-(M ™) is at most m. Hence,
pd-(M™)g < pd-M™yy (). Part (1) of Lemma 12.3.1 gives pd-(M ™) =
pd-Mg and so we have pd-Mg < pd-M ™y (). Thus, pd-Mg = pd-M ™y (g).

O
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Proposition 12.4.2. For any ring R, r.gl.hd-R = r.gl.hd-M,, (R).
Proof. For each R-module M we have, by (3) of Lemma 12.4.1, that
pd-Mg = pd-M ™y (g < r.glhd-M,(R),
so r.gl.hd-R < r.gl.hd-M, (R). For the reverse inequality, note that
pd-M @y (r) = pd-Mg < r.gl.hd-R.

If M is an M, (R)-module such that pd-Myy,, (g) > r.gl.hd-R, then viewing M as an
R-module, we have

pd-M Mg gy = pd-Mg < r.gl.hd-R.

But pd-My,,(r)y = pd-M(”)Mn(R), so pd-Mm,,(r) =< r.glhd-R, a contradiction.
Thus, no such M, (R)-module can exist, so r.gl.hd-M, (R) < r.gl.hd-R. a

Corollary 12.4.3. The following hold for any ring R.
(1) R is a semisimple ring if and only if Ml,,(R) is a semisimple ring.
(2) R is a right hereditary ring if and only if M, (R) is right hereditary.

Remark. The results of this section are part of a theory known as Morita Theo-
ry [26], [31] that describes how the equivalence of module categories can arise. If
R and S are rings, recall that a functor ¥ : Modg — Modg is a category equiv-
alence, denoted by Modg =~ Modg, if there is a functor ¥ : Mods — Modgr
such that §F =~ Idmed, and 5§ ~Idpmeas. If M is an R-module, then we have
seen that M is an M, (R)-module and, moreover, if f : M — N is an R-
linear mapping, then @ f : M® — N® defined by @ f((x1,Xx2,...,X)) =
(f(x1), f(x2),..., f(xn)) is an M, (R)-linear map. Hence, we have a functor ¥ :
Modg — Modjy, (r). We have also seen that if M is an M, (R)-module, then M is
an R-module since R embeds in My (R). So consider § : Mod s, (r) — Modg such
that if M is a module in Mod s, (r), then §(M) = MEq,, where E1; is the matrix
unit with 1 g is the first row and first column an zeroes elsewhere. Then for any a € R
it follows that ME11a = MaFE; for any a € R, so ME; is also an R-module. If
f M — N is an M, (R)-linear map, then f(ME;1) = f(M)E{; € NE1; and so
J induces an R-homomorphism §(f) : §(M) — §(N). Thus, § : Mod s, (r) —
Modp is a functor and it follows that § ¥ =~ Idmea, and 5§ ~Idmod,,, & - Hence,
Modg ~ Modyy, (). If ¥ : Modg — Mody is an equivalence of categories, then
a property & of R-modules M and R-module homomorphisms f in Modp, is said to
be a Morita invariant for modules if P is also a property of the modules ¥ (M) and
S-module homomorphisms £ (f) in Mods. The following are some of the Morita
invariants for modules: M is artinian, M is noetherian, M is finitely generated, M is
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projective and M has projective dimension n. If Modg =~ Modg, then R and S are
M
said to be Morita equivalent rings, denoted by R ~ S. If & is a property of a ring R,

then P is said to be a Morita invariant for rings, if whenever R ~ S, & is also
a property of S. Artinian, noetherian, prime, semiprime, semisimple, right hereditary

M
and r.gl.hd = n are Morita invariants for rings. Since R &~ M, (R), Lemma 12.4.1,
Proposition 12.4.2 and Corollary 12.4.3 are just special case of the Morita Theory for
the equivalence of module categories.

Problem Set 12.4
1. Prove (1) of Lemma 12.4.1.

2. Prove thatif 0 — L i> MENS0isa split short exact sequence in Mod g,
@ @
then 0 — L™ —f> M 25 N g splits in Modyy,, (g) for any integer
n>1.
3. In the proof of (2) of Lemma 12.4.1, it was indicated that M ™ is isomorphic
to a direct summand of M ®"*). Deduce that this is the case.

4. Show that the map h = m1h*i; given in the proof of (2) of Lemma 12.4.1
makes the diagram

commute.

5. Verify the isomorphisms F) ~ (R(A))(”z) ~ (R(”z))(A) ~ M, (R)®
given in the proof of (2) of Lemma 12.4.1.

12.5 Quasi-Frobenius Rings Revisited

We saw in Chapter 10 that if a ring R is quasi-Frobenius, then finitely generated left
and right R-modules are reflexive. Now that homological methods are at hand, we
will use these methods to show that the converse holds for rings that are left and right
noetherian. We continue with the notation and terminology established in Chapter 10.

More on Reflexive Modules

Before we can consider left and right noetherian rings over which finitely generated
left and right modules are reflexive, we need several results. We begin with the fol-
lowing proposition.
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Proposition 12.5.1. Suppose that M is an (a left) R-module and that 3y : M —
M ** is the canonical map. Then ¢y, : M*** — M* and ¢ pg« : M* — M™*** are
such that @'y, @ pr« = idpg.

Proof. 1f g € M*, then 3,0 () = @3, (fg) = fe@p- Hence, if x € M, then
(2 P2+ (@Ix) = [feoml(x) = fe(fx) = fx(g) = g(x). Thus, ¢3,0+(8) = &,
SO QrPp+ = idpy+. a

The proof of the following corollary is left as an exercise.

Corollary 12.5.2. The following hold for each (left) R-module M.
(1) M* is torsionless.

(2) If M is reflexive, then so is M *.

Definition 12.5.3. A submodule N of an R-module M is said to be a closed submod-
ule of M if N = ann™ (anné”* (N)).

We will need the following lemmas.

Lemma 12.5.4. The following are equivalent for an R-module M .
(1) M is torsionless.
(2) M is cogenerated by R.

Proof. (1) = (2). If M is torsionless, then ¢, : M — M** is an injection. Now
0 = Kerg,s = [+ Ker g, so for each nonzero x € M thereisa g € M™ such that
gx) #0. If ¢ : M — [+ Rg, where Ry, = R for each g € M™, is such that
¢(x) = (g(x)), then ¢ is a monomorphism.

(2) = (1). If M is cogenerated by R, then there is a monomorphism ¢ : M —
[1p Ra, where Ry = R foreach o € A. Let g : [[po Rae — Ra be the canonical
projection for each @ € A. Then w¢(x) # 0 for at least one o € A and wgup € M™.
Hence, if x € M, x # 0, then ¢, : M — M™ is such that ¢,,(x) = fyx and
fx (o) = map(x) # 0 for at least one @ € A. Hence, x # 0 gives fx # 0,50 ¢
is an injection. a

Corollary 12.5.5. Rp is a cogenerator for Modp if and only if every R-module is
torsionless.

Clearly, Lemma 12.5.4 and its corollary holds for left R-modules.

h
Lemma 12.5.6. Let M — N be an epimorphism with kernel K and consider the
j h
short exact sequence 0 — K LME NS 0, where i is the canonical injection.

* h* ]
Then h*(N*) = anng’l (K), where 0 - N* — M* 5 K* is the exact sequence
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obtained by applying the duality functor (—)* = Hompg(—, R). Furthermore, N is
torsionless if and only if K is closed in M.

Proof. ITh*(f) e h*(N*), then h*(f)(K) = fh(K)=0,s0 h*(N*) C anng’l*(K).
Conversely, suppose that f € anné” “(K). Then f(K) = 0,solet f : M/K — R
be the map induced by f. If / is the isomorphism induced by / and /(x) € N, then
h=': N — M/K is such that 7= ' (h(x)) = x + K. Thus, g = fh™! € N* and for
x € N we have

R (g)(x) = [h7'h(x) = [ (x + K) = f(x).

Hence, h*(g) = f which shows that f € h*(N*). Therefore, anné”*(K) C
h*(N*),so h*(N*) = anng’]*(K), as asserted.

Suppose that N is torsionless and let x € annf’l (anng’l *(K)). Since K C
annM (annéw (K)), we need only show that x € K. If x ¢ K, then h(x) # 0, so since
N is torsionless, Lemma 12.5.4 shows that there is an embedding ¢ : N — [[5 Ra.
where Ry, = R foreach @ € A. Moreover, there is an f € N* such that 2*( f)(x) =
fh(x) # 0. But h*(f) € h*(N*) = ann}!”(K) and x € ann} (ann}!" (K)), so
h*(f)(x) = 0. This contradiction shows that x € K and so K = annﬁ” (anng’f “(K))
when N is torsionless.

Finally, suppose that K = ann™ (annéu “(K). If y e N,y #0,letx € M
be such that #(x) = y. Then x ¢ K, so x ¢ annM (anné”*(K)). Thus, there is
an f € anng’l*(K) such that f(x) # 0. But ”*(N*) = anng’l* (K), so there is
ag € N* suchthat h*(g) = f. Hence, gh(x) # 0 and so g(y) # 0. It follows that
¢ : N — [[ny+ Rg defined by ¢(y) = (g(»)) is an embedding, so Lemma 12.5.4
shows that NV is torsionless. O

h
Lemma 12.5.7. I[f M — N — 0 is an exact sequence of R-modules, then in the dual
h*
sequence 0 - N* — M™*, h*(N*) is a closed submodule of M*.

j h
Proof. If K = Kerh, then0 — K i) M — N — 0isexact, where i is the canonical

* ok
injection, so 0 — N* h—> M* l——> Imi* — 0 is exact. The result will follow from
the preceding lemma if we can show that Imi* C K™ is torsionless. Corollary 12.5.2
indicates that K* is torsionless and submodules of torsionless modules are torsionless,
so we are done. O

Remark. If M and N are R-modules, then Homgz (M, N) is a left R-module via
(af)(x) = f(xa) for each f € Homg(M,N) and all x € M anda € R. It
follows that if 0 - L —- M — N — 0 is a short exact sequence of R-modules and
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R-module homomorphisms, then the long exact Ext-sequence
0 — Homg(N, X) - Homg(M, X) — Homg(L, X)
— Extyp(N, X) — Exth(M, X) — Exth(L,X) — -
is a sequence of left R-modules and left R-module homomorphisms. Similarly, a short

exact sequence 0 - L — M — N — 0 of left R-modules and left R-module
homomorphisms yields a long exact Ext-sequence of R-modules.

Proposition 12.5.8. If M is a finitely generated torsionless R-module, then there is
a finitely generated torsionless left R-module N such that the following sequences are
exact.

(1) 0— M 22 M 5 Exth (N, R) - 0
2) 0> N 2% N** 5 ExtL, (M. R) - 0
Proof. (1) Since M is a finitely generated R-module, there is a finitely generated

projective R-module P and an epimorphism f : P — M. If K = Ker f, then we
have an exact sequence

0O—-—K—>P—->M—0.

Taking duals, we see that 0 — M* f—> P*isexactand P* is, by Proposition 10.2.2,
a finitely generated projective left R-module. Hence, if N = Coker f*, then we have
a finitely generated left R-module N and an exact sequence

0 Mm* L5 pr L N o (12.1)

where 7 is the natural surjection. Lemma 12.5.7 shows that f*(M™*) is a closed
submodule of P*, so it follows from Lemma 12.5.6 that N is torsionless. Using the
short exact sequence (12.1), we get an exact sequence

0 N* 2 prr L e Extip(N, R) — Exth(P*, R) — --- .

But P* is projective, so Ext}e(P *, R) = 0. Thus, we have the exact sequence

ko

0> N*Ls po L p** 5 ExtL(N.R) —> 0. (12.2)
Next, consider the commutative diagram

P
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Since P is finitely generated and projective, Proposition 10.2.2 indicates that P is
reflexive, so ¢ p is an isomorphism. Now M is torsionless, so ¢, is a monomorph-
ism and M is isomorphic to ¢, (M) = Im f**. But (12.2) gives Coker f** =~
Ext}e (N, R), so we have the exact sequence

0— M 2% M** 5 Exth(N,R) > 0 (12.3)

which proves (1).
For the proof of (2), use (12.2) to form the exact sequence

O—>N*n—>P**f——>Imf**—>O

which can be replaced by

0 N* 5 p L o (12.4)

since, as we have seen, M =~ Im f**. Next, let X = Im f*. Then (12.1) gives the
exact sequence

0> X —>P* 5 N 0, (12.5)

so we can now repeat the proof of (1) with (12.5) in place of the original sequence
0 —-> K - P - M — 0. With this done, (12.4) shows that M can be used to play
the role previously played by N. Under these changes (12.3) becomes

0 N2 N*= — Exth(M, R) — 0
and we have (2). |

We are now in a position to prove the main result of this section.

Proposition 12.5.9. If R is a left and right noetherian ring, then the following are
equivalent.

(1) R is left and right self-injective.
(2) Every finitely generated left and right R-module is reflexive.

Proof. Since R is left and right noetherian, if R is also left and right self-injective,
then, in view of Proposition 10.2.14, R is a QF-ring. Hence, (1) = (2) is Proposi-
tion 10.2.16, so we are only required to show (2) = (1). If M is a finitely generated
R-module, then M is, by hypothesis, reflexive, so M is finitely generated and tor-
sionless. Therefore, by Proposition 12.5.8, there is a finitely generated torsionless left
R-module N and an exact sequence

0— N 2% N** 5 BExtL(M, R) — 0.
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But we are assuming that every finitely generated left and right R-module is reflex-
ive. Hence, ¢ is an isomorphism and so Ext}e (M, R) = 0. Since this holds for
every finitely generated R-module, it holds for every cyclic R-module. Thus, Propo-
sition 11.4.6 shows that R is right self-injective. A similar proof shows that R is left
self-injective, so (2) = (1). a

Corollary 12.5.10. The following are equivalent.

(1) Risa QF-ring.

(2) R is left and right noetherian and finitely generated left and right R-modules
are reflexive.

(3) R is left and right noetherian and left and right self-injective.

Proof. (1) = (2) follows from the definition of a QF-ring and Proposition 10.2.16.
(2) = (3) is Proposition 12.5.9.
(3) = (1) follows from Proposition 10.2.14. a

We now know conditions under which finitely generated left and right R-modules
are reflexive. The following proposition gives information concerning when finitely
generated torsionless R-modules are reflexive. To prove the proposition we need the
following lemma.

Lemma 12.511. If 0 > My - P - M - 0and0 - N - E - N; - 0
are short exact sequences where P and E are projective and injective R-modules,
respectively, then Ext}e (M1, N) and Ext}a (M, Ny) are isomorphic.

Proof. The long exact Ext-sequences give

.-+ — Exth(P, N) — Extp(M1, N) — Ext4(M, N) — Extk(P,N) — ---
and

.- — Exth(M, E) — Exth(M, N1) — Ext%(M, N) — Ext3x(M,E) — --- .
But

Extp(P, N) = Ext4(P, N) = Exth(M, E) = Ext4(M,E) =0, so

Exth(M1, N) = Ext%(M, N) = Exth (M, Ny). a
Proposition 12.5.12. If R is a left and right noetherian ring, then the following are
equivalent.

(1) id-gR < 1.

(2) Every finitely generated torsionless R-module is reflexive.
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Proof. (1) = (2). Let M be a finitely generated torsionless R-module. Then by
Proposition 12.5.8 there is a finitely generated torsionless left R-module N such that
the sequence

0— M 2% M** 5 Exth(N.R) - 0

is exact. Since id-gR < 1, R as a left R-module has an injective resolution of the
form0 — R — E® — E! — 0. We also see that since N is a finitely generated and
torsionless left R-module, N can be viewed as a submodule of a finitely generated free
left R-module F. Hence, we also have an exact sequence 0 - N — F — F/N —
0. Now Lemma 12.5.11 shows that Ext}z (N, R) and Ext}e (F/N, E') are isomorphic
and Proposition 11.4.6 shows that Ext}2 (F/N, E')Y = 0. Thus, Ext}e (N,R) =0, so
@ ¢ 18 an isomorphism and, consequently, M is reflexive.

(2) = (1). Let N be a finitely generated left R-module. Then we have an exact
sequence 0 - K — P — N — 0, where P is a finitely generated projective left
R-module. Note that K is also finitely generated since R is left noetherian and since
P is reflexive, P is torsionless, so K is torsionless. Hence, by (2) of the left-hand
version of Proposition 12.5.8, we have an exact sequence

0— M 2% M** 5 Exth(K. R) — 0,

where M is a finitely generated torsionless R-module. But we are assuming that all
such R-modules are reflexive and so ¢, is an isomorphism. Therefore, Ext}e (K,R) =
0. Next, construct a short exact sequence of left R-modules0 - R - E — X — 0,
where E is injective. We will have id-g R < 1, if we can show that X is an injective
left R-module. By considering the short exact sequences

0-K—-P—->N—-0 and 0> R—->E—->X—-0
and invoking the left-hand version of Proposition 12.5.11, we have
Extp(N, X) = Exth(K, R).

Hence, Ext}2 (N, X) = 0 for every finitely generated left R-module N. But then
Ext}e (R/A, X) = O for all left ideals A of R and so, by the left-hand versions of
Propositions 11.4.10 and 11.4.12, X is an injective left R-module. Hence, id-g R < 1.

O

In conclusion, we offer, without proof, the following characterization of QF-rings.
A proof can be found in [14].

Proposition 12.5.13. The following are equivalent.
(1) Risa QF-ring.
(2) Every projective R-module is injective.

(3) Every injective R-module is projective.
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Problem Set 12.5

—

Prove Corollary 12.5.2.

Prove each of the following.
(@) If @y : M — M™* is the canonical map, then Kerp,, = ﬂgeM* Ker g.
(b) Submodules of torsionless modules are torsionless.

(c) A direct product of torsionless modules is torsionless. Conclude from (b)
and (c) that a direct sum of torsionless modules is torsionless.

. In the proof of Proposition 12.5.12, we used the fact that if N is finitely gen-

erated and torsionless, then N can be viewed as a submodule of a finitely gen-
erated free R-module F. Given the conditions Proposition 12.5.12, prove that
this is the case. [Hint: Lemma 12.5.4.]

Is a direct summand of a reflexive R-module reflexive?

@par*
Prove that the exact sequence 0 — M™ M0, M*** — Coker oy —> 0

splits.

Prove that the following are equivalent.

(a) Torsionless R-modules are reflexive.

(b) Ext}2 (M, R) = 0 for all torsionless left R-modules M .
(©) Ext%e (M, R) = 0 for all left R-modules M .

(d)id-gR < 1.



Appendix A
Ordinal and Cardinal Numbers

Ordinal Numbers

If X is a well-ordered set with “enough elements”, then X has a first element, a second
element, a third element and so on. Ordinal numbers can be viewed as numbers that
represent the position of an element in a well-ordered set. When defining ordinal
numbers, one goal is to capture this sense of position.

Let X be a well-ordered set. A subset S C X is said to be a segment of X if
x,x’ € X and x’ < x, then x € S implies that x’ € S. If § ~ X and x is
the first element of X — §, then S, = {x’ € X | x’ < x} is a segment of X
referred to as an initial segment. If X and Y are well-ordered sets, then a bijective
function f : X — Y is said to be an order isomorphism if x < x’ in X implies that
f(x) < f(x')in Y. Two well-ordered sets X and Y are called order isomorphic if
there is an order isomorphism f : X — Y. If X and Y are order isomorphic, then
we write X &~ Y. The notation X < Y will indicate that X is order isomorphic to an
initial segment of ¥ and X <Y willmeanthat X <Y or X ~ Y.

If the integers are defined by the sets

0=0
1= {0}

2=1{0,1}
3=1{0,1,2}

n=4{0,1,2,...,n—1}

then the ordering
0 »{0} »{0, 1} »{0,1,2} v+ »{0,1,2,...,n — 1} ~>---
can be used to define the usual order

0<l<2<---<n<---
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on the set Ng. Under this ordering, the set n is well ordered forn = 0, 1,2, .... Next,
consider the set n and let

So={xen|x<0}=2=0
Si={xen|x<l}={0} =1
S ={xen|x<2}={0,1}=2

Sp—1={xen|x<n—-1}={0,1,2,...,.n =2} =n—1.

Then n is a well-ordered set such that k = Sy for each k € n. This observation
motivates the following definition.

Definition. A well-ordered set « is said to be an ordinal number if x = S, for each
x € «a. Furthermore, if X is a well-ordered set such that X ~ «, then we say that X
has ordinal number « and write ord(X) = «. If ord(X) = « and X is a finite set,
then « is a finite ordinal number. Otherwise, « is an infinite ordinal number.

Each of the sets  is an ordinal number and if Ng = {0, 1,2, ... } is given the usual
order, then

w will denote the ordinal number of Ny.

Also, if X is a well-ordered set and x € X is such that Sy = n, then x occupies the
(n + 1)th positionin X, forn = 0,1,2,.... Forexample, if X = {a,b,c,d,...}is
a well-ordered set, wherea < b < ¢ < d < ---, then S, is order isomorphic to 0,
so a occupies the first position in X, Sp, is order isomorphic to 1, so b occupies the
second position in X and so on. It follows that if X and Y are well-ordered sets that
are order isomorphic, then x € X occupies the same position in X as y € Y occupies
inY if Sy ~ S,. Furthermore, if X is a well-ordered set, then there is a unique
ordinal number « such that ord(X) = « or, more briefly,

Every well-ordered set has a unique ordinal number.

With this in mind, addition, multiplication and exponentiation of ordinal numbers can
be defined as follows.

1. Ordinal Number Addition. If @ and 8 are ordinal numbers, then the well
orderings on « and B can be used to establish a well ordering of the set (o x
{1}) U (B x {2}). If (x,1) and (x/, 1) are in o x {1}, let (x,1) < (x/,1)if
x < x"in «. Similarly, for (y,2) and (y’,2) in 8 x {2}. Finally, if we set
(x,1) < (y,2) forall (x,1) € o x {1} and (y,2) € B x {2}, then < is a well
ordering of (@ x {1}) U (8 x {2}). With this ordering of (o x {1}) U (8 x {2}),
a + Bisdefinedasa + B = ord((X x {1}) U (Y x {2})).
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2. Ordinal Number Multiplication. If o and § are ordinal numbers, define the
order < on « x B as follows: (x,y) < (x/,y’) if and only if (x, y) = (x/, y") or
(x,y) < (x’,y"). The order (x, y) < (x’, y’) means that (x, y) < (x’, y") when
y <y’ andif y = y’, then (x,y) < (x/,y’) if x < x’. It follows that o x § is
well ordered under this ordering and « 8 is defined as a8 = ord(a x B).

3. Ordinal Number Exponentiation. For this definition, we need the concept
of a limit ordinal. If 8 is an ordinal number that does not have a last element,
B is said to be a limit ordinal. For example, v = ord({0,1,2,...}) is a limit
ordinal. Thus, if B is a limit ordinal, then 8 # & + 1 for any ordinal number .
If o and B are ordinal numbers and f is not a limit ordinal, then o is defined
by o = 1,a! = @ and aPt1l = By for all ordinal numbers B=1.1IfBis
a limit ordinal, then «® = sup{e? | § is an ordinal number such that § < f}.

Proposition. The trichotomy property holds for the class of ordinal numbers. That is,
if o and B are ordinal numbers, then exactly one of & < B, @ = f and B > o holds.

Ordinal addition shows that the ordinal numbers of the following well-ordered sets
(each ordered in the obvious manner) are distinct

w =ord({0,1,2,...})
w+1=o0rd({0,1,2,--- ;0
w+2=o0rd({0,1,2,... ;0,1

o+n=ord({0,1,2,...;0,1,....n—1"})

o+ ow=w2=o0rd0,1,2,...;0,1,2,...}
@2+ 1 =ord{0,1,2,. .0, 1,2,...:0"}

Hence, the class of ordinal numbers forms a chain with a “front end” that looks like
O<l<2< v"<w<wt+l<---<w2<w2+1<---.

The first limit ordinal in the chain is w, w2 is the second and so on. Moreover, the
ordering < of Ny as a set of ordinal numbers agrees with the usual ordering < of Ny.

If Ord denotes the class of ordinal numbers, then since any set can be well ordered,
the assumption that Ord is a set will lead to a contradiction. So Ord is a proper class
that is linearly ordered by <. Also, a class can be linearly ordered by a given order
and yet not be well ordered by this ordering as is pointed out by the usual ordering
on R. However, Ord is well ordered by <.
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Proposition. The proper class Ord is well ordered by <, that is, every nonempty
class of ordinal numbers has a first element.

Proof. Suppose that O is a nonempty class of ordinal numbers. If @ € @ and « is the
first element of @, then there is nothing to prove. If « is not the first element of O, let
B ={B € O| P <a} and suppose that ¢ : B — « is such that #(8) = x, where
x € ais such that B ~ Sy = Sg(g). Then {¢(B) | B € B} is a nonempty subset of «
and « is well ordered by an ordering <. Hence, {¢(8) | f € B} has a first element,
say ¢(8). If B € B, then ¢(8) < ¢(B) and Sy(s) and Sg(g) are initial segments of «
such that S¢(3) - S¢(B)- If S¢(5) = S¢(lg), then § = B and if S¢(8) M—>S¢(}g), then it
follows that Sgs) is an initial segment of Sg(g) which means, of course, that § < f.
Thus, § < B for each 8 € B. But O is linearly ordered, so we have § < y for each
y € O. Therefore, § is the first element of . O

Corollary. The set Ng is well ordered under the usual ordering on Ny.

Neither addition nor multiplication of ordinal numbers is commutative. For exam-
ple, 20 # w2 and w # w + 1 but 1 + @ = w. Moreover, the familiar laws of
exponentiation may not hold. If «, 8 and y are ordinal numbers, then («8)?Y may be
different from ” 8% . For instance, (2 - 2)® = 4 = @ and 292 = ww = 0?.

Finally, if X is any nonempty set, then X can be well ordered, so X can be viewed
as a set of ordinal numbers {0,1,2,...,w,w + 1,...} such thata € {0,1,2,...,w,
w +1,...}if and only if & < ord(X). That is, there is an order preserving bijection
{0,1,2,...,0,0+ 1,...} = X. Indeed, if a is the first element of X, map O to ag
and if o1 is the first element of X — {®¢}, map 1 to &; and so on.

One important aspect of ordinal numbers is that these numbers allow us to extend
induction as practiced with the integers to the ordinal numbers, a process known as
transfinite induction.

Proposition (The Principle of Transfinite Induction). Suppose that X is a well-or-
dered class and let S(x) be a statement that is either true or false for each x € X. If
S(y) true for each y < x implies that S(x) is true, then S(x) is true for each x € X.

Proof. Let X and S(x) be as in the statement of the proposition and suppose that S(y)
true for each y < x implies that S(x) is true. We claim that this means that S(x) is
true for each x € X. Indeed, if there is an element x € X such that S(x) is false, let
F = {x € X | S(x) is false}. Then F is nonempty and so has a first element, say
Xo. Consequently, S(y) is true for each y < x¢. But our assumption now implies that
S(x9) is true and we have a contradiction. Therefore, an x € X cannot exist such that
S(x) is false, so S(x) is true for all x € X. m|

Since Ord is well ordered by <, the Principle of Transfinite Induction holds over
Ord.
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(1) Principle of Transfinite Induction over Ord. Let S(B) be a statement that is
either true or false for each f € Ord. If S(«) true for each a € Ord such that
o < B implies that S(B) is true, then S(B) is true for each B € Ord.

In particular, the Principle of Transfinite Induction holds for the well-ordered set of
ordinal numbers Ny and the result is the familiar induction as practiced with the inte-
gers. Since Ng € Ord and since the ordering < on Ord induces the usual order < on
Ny, transfinite induction can be viewed as extending induction as practiced with the
integers to the class of ordinal numbers.

It is well known that the following are equivalent:

(2) Let S(n) be a statement that is either true or false for each n € Nq. If S(0) is
true and if S(k) true implies that S(k + 1) is true for each k € Ny, then S(n)
is true for each n € Ny.

(3) Let S(n) be a statement that is either true or false for eachn € Ng. If S(j) true
forall 0 < j < k implies that S(k) is true, then S(n) is true for each n € Ny.

In view of (2), one is tempted to formulate a Principle of Transfinite Induction for the
ordinal numbers as follows:

Let S(B) be a statement that is either true or false for each B € Ord. If
S(0) is true and if S(«) true implies that S(a + 1) is true, then S(B) is
true for each B € Ord.

The statement, “S(0) true and S(«) true implies that S(o + 1) true” does not imply
that S(B) is true for each B € Ord The difficulty is with the limit ordinals. For
example, w is a limit ordinal and there is no ordinal « such that « + 1 = w. So the
condition does not provide a way to “reach” w from any ordinal ¢ < w to show that
S(w) is true. However, an additional step can be added, as shown in (4) below, that
will give an alternate form of the Principle of Transfinite Induction over Ord.

(4) Principle of Transfinite Induction over Ord (Alternate Form). Letr S(B) be
a statement that is either true or false for each B € Ord. If the following two
conditions are satisfied, then S(B) is true for all ordinal numbers .

(@) S(0) is true and if S(«) true, then S(o + 1) is true for each non-limit
ordinal «.

(b) If B is a limit ordinal and S() is true for each o < B, then S(B) is true.

Cardinal Numbers

Our development of ordinal numbers captured the notion of the position of an element
in a set. The following development of cardinal numbers corresponds to the intuitive
notion that two sets X and Y have the same “number” of elements if there is a one-
to-one correspondence among their elements without regard to an order on X and Y.

If the relation ~ is defined on the proper class of all sets by X ~ Y if there is
bijection f : X — Y, then ~ is an equivalence relation. If card(X) is the equivalence
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class determined by a set X, then we say that a set ¥ has the same cardinal number
as X if Y € card(X). For example, if we set

0 =card(@), 1 =card({0}), 2 =card({0,1}),...
n =card({0,1,2,...,n—1}), ...,
then card(X) = n for each set X € card({0,1,2,...,n — 1}). (Additional details
regarding this method of establishing cardinal numbers can be found in [20].) If
card(X) = n, then we say that X has finite cardinal number n. There are also infinite
cardinal numbers. For example,
Ro = card(Ny) is the first infinite cardinal,
R; = card($¢(Np)) is the second,
R, = card(p(9»(Np))) is the third,

R, = card(pk (Np)) is the kth, where gok is g composed with itself k times,

Hence, if X € card(pF(Ny)), then we write card(X) = Nj and say that X has
cardinal number Ny.

Let a = card(X) and b = card(Y) be cardinal numbers. If there is an injective
function f : X — Y, then we write a < b with a < b holding when such an injective
function exists, but there is no bijective function from X to Y. If a = card(X) and
b = card(gp(X)), then the fact that there is no surjective function from X to p(X)
together with the observation that the function X — ©(X) given by x +— {x} is
injective shows that @ < b. Hence, there is no largest cardinal number and it follows
that the class Card of cardinal numbers is a proper class.

The trichotomy property also holds for cardinal numbers, so if @ and b are cardinal
numbers, then one and only one of the following holds.

MHa<b, 2Qa=b, (3)a>bh.
Moreover, the class of cardinal numbers is a chain
0<1<2<3<--+<Rp<V <Ny<---
and
Every set has a unique cardinal number.

Addition, multiplication and exponentiation can be defined on the class of cardinal
numbers as follows:
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1. Cardinal Number Addition. If ¢ = card(X) and b = card(Y), then a +
b = ¢, where ¢ = card((X x {1}) U (Y x {2})).

2. Cardinal Number Multiplication. If ¢ = card(X) and b = card(Y), then
ab = ¢, where ¢ = card(X x Y).

3. Cardinal Number Exponentiation. If X and Y are sets and if ¢ = card(X)
and b = card(Y), then a® = ¢, where ¢ = card(X7Y).

Proposition. Each of the following holds in Card.
1. If a and b are cardinal numbers and a is infinite, then a + b = max{a, b}.

2. If a and b are cardinal numbers, a is infinite and b # 0, then ab = max{a, b}.

3. Ifa,b and ¢ are cardinal numbers, then (a?)¢ = a®¢.

Problem Set

1. If X and Y are finite sets and if there is a bijection f : X — Y, prove that
ord(X) = ord(Y) regardless of how X and Y are well ordered.

2. Prove that the class Ord of all ordinal numbers is a proper class.

3. Prove that n + w # w + n, where n is a positive integer, and that 2w =
(1+ 1w # o(1 + 1) = w2. Conclude that neither addition nor multiplication
of ordinal numbers is commutative.

4. Let «, f and y be ordinal numbers. Show that
@a+@B+y)=@+p) +vy
(b) a(By) = (aB)y
©a(f+y)=ap +ay
(d) (B +y)a # po+ ya.
(e)xB =0ifandonly ifa = Oor 8 = 0.
) Ifa+p =a+y,then B = y. Give an example where 8 + o = y + « fails
to imply that 8 = y.

5. (a) If @ and B are ordinal numbers, show that @ < o 4 f and that equality holds
if and only if 8 = 0.
(b) Suppose that o and § are ordinal numbers such that @ < §. If 8 is an infinite
ordinal number, prove that ¢ + 8 = B.

6. If X is a nonempty set, show that X can be viewed as a set of ordinal numbers
{0,1,2,...,w,0 + 1,...} such that « € {0,1,2,..., 0,0 + 1,...} if and

only if @ < ord(X). That is, show that there is an order preserving bijection
X—-{0,1,2,...,0,0+1,...}.
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10.

11.

12.

Prove each of the following.

(a) Addition (multiplication) of cardinal numbers is commutative.

(b) If @, b and ¢ are cardinal numbers, then (a 4+ b)c = ac + bc and a(bc) =
(ab)c.

(c) For all cardinal numbers a,a + 0 = a,a0 = 0 and al = a.

(d) If a and b are cardinal numbers, then ab = 1 ifandonlya = 1 and b = 1.

If a is an infinite cardinal number, show that there is no cardinal number b such
thata + b = 0.

(a) If a and b are cardinal numbers and a < b, show that a + b = b whenever
b is an infinite cardinal.

(b) If @ and b are cardinal numbers, a # 0, a < b, and b is an infinite cardinal,
prove that ab = b.

Conclude from (a) and (b) that if @ is an infinite cardinal, then a + @ = a and
aa = a.
(¢) If a, b, and ¢ are cardinal numbers, prove that
Q) ab+c — abac
(i) Ifa < b, then a® < b°.
(iii) (ab)€ = a‘b¢
(iv) (@) = a"
Show that if card(X) = m and card(Y) = n, where m,n € N, then

card(XY) = m”". Conclude that exponentiation as defined for cardinal arith-
metic produces the usual exponentiation of positive integers.

If X and Y are sets and f : X — Y is a surjective function, show that
card(Y) < card(X).

Let X be any set. If f : X — (X) is a function, show that the set {x €
X | x ¢ f(x)} has no preimage in X. Deduce that card(X) < card(p(X))

and conclude that there is no largest cardinal number and that Card is a proper
class.
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